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Abstract: Amplify-and-forward (AF) two-way relay networks (TWRNs) have become popular to
provide spectrally efficient communication when range extension or energy efficiency is needed by
utilizing a simple relay. However, their performance can be significantly degraded in practice
due to co-channel interference (CCI) which is increasing due to growing number of wireless
devices and recent cognitive and non-orthogonal multiple access techniques. With the motivation
of improving the performance of AF-TWRNs, the use of maximal ratio transmission (MRT) is
investigated to achieve high reliability while requiring low receiver complexity for the relay. First,
the signal-to-interference-plus-noise ratio (SINR) expression is formulated and upper bounded.
Then, tight lower bound expressions of outage probability (OP), sum symbol error rate (SSER),
and upper bound ergodic sum rate (ESR) for each source and for the overall system are obtained.
Besides, array and diversity gains are provided after deriving the asymptotic expressions of OP and
SSER at high signal-to-noise ratio (SNR). Furthermore, the impact of channel estimation errors on
the performance is also included. Finally, Monte Carlo simulation results which corroborate our
theoretical findings are illustrated.

Keywords: two-way relay network; maximal ratio transmission; co-channel interference;
outage probability; symbol error rate; ergodic sum rate

1. Introduction

Two-way relaying is a promising transmission technique to be used in next generation wireless
networks where the relay can receive the sum of two source signals and then broadcast [1–3].
TWRNs allow the exchange of information within two time slots compared to four slots in dual
hop relaying between two sources. Therefore, TWRNs can be useful in increasing the coverage or
decreasing the transmit power in a spectrally efficient way. In order to have a low complexity relay
for practical TWRNs, the amplify-and-forward (AF) approach is more preferable compared to other
methods such as decode-and-forward (DF) which requires more processing [4]. Recently, TWRN
technique has been applied to new communication scenarios. For example, Bastami et al. [5] considers
the multiple-input multiple-output (MIMO) TWRN scheme with overlay cognitive radio (CR) while
TWRN with non-orthogonal multiple access (NOMA) is proposed in [6]. In addition, Refs. [7,8]
study the energy harvesting technique on TWRN under the effect of practical hardware impairments.
Finally, physical layer security of AF-TWRN considering imperfect channel state information (CSI) is
explored in [9].
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Co-channel interference (CCI) is caused by the signals of other users and applications using
the same frequency band [10], and it can be a serious problem limiting the coverage, reliability and
throughput especially in WiFi, cellular, and ad-hoc networks. Besides, next generation wireless
networks will contain even more number of users and with internet of things (IoT) devices which will
further intensify the undesired effects of interference. Furthermore, new wireless techniques such as
NOMA [11], and CR [12] will also increase CCI. In the literature, Liang et al. [13,14], investigate the
outage probability performance of amplify-and-forward (AF) and decode-and-forward (DF) two-way
relaying system respectively, considering multiple CCI signals at sources. In [15], the symbol error
probability performance is presented for DF-TWRN with CCI, while the impact of CCI on AF-TWRN
has been studied by Ikki et al. [16] for Rayleigh fading and by Costa et al. [17] for Nakagami-m fading
where outage and symbol error probabilities (SEP) are obtained when all nodes have only single
antenna. In [18], the outage probability (OP), error performance, and achievable rate are investigated
for an AF-TWRN with CCI and channel estimation errors (CEE). Optimization of relay position and
power allocation for maximum performance of AF-TWRN with CCI are explored in [19]. Recently,
Shukla et al. [20] has studied the performance of single antenna users in cellular TWRN with CCI
and CEE.

Utilizing multiple antennas can be highly useful in performance improvement. For example,
maximal ratio transmission has been proposed in [21] to achieve maximum signal to noise power
ratio at the receiver by adjusting the scaling weights of transmitted signals. Without increasing the
computational complexity of the receiver, MRT can achieve full spatial diversity, thus it has become
preferable especially for transmissions from base stations to the size, delay and power constrained
mobile units and relays. In [22], Yang et al. investigate the sum symbol error rate (SSER) of TWRN with
single antenna relay, beamforming and antenna selection. Yadav et al. [23] investigates the optimization
of performance for TWRN with MRT and derive closed form error probability and ergodic sum rate
(ESR). Similarly, [24] deals with the performance of an AF-TWRN-MRT with relay selection and
derive OP and SER over Nakagami-m fading channels. Recently, Kefeng et al. [25] analyze the outage
probability, throughput and energy-efficiency of AF-TWRNs employing MRT/MRC at the relay node
under the effect of hardware impairment.

1.1. Motivation and Contributions

In the literature, most of the existing studies considering CCI in TWRNs with amplify-and-forward
and even with decode-and-forward [13–20] relaying, deal with single antenna sources and do
not include any multiple antenna techniques and also ignore the additional effect of noise for
simplicity of the mathematical analysis. On the other hand, MRT studies in [21–25] consider
interference-free scenarios since taking CCI into account changes the statistics of the system SNR
extremely thus complicating the analysis tremendously. Therefore, with the motivation of having a
reliable communication via a low complexity relay, this paper provides a comprehensive investigation
of the use of MRT at the sources of AF-TWRN system where the relay is under the effect of multiple
co-channel interference signals plus noise. The contributions of the paper can be listed as follows:

• Lower bound of outage probabilities for each source and the overall system are derived for an
arbitrary number of antennas and interferers.

• Lower bound of symbol error rates for each source and for the overall system are analyzed.
• Asymptotic sum symbol error rate and outage probability expressions, diversity and array gains

are obtained.
• A tight upper bound of the ergodic sum rate is investigated for the proposed structure.
• To get insight regarding the performance in practice, the effect of channel estimation errors

is studied.
• Numerical examples are illustrated to verify our theoretical results and compare several cases.
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1.2. Paper Organization

The remainder of the paper is organized as follows. System and channel models are described
in Section 2. In Section 3, the cumulative distribution function (CDF) of SINR for each source and
end-to-end (e2e) system are obtained with and without CEE. Moreover, OP, SSER, ESR, diversity and
array gain expressions are derived. Section 4 presents the numerical examples obtained by Monte
Carlo simulations. Finally, conclusions are summarized in Section 5.

1.3. Notations

Bold letters denote vectors where italic symbols specify scalar variables. The following symbols
(·)T , (·)H and ‖ · ‖ are used for transpose, Hermitian transpose and Frobenius norm, respectively.
Pr[·], E[·], fX(·) and FX(·) represent probability, expectation operation, probability density function
(PDF) and cumulative distribution function (CDF) of a random variable (RV) X, respectively. Binomial
coefficient shown as (a

b) is equivalent to a!/b!(a− b)! while the standard Gaussian tail probability
function Q(x) is defined as (1/

√
2π)

∫ ∞
x e−t2/2dt.

2. System and Channel Models

An AF-TWRN system with two source terminals S1 and S2 having L1 and L2 antennas respectively,
is considered where sources communicate via a single antenna relay R which is exposed to N
co-channel interference signals from other users in the network (In practice, a small size and low
complexity user can behave as a relay to establish reliable links between two base stations in a cellular
network (e.g., [1,20]), or between two routers in a WiFi network, or between two coordinators in a
wireless sensor network when larger range and better energy efficiency are needed. If the selected user
is close to the edge of cells/clusters, then the CCI level can be considerable compared to negligible CCI
at two source terminals which can be at the center of neighboring cells [17].) as depicted in Figure 1.
h1 and h2 are L1 × 1 and L2 × 1 channel vectors between S1 → R and S2 → R respectively. hIi is the
flat fading coefficient of i-th interference channel. The direct link between two source terminals is
assumed to be unavailable due to large path loss and/or deep shadowing. Channel coefficients at
each hop are modeled as independent and identically distributed (i.i.d) Rayleigh flat fading. For the
performance analysis in the next section, the CSI is assumed to be available at both sources and at the
relay, then, the effect of imperfect CSI is also explored later. The communication between two source
terminals is divided into two phases. In the first phase, S1 and S2 transmit their unit energy signals x1

and x2 respectively by using MRT technique. Without loss of generality, all nodes are assumed to have
equal transmit powers, PS1 = PS2 = PR = P and denote the power of interference signals as PI . Then,
the received signal at the relay R can be written as follows

yR =
√

Pd−α
1 h1w1x1 +

√
Pd−α

2 h2w2x2 +
√

PI

N

∑
i=1

hIixIi + nR, (1)

where exponential-decay path loss model is assumed with α denoting the path loss exponent. Distances
between S1 → R and S2 → R are shown as d1 and d2, respectively. xIi is the i-th unit energy interfering
signal affecting R. In the second phase, the relay amplifies the sum of the received signals with a scaling
factor G and then broadcasts to S1 and S2. By using maximum ratio combining (MRC), the received
signals at both sources can be expressed as

yS1 = wT
1

(√
Pd−α

1 GhT
1 yR + n1

)
,

yS2 = wT
2

(√
Pd−α

2 GhT
2 yR + n2

)
,

(2)
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MRT weight vectors w1 and w2 are specified as w1 = (hH
1 /‖h1‖) and w2 = (hH

2 /‖h2‖).
Noise samples nR and elements of n1, n2 vectors are modeled as complex additive white Gaussian
noise with zero mean and variance N0. The relay scaling factor [17,26,27] is given as

G−1 =
√

Pd−α
1 ‖h1‖2 + Pd−α

2 ‖h2‖2. (3)

Using channel reciprocity in TWRN, the two sources can cancel their self interference term
(i.e., the effect of their transmitted signals). Substituting (1) in (2) and after some algebraic
manipulations, the SINRs can be obtained as

γS1 =
γ1γ2

γ1γI + 2γ1 + γ2
=

γ1(
γ2

γI+2 )

γ1 + ( γ2
γI+2 )

,

γS2 =
γ1γ2

γ2γI + 2γ2 + γ1
=

γ2(
γ1

γI+2 )

γ2 + ( γ1
γI+2 )

,

(4)

where γ1 , P
N0

d−α
1 ‖h1‖2 and γ2 , P

N0
d−α

2 ‖h2‖2 are the instantaneous SNRs at S1 → R and S2 → R

hops and γI ,
PI
N0

∑N
i=1 |hIi|2 is the instantaneous interference-to-noise power ratio (INR) at the relay.

Phase 1

Phase 2

Interference

h1 h2

hI1 hIN

1 1

L1 L2

S1 S2

R

Figure 1. Block diagram of TWRN with maximal ratio transmission and CCI at the relay.

3. Performance Analysis

In this section, first, upper bounds of CDFs of the SINRs for the sources and e2e system are
obtained. Secondly, lower bounds of OP and SER expressions are derived. Then asymptotic OP and
SER analyses are carried out, thus diversity and array gains are provided. Finally, the upper bound of
ergodic sum rate and the effect of CEE are presented.

Since it is mathematically intractable to obtain the exact performance results for TWRNs with
CCI, similar to previous studies [16–20], upper bounds on γS1 and γS2 in (4) can be written as

γ
up
S1

= min
(

γ1,
γ2

(γI + 2)

)
,

γ
up
S2

= min
(

γ2,
γ1

(γI + 2)

)
.

(5)
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Then, CDFs of the random variables γ̃1 = γ2/(γI + 2) and γ̃2 = γ1/(γI + 2) can be expressed as

Fγ̃1(γ) = EγI

[
Pr[γ2 6 (γI + 2)γ]

]
=

∞∫
0

Fγ2 ((z + 2)γ) fγI (z)dz.
(6)

Note that the instantaneous SNRs, γ1 and γ2 are central Chi-square distributed random variables
with 2L1 and 2L2 degrees of freedom, respectively. Then their PDF and CDF are given as [21]

fγ1(x) =
xL1−1e−x/Ω1

ΩL1
1 Γ(L1)

, (7)

fγ2(y) =
yL2−1e−y/Ω2

ΩL2
2 Γ(L2)

, (8)

Fγ1(x) = 1−
L1−1

∑
m=0

e−x/Ω1

m!

(
x

Ω1

)m

, (9)

Fγ2(y) = 1−
L2−1

∑
w=0

e−y/Ω2

w!

(
y

Ω2

)w

, (10)

where Γ(·) is the Gamma function ([28] [eqn 8.339.1]). Average SNRs are denoted as Ω1 = d−α
1 γ̄ and

Ω2 = d−α
2 γ̄ using γ̄ = P/N0. Similarly, γI is distributed as central Chi-square random variable with

2N degrees of freedom where its PDF is [16]

fγI (z) =
zN−1e−z/ΩI

ΩN
I Γ(N)

, (11)

where average INR is shown as ΩI = PI/N0. By substituting (10) and (11) into (6) and after several
algebraic manipulations to solve the integral, (6) is equivalently expressed as

Fγ̃1(γ) =

∞∫
0

(
1−

L2−1

∑
w=0

e−(z+2)γ/Ω2

w!
Λw

1

)
zN−1e−z/ΩI

ΩN
I Γ(N)

dz

= 1−
L2−1

∑
w=0

e−
2γ
Ω2

w!

(
2γ

Ω2

)w ( 2
ΩI

)N
U
(

N, N + w + 1,
2γ

Ω2
+

2
ΩI

)
,

(12)

where Λ1 = (z + 2)γ/Ω2 and U(a, b, z) is the Tricomi confluent hypergeometric function (The Tricomi
confluent hypergeometric function and the Meijer’s G-function can easily evaluated numerically by
using well-known software programs such as MAPLE or MATHEMATICA.), defined by the integral

U(a, b, z) = 1
Γ(a)

∞∫
0

ta−1(t + 1)−a+b−1e−ztdt ([28] [eqn 9.211.4]). To this end, the CDF of γ
up
S1

can be

derived as

Fγ
up
S1
(γ) = Pr

[
min (γ1, γ̃1) 6 γ

]
= 1− Pr [γ1 > γ]Pr [γ̃1 > γ]

(a)
=1− (1− Fγ1(γ))(1− Fγ̃1(γ))

(b)
=Fγ1(γ) + Fγ̃1(γ)− Fγ1(γ)Fγ̃1(γ).

(13)
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Now, substituting (9) and (12) into step (a) of (13) yields

Fγ
up
S1
(γ) = 1−

L1−1

∑
m=0

L2−1

∑
w=0

e−
γ

Ω1 e−
2γ
Ω2

m!w!

(
γ

Ω1

)m ( 2γ

Ω2

)w ( 2
ΩI

)N
U
(

N, N + w + 1,
2γ

Ω2
+

2
ΩI

)
, (14)

and similarly, the CDF of γ
up
S2

can be derived as

Fγ
up
S2
(γ) = 1−

L2−1

∑
w=0

L1−1

∑
m=0

e−
γ

Ω2 e−
2γ
Ω1

w!m!

(
γ

Ω2

)w ( 2γ

Ω1

)m ( 2
ΩI

)N
U
(

N, N + m + 1,
2γ

Ω1
+

2
ΩI

)
. (15)

Finally, the end-to-end SINR of the system can be expressed as [19]

γe2e = min
(
γS1 , γS2

)
≤ min

(
γ

up
S1

, γ
up
S2

)
, γ

up
e2e. (16)

In the literature, some papers (e.g., [16]) have derived performance expressions based on γS1 ,
however, it is not the correct e2e SINR of two-way relaying systems. The upper bound CDF of e2e
SINR can be derived by using (16) as follows

Fγ
up
e2e
(γ) = Pr

[
min

(
γ

up
S1

, γ
up
S2

)
6 γ

]
= Pr

[
min (min(γ1, γ̃1), min(γ2, γ̃2)) 6 γ

]
.

(17)

The computation of this CDF is highly complicated since γ
up
S1

and γ
up
S2

are correlated as they
contain common random variables γ1, γ2 and γI . To this end, similar to [26], the following Lemma
is introduced.

Lemma 1. SINRs for S1 and S2 can be further upper bounded by dividing (4) to γ1 = P
N0

d−α
1 ‖h1‖2 and

γ2 = P
N0

d−α
2 ‖h2‖2 as follows

γS1 =
γ2

γI + 2 + γ2
γ1

6 γ̃1,

γS2 =
γ1

γI + 2 + γ1
γ2

6 γ̃2,
(18)

due to the fact that both γ1 and γ2 > 0.

With the help of this new bound, (17) can be simplified to its conditioned version depending only
on γI

Fγ
up
e2e
(γ) = EγI

[
Pr
[

min (γ̃1, γ̃2) 6 γ
]]

= EγI

[
1− Pr [γ̃1 > γ]Pr [γ̃2 > γ]

]
(a)
=EγI

[
1− (1− Fγ̃1(γ))(1− Fγ̃2(γ))

]
(b)
=EγI

[
Fγ̃1(γ) + Fγ̃2(γ)− Fγ̃1(γ)Fγ̃2(γ)

]
,

(19)

Then, the unconditional CDF of γ
up
e2e can be derived as

Fγ
up
e2e
(γ) = 1−

L1−1

∑
m=0

L2−1

∑
w=0

e−
2γ
Ω1 e−

2γ
Ω2

m!w!

(
2γ

Ω1

)m ( 2γ

Ω2

)w ( 2
ΩI

)N
U
(

N, N + m + w + 1,
2γ

Ω1
+

2γ

Ω2
+

2
ΩI

)
. (20)
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The detailed derivation is shown in Appendix A.
This closed form upper bound on CDF of e2e SINR is in a simple form with the help of Lemma 1.

In addition, for the case of no interference, i.e., N = 0, the CDF can be reduced to

Fγ
up
e2e
(γ) = 1−

L1−1

∑
m=0

L2−1

∑
w=0

e−
2γ
Ω1 e−

2γ
Ω2

m!w!

(
2γ

Ω1

)m ( 2γ

Ω2

)w
. (21)

3.1. System Outage Probability

The outage probability for Si is defined as the probability that SINR for the link Si → R→ Sj falls
below a threshold γth, where i, j ∈ {1, 2} and i 6= j. System outage on the other hand can be defined as
at least one of the source nodes being in outage. As a result, the lower bound on system OP is actually
the CDF of γ

up
e2e random variable evaluated at γth and can be written as

Pout ≥ Pr[γup
e2e ≤ γth] = Fγ

up
e2e
(γth). (22)

3.2. Sum Symbol Error Rate

SSER can be defined as the summation of SER at S1 and S2 nodes, and it is another important
performance criterion in TWRNs. Mathematically, it can be expressed as [29]

Psys(e) = Ps1(e) + Ps2(e). (23)

For several signal constellations employed in practical systems, the SER can be written as
aE[Q(

√
2bγ)] where a and b are modulation coefficients, i.e., {a = 1, b = 0.5} for BFSK modulation,

{a = 1, b = 1} for BPSK and {a = 2(M− 1)/M, b = 3/(M2 − 1)} for M-ary PAM. Then SER can be
evaluated by using the CDF-based approach [18] as

Psi (e) ≥
a
√

b
2
√

π

∫ ∞

0
γ−1/2e−bγFγ

up
Si
(γ)dγ, i = 1, 2. (24)

To simplify the derivation of (24), CDFs of γ
up
S1

and γ
up
S2

can be expressed in a more tractable form.
The mathematical identity U(a, a + n + 1, z) = z−a ∑n

s=0 (
n
s)(a)sz−s ([30] [eqn 13.2.8]) where (a)s =

Γ(a + s)/Γ(a) is Pochhammer’s symbol, can help expanding the Tricomi confluent hypergeometric
function to a finite sum series. After substitution the simplified versions of (14) and (15) in (24) with
some mathematical manipulations and by utilizing ([28] [eqn 9.211.4]), the lower bound of SER for S1

and S2 can be expressed as (In the sequel, OP, SER and ESR for any source can be obtained by replacing
the subscript i and j with i, j ∈ {1, 2} such that i 6= j.)

Psi (e) ≥
a
2
− a

2

√
b
π

Li−1

∑
m=0

Lj−1

∑
w=0

w

∑
n=0

(
w
n

)
2w−n

m!w!
Γ(N + n)

Γ(N)

(
1

Ωi

)m
(

1
Ωj

)w

Γ
(

m + w +
1
2

)
Ωn

I

×
(Ωj

ΩI

)m+w+ 1
2

U
(

m + w +
1
2

, m + w− N − n +
3
2

,
bΩj

ΩI
+

Ωj

ΩIΩi
+

2
ΩI

)
,

(25)

furthermore, it is worth mentioning that for no interference case, the SER in (25) can be simplified as

Psi (e) ≥
a
2
− a

2

√
b
π

Li−1

∑
m=0

Lj−1

∑
w=0

(
m + w− 1

2

)
!

m!w!

(
1

Ωi

)m
(

2
Ωj

)w (
1

Ωi
+

2
Ωj

+ b

)−m−w− 1
2

. (26)

By substituting the SER of S1 and S2 into (23), the lower bound of SSER can be easily obtained in
closed-form.
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3.3. Asymptotic Analysis

In this subsection, in order to extract the diversity and array gains, Pout and Psys(e) are simplified
by assuming high SNR values (i.e.,γ̄→ ∞). Using the Maclaurin series expansion of the exponential
function [31]. The PDF of γ1 and γ2 in (7) and (8) can be approximated respectively as

fγ1(x) ≈ xL1−1

ΩL1
1 Γ(L1)

, (27)

fγ2(y) ≈
yL2−1

ΩL2
2 Γ(L2)

. (28)

Then, by integrating these PDFs with respect to x and y, CDFs can be written as follows

Fγ1(x) ≈ 1
L1!

(
x

Ω1

)L1

, (29)

Fγ2(y) ≈
1

L2!

(
y

Ω2

)L2

. (30)

Recall that step (b) in both (13) and (19) can be simplified by ignoring the last multiplication
term; Fγ

up
S1
(γ) ≈ Fγ1(γ) + Fγ̃1(γ) and Fγ

up
e2e
(γ) ≈ EγI [Fγ̃1(γ) + Fγ̃2(γ)]. To this end, by using these

approximations, following the same procedure and after some mathematical manipulations, asymptotic
CDFs for γS1 , γS2 and γe2e can be given as

F∞
γSi

(γ) ≈ 1
Li!

(
γ

Ωi

)Li

+
2N

ΩN
I Lj!

(
2γ

Ωj

)Lj

U
(

N, N + Lj + 1,
2

ΩI

)
, (31)

F∞
γe2e

(γ) ≈ 2N

ΩN
I L1!

(
2γ

Ω1

)L1

U
(

N, N + L1 + 1,
2

ΩI

)
+

2N

ΩN
I L2!

(
2γ

Ω2

)L2

U
(

N, N + L2 + 1,
2

ΩI

)
. (32)

For the interference-free system, (32) becomes

F∞
γe2e

(γ) ≈
(

2γ

Ω1

)L1 1
L1!

+

(
2γ

Ω2

)L2 1
L2!

. (33)

Furthermore, by substituting the asymptotic CDFs of γS1 and γS2 in (24) with the help of ([30]
[eqn 13.2.8]) and some mathematical simplifications, asymptotic expressions of SER for S1 and S2 can
be derived as

P∞
si
(e) =

a
2
√

π

(Li − 0.5)!
Li!

(
1

bΩi

)Li

+
a

2
√

π

(Lj − 0.5)!
Lj!Γ(N)

(
2

bΩj

)Lj Lj

∑
w=0

(
Lj
w

)(
ΩI
2

)w
Γ(N + w). (34)

Having this result, the asymptotic SSER can be directly obtained from (23). As a special case,
asymptotic SERs for S1 and S2 in interference-free system are provided as

P∞
si
(e) =

a
2
√

π

(Li − 0.5)!
Li!

(
1

bΩi

)Li

+
a

2
√

π

(Lj − 0.5)!
Lj!

(
2

bΩj

)Lj

. (35)

In order to find the asymptotic system OP expression, both ([32] [Prop. 5]) and (32) are used
where γ is replaced with γth and a large value of γ̄ is assumed. Then, P∞

out can be obtained as

P∞
out = G

(γth
γ̄

)min(L1,L2) + H.O.T., (36)
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where H.O.T denotes high order terms and the scaling factor G is given as

G =



2N

ΩN
I L1!

(
2

d−α
1

)L1

U
(

N, N + L1 + 1, 2
ΩI

)
, L1 < L2

2N

ΩN
I L1!

(
2

d−α
1

)L1

U
(

N, N + L1 + 1, 2
ΩI

)
+ 2N

ΩN
I L2!

(
2

d−α
2

)L2

U
(

N, N + L2 + 1, 2
ΩI

)
, L1 = L2

2N

ΩN
I L2!

(
2

d−α
2

)L2

U
(

N, N + L2 + 1, 2
ΩI

)
, L1 > L2

, (37)

Furthermore, by using P∞
out ≈ (Gaγ̄)−Gd as described in [32], the diversity gain Gd and the array gain

Ga can be written as

Gd = min(L1, L2),

Ga =
1

γth

(
G
)−1/Gd .

(38)

Note that, even though CCI degrades the array gain considerably, it does not decrease the
diversity gain.

3.4. Ergodic Sum Rate

The ergodic sum rate which is measured by bits/s/Hz, is an important performance indicator
as it can provide insight about the maximum transmission rate. For TWRNs, it is expressed as the
summation of the ergodic rates of S1 and S2, and thus for our system model, it can be written as [17,23]

ESR =
1
2
(
E[log2(1 + γS1)] +E[log2(1 + γS2)]

)
, (39)

where the factor 1/2 appears since data exchange needs two time slots. To the best of our knowledge,
the closed form solution of the above expression can not be obtained. However, an approximate
expression for the ergodic sum rate can be derived using the Jensen’s inequality (Jensen’s inequality:
Suppose that X is a random variable with expectation µ, and function g is convex and finite.
Then E[g(X)] ≤ g(E[X]) ([33] [eqn 5.5]).). Specifically, an upper bound on the ergodic sum rate
in (39) is obtained as

ESR ≤ 1
2

[
log2(1 +E[γup

S1
]) + log2(1 +E[γup

S2
])
]

. (40)

where E[γup
S1
] and E[γup

S2
] can be obtained as

E[γup
Si
] =

1
Γ(N)

Li−1

∑
m=0

Lj−1

∑
w=0

w

∑
n=0

(
w
n

)(
1

Ωi

)m
(

1
Ωj

)w
Ωn

I 2w−n

m!w!

(
ΩI
Ωj

)−m−w−1

× G2,1
1,2

 1
Ωi

+ 2
Ωj

ΩI
Ωj

| −m− w
0,−m− w + N + n− 1

 .

(41)

The detailed derivation is shown in Appendix B.
Where G2,1

1,2 (·|·) is the Meijer’s G-function ([28] [eqn 9.301]). By substituting E[γup
S1
] and E[γup

S2
]

into (40), the closed-form upper bound of ergodic sum rate is obtained.

3.5. Impact of Channel Estimation Errors

In practice, channel coefficients are estimated at the receiver and thereby, can not be known
perfectly. Channel estimation errors depend on the type of the estimator and the number of pilot
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symbols. In general, by using linear minimum mean square error (MMSE), the channel coefficients can
be modeled as [18]

h1 = ĥ1 + e1,

h2 = ĥ2 + e2,
(42)

where the estimation error e1, e2 and channel estimates ĥ1 and ĥ2 are assumed to be mutually
independent and follow complex Gaussian distribution with zero mean and variances Ωe1 , Ωe2 ,
Ω̂1 = Ω1 − Ωe1 and Ω̂2 = Ω2 − Ωe2 , respectively. Note that MRT based weight vectors become
ŵ1 = (ĥH

1 /‖ĥ1‖) and ŵ2 = (ĥH
2 /‖ĥ2‖). Substituting (42) into (1), (2) and (3), and after removing the

self-interference term with some further simplifications, the instantaneous SINRs can be written as

γS1 =
γ1γ2

(γ1 + χ1) γI + ψ1γ1 + β1γ2 + λ1
,

γS2 =
γ1γ2

(γ2 + χ2) γI + ψ2γ2 + β2γ1 + λ2
,

(43)

where, χ1 = (Pd−α
1 /N0)Ωe1 , ψ1 = 2 + (Pd−α

2 /N0)Ωe2 , β1 = 1 + (Pd−α
1 /N0)Ωe1 , λ1 =

(2Pd−α
1 /N0)Ωe1 + (Pd−α

2 /N0)Ωe2 + (Pd−α
1 /N0)(Pd−α

2 /N0)Ωe1 Ωe2 , χ2 = (Pd−α
2 /N0)Ωe2 , ψ1 =

2 + (Pd−α
1 /N0)Ωe1 , β2 = 1 + (Pd−α

2 /N0)Ωe2 and λ2 = (2Pd−α
2 /N0)Ωe2 + (Pd−α

1 /N0)Ωe1 +

(Pd−α
2 /N0)(Pd−α

1 /N0)Ωe2 Ωe1 . It is worth mentioning that Ωe1 and Ωe2 reflect the amount of estimation
error. When Ωe1 = Ωe2 = 0, perfect CSI is used and (43) becomes equal to (4). Channel estimation
errors are usually small in practical operations, thus χ1, χ2, λ1 and λ2 can be neglected (as in [34,35]),
since their values are much smaller compared to the SNR values γ1 and γ2 in the denominator.
Then, (43) can be written as

γS1 ≈
γ1γ2

γ1γI + ψ1γ1 + β1γ2
=

γ1
β1
( γ2

γI+ψ1
)

γ1
β1

+ ( γ2
γI+ψ1

)
,

γS2 ≈
γ1γ2

γ2γI + ψ2γ2 + β2γ1
=

γ2
β2
( γ1

γI+ψ2
)

γ2
β2

+ ( γ1
γI+ψ2

)
.

(44)

Although not shown here, by using Monte Carlo simulations the mean square error between (43)
and (44) is observed to be close to zero for a wide SNR ranges when Ωe1 = Ωe2 ≤ 0.01. Therefore, this
SINR approximation can be safely used. Accordingly, the upper bound given in (5) becomes

γ
up
S1

= min
(

γ1

β1
,

γ2

(γI + ψ1)

)
,

γ
up
S1

= min
(

γ2

β2
,

γ1

(γI + ψ2)

)
.

(45)

Using this result and following the same derivation steps, CDFs of source SINRs ,Fγ
up
S1
(γ) and

Fγ
up
S2
(γ) can be obtained as

Fγ
up
Si
(γ) = 1−

Li−1

∑
m=0

Lj−1

∑
w=0

e−
βiγ
Ωi e
− ψiγ

Ωj

m!w!

(
βiγ

Ωi

)m
(

ψiγ

Ωj

)w (
ψi
ΩI

)N
U

(
N, N + w + 1,

ψiγ

Ωj
+

ψi
ΩI

)
. (46)
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Furthermore, by applying Lemma 1 with some mathematical manipulations with the help of ([28]
[eqn 1.111 and 3.351.3]), the CDF of e2e SINR can be derived as

Fγ
up
e2e
(γ) = 1−

L1−1

∑
m=0

L2−1

∑
w=0

m

∑
j=0

w

∑
v=0

(
m
j

)(
w
v

)
e−

ψ2γ
Ω1 e−

ψ1γ
Ω2

m!w!ΩN
I Γ(N)

(
ψ2γ

Ω1

)m (ψ1γ

Ω2

)w

× (N + j + v− 1)!

ψ
j
2ψv

1(
γ

Ω1
+ γ

Ω2
+ 1

ΩI
)N+j+v

.

(47)

By utilizing the CDF expressions in (46) and (47), OP, SER and ESR can be easily derived in the
presence of channel estimation errors similar to perfect CSI case. Although the lengthy derivations
are not presented here to avoid repetition, the effect of channel estimation errors is illustrated and
discussed in the next section.

4. Numerical Results and Discussion

In this section, our analytical results are compared with Monte Carlo simulations. The OP curves
are plotted by using (20) and (36), and the curves for the SSER are plotted based on (23). Plots of upper
bound of ESR correspond to the expression in (40). For illustration purposes, the distances between
each source and the relay are assumed to be identical and normalized to unity.

Figure 2 demonstrates the analytical lower bound for the system OP performance when different
signal-to-interference power ratios (SIR) are utilized (P/PI = 15, 20, 30 dB). Our theoretical results
match the Monte Carlo simulation results perfectly in medium to high SNR range even for small SIR
(note that in cellular system, the practical SIR value to provide sufficient voice quality is greater than
or equal to 18 dB [36]). Figure 3 shows the system OP when the number of interference signals is
N = 6 and the SIR is (P/PI = 30 dB). As can be observed, CCI significantly degrades the outage
probability as the curves exhibit an error floor in the high SNR regime since the effect of interference
becomes dominant compared to noise. In addition, to understand the effect of MRT on the performance,
several number of antennas at S1 and S2 are selected as (L1, L2) =(1, 1), (1, 2), (2, 2), (2, 3), (3, 3), (3, 4).
As expected, for a fixed L1, increasing L2 does not change the diversity gain e.g., (L1 = 1, L2 = 1)
and (L1 = 1, L2 = 2) have the same diversity. Obviously, it can be inferred that employing MRT in
AF-TWRN makes the system resilient against CCI and thus it is practically preferable to obtain 99%
availability and more.

Figure 4 illustrates the impact of the number of CCI signals on the system OP while P/PI = 30 dB
is kept constant and L1 = L2 = 2. As can be observed, by decreasing the number of CCI signals,
the system OP decreases as well. When the SNR increases, the OP reaches to an error floor, while the
error floor does not exist for the interference-free case. Figure 5 illustrates the effect of the strength
of CCI signals on the system OP. The number of CCI signals N = 6 is kept constant and various
interference powers (PI = 0, 7, 10 dB) are considered. It can be seen that the system OP increases when
the interference power is increased. Besides, from Figures 4 and 5, it can be understood that the change
of the number and/or the power of interfering signals do not affect the diversity order.
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Figure 2. System outage probability considering different SIR values, γth = 0 dB and N = 6.
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Figure 3. System outage probability of AF-TWRN with CCI for different number of antennas, γth = 0 dB.
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Figure 4. System outage probability of AF-TWRN with different numbers of co-channel interference
signals, γth = 0 dB and L1 = L2 = 2.
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Figure 5. System outage probability with different values for the constant interference power, γth = 0
dB and L1 = L2 = 2.

Figure 6 depicts the theoretical lower bound of the SSER for BPSK modulation (a = b = 1)
with different antenna numbers for S1 and S2. As can be observed, the SSER can be improved
dramatically by employing MRT (the cases when L1 = L2 = 2, 3) compared to the single antenna case
(when L1 = L2 = 1). Specifically, MRT with 2 or 3 antennas at both sources can achieve 10−2.9 and
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10−4 SSER respectively at 15 dB SNR compared to 10−1.5 SSER without MRT. Figure 7 demonstrates
the impact of the number of CCI signals on the SSER. When the number of CCI signals is decreased,
the SSER performance becomes better as the number of CCI have a direct influence on the system
array gain with no change in the diversity order.

SNR [dB]
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10-1

100
SIR=30 [dB]
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 Asymptotic (Analytical)

   L
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 = L

2
 = 3, 2, 1

N = 6                  

Figure 6. Sum SER performance of AF-TWRN with CCI for different number of antennas.
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 Lower Bound (Analytical)
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Figure 7. Sum SER performance of AF-TWRN with CCI for different number of interference signals,
L1 = L2 = 2.

Figure 8 shows the ergodic sum rate of the system for several number of CCI signals, antennas
and different levels of interference power. Our analytical ESR upper bound denoted by (40) is tight
compared to simulation results. Obviously, increasing the number and/or the power of the CCI signals
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will degrade the ESR performance. On the other hand, increasing the number of antennas will improve
the performance.
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Figure 8. Achievable sum rate with different numbers of CCI Signals, power and different number
of antennas.

Figure 9 presents the effect of both CCI and CEE on the system OP performance for various values
of CEE where the analytical lower bound results are calculated by using expression (47) and the ratio
between the signal and interference power is assumed to be constant (P/PI = 30 dB). As can be seen
from the figure, the OP becomes worse when CEE increases. To overcome this problem, the number of
pilot symbols can be increased. More links can be deployed in the proposed system to make it robust
against the CCI and CEE. Figure 10 shows the impact of the number of antennas on OP where the
noise power N0 is normalized to unity where the transmit and interferer powers are fixed at P = 20 dB
and PI = 10 dB, respectively. Note that our analytical bounds are close to the exact results obtained by
Monte Carlo simulations even at low SNRs when the interference power (see Figure 5) is assumed
to be fixed. The plot indicates that the joint effect of CCI and CEE can be reduced considerably by
utilizing MRT with increasing the number of antennas.

In Figure 11, the effect of imperfect channel estimation on the SSER performance is explored.
As in Figure 6, SIR is assumed constant (P/PI = 30 dB) and the single antenna case is compared with
the multi-antenna case (L1 = L2 = 2) when the number of CCI signals is fixed (N = 6) and the values
of CEE is varied. Clearly, in both cases, increasing amount of estimation errors affect only the array
gain, thus the SSER becomes worse. However, using more antennas with MRT increases the diversity
gain and SSER considerably. Employing the low complexity MRT technique can be a practical solution
for the performance degradation observed in TWRNs due to CCI, noise and CEE.
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Figure 9. System outage probability of AF-TWRN with CCI and different CEE values, γth = 0 dB and
L1 = L2 = 2.

γ
th

 [dB] 

-15 -10 -5 0 5 10 15

O
P

10-6

10-5

10-4

10-3

10-2

10-1

100

 Monte Carlo Simulation

 Lower Bound (Analytical)

L
1
 = L

2
 = 2, 3, 4

L
1
 = L

2
 = 1, ( No MRT case)

N = 6

Ω
e

1

= Ω
e

2

= 0.01

Figure 10. System outage probability vs SINR threshold for different number of antennas, PI = 10 dB
and Ωe1 = Ωe2 = 0.01.
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Figure 11. Sum SER performance of AF-TWRN with different number of antennas, different values of
CEE, P/PI = 30 dB and N = 6.

5. Conclusions

In this paper, MRT technique is proposed as a solution for AF-TWRNs to suppress the
performance loss caused by unavoidable CCI plus noise distortion at the single antenna relay receiver.
After obtaining the upper bound of the cumulative distribution function of SINR, tight lower bound
expressions of OP, SER and upper bound of system ergodic sum rate are derived and illustrated with
extensive numerical examples. Moreover, the asymptotic behavior of the OP and SSER, the array and
diversity gains are presented. Furthermore, the effect of imperfect CSI is also explored. Our derived
expressions are validated for arbitrary signal-to-interference power ratios, numbers of co-channel
interferers and a majority of modulation formats employed in the practical systems. The new proposed
system can be highly desirable since using MRT allows employing low complexity relays for coverage
extension and reliability enhancement in cellular, WiFi, sensor networks.
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Abbreviations

The following abbreviations are used in this manuscript:

AF amplify-and-forward
TWRNs two-way relay networks
CCI co-channel interference
SINR signal-to-interference-plus-noise ratio
INR interference-to-noise ratio
SIR signal-to-interference ratio
MIMO multiple-input multiple-output
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MRT maximal ratio transmission
MRC maximum ratio combining
OP outage probability
SER symbol error rate
SSER sum symbol error rate
ESR ergodic sum rate
CEE channel estimation error
MMSE minimum mean square error
PDF probability density function
CDF cumulative distribution function
CSI channel state information

Appendix A. Derivation of (20)

To begin with, recall that γ̃1 = γ2/(γI + 2) and γ̃2 = γ1/(γI + 2). Besides, step (a) of (19) is

Fγ
up
e2e
(γ) = EγI

[
1− (1− Fγ̃1(γ))(1− Fγ̃2(γ))

]
, (A1)

where (1 − Fγ̃1(γ)) = Pr[γ2 > (γI + 2)γ] and (1 − Fγ̃2(γ)) = Pr[γ1 > (γI + 2)γ] are the
complementary distribution function of γ̃1 and γ̃2 respectively. By substituting the CDFs of γ1

and γ2 from (9) and (10), (A1) can be written as

Fγ
up
e2e
(γ) = EγI

[
1−

(
L2−1

∑
w=0

e−(z+2)γ/Ω2

w!

(
(z + 2)γ

Ω2

)w
)(

L1−1

∑
m=0

e−(z+2)γ/Ω1

m!

(
(z + 2)γ

Ω1

)m
) ]

. (A2)

Then by averaging over the PDF of γI in (11) yields

Fγ
up
e2e
(γ) = 1−

∞∫
0

L2−1

∑
w=0

e−(z+2)γ/Ω2

w!

(
(z + 2)γ

Ω2

)w L1−1

∑
m=0

e−(z+2)γ/Ω1

m!

(
(z + 2)γ

Ω1

)m zN−1e−z/ΩI

ΩN
I Γ(N)

dz. (A3)

The CDF expression can be further simplified by making the change of variable t = z/2, and
using some simple algebraic manipulations.

Fγ
up
e2e
(γ) = 1−

L1−1

∑
m=0

L2−1

∑
w=0

e−
2γ
Ω1 e−

2γ
Ω2

m!w!Γ(N)

(
2γ

Ω1

)m ( 2γ

Ω2

)w ( 2
ΩI

)N ∞∫
0

tN−1 (t + 1)m+w e−
(

2γ
Ω1

+ 2γ
Ω2

+ 2
ΩI

)
tdt, (A4)

where the above integral is solved by utilizing ([28] [eqn 9.211.4]) to obtain the desired closed form
result as in (20).

Appendix B. Derivation of (41)

The statistical mean values of γ
up
S1

and γ
up
S2

can be determined by using the CDF-based method as

E[γup
Si
] =

∫ ∞

0
(1− Fγ

up
Si
(γ))dγ, i = 1, 2. (A5)

After applying the identity ([30] [eqn 13.2.8]) on (14) and (15), the Tricomi confluent
hypergeometric function is expanded to a finite sum series as

Fγ
up
Si
(γ) = 1−

Li−1

∑
m=0

Lj−1

∑
w=0

e−
γ

Ωi e
− 2γ

Ωj

m!w!

(
γ

Ωi

)m
(

2γ

Ωj

)w (
2

ΩI

)N w

∑
n=0

(
w
n

)
Γ(N + n)

Γ(N)

(
2γ

Ωj
+

2
ΩI

)−N−n

. (A6)
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Now, by substituting (A6) into (A5) yields

E[γup
Si
] =

1
Γ(N)

Li−1

∑
m=0

Lj−1

∑
w=0

w

∑
n=0

(
w
n

)(
1

Ωi

)m
(

1
Ωj

)w
Γ(N + n)

m!w!

(
2

ΩI

)−n

×
∞∫

0

γm+w

(
ΩIγ

Ωj
+ 1

)−N−n

e
−( 1

Ωi
+ 2

Ωj
)γ

dγ,

(A7)

to solving the resulting integral, ([37] [eqn 8.4.2.5 and 8.4.3.1]) are used to express its integrands in
terms of Meijer’s G-functions as(

ΩI
Ωj

γ + 1

)−N−n

=
1

Γ(N + n)
G1,1

1,1

(
ΩI
Ωj

γ|1−N−n
0

)
,

e
−( 1

Ωi
+ 2

Ωj
)γ

=G1,0
0,1

(
(

1
Ωi

+
2

Ωj
)γ|−0

)
.

(A8)

To this end, knowing that the Mellin transform of the product of two Meijer’s G-functions is
also a Meijer’s G-function by using ([37] [2.24.1.1]) and with some basic mathematical simplifications,
a closed-form expression for the statistical mean values of γ

up
S1

and γ
up
S2

can be attained as in (41).
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