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Abstract: In this paper, the precoding-based peak-to-average power ratio (PAPR) reduction methods
are studied for the massive multiple-input multiple-output (MIMO) orthogonal frequency division
multiplexing (OFDM) system in the angular domain. The expectation maximization generalized
approximate message passing algorithm and the proposed optimized alternating direction method of
multipliers (OADMM) scheme are adopted here to explore the system characteristics in terms of the
symbol error ratio (SER) performance, the PAPR reduction efficiency, and the inter user interference
(IUI). Specifically, the high PAPR problem is reduced to no more than 0.18 dB by using the inherent
property of the massive MIMO-OFDM angle division multiple access (ADMA) system with relatively
reduced computational complexity. Moreover, the value of SER is around 10−5 dB when the proposed
technique is performed. Computer numerical simulation results verify the efficiency of the proposed
technique from the perspective of SER, PAPR suppression, and IUI.

Keywords: PAPR reduction; precoding; ADMA; Massive MIMO-OFDM

1. Introduction

Massive multiple-input multiple-output (MIMO) is a key technology in the fifth-
generation (5G) and the sixth-generation (6G) mobile communication systems [1–3]. In
the large-scale MIMO system, the base station (BS) deploys antenna arrays with tens to
hundreds of elements. As a result, there is a noticeable improvement in the frequency,
energy efficiency, spatial resolution, and spatial resource usage. In [4], the advantages
of massive MIMO in the low-frequency bands were investigated by the authors without
regard to the spatial limitations. In [5], the dynamic metasurface antennas were a desirable
technology for the extremely massive MIMO transceiver of sixth-generation (6G) wireless
networks due to their flexible antenna topologies with a significant number of components
of decreased size and hardware costs. To increase the transmission and receiver efficiency
of the 6G communications systems, the authors in [6] explored the cell-free massive MIMO
technique. Specifically, a power control theory was proposed in [7] to accomplish the
practical deployment of the cell-free massive MIMO for the internet of everything of
6G networks. Additionally, in [8], the characteristics of the unmanned aerial vehicle
channels were investigated in the 6G massive MIMO millimeter wave system. Particularly,
the transformer deep learning framework was employed to explore the massive MIMO
semantic communication system [9]. Furthermore, the fundamentals, channel modeling,
and system analysis of massive MIMO were also demonstrated in [10–12]. The potential
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of massive MIMO to reuse the space may be leveraged to create generalized transmission
systems exploiting multiple access transmission technologies, such as the beam division
multiple access (BDMA) [13–15]. In [16], the hybrid precoding technique of the BDMA
THz communication was proposed to eliminate inter-beam interference. For the quality of
service, the authors of [17] designed a unique multiple-beam access system and a power
allocation method. In [18], the spatial division multiple access system’s throughput was
shown to be improved by the beam selection and aggregation approach. Additionally, the
beam training and allocation were studied with the purpose of providing huge connectivity
with lower packet loss [19]. Moreover, the joint spatial division multiplexing (JSDM) and
the angle division multiple access (ADMA) schemes were also investigated in [20–22].

ADMA is a signal transmission technology for angular domain signals that fully
exploits the characteristics of the channel [23,24]. Because of the sparsity of terminal
distributions, the spatial channel state information (CSI) can be mapped onto the beam
domain, which results in a reduction in the channel matrix’s size. Additionally, the angle
of arrival (AoA) in ADMA may be accurately calculated by further reducing the size of
the channel matrix. Reduced training overhead, and multipath fading resistance in the
massive MIMO orthogonal frequency division multiplexing (OFDM) ADMA system as a
result, increase the spatial resolution and resource utilization.

There are many methods to control the high peak-to-average power ratio (PAPR) in
the OFDM systems, including but not limited to clipping, tone reservation, tone injection,
and so on [25–27]. To lower the PAPR, the authors of [28] presented a parameter optimiza-
tion approach for signal linear scaling. In [29], a novel waveform-designing algorithm
was proposed to reduce the PAPR of the integrated radar and wireless communication
system. Further research was conducted regarding the partial transmit sequence method
to reduce the high PAPR of the OFDM system [30]. An adaptive technique to reduce the
PAPR in the OFDM system was put out in [31] with reduced bit error ratio deterioration.
In [32], the authors summarized the currently available PAPR reduction methods and
optimized the PAPR by employing wavelet clipping and compounding. However, in the
scenario of the massive multiuser MIMO-OFDM, the computational complexity of the
aforementioned conventional approaches exponentially increases. Fortunately, reasonably
affordable antenna reservation and adaptive tone reservation techniques have already been
developed. Moreover, the constant envelope precoding techniques were adopted in [33,34],
and a factor-graph-based approximate message passing (AMP) precoding technique was
also proposed to decrease the high PAPR and multiuser inference [35,36]. In the massive
MIMO-OFDM-ADMA system, particularly for the downlink transmission, the issue of the
high peak-to-average power ratio (PAPR) also has to be resolved. The baseband transmit
signals’ amplitude values fall within a relatively wide range, and specifically, all signals
from all beams at the transmitter are added following the inverse transformation in the
angular domain. As a result, the huge multiuser MIMO-OFDM-ADMA system is facing a
critical problem: how can the PAPR be lowered with minimal complexity?

In this paper, in order to reduce the high PAPR in the massive multiuser MIMO-
OFDM-ADMA system, the expectation maximization (EM) truncation Gaussian mixture
(TGM) generalized AMP (GAMP) algorithm [37] is employed as the joint precoding scheme.
Additionally, an optimized alternating direction method of multipliers (ADMM) algorithm
is also proposed for the PAPR reduction. The two joint precoding approaches mentioned
above perform very well in simulations with regard to PAPR reduction, symbol error ratio
(SER), and interuser interference (IUI) for the massive multiuser MIMO-OFDM system in
the angular domain.

2. System Model

Suppose a downlink massive multiuser MIMO-OFDM signal transmission scenario
with M BS antennas in the angular domain. There are K single-antenna users served by
one BS, and the number of subcarriers is N. It is assumed that the channel angular index
set Iro

k,n, the rotation parameter φro
k,n, the downlink CSI hT

k,n, and the downlink CSI in the
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angular domain
−
h

T

k,n are known at the BS. The g-th group index is defined as Ug with
Kg =

∣∣Ug
∣∣ users in each group, and g = 1, . . . , G. Suppose a frequency selective fading

channel propagation environment, and the received signal is expressed as

Y = HX + N (1)

where X = [x0, . . . , xm, xM−1]
T with xm ∈ CN being signal at the m-th antenna;

Y = [y0, . . . , yn, yN−1]
T ∈ CKg×N is the received signal, and yn ∈ CKg is the received

signal of the n-th subcarrier; N is the noise signal with variance σ2; H = GF1PF2, and
G = diag(H0, H1 . . . , HN−1) ∈ CKN×MN is the angular-domain channel matrix with

Hn = [h
T
1,n, h

T
2,n, . . . , h

T
Kg ,n]

T
∈ CKg×M, F1 = diag(FH

M,0, . . . , FH
M,N−1) as the expanding in-

verse discrete Fourier transform (IDFT) matrix, and FH
M,n = [f0,n, f1,n . . . , fM−1,n] ∈ CM×M.

Specifically, fi,n = Φ(φl,n)
Hf’

i, where f’
i is the i-th column of the IDFT matrix,

Φ(φl,n) = diag(1, ejφl,n , . . . , ej(M−1)φl,n) is the angular rotation matrix, and φl,n is the angu-
lar rotation factor corresponding to the l-th column of IDFT matrix on the n-th subcarrier.
Equation (2) gives the definition of φl,n, which is

φl,n =

{
φk,n, l ∈ Iro

k,n, k ∈ Ug

0, l /∈ Iro
k,n, k ∈ Ug

, (2)

where φk,n is the angular rotation factor of the k-th user on the n-th subcarrier. The permuta-
tion matrix is P ∈ CMN×MN , and the element of P in the a1-th row and the a2-th column is

[P]a1a2
=

{
1, floor(a1/MorN)= mod(a2, NorM)

0, else
. (3)

The expanded transform matrix is F2 = diag(F, · · · , F) ∈ CMN×MN , where F ∈ CN×N is
the discrete Fourier transform (DFT) matrix.

3. PAPR Reduction in the Angular Domain

Firstly, define
S = HX, (4)

as the precoding constrains of X in order to the eliminate the multiuser interference. Then,
the received signal can be rewritten as

Y = S + N. (5)

Consequently, the PAPR reduction in X can be considered as a convex problem due to the
underdetermined property of Equation (4). That is,

min
X

‖X‖∞

s.t. S = HX
, (6)

where ‖·‖∞ is the infinite norm.

3.1. EM-TGM-GAMP

For the purpose of tackling the PAPR reduction problem in the massive multiuser
MIMO-OFDM-ADMA system, we first apply the EM-TGM-GAMP algorithm. To estimate
the joint likelihood probability function p(Y|X) in this framework, the GAMP algorithm
is integrated into the variational architecture of the EM algorithm. As is well known,
the GAMP algorithm is a simplified version of the loopy basis pursuit. It is often used
to approximate the likelihood and the marginal posteriors. Here, the GAMP scheme is
applied to make an iterative estimation of the likelihood function p(Y|X) , i.e., p̂(Y|X) .
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Then, the variational EM method gives the new estimators of X and the corresponding
noise variance simultaneously. The main idea of the angular domain EM-TGM-GAMP al-
gorithm is depicted in Figure 1, and the whole iteration procedure is shown in Algorithm 1.
Specifically, the iterative update procedure of parameter ξ is given by [37].

ξt+1 = ξt +
(Y−HX̂)TH

‖H‖2
2

. (7)

where t is the iteration index.

Algorithm 1: EM-TGM-GAMP-ADMA

Input: S, H, Y, T
Initialize: t = 0, ξ =||Y||∞/||H||∞
While t ≤ T do
1. Estimate the posterior distributions p̂(Y|X) and p̂(S|Y) using GAMP algorithm;
2. Make a posterior estimation of X to obtain X̂ based on the likelihood approximation
p̂(Y|X) ;
3. Compute the estimator of noise variance using EM procedure, and update the value of
ξ to minimize

∣∣∣∣Y−HX̂
∣∣|22 ;

Output: X̂ = Xt+1.
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Figure 1. The flow diagram of Algorithm 1.

3.2. Optimized ADMM

The fact that Algorithm 1 requires numerous vector multiplications is important to
note. And the optimized ADMM is therefore proposed in the following. In order to reduce
the PAPR, the signal X is supposed to be restricted in setA. Moreover, the objective function
is given by

min
X,α
‖S− αHX‖2

2 + α2Kgσ2

s.t. X ∈ A, α > 0
, (8)

where α is the precoding parameter. Notably, the elements of the set A can be designed in
the rings, the circles, or the finite element sets. From the perspective of ADMM algorithm,
we obtain

min
X1,X
‖S−H1X1‖2

2 + IA(X)

s.t. X1 − X = 0
, (9)

where H1 = αH, IA(·) = 0 when X ∈ AM. The module diagram of the optimized ADMM-
ADMA scheme is illustrated in Figure 2, and the iteration steps of the proposed proposal
are summarized in Algorithm 2.
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2
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+
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S HX
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Algorithm 2: Optimized ADMM-ADMA

Input: S, H, Λ1 =
{

diag(HHH)
}−1HH, T1, T2

Initialize: t = 0, X0 = 0, α0 = 1, ρ = 0.90
While t ≤ T1 do
1. Xt+1 = ∏

AM
{Xt + Λ1(

1
αt S−H1Xt)};

2. If mod (T2, t + 1) == 0

αt+1 = Re(SHHXt+1)

‖HXt+1‖2

2
+Kgσ2

;

else
αt+1 = αt;

3. Xt+1 = ρXt + (1− ρ)Xt+1;
4. t = t + 1;
Output: X̂ = Xt+1.

Define the Lagrangian function of (9) as

F(X1, X, D) = ‖S−H1X1‖2
2 + IA(X) + DH(X1 − X) + η‖X1 − X‖2

2, (10)

where D is the dual factor, and η is the Lagrangian parameter. The iterative steps are
given by

Xt+1
1 = argmin

X1

F
(
X1, Xt, Dt), (11)

Xt+1 = argmin
X

F
(

Xt+1
1 , X, Dt

)
, (12)

Dt+1 = Dt + η
(

Xt+1
1 − Xt+1

)
. (13)

Then, we obtain
Xt+1

1 = Xt + Λ
(
S−H1Xt), (14)

where Λ =
(
HH

1 H1 + ηtI
)−1HH

1 . Consider an arbitrary channel model as follows:

S = H1X + W, (15)

where W ∼ CN (0, I). Then, the linear estimation is given by

X̂ = ΛS + B, (16)

where
Λ = CXSC−1

S , (17)

B = X̂−ΛŜ, (18)

are computed by minimizing the expectation of E{(X− Xt)(X− Xt)
H }. Moreover, X̂ is the

expectation of X, Ŝ is the expectation of S, CXS is the covariance matrix between X and S,
and CS is the covariance result of S.

Next, we have
CXS = CXHH

1 , (19)

CS = H1CXHH
1 + CW, (20)

where CX is the covariance of X. Then, Λ and B are given by

Λ =
(

HH
1 H1 + ηtI

)−1
HH

1 , (21)
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B = Xt −ΛH1Xt. (22)

Finally, an optimal linear MMSE estimation is given by

X̂ = Xt + Λ(S−H1Xt), (23)

and E
{

X̂
}
= (I−ΛH1)Xt + ΛH1E{X}. As a consequence, the iterative procedures are

provided by
Xt+1 = ∏A

{
Xt + Λ1(S−H1Xt)

}
, (24)

Xt+1 = ρXt + (1− ρ)Xt+1, (25)

where ρ is the damping factor, Λ1 = {diag(ΛH1)}−1
Λ, and η is given by

(
ηt)−1

=

∥∥S−H1Xt∥∥2
2

tr(HH
1 H1)

, (26)

where tr(HH
1 H1) is the normalization factor.

Furthermore, α is optimized as follows when X remains unchanged

minα ‖S− αHX‖2
2 + α2Kgσ2

s.t. α > 0
, (27)

and α is given by

α =
Re(SHHX)

‖HX‖2
2 + Kgσ2

. (28)

3.3. Computational Complexity Analysis

It is noted that EM-TGM-GAMP has the computational complexity on the order of
O(KN), mostly due to the multiplication of vector and matrix at each iteration. The compu-
tational complexity of the optimized ADMM algorithm is on the order of
O(2MK + M) at each iteration. The iterations (i.e., T2) are necessary to improve the
performance improvement of the proposed scheme. However, when T2 is decreased, the
performance curves may fluctuate. To put it another way, the iteration number has to be
set up properly to boost the system performance while requiring less computing effort.

4. Numerical Results

In this section, the framework of antenna is assumed to be the uniform linear array
(ULA), and the interval of antenna equals to λ/2. The number of OFDM subcarrier is 128
or 256. It is supposed that all users are uniformly distributed and served by the BS at the
same time-frequency resource. The frequency channel response H f ,n of each subcarrier n is
given by

H f ,n =
P−1

∑
p=0

Ht,pe−j 2π
N pn, (29)

where Ht,p is the channel response in the time domain, and the number of channel taps is
P = 8.

In Figures 3 and 4, the number of subcarriers is indicated as 128 and 256, respectively.
The values of SER are shown to decrease as the number of subcarriers increases. Figure 3
demonstrates the SER versus the signal-to-noise ratio (SNR) when both the quadrature
phase shift keying (QPSK) and the 16-quadrature amplitude modulation (QAM) are con-
sidered, and the BS is equipped with different antennas. The constant envelope precoding
is taken into account, with the elements of A uniformly distributed in a unit circle. It is
shown that the SER performance improvement of Algorithm 2 is fairly noticeable when M
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varies from 16 to 64. Moreover, the SER performance of Algorithm 2 is better than that of
Algorithm 1, especially in the regime of low SNR. For instance, the SER of Algorithm 2 is
about 0.54 dB lower than that of the Algorithm 1 under the QPSK modulation when SNR
equals 10 dB and M = 64. Moreover, the SER of Algorithm 2 with 64 antennas established
at the BS is around 1.86× 10−5 dB when SNR rises to 30 dB. However, for Algorithm 1
with QPSK modulation, the value of SER is about 3× 10−4 dB. Figure 3 also depicts the
SER performance of different schemes under the circumstance of the 16QAM. As expected,
the SER of Algorithm 2 with 64 antennas at the BS is reduced by 0.04 dB when compared to
the framework with 32 antennas established at the BS. Notably, the SER performance of
Algorithm 1 with 64 antennas is worse than that of the Algorithm 2 with 16 antennas at
the BS.
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The annulus constrained precoding is designed in Figure 4, and the elements of A
are uniformly distributed in three concentric circles. The values of the radius length of
these three concentric circles are assumed to be 0.9, 1.0, and 1.1 with GAP = 0.1, and
0.95, 1.0, and 1.05 with GAP = 0.05, respectively. As expected, regardless of whether
the value of GAP is equal to 0.1 or 0.05, the SER performance of Algorithm 2 improves
dramatically as the number of BS antennas grows from 16 to 64. Furthermore, Figure 4
demonstrates that for a given number of BS antennas, the values of SER with GAP = 0.1
are lower than those with GAP = 0.05. Additionally, it should be pointed out that under
conditions of small SNR (SNR below 10 dB), there is little difference in SER performance
between M = 16, GAP = 0.1 and M = 32, GAP = 0.05. Particularly, the value of SER can
almost arrive at 10−7 under the modulation of QPSK when GAP = 0.1, SNR = 20 dB, and
M = 64. As well, it is discovered that the value of SER is less than 10−6 when GAP = 0.05,
while SNR and M remain unchanged. Figure 4 also depicts the SER performance using
matched filtering (MF), zero forcing (ZF), and traditional MMSE methods. It is observed
that the SER performance of MF and ZF is worse than that of Algorithm 2. Specifically,
the traditional MMSE scheme is close to that of Algorithm 2 in the regime of high SNR.
However, it is acquired at the high cost of PAPR suppression performance.

Figure 5 demonstrates the PAPR reduction performance of Algorithm 1 and the MF
scheme when M = 64 under QPSK modulation. It is shown that neither technique’s PAPR
performance is up to par. To be specific, all values of PAPR in Figure 5a fall around between
2.4 dB and 4 dB when Algorithm 1 is adopted here. Figure 5b contrasts this with the values
of PAPR obtained using the MF method, which have a probability higher than 0.9 and fall
between 8 dB and 12 dB. That is to say, it is impossible to achieve the tradeoff between
PAPR reduction and SER performance using these two schemes.
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Figure 5. PAPR performance of Algorithm 1 and MF method under QPSK when M = 64.
(a) Algorithm 1; (b) MF scheme.

Figure 6 illustrates the PAPR and the interuser interference (IUI) performance of
Algorithm 2 when M = 64 and QPSK and 16 QAM are used for modulation. It is observed
in Figure 4 that the proposed Algorithm 2 reduces PAPR in a suitable manner and improves
the IUI performance in Figure 6a,b. Specifically, the values of PAPR are smaller than 0.15 dB
with a probability greater than 0.95 in Figure 6a. In Figure 6b, the values of IUI ranges from
−25 dB to −10 dB as well. This means that the proposed technique achieves a favorable
trade off in terms of SER, PAPR reduction, and the IUI performance.
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Figure 6. PAPR and IUI performance of Algorithm 2. (a) PAPR performance of Algorithm 2 under
QPSK when M = 64; (b) IUI performance of Algorithm 2 under 16 QAM when M = 64.

5. Conclusions

In this work, for the massive multiuser MIMO-OFDM architecture in the angular
domain, the precoding-based PAPR reduction algorithms are investigated. Here, we
analyze the system performance in terms of SER, PAPR reduction efficiency, and the
IUI using the EM-TGM-GAMP scheme and the proposed OADMM technique. By uti-
lizing the huge MIMO-OFDM-ADMA framework, the high PAPR issue is minimized
to no more than 0.18 dB. Moreover, the SER is about 10−5 dB when the OADMM al-
gorithm is used. Numerical results verify the efficient performance of the proposed
precoding-based PAPR reduction technique in terms of the SER, PAPR reduction, and
IUI performance.
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