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Abstract: We study the variation of fundamental constants in cosmology while dealing with
thermodynamic aspects of gravity. We focus on the variation of the speed of light, c, and Newton’s
gravitational constant, G, with respect to cosmic time. We find the constraints on the possible
variation of these constants by comparing varying constants of cosmological models with the latest
observational data.
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1. Introduction

One of the most important breakthroughs in the field of black hole physics is the correspondence
between the parameters of black holes and the quantities in thermodynamics. According to Hawking’s
area theorem, the area, A, of the surface of a black hole always increases so that we can relate it with the
entropy, S, of the black hole by the relation S = (kBc3/4Gh̄)A [1,2], where kB and h̄ are Boltzmann’s
constant and reduced Planck constant, respectively. Classically, black holes do not emit radiation.
By including the quantum effects, black holes do emit all kinds of radiation. This is why there is a
temperature associated with the black hole, by the relation T = h̄κ/2πkB [3], where κ is the surface
gravity of the black hole.

There are many approaches to studying the gravity–thermodynamic correspondence [4–8].
We focus on the approach given in [9,10], in which the curvature of the space-time is proportional
to the stress energy plus the entropic force terms (surface terms). The entropic terms are due to the
force acting on the boundary of the universe due to the increasing entropy of the universe. However,
this has been criticized on the basis of a galaxy formation problem and some other issues [11–14].
For extended versions of the entropic cosmology, see [15–17], where the authors consider the general
framework of entropic cosmology, and these general entropic models solve the issues raised in [11–14].

The variation of fundamental constants has been a hot topic for the last twenty years. For a detailed
review, see [18–20]. There are different approaches to studying the variation of fundamental constants
in cosmology [21–29]. In this report, we briefly summarize the approach given by us in [29] to study the
variation of fundamental constants. We extend the entropic cosmology to the variation of fundamental
constants, the varying c and varying G. We assume that the universe is a sphere with a boundary
as Hubble horizon. We define the Hawking temperature and Bekenstein entropy on the boundary.
We further assume that the Hawking temperature and Bekenstein entropy additionally depend on
varying c and varying G. We use the first law of thermodynamics to find the continuity equation, and
use it to find the entropic force terms in the field equations by following the papers [15–17]. We compare
our model with the data from supernovae, Baryon Acoustic Oscillations (BAO), and Cosmic Microwave
Background (CMB). Our model is also related to dynamical vacuum energy models, which have been
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discussed and confronted with data [11–14,30–32]. Similarly, dynamical dark energy models with
varying fundamental constants have been discussed in [33,34]. The remainder of the report is as
follows. In Section 2, we give the modified field equations for varying constants theories from a
thermodynamic point of view. In Section 3, we compare our model with the latest observational data
and find the bounds on varying c and G, and in Section 4, we give the conclusion.

2. Modified Field Equations

We consider the universe as a sphere of volume V with a boundary or screen as Hubble horizon.
We associate the temperature and entropy with the boundary of the universe. We apply the Hawking
temperature T and the Bekenstein entropy S on the boundary, which additionally depend on varying c
and G with respect to cosmic time

T =
γh̄c(t)

2πkBrh(t)
, S =

kB
4h̄

(
c3(t)A(t)

G (t)

)
. (1)

Here A(t) = 4πr2
h(t), where rh(t) ≡ c(t)/H(t) is the Hubble horizon, H(t) is the Hubble

parameter, and γ is a non-negative parameter on the order of unity O(1) associated with the boundary
of the universe. By using the first law of thermodynamics for non adiabatic expansion of the universe

dE
dt

+ p
dV
dt

= T
dS
dt

, (2)

we have the first modified continuity equation

ρ̇ + 3H
(

ρ +
p

c2(t)

)
= −2

ċ(t)
c(t)

ρ +
3γH2

8πG(t)

(
5

ċ(t)
c(t)
− Ġ(t)

G(t)
− 2

Ḣ
H

)
. (3)

dV/dt = 3V(t)H(t) and the internal energy E(t) = ε(t)V(t), where energy density
ε(t) = ρ(t)c2(t), are being used to get the above modified continuity Equation (3), and a is the scale
factor. We follow the formulation of entropic cosmology ([15–17] and references therein) to find the
entropic force terms. For detailed calculations, see [29]. Let us assume that the general functions f (t)
and g(t) are the additional terms in Friedmann and acceleration equations(

ȧ
a

)2
=

8πG(t)
3

ρ− kc2(t)
a2 + f (t) , (4)

ä
a
= −4πG(t)

3

(
ρ +

3p
c2(t)

)
+ g(t). (5)

The functions f (t) and g(t) play a role analogous to bulk viscosity. In our framework, these
functions play the role of entropic force terms and the terms due to the variation of c and G.
From Friedmann Equation (4) and acceleration Equation (5), we obtain the second modified
continuity equation

ρ̇ + 3H
(

ρ +
p

c2(t)

)
+ ρ

˙G(t)
G(t)

− 3
kc(t)ċ(t)

4πG(t)a2(t)
=

3H
4πG(t)

(
g(t)− f (t)− ḟ (t)

2H

)
. (6)

We can see that generalized continuity Equation (6) has dissipative terms similar to bulk viscosity
models. We define the functions

f (t) = γH2 and g(t) = γH2 +
γ

2

(
5

ċ(t)
c(t)
− Ġ(t)

G(t)

)
H +

4πG(t)
3H

(
Ġ(t)
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− 2
ċ(t)
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)
ρ (7)
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by comparing the Equations (3) and (6), so we have the modified Friedmann Equation (4) and
acceleration Equation (5), (

ȧ
a

)2
=

8πG(t)
3

ρ + γH2, (8)

ä
a

= −4πG(t)
3

(
ρ +

3p
c2(t)

)
+ γH2 +

(
7γ− 2

2

)
ċ(t)
c(t)

H +

(
1− 2γ

2

)
Ġ(t)
G(t)

H, (9)

together with modified continuity equation

ρ̇ + 3H
(

ρ +
p

c2(t)

)
= −2

ċ(t)
c(t)

ρ +
3γH2

8πG(t)

(
5

ċ(t)
c(t)
− Ġ(t)

G(t)
− 2

Ḣ
H

)
. (10)

If we use the ansätze c = c0an and G = G0aq in the above-modified equations of motion,
then these equations are analogous to the entropic force expressions [15–17] and running vacuum
models [11–14,30–32]. We consider the multiple fluid scenario, and using the barotropic equation of
state pi = wiρi, we solve the modified continuity equation

ρi = ρ0

(
H
H0

) 2γ
1−γ

a f X
i (γ,n,q), (11)

where f c
i (γ, n) = −3

(
1 + wi +

n(2−7γ)
3(1−γ)

)
is for varying c, and f G

i (γ, q) = −3
(

1 + wi +
qγ

3(1−γ)

)
is for

varying G. Here n, q, and γ are free parameters which can be constrained from the observations.
For each fluid with the barotropic parameter wi and barotropic equation of state ρi = wiρi, we have
wi = 0 for matter, wi = 1/3 for radiation, and wi = −1 for vacuum. Now, the normalized Friedmann
equations can be written as

E2 =

(
H
H0

)2
=

(
∑

i

Ωi,0

1− γ
a f c

i (γ, n)

) γ−1
2γ−1

(12)

for varying c model and

E2 =

(
H
H0

)2
=

(
aq ∑

i

Ωi,0

1− γ
a f G

i (γ, q)

) γ−1
2γ−1

(13)

for varying G model, where Ωi,0 = (8πρi,0/3H2
0).

3. Observational Data Analysis

The analysis has involved the largest updated set of cosmological data available, and includes:
Type Ia Supernovae (SNeIa); Baryon Acoustic Oscillations (BAO); Cosmic Microwave Background
(CMB); and a prior on the Hubble constant parameter, H0. For detailed calculations and analysis,
see [29]. The main results of observational analysis are given in Table 1. We have found the
observational bound on the free parameter γ, which is taken to the order of unity on the theoretical
background. Our analysis shows that it should be on the order of 10−2 − 10−4, and this is consistent
with the results obtained in [31]. Similarly, we have found the bound on the variability of c and G.
Our analysis shows that both c and G are increasing with the evolution of the universe in the
entropic description.
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Table 1. Observational parameters of the models under study.

id. Ωm Ωb h q/n γ α β M1
B ∆m

G = G0 aq 0.314+0.009
−0.008 0.0453+0.0009

−0.0009 0.698+0.007
−0.007 0.048+0.042

−0.033 <0.022 0.141+0.007
−0.006 3.106+0.077

−0.087 −19.044+0.018
−0.019 −0.071+0.023

−0.023

c = c0 an 0.311+0.007
−0.007 0.046+0.001

−0.001 0.696+0.007
−0.007 0.00049+0.00049

−0.00053 <0.0007 0.141+0.007
−0.007 3.100+0.080

−0.080 −19.043+0.018
−0.018 −0.070+0.023

−0.022

Recently, it has been claimed that the fine structure constant α = e2/h̄c (do not confuse this α

with the α in Table 1—α and β in Table 1 characterize the stretch luminosity and color luminosity
relationship) is changing [35–39] (where e is the electron charge), so relating the speed of light with the
fine structure constant, we have

∆c
c

= −∆α

α
= n

∆a
a
∼ n

10
. (14)

From Table 1, we evaluate n = 4.9 × 10−4 > 0, and this implies that a change in c (or α)
from our fit is ∆α/α0 ∼ 10−5 in the redshift range [1; 2], while other observational bounds in
the same range (see Table II of [40] and [36–39]) give ∆α/α0 ∼ 10−6. However, our estimation is
compatible with constraints from CMB Planck first release [41]. Similarly, for G, we have q = 0.048
from Table 1, and this can be written as (Ġ/G)0 = qH0 ∼ 3.42× 10−12 year−1 by using the current
value of the Hubble constant H0. This is compatible with the Solar System bound coming from Viking
landers on Mars [42] (Ġ/G)0 = (2± 4)× 10−12 year−1 and weaker than the bound from the Lunar
laser ranging [43] (Ġ/G)0 = (4± 9)× 10−13 year−1.

Recently, new methods [44–46] have been introduced to detect the possible variation of speed
of light by using future galaxy surveys, such as The Square Kilometer Array (SKA), Euclid, and the
Wide-Field Infrared Survey Telescope (WFIRST-2.4). For example, in [45] it is shown that SKA will be
able to detect a 1% variation in the speed of light at 3σ level.

4. Conclusions

In this report, we discussed entropic cosmology with varying gravitational constant G and
varying speed of light c. We discussed the consequences of these variations on the entropic force
terms. We started with a general set of field equations which described varying constants’ entropic
cosmology. We derived the continuity equation from the first law of thermodynamics by using the
Bekenstein entropy, as well as Hawking temperature to fit the general entropic terms to this continuity
equation. We have examined many-fluid entropic models against observational data (supernovae, BAO,
and CMB). We have used data from JLA compilation of SDSS-II and SNLS collaboration (supernovae),
WiggleZ Dark Energy Survey, and SDSS-III Baryon Oscillation Spectroscopic Survey (BOSS), as well as
Planck data (CMB). We found that the observational bound on the Hawking temperature coefficient γ

was much smaller (10−2 − 10−4) than it is usually assumed to be on the theoretical basis to be on the
order of unity O(1). We have also found that in our entropic models, G and c should be increasing
with the evolution of the universe. Our bound on the variation of c being ∆c/c ∼ 10−5 is at least one
order of magnitude weaker than observational bound obtained from analysis of the quasar spectra.
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