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Abstract: The work presents the kinematic and dynamic control of a mobile robotic manipulator
system based on numerical methods. The proposal also presents the curvature analysis of a path
not parameterized in time, for the optimization of energy consumption. The energy optimization
considers two aspects: the velocity of execution in curves and the amount of movements generated
by the robotic system. When a curve occurs on the predefined path, the execution velocity is
analyzed throughout the system in a unified method to prevent skid effects from affecting the mobile
manipulator, while the number of movements is limited by the redundancy presented by the robotic
system to optimize energy use. The experimental results are shown to validate the mechanical and
electronic construction of the system, the proposed controllers, and the saving of energy consumption.

Keywords: mobile robots; mobile manipulators; energy optimization; controller based on numerical
methods; radius of curvature analysis

1. Introduction

At present, it is usual to find industries using robots instead of human personnel. In fact, more
than 1.4 million new industrial robots are estimated to be installed in factories around the world by 2019,
where more than seventy percent of them are placed in automotive, electrical, electronics, and metal
industry segments, as stated Gonzalez, et al. [1]. In this aspect, the robots’ configuration depends on the
application field where they work as states Magyar et al. in [2]. The most common robotic configuration
in production areas is that of manipulators, which can perform tasks similar to those of a human upper
limb, supplying the operator in repetitive or tedious tasks, or being a support for loading materials
or moving heavy objects, and others, as you can read in Ding, et al. [3]. However, it has a severe
limitation, which is to be embedded on a stationary base (often in a structured environment), this makes
the robotic manipulator have restrictions in the field of application. To overcome motion limitation,
a base that moves the manipulator can be included to achieve the characteristics of locomotion and
manipulation, thus increasing the resulting range of applications, García, et al. in [4] show an example.
This base can only be a semi-inert mobile base or a mobile robot with minimal or very high intelligence.
The mobile manipulators unify the ability to hold objects and freedom of movement of the operating
end in space (given by the robotic arm) with the displacement of the entire robotic system (given by the
mobile platform). Some tasks, like Mori, et al. shows in [5] such as welding, assembly, paint spraying,
accurate positioning systems, placement of elements, surgery, and so on can be deployed by this sort of
robot. In this type of application, the precision of work has a decisive role due to the consequences that
would generate the error in the execution of tasks, negligence that in the pursuit of roads or trajectories
cannot be considered as a normal factor.
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The proper design of a controller that will govern the actions of each of the robot’s effectors can
ensure optimal execution of the scheduled task. In this respect, Su, et al. in [6] and Prada-Jimenez, et al.
in [7] propose different ways of controlling mobile manipulators considering their kinematic model as
a single robot. In a different way, Hamner, et al. in [8] works in the hybridization of locomotion and
manipulation, joining a mobile platform and a manipulator in several modes of operation, but treating
the mobile part and the arm as different robots. Considering the dynamics of the mobile manipulator,
Li, et al. in [9] presents an adaptive control strategy for trajectory tracking, Liu, et al. in [10] proposes a
diffuse control scheme based on integrated dynamic modelling considering nonholonomic constraints
and interactive motions, and Eslamy, et al. in [11] investigates the dynamics resulting from placing
a suspension system on the mobile part of a mobile manipulator in order to analyze the effect of
vibration-absorbing systems. These works are mainly based on nonlinear control algorithms, given
the nature of robotic systems. The nonlinearity of robotic assemblies implies the use of appropriate
control methods for this type of system, with techniques based on passivity, slide mode, Lyapunov,
and so on. For instance, Abou-Samah, et al. in [12] presents an adaptive sliding mode backstepping
control algorithm for a wheeled mobile manipulator, integrating the sliding mode control strategy
and adaptive backstepping methodology. The proposed algorithm possesses many characteristics
in order to drive the wheeled mobile manipulator tracking error to converge to zero in the short
period and be applied to the robotic system considering nonholonomic constrains, uncertainties, and
disturbances. In the same way, Tchoń, et al. in [13] shows a three-dimensional (3D) passivity-based
visual controller for mobile manipulator with eye-in-hand configuration. This work considers the
redundancy of the mobile manipulator system to comply with objectives of obstacle avoidance, where
the design of the robotic system is split into two cascaded subsystems: kinematics and dynamics-based
controller. Simulated and experimental results are presented, in addition to the stability proof which
is based on its passivity properties. Furthermore, Deepak, et al. in [14] presents the simulation of a
mobile manipulator considering kinematics and dynamics. The control law is based on a combination
of Lyapunov stability theory and an adaptive fuzzy control in order to track a trajectory. The fuzzy
compensator is developed given the modelling uncertainties such as friction and external disturbances.
For its part, the Lyapunov-based law control is used to reduce approximation errors and ensure
system stability.

In addition to plan and control the operating end, features such as the force necessary to maintain
an object lifted up continuously must be considered. In contrast to work on optimizing the energy
consumption of an air vehicle (which must be kept in flight continuously) Rossi, et al. in [15],
power consumption in land vehicles is often not carefully analyzed. However, power consumption
optimization can result in a significant aid to the maintenance of the storage elements as well as
extending the vehicle’s autonomy. In this respect, Hua, et al. in [16] and Motlagh, et al. in [17] and
Lin C, et al. in [18] propose solutions that involve the energy saving of terrestrial robots considering
different approaches such as manipulating velocities in certain parts of the trajectory or minimizing
functional costs from the torque produced by the actuators. In these works, energy savings are focused
on avoiding skidding or reducing velocity at critical points in vehicles whose control actions are
executed on a plane, without considering movements over the space of an embedded robotic arm.

In a robotic arm, the manipulator’s redundancy increases its flexibility, versatility, and
manipulability capabilities. In order to reach the desired point, redundancy is often exploited
without considering undesirable configurations or energy expenditure. However, works such as
Abbaspour, et al. in [19] propose the manipulation of redundancy in order to prevent controller
solutions from greatly altering the velocities injected into the controllers. Also, within the analysis of
energy optimization, redundancy can assist in reducing the movement of degrees of freedom of high
consumption and increasing others low to optimize power expenditure.

In this paper, features such as redundancy and motion velocity of the mobile robotic manipulator
system are analyzed through numerical methods to pose energy optimizers, a feature shows Li, et al.
in [20]. In order to achieve energy-saving objectives and avoid unnecessary power consumption, the
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analysis of the radius of curvature of a road not parameterized in time is developed, considering the
calculation of appropriate velocities for certain periods of time. Likewise, the consideration of reducing
the movement of the mobile platform in comparison with the movement of the robotic arm is taken
into account and analyzed. A dynamic model for the mobile manipulator is developed which, unlike
previous works, accepts velocity inputs as it is usual in commercial robots, where the stability for
both the kinematic proposal and the dynamic controller is tested through linear algebra properties.
To validate the proposed control algorithms and the proposed energy cost optimization, experimental
results are included and discussed. In addition, and as an alternative to the acquisition of a commercial
robotic prototype, this work proposes the mechanical and electronic construction of a six-degree arm
mounted on a unicycle-type mobile platform, which has an embedded computer for the execution of
the kinematic and dynamic controller, together with the energy-saving proposal.

This article is organized as follows: Section 2 proposes energy saving, Section 3 presents the
kinematic and dynamic modelling of the mobile manipulator, while Section 4 proposes the design of
the static and dynamic control elements. Finally, Section 5 shows the experimental results obtained in
this work.

2. Energy Save Proposal

The robot’s energy consumption is rarely taken into account when reaching the desired points of
a trajectory. The manipulation of the displacement velocity of a robot allows a most effective use of
energy, an example shows in Minitti, et al. [21]; likewise, in robotic systems composed of several robots
(wheeled mobile manipulator, present it Park, et al. in [22], aerial manipulator, Thapa, et al. in [23],
hexapod robot, humanoid robots, and so on Lunghi, et al. in [24]) it is also possible to optimize energy
consumption through control schemes which allow achieving the desired objective with a smaller
number of movements, attaining this optimization through restrictions in the control, it says Wu, et al.
in [25] of system redundancy.

The velocity of displacement in the execution of path following is directly related to energy
consumption. Analyzing the problem as an execution with constant velocity on a road that includes
curves, the loss of energy could be produced mainly by skid effects and correction of centrifugal- and
centripedics-resulting forces, according to the configuration of the robot that is executing a specific
task. In addition, it should be noted that the power consumption of the entire system is equivalent to
the sum of the powers consumed in each of the robot actuators.

Thus, in the case of a manipulator robot made up of a mobile platform with jp actuators
(P jp) and a robotic arm with ja actuators (P ja), the total power of the robotic system is defined as
PT = P1p + P2p + . . .+ Pmp + P1a + P2a + . . .+ Pna, the same that is equivalent to the consumption of
the whole system in a defined period of time. As described above, the power expenditure can be

determined by: ET =
∫ TF

T0
PT(t)dt

where T0 and TF are the start and end time of the execution of the task of the robotic system.

Remark 1. According to the configuration of the robotic arm, the power of each one of the actuators will depend
on the mass and the size of the link or links to be displaced; while the power consumed by the actuators of the
mobile platform is equal between both actuators, given that the power necessary to displace a load is distributed
among each one of the actuators.

Remark 2. The power required to move the entire robotic system requires higher consumption in the mobile
platform motors compared with the arm actuators.

The power consumption dimensioning estimates that the cost of consumption of each one of
the actuators of the mobile platform is up to four times higher than the consumption of the first two
articulations of the robotic arm (considering that the first two motors of the robotic arm are the most
powerful, compared with the rest of the actuators of the manipulator). Therefore, the energy saving
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of a mobile manipulator when executing a specific task is directly proportional to the number of
movements performed by the platform and the arm simultaneously as stated Li, et al. in [26].

Based on the above, this work proposes a control scheme that optimizes the energy consumption
of a mobile manipulator robot when executing a specific task. As an energy optimization criterion, it is
considered: i) manipulation of the desired velocity to execute the task; and ii) reduction in the number
of movements of the mobile manipulator, giving greater importance to the movement of the arm with
respect to that of the mobile platform.

3. Mobile Manipulator Modeling

The mobile manipulator configuration is defined by a vector q of na independent coordinates

called generalized coordinates of the mobile manipulator with q = [ q1 q2 . . . qn ]
T
= [ qT

p qT
a ]

T
,

where qa represents the generalized coordinates of the arm and qp the generalized coordinates of the
mobile platform. It is noticed that n = na + np, where na and np are respectively the dimensions of the
generalized spaces associated to the robotic arm and to the mobile platform.

The configuration q is an element of the mobile manipulator configuration space; denoted by
N. The location of the end-effector of the mobile manipulator is given by the m-dimensional vector

h = [ h1 h2 . . . hm ]
T

, where h(t) defines the position and the orientation of the end-effector of the
mobile manipulator in R. Its m coordinates are the operational coordinates of the mobile manipulator.
The set of all locations constitutes the mobile manipulator operational space, denoted by M.

3.1. Kinematic Modeling

The kinematic model of a mobile manipulator gives the location of the end-effector h as a function
of the robotic arm configuration and the platform location (or its operational coordinates as functions
of the robotic arm’s generalized coordinates and the mobile platform’s operational coordinates).

f : Na ×Mp →M(
qa, qp

)
7→ h = f

(
qa, qp

)
where, Na is the configuration space of the robotic arm, Mp is the operational space of the platform.

The instantaneous kinematic model of a mobile manipulator gives the derivative of its end-effector
location as a function of the derivatives of both the robotic arm configuration and the location of the
mobile platform. Now, after analyzing the above statements, we can represent the end-effector velocity
as follow: .

h(t) = J(q)v(t) (1)

where, J(q) is the Jacobian matrix that defines a linear mapping between the vector of the mobile
manipulator velocities v(t) and the vector of the end-effector velocity

.
h(t). The Jacobian matrix is, in

general, a function of the configuration q(t). Those configurations where J(q) is rank-deficient are
termed singular kinematic configurations. Finding the manipulator singularities is of great interest
due to the following main reasons: a) Singularities represent configurations where the mobility of the
structure is reduced (i.e., it is not possible to impose an arbitrary motion to the end-effector); b) In the
neighborhood of a singularity, small velocities in the operational space may cause large velocities in
the q(t) space.

Remark 3. In general, the dimension of the operational space m is smaller than the degree of mobility δn of the
mobile manipulator. Therefore, there is a redundancy problem to be solved in controlling the mobile manipulator
robot tasks.
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3.2. Dynamic Modeling

The mathematic model which represents the dynamics of a mobile manipulator can be obtained
from Lagrange’s dynamic equations, which are based on the difference between the kinetic and
potential energy of each of the joints of the robot (energy balance) based in Sciavicco, et al. [27]. Most
of the commercially available robots have low-level PID controllers in order to follow the reference
velocity inputs, thus not allowing controlling the motors directly. Therefore, it becomes useful to
express more appropriately the dynamic model of the mobile manipulator by considering the rotational
and longitudinal reference velocities as the input signals. To do so, the velocity controllers are included
in the model.

M(q)
.
v + C(q, v)v + g(q) + d = vref (2)

where,
M(q) = H−1

(
M + D

)
,

C(q, v) = H−1
(
C + P

)
,

g(q) = H−1g(q),

d = H−1d

vre f = [ ure f ωre f
.
θ1re f

.
θ2re f . . .

.
θnare f ]

T
.

Thus, M(q) ∈ <δnxδn is a positive definite matrix representing the system’s inertia, C(q, v)v ∈ <δn

represents centripetal and Coriolis forces, g(q) ∈ <δn is the gravitational vector, d denotes bounded
unknown disturbances including unmodeled dynamics and vref ∈ <

δn is the vector of velocity control
signals, H ∈ <δnxδn , D ∈ <δn xδn and P ∈ <δnxδn are positive definite constant diagonal matrices
containing the physical parameters of the mobile manipulator, motors, and velocity controllers of both
the mobile platform and the manipulator at state as Andaluz, et al. in [28].

It´s important to notice that the dynamic model of the mobile manipulator can be represented by:

M(q)
.
v + C(q, v)v + g(q) + d = Φ(q, v,σ)χ

where, Φ(q, v,σ) ∈ <δnxl and χ = [ χ1 χ2 . . . χl ]
T

is the vector of unknown parameters of the
mobile manipulator (i.e., mass of the mobile robot, mass of the robotic arm, physical parameters of the
mobile manipulator, motors, velocity, etc.).

The full mathematical model of the mobile manipulator robot is represented by: (1) the
instantaneous kinematic model and (2) the dynamic model, taking the reference velocities of the system
as input signals.

4. Controllers Design

The design criteria of the proposed control considers the manipulation of the desired velocity
for road tracking, as well as the redundancy control of the mobile manipulator system. The control
proposal is applied to follow paths not parameterized in time, because the desired velocity can be
modified depending on the task to be executed by the robotic system. The proposed control scheme to
solve the motion control problem is shown in Figure 1, where the controller design is based on two
cascading subsystems:

i) A minimum norm kinematic controller with saturation of velocity commands, where its inputs
are hd(t, s, h) and vhd(t, s, h), which describe the desired location and velocity of the end-effector of
the mobile manipulator. The control error is given by the location error of the end-effector defined as
h̃ = hd − h . Therefore, the control aim is expressed as

lim
t→∞

h̃(t, s, h) = 0 ∈ <m
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ii) Dynamic compensation controller, of which the main objective is to compensate the dynamics
of the mobile manipulator, thus reducing the velocity tracking error. This controller receives as inputs
the desired velocities calculated by the kinematic controller, and generates velocity references vref for
the mobile manipulator robot. The velocity control error is defined as ṽ = vc − v. Hence, the control
aim is to ensure that

lim
t→∞

ṽ(t) = 0 ∈ <δn

Remark 4. Both controllers are based on numerical methods.
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4.1. Kinematic Controller

The kinematic controller evaluates the control errors in each sampling period, so that the actual
velocity obtained from the mobile manipulator can be used as a reference for maneuvering the entire
system, thus reducing errors. This section presents road tracking considering the manipulation of a
desired velocity with the aim of reducing energy consumption, where the task to be executed will be a
function of the road followed and a desired velocity.

4.1.1. Specification of the Path

Figure 2 shows the path-tracking problem represented by P(s), where P(s) = (xp(s), yp(s), zp(s));
Pd represents the current desired point of the mobile manipulator robot which is considered to be
the closest point P(s) to the robotic system, this is defined as Pd = (xp(sd), yp(sd), zp(sd)), where sd is
the defined curvilinear abscissa of the point Pd; the representation of errors in x direction is given by
x̃ = xp(sd) − x; the representation of errors in y direction is given by ỹ = yp(sd) − y; the representation
of errors in z direction is given by z̃ = zp(sd) − z.

Based on the graphical representation, control errors ρ(t) are calculated by the difference in
position between the operating end h(x, y, z) and the desired point Pd, where the distance between
the current position of the robot h(x, y, z) and the reference point is zero ρ̃ = 0− ρ = −ρ; ψ̃(t) is the
orientation error of the final effect defined as ψ̃ = θT −ψ, where θT is the orientation of the unit vector
tangent to the trajectory of the point Pd with respect to the reference system R(X, Y, Z).

Remark 5. The orientation of the final effector depends directly on the application, so it is not studied in this
paper, because the algorithm aim is that the effector reaches the point of interest with a lower power consumption.
For example, the application can be take a bottle (vertically oriented), pull a sheet of paper (horizontal orientation),
or any other orientation of the clamp. This does not really affect the algorithm, since it will be the same for
any application.
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4.1.2. Definition of Desired Speed

The consideration of energy saving proposes as a first instance the reduction of velocity in curves
when executing the follow-up of a road, therefore, the desired velocity can be manipulated. For path
tracking, the desired velocity can depend on different parameters, for example, the task to be executed,
control errors, road curvature, optimization criteria, among others.

υd(t) = f(s, %, Γ)

In order to optimize energy consumption when executing a desired task, the control scheme
proposed in this paper considers that the reference velocity on the road to be followed is a function of
its radius of curvature.

υd(t) =
υmax

1 + k tan h(Γ(t))

where Γ represents the radius of curvature and k is a dimensionless constant. By considering the
required path p as a set of points, the value of curvature is defined as:

Γ(k) =

∣∣∣ .
p(k) ×

..
p(k)

∣∣∣∣∣∣ .
p(k)

∣∣∣3 (3)

Remark 6. The values of the radius curvature in each instant of time of (3) can be found only if one has the
analytical expression of the path. This limits to a great extent the use of this type of consideration, since for real
applications there is not always the path to follow in the form of derivable mathematical equations.

In order to resolve the limitation of not having the analytical expression, it is proposed to use
the next p(k + 1) and previous p(k− 1) points of the sampling period, in this way

.
p(k), is defined

as follows:
.
p(k) =

p(k− 1) − p(k + 1)
2Ts

and the
..
p(k) value is calculated by

..
p(k) =

p(k + 1) − 2p(k) + p(k− 1)
Ts2

The analysis of the radius of curvature can be developed separately since the mobile platform
moves on the plane x, y, while the arm on the space x, y, z.
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4.1.3. Design of the Control Law

The design of the kinematic and dynamic controllers proposed in this work are based on numerical
method tools. Specifically, for the solution of systems of equations, these systems can be represented in
matrix form, for which theorems and axioms of linear algebra are applied.

Considering the first order differential equation

.
h(t) = f(h, v, Γ) with h(0) = h0

where h represents the output of the system to be controller;
.
h is the first derivative with respect to time;

v is the control action; Γ represents different criteria of the task to be executed. The values of h(t) in the
discrete time t = kT0 are called h(k), where T0 represents the sampling time and k ∈ {1, 2, 3, 4, 5 . . .}.
In addition, the use of numerical methods for the calculus of the system evolution is based mainly on
the possibility to approximate the state system at the instant time k, if the state and the control action
on the time instant k− 1 are known, this approximation is called Euler method [24].

h(k) − h(k− 1)
T0

= f(h, v, Γ) (4)

The design of the kinematic controller is based on the kinematic model of mobile manipulator
robot. In order to design the kinematic controller, the model of robot (1) can be approximated as (4).

h(k) − h(k− 1)
T0

= J(q(k))v(k) (5)

It should be noted that path tracking consists of keeping the operating end of the mobile
manipulator within a predefined route without time parameterization. In this way, the control objective
is to position the point of interest at the nearest point on the road p at a desired velocity υd. To achieve
this objective, the following expression is considered:

h(k) − h(k− 1)
T0

= υd(k) + W
(

hd(k− 1) − h(k− 1)
T0

)
(6)

where, hd is the desired path, W
(̃
h(k− 1)

)
is a diagonal matrix that control error weights, defined as:

W
(̃
hm(k− 1)

)
=

wm

1 +
∣∣∣∣̃hm(k− 1)

∣∣∣∣
where m represents the operational coordinates of the mobile manipulator robot.

Now, to generate the system equations consider (5) and (6), and the system can be rewritten as
Au = b

J
(

q(k)
)

︸    ︷︷    ︸
A

v(k)︸︷︷︸
u

= vd(k) +
W(hd(k− 1) − h(k− 1))

T0︸                                     ︷︷                                     ︸
b

(7)

Remark 7. Considering that the configuration of the robotic system is redundant (7), the Jacobian matrix
J ∈ Rm×n has more unknowns than equations (m < n), with range r = n for each b ∈ Rm, then (7) represents a
subdetermined linear system with general solution.

v = vp + vh (8)

where vp it is a particular solution and vh is a homogeneous system solution Jvh = 0. This result is of
fundamental importance for the resolution of redundant systems.
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A viable solution method is to formulate the problem as a constrained linear optimization problem.

1
2
||v||2

2 = min.

Then yields the particular solution:

vp = JT(JJT)
−1

b (9)

On the other hand, the null space of J in Rn is the set of joint velocities and mobile platform
velocities that do not produce any end-effector velocity of the mobile manipulator.

In that case, it is necessary to consider a new cost functional in the form:

1
2
||v− v0||2

2 = min.

Then yields the homogeneous solution

vh =
(
In − JT

(
JJT

)−1
J
)
v0 (10)

Therefore, this work proposes the inclusion of the two types of solutions, the particular solution
to optimize the road tracking velocities of the entire robotic system and the homogeneous solution to
reduce the amount of movements of the mobile platform with respect to the robotic arm.

This is how, inserting the expression (9) and (10) into (8) yields the solution rather than represents
the proposed law of control.

vc = JT
(
JJT

)−1
b︸      ︷︷      ︸

vp

+
(
In − JT

(
JJT

)−1
J
)
v0︸                ︷︷                ︸

vh

(11)

where the first term on the left-hand side is the particular solution
(
vp

)
, and the second term (vh) of

this equation belongs to the null space J.
The second term in (11) represents the projection on the null space of the mobile manipulator,

where v0 is an arbitrary vector which contains the velocities associated to the mobile manipulator.
Therefore, any value given to v0 will affect the internal structure of the manipulator only, but not the
final control of the end-effector at all, as is shown in Figure 3. By using this term, different control
objectives can be achieved, for example, maximum manipulability, energy saving, obstacle avoidance,
distance from mechanical joint limits, and so on, it can be read at Paul, et al. in [29] and Li, G., et al.
in [30]. This work considers as a secondary objective that the mobile robotic manipulator system must
execute the task with a configuration of maximum manipulability and at the same time with a criterion
of energy optimization.
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4.1.4. Secondary Objectives

We can observe that one of the main requirements for an accurate task execution by the robot is a
good manipulability, defined as the robot configuration which maximizes its ability to manipulate
a target object. Therefore, one of the secondary objectives of the control is to maintain maximum
manipulability of the mobile manipulator during task execution. Manipulability is a concept introduced
by Yoshikawa (1985) to measure the ability of a fixed manipulator to move in certain directions. Bayle
and Fourquet (2001) present a similar analysis for the manipulability of mobile manipulators and
extends the concept of manipulability ellipsoid as the set of all end-effector velocities reachable by robot
velocities v satisfying ||v||≤ 1 in the Euclidean space. A global representative measure of manipulation
ability can be obtained by considering the volume of this ellipsoid which is proportional to the quantity
w, called the manipulability measure,

w =

√
det(J(q)JT(q)) (12)

This work considers the maximum manipulability of the robotic system in order to avoid unwanted
configurations (i.e., J#

→∞ ), in addition, the redundancy of the system is used for energy optimization
purposes. In order to meet these secondary objectives, it is considered that the arbitrary vector v0 is a
function of the robot’s manipulability, the desired velocity, and the radius and direction of curvature of
the road.

v0 = g(w, vmax, Γ, sign(Γ))

Therefore, v0 must allow the robotic arm to perform the greatest number of movements in relation
to the mobile platform, without the robotic arm ever having a unique configuration, that is, when
the road does not contain curves, the robotic system is positioned in the configuration of maximum
manipulability, while when there are curves, the arm has greater freedom to move in order to maintain
the desired path. Therefore, the arbitrary vector is defined as,

v0 =
[

u0 ω0 q10
q20

· · · qna0

]T
(13)

The velocities affecting the mobile platform affect the position of the operating end of the robotic
system in the plane x, y of the reference system R(X, Y, Z), therefore,

u0 = f

υmax,Γxy
umax

1 + ku tan h
(
luΓxy(k)

) 
ω0 = f

(
Γxy, ζxy

)
= ζxy(k)kω tan h

(
lωΓxy(k)

)
where Γxy(k) is the cross product resulting from the velocity and acceleration in the curvatures projected
on the planes x, y (both velocities and accelerations of the third component are annulled) and it is
defined as:

Γxy(k) =

∣∣∣ .
r(k) ×

..
r(k)

∣∣∣∣∣∣ .
r(k)

∣∣∣3 ; with r(k) =
[

hx(k) hy(k) 0
]T

(14)

ζxy = sign
( .
r(k) ×

..
r(k)

)
is the direction of curvature in the plane; x, y and ku, lu, kω, lω are gain

constants that weigh the incidence of curvature of the road as a function of the movement of the
robotic platform.
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In difference, the components q10 · · · qna0 consider the internal configuration of the robotic arm
and the displacement of the operating end in the space x, y, z of the reference system R(X, Y, Z), thus:

q10 = f
(
Γxy, ζxy

)
= q1dm ± ζxy(k)k1 tan h

(
l1Γxy(k)

)
q20 = f

(
Γxyz, ζxyz

)
= q2dm ± ζxyz(k)k2 tan h

(
l2Γxyz(k)

)
q30 = f

(
Γxyz, ζxyz

)
= q3dm ± ζxyz(k)k3 tan h

(
l3Γxyz(k)

)
q40 = f

(
Γxyz, ζxyz

)
= q4dm ± ζxyz(k)k4 tan h

(
l4Γxyz(k)

)
...
qna0 = f

(
Γxyz, ζxyz

)
= qnadm ± ζxyz(k)kna tan h

(
lnaΓxyz(k)

)
where Γxyz(k) is the cross product resulting from the velocity and acceleration in the curvatures
projected on the space Γxyz(k) and is defined as:

Γxyz(k) =

∣∣∣ .
r(k) ×

..
r(k)

∣∣∣∣∣∣ .
r(k)

∣∣∣3 ; with r(k) =
[

hx(k) hy(k) hz(k)
]T

(15)

ζxyz = sign
( .
r(k) ×

..
r(k)

)
is the direction of curvature in space X, Y, Z; and ki,li with i = 1, 2, 3, . . . , na

are constants of gain that weigh the incidence of the curvature of the path as a function of the movement
of each of the articulations of the robotic arm.

4.1.5. Stability Analysis

Considering by now the perfect velocity tracking (i.e., vref(t) = v(t)), Equation (11) can be
substituted into the kinematic model Equation (5) to obtain the following closed-loop equation:

h(k + 1) − h(k)
T0

= J
(
JT(JJT)

−1
b +

(
In − JT

(
JJT

)−1
J
)
v0

)
; (16)

where JJT
(
JJT

)−1
= Im the equation (16) is reduced

h(k + 1) − h(k) = T0Imb + (JIn − ImJ)v0; (17)

through the properties of an identity matrix is achieved

h(k) − h(k− 1) = T0

(
vd(k) +

W(hd(k− 1) − h(k− 1))
T0

)
. (18)

Now, defining difference signal Υ between
.
hd and vhd, then

υd =
.
hd +

.
γ

h(k) − h(k− 1) = T0

(
.
hd −

.
γ+

W(hd(k− 1) − h(k− 1))
T0

)
h(k) − h(k− 1) = T0

(
hd(k) − hd(k− 1)

T0
+

∆γ
T0

+
W(hd(k− 1) − h(k− 1))

T0

)
Defining the control error h̃(k− 1) = hd(k− 1) − h(k− 1)
at the instant of time (k− 1)

h̃(k− 1) = h̃(k) + W
(̃
h(k− 1)

)
− ∆γ
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∆γ = h̃(k) − h̃(k− 1) + W
(̃
h(k− 1)

)
∆γ = h̃(k) + h̃(k− 1)(W− 1)

for the analysis the transformed Z(
1− z−1

)
γ(z) = e(z) + e(z)z−1(W− 1)(

1− z−1
)
γ(z) = e(z)

(
1 + z−1(W− 1)

)
h̃(z) =

1− z−1

1 + z−1(W− 1)
γ(z); (19)

where the poles of the system (19) are:

1 + z−1(W− 1) = 0

In order for the poles of the system to be within the unitary radius W, it must be defined 0 < W < 1.
Therefore, it is concluded that control errors h̃(k) = 0 when k→∞ , and it has asymptotic stability.

4.2. Dynamic Compensation Controller

The objective of the dynamic compensation controller is to compensate for the dynamics of the
mobile manipulator robot, thus reducing the velocity-tracking error. The correction of the velocity
error generates energy optimization of the robotic system as it avoids unnecessary movements to
generate large decompensations.

4.2.1. Design of the Control Law

Figure 4 shows the proposed control scheme, the dynamic compensation controller receives as
inputs the desired velocities vc calculated by the kinematic controller, and generates velocity references
vre f for the mobile manipulator robot. Hence, if there is no perfect velocity tracking, the velocity error
is defined as,

ṽ(k) = vc(k) − v(k) (20)
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This velocity error motivates the dynamic compensation process, which will be performed based
on the inverse dynamics of the mobile manipulator. With this aim, we consider the exact model of the
mobile manipulator without including disturbances.

M(q)
.
v + C(q, v)v + g(q) = vre f (21)
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Similar to (4), the acceleration of the maneuverability velocities of the mobile manipulator can be
defined through the Euler method as

.
v =

v(k) − v(k− 1)
T0

(22)

Now, considering the discretized acceleration (22) in (21) one has

vre f = M
(

v(k) − v(k− 1)
T0

)
+ Cv + g (23)

For Markov’s property:
v(k) = vc(k)

In order for errors to tend to zero, it is defined that the velocity of the robotic system is

v(k) = vc(k) −Wv(vc(k− 1) − v(k− 1))

Therefore, the following control law is proposed:

vre f (k) = M
(

vc(k) −Wv(vc(k− 1) − v(k− 1))
T0

)
+ Cv + g (24)

where, Wv represents a constant diagonal matrix that velocities error weights.

4.2.2. Stability Analysis

To ensure the stability of the proposed dynamic compensator, Equation (23) with (24)

M
(

v(k) − v(k− 1)
To

)
+ Cv + g = M

(
vc(k) −Wv(vc(k− 1) − v(k− 1)) − v(k− 1)

To

)
+ Cv + g

reducing terms and grouping, we have that the error in the current state ṽ(k) depends only on the
previous error multiplied by a gain matrix Wv, that is,

vc(k) = v(k) + Wv(ṽ(k− 1))

ṽ(k) = Wv(ṽ(k− 1)) (25)

Considering that ṽ(k) =
[

ṽu(k) ṽω(k) ṽ .
q1
(k) . . . ṽ .

qna
(k)

]T
;

ṽ(k− 1) =
[

ṽu(k− 1) ṽω(k− 1) ;

ṽ .
q1
(k− 1) . . . ṽ .

qna
(k− 1)

]T
and Wv = diag

(
wu, wω, w .

q1
, . . . , w .

qna

)
; Equation (25) can be represented by,



ṽu(k)
ṽω(k)
ṽ .

q1
(k)
...

ṽ .
qna

(k)


=



wuṽu(k− 1)
wωṽω(k− 1)
w .

q1
ṽ .

q1
(k− 1)
...

w .
qna

ṽ .
qna

(k− 1)
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Now, if you analyze the errors when k = 1, 2, 3, . . . , n and considering i = u, ω,
.
q1,

.
q2, . . . ,

.
qnq,

you have:
ṽi(k) = wiṽi(k− 1)

ṽi(k + 1) = wiṽi(k) = wi
2ṽ(k− 1)

ṽi(k + 2) = wiṽi(k + 1) = wi
3ṽ(k− 1)

...
ṽi(k + n) = wiṽi(k + n− 1) = wi

nṽ(k− 1)

Hence, if 0 < wi < 1, it can be concluded that the velocity error of the robotic system mobile
manipulator tends asymptotically to zero when n→∞ .

Finally, the proposed control scheme to solve the motion control problem of the mobile manipulator
robot is shown in Figures 1 and 4, where the controller design was based on two cascading subsystems:
i) Kinematic controller, for this controller is proposed (11), which solves the motion control problem
of the robotic system considering the desired position and velocity of the end-effector of the mobile
manipulator robot to the execute the desired task; ii) Dynamic compensation controller, in order
to compensate the dynamics of the mobile manipulator, thus reducing the velocity tracking error,
the control law is proposed (24), where vre f (k) represents the output of the dynamic compensation
controller, that is, vre f (k) is the vector of input velocities to the mobile manipulator robotic system.

5. Experimental Results

The results are presented in two parts: the mechanical–electronic construction and the experimental
tests developed to validate the proposed controllers. The construction presents a brief summary of the
prototype created to execute the experiments, subdivided into mechanical and electronic construction,
while the experimental tests are supported by various graphs showing the effectiveness of the proposed
controllers, in addition to validating energy optimization.

5.1. Mechanical–Electronic Construction

For mechanical construction, two parts are analyzed separately: the mobile platform and the
robotic arm. The mobile platform is unicycle type, which consists of two motors that generate the
movement for each pair of side wheels with a system based on chains. All mechanical elements are
strategically distributed so that the control and power components fit inside the mobile platform
casing, as shown in Figure 5.
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For the robotic arm, different components (motors, joints, frames, links) are unified to provide
flexibility in the range of positions of the operating end. Figure 6 shows the simulation prior to the
construction of the mobile manipulator.
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Since the construction of each mechanical part is designed to fit together, the result of mass center
analysis and appropriate weight distribution allows the platform and arm to be unified into a single
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Figure 7. Mobile robotic manipulator system.

The electronic components of the mobile manipulator robot are designed to interconnect all the
control, power, and power supply equipment and elements. The design consists of eight Dynamixel
motors, a computer, an electronic control board, overcurrent prevention elements, a peripheral extender,
and a Lithium Polymer (LiPo) battery bank. The distribution of the elements is shown in Figure 8,
additionally denoting the communication between them.

(i) Dynamixel motors, unlike frequency-controlled motors, can modify their characteristics by
means of a serial communication frame. Communication with the computer is facilitated by the
inclusion of a USB2Dynamixel device, which weaves the information to optimize communication and
avoid saturation of the serial network. The velocity of communication between the computer and the
entire engine network is optimized with the creation of libraries that allow you to invoke functions
programmed in C through Mex files. With orientation to this work, information of current, velocity,
position, and torque are acquired by the serial frame. The current information allows to know the
precise magnitude of power consumed by the robotic system; therefore, it is not necessary to include
additional measurement equipment to the information provided by the actuators. (ii) The computer has
sufficient resources to run high-level processing programs. In the computer, the calculations necessary
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for the controllers are carried out in mathematical software. (iii) The electronic control board regulates
and distributes power voltages to the entire motor and computer system. The board incorporates
elements of current and voltage measurement for the emission of warning signals in possible discharges
or disconnection of elements. In addition, a state of charge and connection display is embedded in
the electronic control board. (iv) A peripheral ports extensor is included to provide communication
between external devices (cameras, memory sticks, and so on) and the internal computer. Finally, (v) a
LiPo battery bank provides the necessary power to the system, which delivers up to 15 A/h with peak
current support of up to 25 A.
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5.2. Experimental Evidence

In order to evaluate the performance of the energy-saving proposal, three experiments were
developed, differentiated by the geometric shape of the path to follow: chair, flower, and the sine
function. Each one of the experiments was executed with different purposes: to measure the
consumption of absorbed current, number of meters traveled, or time of execution. It should be
clarified that experiments are considered executions on different roads, while tests are considered
executions on the same road but with the use of different controllers (considering or not the analysis of
radius of curvature, ROC).

The first experiment considers a desired path described by means hd = [xd, yd, zd], where:
xd = 1.5 cos(0.1t) + 1.75, yd = 2.5 sin(0.1t) + 2.75, zd = 0.15 sin(0.2t) + 0.6.

The selection of this particular road was because it seeks to demonstrate directly the action
of velocity reduction when finding a curve. To demonstrate energy savings through contrasting
results, two types of executions were proposed, both considering the Lyapunov-based controller with
redundancy in the robotic arm, but only one with the inclusion of velocity saturation by curvature
radius analysis. The path tracking for both configurations was evaluated over the same distance
traveled, in this case, 100 m.

The result considering only the control with redundancy presented major errors in each of the
axes (Figure 9); and therefore, a greater total error compared with the result considering the analysis of
radius of curvature, as shown in Figure 10. Emphasize from now on, ROC will be defined as the radius
of curvature.

This reduction in errors in each of the axes was due to the fact that the mobile platform reduces
the control velocities when approaching a curve, as shown in the comparison of linear and angular
velocities in Figure 11.
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In addition to reducing the velocity of execution in front of curves, the proposed algorithm gives
more weight to the corrective actions of the robotic arm, significantly reducing the movements of the
mobile platform and therefore, the power consumption. The control actions applied to the robotic arm
for both tests (with and without consideration of ROC analysis) are shown in Figure 11.

The strobe movement of the robotic system makes it possible to determine the resulting execution
by applying both controllers. Through an upper view, Figure 12 shows the comparison between the
strobe movement of the robotic system without consideration of the curvature radius analysis and
with the consideration of the curvature radius analysis, differentiating the path of the platform and
the movements executed by the robotic arm. The Figure 13 also presents a stroboscopic view of the
movements executed by the robot in space.
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Figure 13. Strobe movement in the space of the robotic system for the first experiment considering
ROC analysis.

The energy consumption of the actuators of the robotic system was measured through one of the
properties of the motor network. The measurement of the consumed current is shown in Figure 14,
where the contrast between the power consumption is appreciated considering the radius of curvature
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analysis and without its consideration. As can be seen, given the reduction in velocity of the robotic
system, the execution time increased to fulfill the given task. However, after fully executing the task,
the proposed controller resulted in an 8.76% energy saving, as shown in the Table 1.
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Table 1. The Table 1 shows the 8.76% energy saving caused by the controller.

Parameter Without ROC Analysis With ROC Analysis

Distance [m] 100 100
Vmax [m/s] 0.5 0.5
Total time elapsed [s] 190 325
Current average [A] 2.613 1.399
Voltage [V] 29 29
Energy consumed [J] 493.273 450.021
Maximun peak [A] 3.539 2.775
Minimun peak [A] 2.409 0.521
Power average [W] 75.777 40.571

The path considered in the second experiment is described by hd = [xd, yd, zd] for values of:
xd = 1.5 cos(0.1t) + 1.75, yd = 2.5 sin(0.1t) + 2.75 and zd = 0.15 sin(0.2t) + 0.6.

Unlike the first experiment, the established path indicated the efficiency of the controller by
establishing a path that contained pronounced curves on all components (Figure 15). This experiment
proposed to determine the total distance traveled considering the same amount of energy consumed
with and without curvature radius analysis, thus assuming the similarity between the control errors of
both tests. This consideration required finding the maximum velocities for the controller with and
without radius of curvature analysis that satisfy the equality of errors, in order to make the comparison
between the two energy consumptions more equitable. Figure 16 shows the errors in each of the axes,
while Figure 17 shows the mean quadratic errors of both tests with maximum velocities of 0.25 m/s in
the controller without ROC analysis and with a maximum velocity of 0.45 m/s for the controller with
ROC analysis.
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Figure 18 shows the comparison from a superior view of the platform route without the inclusion
of the curvature analysis and with the inclusion of the same, where the displacement in meters of the
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second is less in comparison with the execution of the first. This result is given because, in addition
to the inclusion of the curvature analysis, the redundancy weights in the robotic arm were greater
than those of the mobile platform, considerably reducing the movements of the motors that allowed
displacement in the plane.
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Figure 18. Top view of robotic system travel without consideration of curvature analysis and with
consideration of curvature analysis. (a) without ROC analysis, (b) With ROC analysis.

The current consumed by both tests over the duration of the run (at a total distance of 70 m) is
shown in Figure 19 The total energy consumption of the test without considering the radius curvature
analysis was 302,464 Joules, while with the consideration of ROC analysis was 208,102 Joules. From
these results, it can be determined that the consumption of the robotic system when the curvature
analysis was not considered was 4321 J/m (0.23 m/J), while the consumption when the ROC analysis
was considered was 4001 J/m (0.25 m/J). Assuming a consumption of 500 Joules as a ceiling for both
tests, the distance traveled for the controller without curvature analysis was 115 m, while for the
controller with optimization was 125 m.
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As shown in the control velocities (Figure 20), the consideration of radius of curvature analysis
caused the input values to the robotic platform to be reduced in the presence of a curve, extending the
execution time but at the same time optimizing energy consumption.
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Finally, the third experiment presents the execution of four tests considering a controller based
on Lyapunov for the tracking of roads, but with different characteristics: i) control over the robotic
system without consideration of manipulability, ii) control of the mobile platform by analysis of
radius of curvature but without consideration of manipulability, iii) control of the robotic system
considering manipulability, iv) control of the mobile manipulator considering manipulability and
application of velocity saturation for the whole robotic system. To compare all the tests, the selected
trajectory is shown in Figure 21, in addition to showing the strobe movements executed by the robotic
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system considering manipulability and application of velocity saturation given by the curvature radius
analysis in Figure 22.
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Figure 22. Strobe movement of the execution of the third experiment considering ROC analysis
and manipulability.

The power consumption of all cases was higher in relation to the energy expenditure of the
proposed controller for energy optimization. This is verified through the analysis of the graphical
representation of the power consumption shown in Figure 23, as well as by Table 2. Table 2 summarizes
the results obtained by subjecting the robotic system to the various controller configurations, comparing
the energy savings of each with the savings obtained by the proposed controller.
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(a) proposed controller 1, (b) proposed controller 2, (c) proposed controller 3.

Table 2. Results of the third experiment.

Configuration First Second Third Fourth

Distance [m] 32.74 32.42 31.86 34.1
Current Average [A] 1.43 1.07 1.16 1.13
Power average [W] 42.07 31.44 34.37 33.33
Energy [J] 4245.36 4400 4224.48 3976.05
Voltage [V] 29.4 29.4 29.4 29.4
Accumulated Error 37.77 36.48 28.79 27.65
Energy saved [%] −6.34 −9.63 −5.88 0%

Remark 8. 1st Configuration: Without manipulability nor ROC analysis; 2nd Configuration: Considering
ROC analysis but not manipulability; 3rd Configuration: Considering manipulability but not ROC analysis;
4th Configuration: Considering manipulability and ROC analysis.

6. Conclusions

In this work, an embedded robotic system has been presented, which obtains the best characteristics
of two important and efficient robotic systems: mobile manipulators and unicycle mobile robots.

The proposal integrates in a single mathematical analysis the two systems in such a way that it
takes advantage of their efficient characteristics in the search for the reduction of energy consumption
in the tasks it performs. Sophisticated mathematical elements have been added to evaluate its action in
the controller, and it has been demonstrated in experimental tests by a reduction of 8.76% of energy
consumption in the tasks.

This has been based on a complex mechanical and electronic design that integrates intelligent
control and communications systems and an efficient mechanical platform that facilitates maximum
versatility in movements, and thus does not introduce energy losses due to mechanical design.
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