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Abstract: We present a brief critical review of modern theoretical interpretations of
the low-threshold field emission phenomenon for metallic electrodes covered with carbon
structures, taking the latest experiments into consideration, and confirming the continuity of
spectrum of resonance states localized on the interface of the metallic body of the cathode
and the carbon cover. Our proposal allowed us to interpret the double maxima of the
emitted electron’s distribution on full energy. The theoretical interpretation is presented in a
previous paper which describes the (1 + 1) model of a periodic 1D continuous interface. The
overlapping of the double maxima may be interpreted taking into account a 2D superlattice
periodic structure of the metal-vacuum interface, while the energy of emitted electrons lies
on the overlapping spectral gaps of the interface 2D periodic lattice.
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1. Brief Review of Modern Experiments in the Low-Threshold Field Emission

In numerous recent experiments, see for instance [1–8], extremely low-threshold field emission from
the carbon nano-clusters was observed for electric fields (104 − 105 V/cm). This is a surprisingly strong
effect, because the field initiating a noticeable emission from these materials is 2–3 orders less than
the field required for the field-emission from the traditional metals and semiconductors. Despite the
obviously unusual nature of the effect, numerous authors, see for instance [6,8], have attempted to
explain the low-threshold phenomenon trivially with use of the classical Fowler-Nordheim machinery,
based on the enhancing of the field at the micro-protrusions. They assume that the local field Fs near
the emitting center is calculated as F0 = γF0, where γ is the field enhancement coefficient, defined
by the micro-geometry, and F0 is the field of the equivalent flat capacitor. This completely classical
explanation of the low -threshold emission phenomenon is not universal, and certainly non valid for
carbon-covered cathodes. This has been considered in our recent papers [2,3,7] because the surface of
the carbon flakes, obtained by the detonation synthesis are perfectly smooth with rare and relatively small
protrusions. These protrusions are able to lower the threshold by a factor of 5, while a lowering factor of
102 is observed in our experiments. We suggested in [2,3,7] an alternative explanation of the threshold
lowering (field enhancement) based on the dimensional quantization in the under-surface space-charge
region on the metal-graphene interface.

Recent experiments done by our group confirm the continuity of spectrum 2D-size quantization
and allow us to estimate the effective mass m∗ and the de Broglie wavelength in space-charge region
depending on electron’s concentration nex = 1

q

∫ τ
0
J(t)dt, where j = I/S, I = 80 A is the current and

S ≈ 0.75 cm2—the area of the cathode, τ ≈ 2 × 10−9 s. Monitoring of current density allows us to
estimate the experimental density of charges Q = 2.4 × 10−7 Coul/cm2, which corresponds to density
of electrons n ≈ 1.3× 1012 cm−2.

On another hand, from the size-quantization theory [9] the 2D density of electrons is estimated as

n2D =
m∗kT

2π~2
ln

(
1 + exp

E0 − EF
kT

)
(1)

Here m∗ is the effective electron mass, E0—the size-quantization level, EF—the Fermi level.
In our case

E0 ≈ EF , nexp = n2D =
m∗kT

2π~2
ln 2 (2)

The de Broglie electron wavelength [9] in graphene flakes is

λ =
2π~√

2m∗ (kT )
(3)

Based on the preceding Equations (2) and (3), we estimate the electron effective mass and the
de Broglie electron

m∗ =
(2π~)2

2(kT )
(4)

At room temperature we have λ ≈ 18 nm, m∗ ≤ 10−2 m0. We should notice that the experiment
based estimates yield the values m∗ ≤ 10−2 m0. The above value of the electron effective mass yield the
values one order higher than ones for graphene, obtained from independent experiments, see [10].
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Another important result obtained by our group is discovery of the second maximum on
the dependence of distribution of electron on total energy. This result does not have yet an
adequate interpretation.

The classical Fowler-Nordheim machinery used to calculate the transmission coefficient for simple
rectangular potential barrier, see [11], gives an exponentially small value of the transmission coefficient
T ≈ e−qa with q =

√
v − 2mE~−2 for the under - barrier tunneling with v >> 2mE~−2, and the width

of the barrier is equal to a.
In our papers [2,7] we assume that the spectrum of the size quantization is discrete and reduced to

several discrete levels. Based on this assumption, we developed a resonance version of the classical
Fowler-Nordheim machinery, considering the complex levels as resonances. The role of field enhancing
factor in our interpretation was played by the small effective mass of electron in the carbon structure.
Indeed, the field is measured by the steepness of the slope of the potential. However, the effective
steepness is calculated with respect to the de Broglie wavelength which is m/me times bigger than the
conventional de Broglie wavelength at the same energy. The corresponding formula for the transmission
coefficient was derived [7] for the general 1D model of the space-charge region, with complex discrete
spectrum of the surface levels.

2. The Resonance Interpretation

Presence of these resonance details in the barrier may result in much larger values of the transmission
coefficient T for electrons with certain energy. In [2] we emulated T by delta-barrier supplied with
inner structure defined by a differential operator on a finite interval. We realize that this differential
operator does not have any physical meaning itself, but serves just as a mathematical detail of the model.
Besides, fitting of the corresponding model, with this differential operator, presents some technical
difficulties, in particular solving the relevant inverse problem. In [7] we base our conclusions upon
a simpler model, substituting inner structure by a finite matrix, which is fit based on experimental
data on size-quantization. Similarly to [2] we emulate the barrier in [7] by the generalized Datta
and Das Sarma boundary condition, see [7,12,13]. The 1D solvable model of the contact zone of the
emitter is constructed hereafter based on division of the normal coordinate into three layers; the metal
(1) ∞ < x < 0, the vacuum (2), a < x < ∞ and carbon deposit (3), 0 ≤ x ≤ a., with the portions of
the wave-function denoted correspondingly.

The components xs, s = 1, 2, 3 of the wave-function of the electron satisfy on the domains the
Schrödinger equations, for instance

− ~2

2ms

d2us

dx2s
+ qs(xs)u

s = Eus, s = 1, 2 (5)

Here q1 = q2 = 0, end q3 is a rectangular barrier hight q.

u(x) =


u1(x) = e−ipx + Teipx, −∞ < x < 0

u3(x) = Be

√
2m(q−E)

~2 x+ Be−
√

2m(q−E)

~2 x, 0 < x < a,

u2(x) = Te−ipx, a < x <∞
(6)
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Following [2,7], we model the component u3 of the wave-function on the barrier—the solution of a
differential equation on a finite interval, by the finite vector and, correspondingly, substitute the barrier
by a zero-range model with an inner structure, see [14], defined by the finite Hermitian matrix A.
The corresponding boundary form is represented in terms of the corresponding “boundary values” ξu± as

Js(u, v) =
~2

2ms

[
dus

dxs
v̄s − us dv̄

dxs

]
, s = 1, 2

The corresponding boundary forms of the inner structure in terms of the adequate boundary values is

J3(u, v) = ξu+ξ̄
v
− − ξu−ξ̄v+

The zero-range model of the resonance field emission is defined by the boundary condition
imposed on the data, which annihilate the sum of the boundary forms J1(u, v) + J2(u,v) + J3(u, v).
When discussing the zero-range model of the interface lattice, we assume, that the deposit zone is
substituted by the model barrier, but the zone inherits the small effective massm1 ≤ m2 from the deposit
on the contact interface. In particular the sum is vanishing while the boundary data are imposed to the
generalized Datta-Das Sarma boundary condition at the contact of the deposit and vacuum (that is exactly
on the barrier). This boundary condition is defined, similarly to Datta-Das Sarma, [12], by the vector
parameter ~β = (β1, β2, β3) as:

u1

β1
=
u2

β2
=
ξu−
β1
,

~2

2m1

u′1β̄1 +
~2

2m2

u′2β̄2 + ξu+β̄ = 0 (7)

The quantum-mechanical meaning of the similar parameter ~β in the case of T-junction is revealed
in [12]. In our case, the parameter is defined by the geometry of the contact zone. We assume
here that it can be fitted based on the experimental data. The boundary values ξu± of the component
of the wave-function on the barrier are connected via the corresponding Weyl-Titchmarsh function
M(E) = PN

I+EA
A−EIPN , and selected “deficiency” subspace N , defining the connection of the inner space

(the space of the size-quantization on the barrier), with the vacuum and the deposit. The energy E

plays a role of the spectral parameter, so that the dimension of the operator A is energy. Hereafter, we
assume that the Weyl functionM(E) is scalar, but our model can be easily extended to the general case
with multidimensional Weyl function. Assuming that the wave-function of the electron in the deposit
and in vacuum is a scattered wave, we represent the components of it in the deposit and in vacuum
as u1 = eipx + e−ipxR1, u2 = T2e

−ipx. Substituting this scattering Ansatz into the above boundary
conditions, we obtain an expression for the transmission coefficient T from the deposit into vacuum :

T (λ) =
β̄1β2m

−1/2
1

|β2
1 |m1

−1/2 + |β2
2 |m2

−1/2 + i|β3|2
[
~M
√

2E
]−1 (8)

In the non-resonance situation, M ≈ Const, the Datta-Das Sarma parameter (1, 1, eqa/2) defines
the exponential small transmission rate T ≈ e−aq. Then, in the resonance situation, M = M(λ) the
transmission is exponentially small on the complement of the set of poles ofM, but is essentially greater
at the poles λp,M(λp) =∞, whereM−1(λp) = 0. With regard ofm1 << m2 we have at the poles, that

T =
β̄1β2m

−1/2
1

|β1|2m1
−1/2 + |β2|2m2

−1/2 ≈
β2
β1
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which can be essentially greater than exponential estimate T ≈ e−2av. Then, in the resonance situation,
M =M(λ) based on β3 ≈ evd we see the peak of the transmission coefficient at the eigenvalues of the
matrix A which play a role of the levels of the size - quantization on the barrier (with special boundary
conditions on the contact of the barrier with the inner part of the deposit and the vacuum. This condition
is compatible with unitarity of the full scattering matrix on the interface deposit-vacuum, if the weights
m−11 ,m−12 are taken into account.

In the ballistic regime, the current j is proportional to the weighted integral of the transmission
coefficient T . In particular, for linear spectrum E = ~vFk the integration is performed on the
energy variable

j = −2evF
~2

∫
T (E) [f(E)− f(E + eV )]EdE

Here, eV is the voltage drop, f(E) is the Fermi distribution, and vF is the Fermi velocity. For low
temperature the integrand with the Fermi distribution is reduced to

[f(E)− f(E + eV )] ≈ −eV δ(E − EF )

In our case we have generally:

j = −2evF
~2

∫
β̄1 β2 m

−1/2
1 [f(E)− f(E + eV )] EdE

|β1|2m−1/21 + |β2|2m−1/22 + i|β2|2[~
√

2EM]−1

with M = M(E), and, for low temperature, just the value of T at the Fermi level, with a
trivial coefficient.

3. Discussion: The Role of the Interface Structure

The above model of resonance tunneling through the size - quantization level presents a qualitative
interpretation the low-threshold emission. The magnitude of the threshold measured in experiment
(see [2,3]) is qV = (20− 100) meV. These values of the threshold may be qualitatively explained based
on resonance tunneling through the size-quantization level. Up to choice of the statistical distribution,
this magnitude corresponds to qV = E0 − EF = (2− 3)kT , for room temperature.

The reason for this may have various causes. First of all: the one-dimensional version of the electron
transmission through the interface barrier (even with regard to size-quantization levels). Another cause is
absence of theoretical equivalent of the multilayer structure in the accepted model of the cathode, usually
substituted by the two-layer structure of the contact of graphene and the metal surface, without taking
into account mutual influence of the components. Finally, the naive model does not take into account
the two-dimensional structure of the graphene-metal interface, which may play an essential role for both
classical Fowler-Nordheim or resonance transmission scenario of the field emission. In any case, the
enhanced values of the measured electron mass may be interpreted as evidence of the emission from
narrow spectral bands, rather than one from the discrete resonance levels. Even considering the simplest
(1 + 1) model of the graphene-metal interface, we discover that the electron mass may be greater than
in pure graphene due to possible level crossings arising from the dispersion curves of the materials
involved—the graphene and the metal. Even a naive (1 + 1) model of the graphene-metal interface
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shows the levels crossings and relevant super-narrow spectral bands and gaps with various values of
effective electron mass.

Indeed, let us observe the influence of periodicity of the graphene-metal interface in the simplest
case (1 + 1) of 1D of the periodic structure of the interface. Using a discrete model of a 1D
periodic graphene-metal superlattice, we obtain the dispersion function of the lattice, with relevant
Weyl-Titchmarsh function M(λ), taking into account an interaction only between the nearest neighbors
in the lattice:

M(λ)−B cos p = 0 (9)

Here, the Weyl-Titchmarsh function of the graphene-metal superlattice is composed of the functions
of component lattices and the interaction is taken into account by 2 × 2 matrix B. The effective mass
of electron in the resulting interface lattice does not coincide with the mass in each of component
lattices, but depends on the interaction β. Generally, it may be greater than the mass of electron in
graphene. The Weyl-Titchmarsh function has a positive imaginary part in the upper half-plane of energy
=λ ≥ 0 and real on the spectral gaps of the lattice. Then the effective mass of the electron on the lattice
is calculated as

[
dλ2

dp2

]
, which yields, at the ends of the spectral bands, where

[
dλ
dp

]
= 0

m = −
dM
dλ

β cos p
= −

dM
dλ

M(λ)
(10)

Based on effective mass we may judge on density of states which allows to estimate the emission
current based on above formulae for the transmission coefficient Equation (8). While calculating the
transmission coefficient with regard of 1D periodic structure of the graphene-metal interface,

T (λ) =
2πi

2πi+M(λ)

we notice that the transmission coefficient may be large on the gaps of the interface-lattice and relatively
small on the open spectral bands of the interface. For the 2D interface, two spectral bands may overlap,
yielding the resulting picture with two maxima in the electron’s distribution on full energy, see [1].
We plan to continue our study on the corresponding phenomena in our upcoming publications, based on
2D mathematical tools prepared in our preceding papers, see for instance [13].

4. Conclusions

The paper provides a brief overview of the main results of an experimental study of field emission
from the graphene-like structures, which implies that the emissions are of a low-threshold character.

One-dimensional theoretical model of the issue, based on the resonant tunneling effect, is analyzed.
The advantages and disadvantages of the one-dimensional model are discussed.
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