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Abstract: The equivalent inductance of three-phase induction motors is experimentally investigated
in this paper, with particular reference to the frequency range from 1 kHz to 20 kHz, typical for the
switching frequency in inverter-fed electrical drives. The equivalent inductance is a basic parameter
when determining the inverter-motor current distortion introduced by switching modulation, such as
rms of current ripple, peak-to-peak current ripple amplitude, total harmonic distortion (THD),
and synthesis of the optimal PWM strategy to minimize the THD itself. In case of squirrel-cage rotors,
the experimental evidence shows that the equivalent inductance cannot be considered constant in
the frequency range up to 20 kHz, and it considerably differs from the value measured at 50 Hz.
This frequency-dependent behaviour can be justified mainly by the skin effect in rotor bars affecting
the rotor leakage inductance in the considered frequency range. Experimental results are presented
for a set of squirrel-cage induction motors with different rated power and one wound-rotor motor in
order to emphasize the aforesaid phenomenon. The measurements were carried out by a three-phase
sinusoidal generator with the maximum operating frequency of 5 kHz and a voltage source inverter
operating in the six-step mode with the frequency up to 20 kHz.

Keywords: equivalent inductance; leakage inductance; switching frequency modelling; induction
motor; current switching ripple

1. Introduction

A well pronounced frequency-dependent behaviour of an equivalent inductance in a three-phase
induction motor (IM) has been analysed several times so far. Generally, the equivalent inductance of
an IM, i.e., leakage inductance seen from the stator side at a stand-still, is at times determined as the
sum of the stator and rotor inductances, both constant [1,2]. Such a simplification is not acceptable for
higher order harmonics due to the frequency-dependent character of the rotor leakage inductance as a
result of a skin effect in squirrel-cage rotor bars [3-5].

There are just a few analyses where the high-frequency behaviour of three-phase IMs was carried
out over the actual switching-frequency range, but using impedance meters with an insufficient
voltage level, and occasionally supplying just one out of three phases. The low power supply voltage
might cause a significant limitation on the validity and applicability of proposed measurements [6,7].
Furthermore, supplying just one phase is not an entirely accurate approach and it might lead
to a mismatch between estimated parameters when comparing them with the ones obtained at
symmetrically supplied three phases.

The phenomenon of varying the rotor leakage inductance with frequency, and consequently the
equivalent inductance, contributes considerably to motors’ characteristics. The estimation of inverter
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current harmonic distortion, current ripple rms, and peak-to-peak current ripple amplitude [1-4,8,9]
is strongly affected as well. Especially, in the case of multiphase IMs, the equivalent inductance of
each x-f3 plane seen from the stator side may additionally vary due to the different arrangements of
machine connections [4].

On the whole, variation of the rotor leakage inductance over the frequency range is firmly
connected to motor parameters, such as the power range, pole-pairs number, rotor bar shape, and
depth [7]. In [10], a comprehensive equation for calculating the rotor leakage inductance considering
some of the aforesaid parameters was introduced. The equation was derived with respect to the DC
value of the rotor leakage inductance. The rotor leakage inductance decreases following a reciprocal
value of the frequency square root over the whole frequency range. On the other hand, in [7], it was
noted that the rotor leakage behaviour for frequencies lower than 1 kHz is reciprocally dependent
on the square of frequency, and for frequencies higher than 1 kHz, the behaviour is the same as it
was given by the equation in [10]. The explanation is that for lower frequencies, the skin depth and
conductor size of squirrel-cage IM are of the same order of magnitude. Considering this, the ratio
of leakage inductances at 20 kHz compared to the rated motor frequency is about 0.5 to 0.6. In [7],
it was experimentally noted that the equivalent inductance of one IM had an increasing behaviour
above a certain given frequency value, but without a proper explanation. Since a similar phenomenon
was observed also in one of the tested motors, a capacitive effect was introduced, considering it as an
adequate explanation. Similar effects were analysed in [11,12].

This paper gives a comprehensive set of experimental results for three different IMs with
squirrel-cage rotors and one IM with a wound-rotor. The comparison between theoretical developments
and the experiments are given over the considered frequency range, resulting in good correspondence.
Apart from this, an additional experiment was carried out in order to show the effect of the total
inductance frequency dependence on the current ripple estimation in case of one IM supplied by a
three-phase inverter. Based on this, the graphical evidence of the analytically calculated current ripple
envelopes at 50 Hz and at the switching frequency of 3 kHz are presented.

2. Theoretical Background and Basic Assumptions

In order to analyse the high-frequency behaviour of IM, the basic electrical scheme at a standstill
is presented in Figure 1.

2

Figure 1. Basic per-phase equivalent circuit of the IM at a standstill.

The model consists of stator resistance, Rs, and stator leakage inductance, L, rotor resistance,
Rys, and rotor leakage inductance, L;s, both seen from the stator side, and the magnetizing branch
with parallel resistance, R;;, and inductance, L;,. For the higher order harmonics, the stator and rotor
resistances can be neglected due to the fact that stator and rotor leakage inductances dominate [4].
By omitting these two parameters, the equivalent circuit is simplified to just four parameters.
The parallel connection between the rotor leakage inductance and magnetizing inductance can be
replaced with just one inductance with the proper equivalent value. If the magnetizing inductance is
much higher than the rotor leakage inductance, which is usually the case in IMs, the parallel connection
can be considered as the rotor leakage inductance per se, where L;s | | L;; = Lys.
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Such an assumption is made in this paper. After simplifying the proposed model, the equivalent
impedance seen from the terminals 1 and 2 (Figure 1) can be derived:

27 2 2
L,s“R L.sR
7Z'=R'+ jwl = _Wrhrs Sm +iw | L+ ——r—m , 1

J Ry + w? Lys? J U R,E +w? L2 @

where f is the frequency, and w = 27tf is the angular frequency. The frequency dependent behaviour of
the rotor leakage inductance in case of rotor bars having a depth, d, is presented in [10,13]:

_ 3Lf sinh(kd\/f) —sin(kd\/f)
kd \/f cosh(kd\/f) —cos(kd\/f)

where L4¢ denotes the rotor leakage inductance at DC (in our case, at the lowest initial measured

frequency [5-7]), and:
4,
k= —L2. ®)
P

The relative permeability of free space in (3) is p, = 47 x 1077 H/m and the resistivity of the
aluminium bars is p = 2.65 x 1078 Q-m. It can be noted that the behaviour of the rotor leakage
inductance is inversely proportional to the square root of the frequency. In order to introduce the
effect of stray capacitances for higher frequencies, the modified IM equivalent circuit at the standstill is
presented in Figure 2.

Lys (f) @)

LS Lrs(/)
Y'Y Y'Y

Figure 2. Proposed per-phase equivalent circuit of IM in the switching-frequency range, including
stray capacitance and a simplified RL network.

The value of the capacitor, Cs, which is connected in parallel to the simplified circuit, is within the
range of 0.5 nF to 5 nF [11,12]. Usually, the capacitive effect is not noticeable in the lower switching
frequency range; however, in some particular cases, it has a relatively small contribution for higher
frequencies. Considering the equivalent series resistance, R’, and inductance, L', as defined in (1), and
introducing the parallel capacitor, C;, the overall equivalent inductance becomes:

L' (1 - w?L/Cs) — CsR"
(1 — w2L'Cy)? + (wCsR!)?

Leq = (4)

3. Experimental Evaluation of Equivalent Inductance

Experimental analyses were carried out in order to estimate the frequency dependent behaviour
of the equivalent inductance of three-phase IMs and to verify the analytical developments based
on the simplified equivalent circuit presented in Figure 2. The set of motors under investigation
consists of four IMs with different rated power (see Figure 3). Three out of four tested IMs have
squirrel-cage rotors, where the skin effect in aluminium rotor bars must be considered. The fourth
one has wound-rotor windings, mainly used experimentally to emphasise the considerably less
pronounced skin effect in such rotor windings.
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Aluminum rot&r bars (squirrel cage)
Figure 3. The considered set of IMs under testing.
The rated parameters of the tested IMs represented in Figure 2 are given in Table 1.

Table 1. Rated parameters of tested induction motors.

IM Squirrel Cage Rotor Wound Rotor
Power (kW) 22 4.0 7.5 5.5
tat Rot
Voltage (V) 400 400 400 Stator oo
380 186
Current (A) 52 9.2 15.3 14.0 19.5
Frequency (Hz) 50 50 50 50
Speed (r/min) 1400 1425 1450 1400

During measurements, each rotor shaft was mechanically locked to prevent its rotation.
A three-phase sinusoidal power source, HP6834B (300 V, 4500 VA, 1®/3®, Keysight Technologies,
Santa Rosa, CA, USA), was used for supplying the star-connected motors at a standstill. Due to its
upper frequency limit of 5 kHz, in order to extend the test frequency range up to 20 kHz, a three-phase
custom-made inverter operating in the six-step mode was used for the additional set of measurements,
also guaranteeing almost sinusoidal motor currents. It consists of the three-phase IGBT Mitsubishi
PS22A76 intelligent power module (1200 V, 25 A, Mitsubishi Electric Corporation, Tokyo, Japan)
controlled by the Arduino Due microcontroller board (84 MHz Atmel, SAM3X83 Cortex-M3 CPU,
Somerville, MA, USA). The Yokogawa DLM 2024 oscilloscope (Yokogawa Electric Corporation, Tokyo,
Japan) with the PICO TAO057 differential voltage probe (25 MHz, 1400 V, £2%, Pico Technology,
Tyler, TX, USA) and LEM PR30 current probe (DC to 20 kHz, +20 A, £1%, LEM International SA,
Plan-les-Ouates, Switzerland) were used to acquire motors’ phase voltage and current. The whole
experimental setup is shown in Figure 4.

The measurement determines the equivalent impedance for all the four IMs, calculated as the
ratio between rms values of fundamental components of the voltage and current in the frequency range
from 1 kHz to 20 kHz, with an equidistant step of 1 kHz. The equivalent reactance, and consequently
the equivalent inductance (seen from the stator side), was calculated based on the phase displacement
between the two fundamental components. In addition, the same quantities were also determined at
the motor rated frequency of 50 Hz. The built-in digital filters of the oscilloscope were used to properly
handle the current and voltage waveforms.
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induction [ 1S5
motor

Figure 4. Experimental setup for measuring frequency dependence of Leg.

To exclude the possible influence of voltage harmonics on the inductance measurements,
a correlation between results acquired using the three-phase sinusoidal power source (up to 5 kHz) and
the three-phase inverter with the six-step mode control was examined for all four motors. Comparing
the results given in Table 2 for the 2.2 kW and 4.0 kW IMs clearly shows that the applied voltage source
does not considerably influence the accuracy (within +5%) of the determined equivalent inductance;
therefore, only results for inverter supplied motors were presented to cover the whole frequency range
from 1 kHz to 20 kHz. In Table 2, the parameter, L., ~ represents the equivalent inductance measured
in the case of the sinusoidal power source, Ly i, denotes the equivalent inductance for the inverter
supplied motor, and ¢ is the relative difference (in percent) between them.

Table 2. Variance of equivalent inductance with two different supplies.

IM 22kW 4.0kW
fsw (kHz)  Leg~ (mH)  Leg inp (mH) e (%) Leg~ (mH)  Leginp (mH) e (%)
1 19.43 18.95 +2.53 13.53 13.49 +0.29

2 17.95 18.37 —2.39 12.37 12.76 —3.06

3 17.63 17.44 +1.09 11.60 11.83 —1.94

4 17.09 17.11 -0.12 11.06 11.57 —441

5 16.79 16.46 +2.00 10.66 11.20 —4.82

Due to the voltage limitation of the supply source, it was not possible to perform the short circuit
test at the rated current for the whole frequency range up to 20 kHz (the necessary voltage would
also destroy the motor isolation). Therefore, the input inductance was determined at the same highest
possible % of rated current for a particular IM. To evaluate the magnetizing conditions at lower currents
than the rated stator currents and to eliminate possible mistakes in the determination of the equivalent
inductance, verification tests with different currents were done for two motors at the rated frequency.
The results presented in Table 3 show that the equivalent inductance, Le;, practically, does not change
(regularly within £5%), considering different test currents (I;).

The equivalent inductance, experimentally determined by the procedure described above, was
compared with the value calculated by the proposed method (4), considering the motors” parameters
given in Table 4. The results show an acceptable agreement in the whole considered frequency range
from 1 kHz to 20 kHz.
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Table 3. Variance of equivalent inductance at reduced stator currents.

IM 2.2 kW
Is (A) 52 4 3 2 1 0.35
Leg (mH) 23.56 23.44 24.04 24.64 24.04 25.02
£ (%) 0.00 —051  +2.04 +4.58 +2.04 +6.19

IM 4.0 kW
Is (A) 920 7 5 3 1 0.33
Leg (mH) 16.20 16.56 15.83 16.49 16.41 16.30
£ (%) 0.00 4222 —228  +1.79 +1.30 +0.62

* Rated current.

Table 4. Equivalent circuit parameters of tested induction motors.

IM Squirrel-Cage Rotor Wound-Rotor
Power (kW) 22 4.0 7.5 5.5
Cs (nF) 0.25 0.1 0.1 3.5
Ls (mH) 13 8.8 4 4
L4 (mH) 12 8 4.6 3.7
Ry (©Y) 500 150 80 350
d (mm) 6 5 5.5 —

Particularly, in Figure 5, the case of IMs with rotor bars is presented, showing the expected
decreasing behaviour of the equivalent inductance over the frequency due to the rotor leakage
inductance frequency dependence. In the case of the 2.2 kW IM, the effect of stray capacitances
is noticeable after the frequency of 15 kHz (modelled by the capacitor connected parallel to the
equivalent circuit, Figure 2). The capacitive effects regarding the other two IMs (4 kW and 7.5 kW) are
not visible within the considered frequency range.

Induction motors - squirrel cage rotor
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Figure 5. Model and experimental results for L vs. supply frequency for three squirrel-cage IMs.

In the case of the IM with a wound rotor, as shown in Figure 6, the rotor leakage inductance is
almost constant, with the skin effect being ineffective in such a rotor winding construction. The smooth
decrease of the equivalent inductance is motivated by the resistive and reactive branches in the
equivalent circuit (Figure 2), acting as a variable current divider as function of the frequency. A small
increase of the L., after 15 kHz is also noticeable, well represented by the parallel capacitor.
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Figure 6. Model and experimental results for Ly vs. supply frequency for the rotor-wound IM.
4. Application Example

When analysing the output current ripple regarding different PWM techniques and inverter
configurations [9,14,15], the switching frequency and the load inductance are directly involved. In case
of a squirrel-cage IM supplied by an inverter operating in the typical switching frequency range from
1 kHz to 20 kHz, and considering its equivalent inductance measured at a standstill at 50 Hz, this will
result in a wrong current ripple estimation due to the frequency dependency of Le;, which could
generally decrease more than 50% (Figure 5).

Experimental results were carried out in order to demonstrate the influence of qu on the
peak-to-peak current ripple amplitude in case of a three-phase squirrel-cage IM drive. The modulation
technique used in this analysis was the space vector PWM technique, practically obtained by centering
the three sinusoidal modulating signals of a carrier-based PWM with a common-mode injection (the
so-called min/max injection).

The IM under test is the first given one in Table 2; Table 4 (2.2 kW). Figure 7 shows the
line-to-neutral voltage (blue trace), instantaneous output current (red trace), and its fundamental
component (grey trace) and ripple (orange trace), over one fundamental period (20 ms). The presented
case corresponds to the DC bus voltage of V ;. = 300 V, switching frequency of 3 kHz, and modulation
index, m = 0.5 (Mmax= 0.577). The current ripple was obtained by subtracting the fundamental
component from the instantaneous current [15]. All waveforms in Figure 7 are given in real scales.

In Figure 8, the following waveforms are presented: Measured current ripple (orange trace,
obtained by downloading the experimental data with a high sample resolution and post-processing
in Matlab/Simu-link), current ripple envelope analytically calculated by using L,; = 17.36 mH,
measured at fs,y = 3 kHz (blue trace), and the current ripple envelope, analytically calculated by
using Le; = 24.98 mH, measured at 50 Hz (red trace). The procedure of the current ripple envelope
calculation is explained in detail in [9,14,15].
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Figure 7. Details of experimentally obtained line-to-neutral voltage (blue trace), instantaneous current
(red trace), fundamental current (grey trace), and current ripple (orange trace) for the 2.2 kW IM
supplied by a three-phase inverter (centered PWM): V5. =300V, fs, = 3 kHz and m = 0.5.
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Figure 8. Measured current ripple (orange trace) and calculated current ripple envelopes (blue trace:
Ley measured at foy = 3 kHz, red trace: Le; measured at 50 Hz).

The results clearly emphasise the case of an incorrect current ripple estimation when considering
Le; measured at the rated frequency instead of the switching frequency, giving a smaller current ripple
amplitude (red envelope) compared with the correct one (blue envelope). L¢; further changes with
the switching frequency according to Figure 5. Such an explicit discrepancy may lead to several
mismatches in the procedures of current ripple minimization, modulation strategies’ optimization,
harmonic losses evaluation, EMC analysis, etc.

5. Conclusions

In this paper, the frequency-dependent behaviour of the IM equivalent inductance was presented
in more detail compared to the existing literature. A simplified circuit model was proposed for
induction motors in order to evaluate the equivalent inductance over the switching frequency range
from 1 kHz to 20 kHz, which is the typical operating range of a PWM inverter in industrial ac
motor drives.

Analytical results were compared with experimental ones, carried out by considering IMs with
different rated powers, both squirrel-cage and wound-rotor types. The results show a good match,
proving that the skin effect in rotor bars is mainly responsible for the equivalent inductance variation.
There was huge variation in the frequency range up to 10 kHz, leading to a value that was 0.5 to
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0.6 times more than the corresponding value measured at 50 Hz, depending on the IM design and
power range. For higher frequencies, in the considered range up to 20 kHz, the equivalent inductance
was almost constant. Thus, while selecting the switching frequency, it is very important to take
into account the corresponding equivalent inductance, especially in the case of precise and sensitive
motor control algorithms. The effect of stray capacitances was just noticeable, and it starts to be
effective for frequencies higher than 20 kHz, which is already above the commonly used switching
frequencies of mass-produced industrial inverters. More precise evaluation of the stray capacitance
would require more complex circuits, instruments with higher resolution, and experiments in the
capacitively-dominant working region; however, its influence is hardly noticeable in most cases. In the
case of IM with wound rotor winding, the overall decrease of equivalent inductance was much less
pronounced, and was not determined by the skin effect, and was well represented by the proposed
circuit model. Apart from the presented analysis of the equivalent inductance, the evaluation of the
equivalent resistance over the switching frequency range that is responsible for other relevant changes
in some parameters could be performed in further research.
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