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Abstract:



John Nash has proposed a new theory of gravity. We define a Nash-tensor equal to the curvature tensor appearing in the Nash field equations for empty space, and calculate its components for two cases: 1. A static, spherically symmetric space; and 2. The expanding, homogeneous and isotropic space of the Friedmann-Lemaitre-Robertson-Walker (FLRW) universe models. We find the general, exact solution of Nash’s field equations for empty space in the static case. The line element turns out to represent the Schwarzschild-de Sitter spacetime. Also we find the simplest non-trivial solution of the field equations in the cosmological case, which gives the scale factor corresponding to the de Sitter spacetime. Hence empty space in the Nash theory corresponds to a space with Lorentz Invariant Vacuum Energy (LIVE) in the Einstein theory. This suggests that dark energy may be superfluous according to the Nash theory. We also consider a radiation filled universe model in an effort to find out how energy and matter may be incorporated into the Nash theory. A tentative interpretation of the Nash theory as a unified theory of gravity and electromagnetism leads to a very simple form of the field equations in the presence of matter. It should be noted, however, that the Nash theory is still unfinished. A satisfying way of including energy momentum into the theory has yet to be found.
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1. Introduction


During the last twelve years of his life John Nash tried to develop an alternative theory to Einstein’s general theory of relativity. He formulated field equations for empty space, but did not manage to include a description of matter in a way which satisfied his requirements. It is a geometrical theory satisfying the principle of equivalence. John Nash presented his work on this theory in lectures [1] where he among others pointed out that the existence of gravitational waves is a consequence of his theory, but he did not publish any article on it. Neither have we been able to find any analysis by others on the Nash theory.



Nash mentioned several interesting properties of his theory even if the theory was only worked out for empty space. He did, among others, search for a theory giving a Yukawa-like gravitational field for the static spherically symmetric case, but later dismissed that point of view.



In addition, Nash mentioned that it is a general consequence of his field equations for empty space that the Ricci scalar obeys a wave equation which reduces to Laplace’s equation in the static case. Finally, Nash mentioned that his field equations for empty space are satisfied by any solution for empty space of Einstein’s field equations with a cosmological constant. This means that phenomena such as accelerated cosmic expansion that comes out of Einstein’s theory as an effect of LIVE, causing repulsive gravitation [2,3], are due to a natural tendency of empty space to expand according to John Nash’s theory. This is in agreement with the spirit in which Einstein originally interpreted the cosmological constant, before it was reinterpreted by Georges Lemaitre as an expression of the constant energy density of LIVE [4]. Nash did not, however, work out any solution of his field equations.



In the present paper we write out the field equations and find the general solution of the equations for empty static, spherically symmetric space, showing that it is a Schwarzschild de Sitter space time. Furthermore, we show that the de Sitter universe solves the Nash equations for empty space with a line element of the FLRW-type.




2. The Field Equations for Empty Space of the Nash Theory


In an unpublished manuscript [1] John Nash has presented a theory of space, time and gravitation. He gave the equations of empty space in the form


□Gμν+Gαβ(2Rαμβν−12gμνRαβ)=0



(1)




where [image: there is no content] is the d’Alembertian operator, and [image: there is no content] is the Einstein tensor. Defining the Nash curvature tensor


Nμν= □Gμν+Gαβ(2Rαμβν−12gμνRαβ)



(2)




the Nash field equations for empty space takes the form


[image: there is no content]



(3)







We shall here present the general solution of these equations for the static spherically symmetric case and a simple, exact solution for expanding, homogeneous and isotropic universe models.




3. Static Spherically Symmetric Space Time


The line element is described by introducing curvature coordinates where the area of a spherical surface about the origin with a coordinate radius [image: there is no content] is [image: there is no content]. Also, to simplify the calculations we shall restrict ourselves to solutions of the field equations fulfilling the restriction [image: there is no content]. Then the line element takes the form (using units so that the velocity of light is 1)


[image: there is no content]



(4)







Using the DifferentialGeometry package in Maple we then find the following non-vanishing orthonormal basis components of the Nash tensor,


[image: there is no content]



(5)




where [image: there is no content]. It follows from these expressions that


[image: there is no content]



(6)







Hence the Nash equations for empty space imply that


[image: there is no content]



(7)




which may be written as


[image: there is no content]



(8)




and whose integration yields


[image: there is no content]



(9)




where [image: there is no content] is an arbitrary constant. Furthermore


[image: there is no content]



(10)




so Equation (9) can be written


[image: there is no content]



(11)







Integrating once more leads to


[image: there is no content]



(12)







With the identification [image: there is no content] this is the line element of the Schwarzschild-de Sitter spacetime outside a spherical mass with Schwarzschild radius [image: there is no content] in a universe dominated by LIVE with energy density [image: there is no content] given in terms of the cosmological constant [image: there is no content] by [image: there is no content], where [image: there is no content] is Einstein’s gravitational constant.




4. Homogeneous and Isotropic Universe Models


The standard form of the line element is in this case


[image: there is no content]



(13)







For this line-element the non-vanishing components of the Nash-tensor are


[image: there is no content]



(14)







The trace of the Nash-tensor is


[image: there is no content]



(15)







We shall here consider flat universe models. The components and trace of the Nash tensor can then be given in terms of the Hubble parameter, [image: there is no content], as


[image: there is no content]



(16)




and


[image: there is no content]



(17)







A further simplification of the expression for [image: there is no content] is obtained by introducing [image: there is no content]. Then the components of the Nash tensor take the form


[image: there is no content]



(18)







The Nash equations for empty space reduce to


[image: there is no content]



(19)






[image: there is no content]



(20)







Equations (19) and (20) may be written, respectively, as


[image: there is no content]



(21)




and


[image: there is no content]



(22)







Hence, Equation (21) implies that Equation (22) is fulfilled, so there is only one independent field equation for this problem. The general solution is thus found by solving Equation (21).



We shall integrate Equation (21) in two steps in order to discuss an interesting special case. A first integration gives


[image: there is no content]



(23)




where [image: there is no content] is a constant of integration. Let us consider first the special case [image: there is no content]. Integrating Equation (23) with [image: there is no content] and [image: there is no content] where [image: there is no content] is the present age of the universe, then gives


[image: there is no content]



(24)




which is the scale factor of the Milne universe, i.e., of the Minkowski spacetime as described in an expanding reference frame.



We then consider the case [image: there is no content]. A particular solution of Equation (23) is then [image: there is no content]. In this case the Hubble parameter is constant. Integrating once more with [image: there is no content] gives


[image: there is no content]



(25)







This is the scale factor of the de Sitter universe, which in Einstein’s theory is a spacetime dominated by LIVE with a constant density that may be represented by a cosmological constant, [image: there is no content], where G is Newton’s gravitational constant. The Hubble parameter is [image: there is no content]. We shall interpret this as the representation of empty space according to the Nash theory. According to this interpretation the special case [image: there is no content] is unphysical.



While the Hubble parameter of the de Sitter spacetime comes from the field equations in the Einstein theory, it appears as an integration constant when the field equations of empty space are solved in the Nash theory. With the value of H determined from cosmic observational data, [image: there is no content], and the physical interpretation of Equation (12) with [image: there is no content], there will be no conflict with the Solar-system observational tests of the theory. Note also that these observations test the Nash theory as presently developed, since they are concerned with physics in an empty space solution of the Nash field equations.



Equation (23) is an Abel differential equation of the first kind. The general solution of this equation can only be given implicitly with t as a function of y. This solution does not appear in Einstein’s theory.




5. A Preliminary Study of How Energy-Momentum Can Be Represented in the Nash Theory


The energy-momentum density tensor of electromagnetic radiation is trace free. We shall therefore start by considering the equation [image: there is no content]. From Equation (17) this takes the form


[image: there is no content]



(26)




which may be written


[image: there is no content]



(27)







We shall not try to find the general solution of this equation, but restrict ourselves to investigate a class of solutions obeying


[image: there is no content]



(28)







Integration gives


[image: there is no content]



(29)




where [image: there is no content] is a constant. With [image: there is no content] and the usual normalization of the scale factor, [image: there is no content], integration of Equation (29) gives


[image: there is no content]



(30)







This has the same form as the scale factor of a flat radiation dominated FLRW-universe in the Einstein theory.



Inserting this scale factor into Equation (14) we find that for this solution the components of the Nash tensor are


[image: there is no content]



(31)







Hence, the field equations cannot have the form that the Nash tensor is proportional to the energy-momentum density tensor.



A particular solution of Equation (29) with [image: there is no content] is [image: there is no content], which gives the scale factor Equation (25) representing the de Sitter universe. The general solution of Equation (29) with [image: there is no content] is


[image: there is no content]



(32)







Choosing to consider a solution corresponding to the radiation dominated Big Bang solution of Einstein’s theory, we integrate once more with [image: there is no content] and [image: there is no content]. This gives


[image: there is no content]



(33)







Solving the Friedmann equations of Einstein’s theory with a non-vanishing cosmological constant for a flat FLRW-universe filled by a perfect fluid with equation of state [image: there is no content] and present density [image: there is no content] gives [5]


[image: there is no content]



(34)







For electromagnetic radiation [image: there is no content], and Equation (34) becomes


[image: there is no content]



(35)







Hence with the identification [image: there is no content] the scale factor Equation (33) is similar to the scale factor Equation (35) of a flat FLRW-universe with radiation and LIVE in the Einstein theory. Inserting this solution in Equation (14) gives the following components of the Nash-tensor,


[image: there is no content]



(36)







This shows that if we think of the Nash theory as a theory of space-time and gravitation, for either an empty universe or a universe filled by radiation, then the field equations may be given the form that the Nash-tensor is proportional to the energy-momentum density tensor with a negative proportionality constant. In this theory there would be no need for dark energy, because the accelerated expansion is according to this theory due to a natural tendency of empty space to expand exponentially.



It is not easy to find a natural extension of the theory to describe matter. In the case of dust, for example, the scale factor of Einstein’s theory is found from Equation (34) with [image: there is no content]. This gives [6]


[image: there is no content]



(37)







With this scale factor the components of the Nash-tensor are


[image: there is no content]



(38)







If the Nash-tensor is proportional to the energy-momentum tensor with a positive proportionality constant, Equation (37) would represent a Zel’dovich fluid with equation of state [image: there is no content] (not dust). Hence, one may tentatively suggest that the Nash-field equations might have the form [image: there is no content], where [image: there is no content] is the energy-momentum density tensor of an electromagnetic field (including radiation), and [image: there is no content] is the corresponding tensor of matter. Note the preliminary character of this suggestion. A further development of the Nash theory to include energy-momentum in a proper way is important. We have not been able to complete this program, and suggest is as an interesting unsolved problem.




6. Conclusions


It has been asked whether John Nash’s “interesting equation” really is interesting, and answered that it is a matter of taste, but also that similar equations have interested physicists in the recent past. Nash’s field equation results from an action with squared curvature terms of the type


[image: there is no content]











It was noted by Nash that “the general class of Lagrangians including ours (written above) has previously caught the attention of theorists. But my observation was, from my reading in the area, that those who had been broadly interested in this general family of Lagrangians had never focused effectively on the specific choice.”



It has been pointed out that this class of theories has a problem if one tries to quantize the theory, connected with so-called “ghosts”. Such theories result in ghost fields with negative norm, i.e., with negative probabilities, which is clearly unphysical. However, there have been attempts to solve such problems [7,8].



In the present paper we focus upon investigating classical aspects of Nash’s theory. We have defined the Nash tensor to be the curvature tensor appearing in the Nash field equations and calculated its components for a static spherically symmetric space and for the FLRW line-element.



Then we found exact solutions of the Nash field equations and showed that they describe the Schwarzschild-de Sitter spacetime in the static case and the de Sitter spacetime in the cosmological case. This shows that in the Nash theory space has a natural tendency to have exponentially accelerated expansion, making it unnecessary to introduce dark energy in order to account for the observed accelerated expansion of the universe. It has been emphasized by S. Räsänen [9] and others [10,11], however, that homogeneous and isotropic cosmological models with ordinary matter and gravity predict slower expansion and shorter distances than observed. It is possible that this failure is due the known breakdown of homogeneity and isotropy related to structure formation, rather than repulsive gravity due to dark energy.



A main unsolved problem is to device a proper form of the field equations in general, i.e., for space containing matter. Motivated by the fact that the energy-momentum tensor of electromagnetic fields is trace free, we have made a preliminary investigation of this problem solving the equation obtained by putting the trace of the Nash tensor equal to zero. In the cosmological case the solution is indeed a line element corresponding to that of a space filled with electromagnetic radiation and LIVE in Einstein’s theory. Inserting the scale factor of this solution into the expressions of the components of the Nash tensor we found that they obey [image: there is no content]. Hence field equations of the form [image: there is no content] are fulfilled by this solution. Comparing with the corresponding solution of Einstein’s theory, the line element has the same form as that of a universe with radiation and LIVE in Einstein’s theory.



Inserting the line element of Einstein’s theory for a universe with LIVE and dust in Einstein’s theory, we found that the components of the Nash tensor obey, [image: there is no content]. This shows that the equations [image: there is no content] are fulfilled by all the solutions we have considered, although with a re-interpretation of dust as a Zel’dovich fluid. It should be clear, however, that a fully satisfying way of including energy-momentum into the Nash theory has yet to be found.



If the Nash theory is interpreted as a unified theory of gravitation and electromagnetism, thinking of the electromagnetic energy-momentum density tensor as representing a component of the structure of space, this form of the field equations would be natural. Hence we suggest that the Nash-theory may be conceived of as a unified theory of gravity and electromagnetism where in addition dark energy in the form of LIVE is replaced by a natural tendency of space to have accelerated expansion, making the introduction of dark energy or a cosmological constant superfluous. According to the Nash theory, empty space is not represented by the flat Minkowski spacetime, but by the curved de Sitter spcetime.







Acknowledgments


We would like to thank Torkild Jemterud for suggesting to us that we investigate the Nash theory.




Author Contributions


M.A. found the Expressions (5) and (14) of the Nash tensor and solved the static case. Ø.G. solved the cosmological case and wrote the paper.




Conflicts of Interest


The authors declare no conflict of interest.




References


	1. 
Nash, J. Lecture by John F. Nash Jr. An Interesting Equation. Available online: http://web.math.princeton.edu/jfnj/texts_and_graphics/Main.Content/An_Interesting_Equation_and_An_Interesting_Possibility/An_Interesting_Equation/Equation.general.vac/From.PennState/intereq.r.pdf (accessed on 10 February 2017).

	2. 
Grøn, Ø. Repulsive gravitation and electron models. Phys. Rev. 1985, 31, 2129–2131. [Google Scholar] [CrossRef]

	3. 
Grøn, Ø. Repulsive gravitation and inflationary universe models. Am. J. Phys. 1986, 54, 46–52. [Google Scholar] [CrossRef]

	4. 
Lemaître, G. Evolution of the expanding universe. Proc. Nat. Acad. Sci. USA 1934, 20, 12–17. [Google Scholar] [CrossRef] [PubMed]

	5. 
Johannesen, S. Smooth Manifolds and Fibre Bundles with Applications to Theoretical Physics; CRC Press, Taylor & Francis Group: Boca Raton, FL, USA, 2017. [Google Scholar]

	6. 
Grøn, Ø. A new standard model of the universe. Eur. J. Phys. 2002, 23, 135–144. [Google Scholar] [CrossRef]

	7. 
Hawking, S.W.; Hertog, T. Living with the ghosts. Phys. Rev. D 2002, 65, 103515. [Google Scholar] [CrossRef]

	8. 
Salvio, A.; Strumia, A. Agravity. J. High Energy Phys. 2014, 2014, 80. [Google Scholar] [CrossRef]

	9. 
Räsänen, S. Backreaction: Directions of progress. Class. Quantum Gravity 2011, 28, 164008. [Google Scholar] [CrossRef]

	10. 
Buchert, T.; Räsänen, S. Back-reaction in late time cosmology. Annu. Rev. Nucl. Part. Sci. 2012, 62, 57–79. [Google Scholar] [CrossRef]

	11. 
Koksbang, S.M.; Hannestad, S. Redshift drift in an inhomogeneous universe: Averaging and the backreaction conjecture. J. Cosmol. Astropart. Phys. 2016, 2016, 9. [Google Scholar] [CrossRef] [PubMed]





© 2017 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license ( http://creativecommons.org/licenses/by/4.0/).







nav.xhtml


  universe-03-00010


  
    		
      universe-03-00010
    


  




  





