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Abstract: This paper proposes an autonomous vehicle trajectory tracking system that fully considers
road friction. When an intelligent vehicle drives at high speed on roads with different friction
coefficients, the difficulty of its trajectory tracking control lies in the fast and accurate identification of
road friction coefficients. Therefore, an improved strategy is designed based on traditional recursive
least squares (RLS), which is utilized for accurate identification of the friction coefficient. First, the
tire force and slip rate required for the estimation of the road friction coefficient by constructing the
vehicle dynamics model and tire effective model are calculated. In this paper, a variable forgetting
factor recursive least squares (VFF-RLS) method is proposed for the construction of the friction
coefficient estimator. Second, the identified results are output to the model predictive controller
(MPC) constructed in this paper as a way to improve tire slip angle constraints, to realize the
trajectory tracking of the intelligent vehicle. Finally, the joint simulation test results of Carsim and
Matlab/Simulink show that the trajectory tracking system based on the VFF-RLS friction coefficient
estimator has outstanding tracking performance.

Keywords: intelligent vehicle; trajectory tracking; friction coefficient estimation; recursive least
squares; model predictive control

1. Introduction
1.1. Rationale

At present, intelligent connected vehicles are generally considered to be future-
oriented transportation vehicleriers and are utilized in various complex transportation
scenarios [1–3]. The advantages of autonomous driving are super-visual perception ability,
accurate trajectory planning decision and precise vehicle control [4–6]. As the core of
intelligent vehicle motion control, trajectory tracking control has become the focus of the
current field. Related research scholars have vehicleried out a large number of in-depth
research studies in the direction of intelligent vehicle trajectory tracking control [7,8].

Trajectory tracking control of the vehicle aims to combine the actual deviation between
the actual vehicle location and ideal trajectory, and minimize the lateral deviation and
heading deviation through steering control, to achieve dynamic tracking of the referenced
trajectory [9,10]. In order to guarantee the driving safety and comfort in trajectory tracking
control, while taking into account the high precision and stability requirements of trajectory
tracking control, Kim E et al. [11] applied the model predictive control method to propose a
trajectory tracking method, to achieve accurate and smooth tracking. Behrooz M et al. [12]
designed a trajectory tracking method combining lateral control and yaw moment control,
and established the lateral dynamics equation of the trajectory follower vehicle. Simultane-
ously, in order to guarantee the stability of the vehicle under the maneuvering limit while
realizing the lateral trajectory tracking deviation control, Kapania NR et al. [13] proposed
a steering controller with feedforward and feedback functions, considering the nonlin-
ear vehicle maneuvering graph-based steering controller. Brown M et al. [14] proposed
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a variable control framework that combines trajectory planning and trajectory tracking
using MPC. Li BY et al. [15] put forward a trajectory control method for distributed driven
electric vehicles based on the potential field method, which does not need to strictly follow
the expected trajectory, but forms a feasible region with the expected tracking deviation
tolerance limit. Lin F et al. [16] proposed a trajectory tracking control method with vehicle
yaw stability control.

1.2. State of the Art and Related Work

At present, the research focus of the trajectory tracking control problem is generally
to evaluate and analyze the algorithm under good road conditions. The above research
ignores the important influence of the road friction coefficient on vehicle stability, and it is
difficult to accurately reflect the intelligent vehicle trajectory tracking control system under
extreme conditions [17]. Relevant studies have comprehensively considered trajectory
tracking and pavement adhesion coefficient estimation. Cui QJ et al. [18] constructed an
unscented Kalman to estimate the road friction coefficient, and utilized the estimated result
in trajectory tracking control. The researchers in [19] proposed an adaptive estimator for
the adhesion coefficient estimation, and used the results to the trajectory tracking control
system. Additionally, [20] proposed a tracking control strategy for autonomous vehicles
suitable for the sudden change of maximum road friction coefficient. In addition, [21]
proposed an external disturbance and road adhesion coefficient estimator for the trajectory
tracking control of a front-drive hovercraft. Further, [22] proposed a high-order sliding
mode differentiator to reckon the lateral friction coefficient, and based on the above estima-
tion results, a controller using a high-order sliding mode was built to track the referenced
trajectory. Choi M et al. [23] constructed a road adhesion coefficient estimator based on
the linear RLS and verified the effectiveness of the constructed estimator by means of
simulation experiments.

Accurate and reliable road adhesion estimation results are crucial to the performance
of the vehicle control system. Therefore, improving the estimation accuracy is an important
way to enhance the performance of the control system. At the same time, for the model pre-
dictive controller applied to vehicles, the accuracy and real-time ability of input information
are particularly important [24,25]. The RLS algorithm is widely used in estimating the road
friction coefficient, however, the RLS also has its shortcomings. When the dimension of the
matrix increases, the calculation amount of the matrix inversion operation is too large, and
the calculation efficiency is low [26]. Therefore, some studies have introduced a forgetting
factor based on the RLS algorithm, multiplying the old data by the forgetting factor to cut
back the amount of information provided by the old data [27]. However, the forgetting
factor is a constant between 0 and 1, that is, attenuating the role of past observations at a
stable rate. If the forgetting factor is close to 1, the algorithm is highly accurate, but the
tracking ability of the parameters is reduced. Lowering the forgetting factor can improve
the tracking ability, but at the same time, reduce the steady-state accuracy [28]. In order to
meet these two contradictory needs, this paper proposes an online parameter identification
algorithm based on VFF-RLS for the estimation of the road friction coefficient, which can
accurately and quickly track the change of friction coefficient under dynamic conditions.

1.3. Contributions

The purpose of this paper is to enable intelligent vehicles to quickly and accurately
estimate the friction coefficient, and to perform effective trajectory tracking control based
on the identification results. Therefore, this paper constructs two main functional modules;
the first module is a friction coefficient estimator based on VFF-RLS, and the second module
is a trajectory tracking control system based on MPC. The specific structural block diagram
is shown in Figure 1.
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Figure 1. The framework of the system.

The remainder of this paper is designed as follows. The second part builds the vehicle
dynamics model, the tire effective model and the calculation of related physical quantities.
The third part constructs a friction coefficient estimator based on VFF-RLS. The fourth part
designs the tracking controller with MPC. The fifth part analyzes the validity of the friction
coefficient estimation strategy and the trajectory tracking control system constructed in this
paper under the simulation environment. The sixth part gives the conclusion and outlook
of the full text.

2. Intelligent Vehicle Dynamics Model
2.1. Establishment of Vehicle Dynamics Model

A seven-degree-of-freedom vehicle model considering the longitudinal dynamics of
the vehicle is established, as shown in Figure 2. The center of mass of the vehicle is taken
as the origin of the coordinate system. The longitudinal axis of the vehicle is the x-axis,
and the forward direction is specified as positive. The center of mass of the vehicle is left
and vertical when the longitudinal axis of the vehicle is the y-axis, and it is stipulated that
the left direction is positive when the vehicle is moving forward. At the same time, the
counterclockwise direction of the moment in horizontal plane is defined as positive. The
model also makes the following assumptions: (1) The suspension dynamics are ignored.
(2) The pitch and roll movements of the vehicle are ignored. (3) Ignore the influence of
aerodynamics. (4) The physical properties of each tire are the same.
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Figure 2. Schematic diagram of the seven-degree-of-freedom dynamic model of a vehicle.

According to Newton’s second law, the longitudinal kinematics equation can be
obtained at the center mass of the vehicle.

When the vehicle is accelerating:

max = −Fy f sin δ + Fx f cos δ− 1
2

ρACDu2
r − Fz f l f f l − Fz f r f f r − Fzrl fzrl − Fzrr fzrr (1)

When the vehicle is braking:

−max = −Fx f cos δ− Fxr − Fy f sin δ− 1
2

ρACDu2
r − Fz f l f f l − Fz f r f f r − Fzrl fzrl − Fzrr fzrr (2)

Fx f /Fxr = 200 : 75 (3)

In Figure 2 and Equation (1), m is total vehicle mass, l f and lr are the distance from
the center of mass to the front and rear axles, E is wheel track (average of front and rear
track), δ f l and δ f r are the front left wheel angle and front right wheel angle, supposing

δ f l = δ f r = δ, β is centroid slip angle, Vg is the centroid velocity,
.
ψ is yaw rate, Iz is the

moment of inertia of the vehicle about the z-axis, Vx and Vy are vehicle longitudinal and
lateral speed, Fxi and Fyi are wheel longitudinal and lateral forces (I = fl, fr, rl, rr), αi is tire
slip angle (I = fl, fr, rl, rr), Fzi is vehicle normal force (I = fl, fr, rl, rr), fi is rolling resistance,
(I = fl, fr, rl, rr), ρ is air quality factor, A is the windward area of the vehicle, that is, the
shadow area of the direction in which the vehicle is traveling, CD is air drag coefficient, ur
is relative speed, that is, the speed of the vehicle when there is no wind.

2.2. Tire Normal Force Calculation

The normal force of the tire is mainly generated by the total mass of the vehicle. When
the vehicle is running, longitudinal acceleration and deceleration change the normal force
of the wheel. When the vehicle accelerates, the normal force on the front axle decreases and
the normal force on the rear axle increases. When the vehicle turns, the normal forces on
the left and right wheels of the vehicle change. The tire normal force can be calculated from
the vehicle static model in Figure 3.
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Figure 3. (a) Wheel load transfer at positive longitudinal acceleration and (b) front axle wheel load
variation due to lateral acceleration during left turn.

As shown in Figure 3, the normal force of each wheel can be obtained from the static
vehicle model:

Fz f l =
msglr −msaxh

2L
−

msayhlr
Llw

+
mug

4
(4)

Fz f r =
msglr −msaxh

2L
+

msayhlr
Llw

+
mug

4
(5)

Fzrl =
msgl f + msaxh

2L
−

msayhl f

Llw
+

mug
4

(6)

Fzrr =
msgl f + msaxh

2L
+

msayhl f

Llw
+

mug
4

(7)

where ms is sprung mass, mu is unsprung mass, lf is distance from mass center to front axle,
lr is distance from the center of mass to rear axle, g is gravitational acceleration, ax and ay
are longitudinal and lateral acceleration, h is the height of vehicle mass center, lw is the left
and right wheelbase, L is the front and rear vehicle wheelbase.

2.3. Wheel Slip Rate Calculation

Let the longitudinal speed of the tire axis be Vw, and the linear speed of the tire in the
direction of rotation be Re f f ωw, where Reff is the effective radius of the tire, and ωw is the
angular velocity of the tire, as shown in Figure 4. The slip rate of a tire is defined as:
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When the vehicle is accelerating:

s =
Re f f ωw −Vw

Re f f ωw
(8)

When the vehicle is braking:

s =
Re f f ωw −Vw

Vw
(9)

2.4. Tire Effective Model Construction

When the wheel is stationary, the vertical load applied by the body is applied, and its
static radius Rstat is:

Rstat = R0 −
Fz

kt
(10)

In the equation, R0 is the radius of the tire that is not deformed, Fz is the vertical load
on the tire and the ground contact surface at the station, kt is the tire vertical stiffness.

The relationship between the tire effective radius Reff, the tire rotation angle velocity ω
and tire speed is as follows:

Vωx = Re f f ω (11)

As shown in Figure 5, the length of the tire and the ground contact surface is 2a, the
wheel, the ground contact surface to the tire center and the wheel, and the end contact
surface end to the center of the tire is φ. Tire movement a distance takes t.

Vωx = Re f f ω =
a
t

(12)

At the same time, the rotational speed of the wheel is:

ω =
φ

t
(13)

Calculating the Equations (12) and (13):

Re f f =
a
φ

(14)

From Figure 5:
Rstat = R0 cos φ (15)

a = R0 sin φ (16)

The effective radius of tires can be obtained from Equations (14)–(16):

Re f f =
R0 sin

[
arccos

(
Rstat
R0

)]
arccos

(
Rstat
R0

) (17)
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2.5. Longitudinal Speed at Wheel Axle Calculation

It can be seen from Figure 5 that, according to the vertical, lateral vehicle speed, the
horizontal angle velocity and the wheel corner, the longitudinal velocity component of
each wheel axis can be obtained from the following equations:

Vw f l =

(
Vx −

.
ψE
2

)
cos δ +

(
Vy +

.
ψl f

)
sin δ (18)

Vw f r =

(
Vx +

.
ψE
2

)
cos δ +

(
Vy +

.
ψl f

)
sin δ (19)

Vwrl = Vx −
.
ψE
2

(20)

Vwrr = Vx +

.
ψE
2

(21)

3. The Tire/Road Friction Estimation Algorithm
3.1. Recursive Least Squares with Fixed Forgetting Factor

The values obtained by using the normal force, the longitudinal force of the wheel, the
speed at the center of the wheel and the wheel slip rate in Section 2 are the inputs of the
RLS method with a fixed forgetting factor proposed in this section, and the output is the
friction coefficient.

The relationship between the longitudinal force Fxf of the vehicle front axle, the normal
force Fzf of the vehicle front axle and the mean value s of the tire slip rate of the vehicle
front axle is:

Fx f

Fz f
= Ks (22)

Basic form of RLS with a fixed forgetting factor can be expressed as:

y(n) = ϕT(n)θ(n) + e(n) (23)

In the formula, y(n) =
Fx f
Fz f

is the system output; θ(n) = K is the unknown quantity;

ϕ(n) = s is the system input; e(n) is the deviation.
The RLS method with stable forgetting factor is as follows:

e(n) = y(n)−
∧
θ

T
(n− 1)ϕ(n) (24)
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K(n) =
P(n− 1)ϕ(n)

λ + ϕT(n)P(n− 1)ϕ(n)
(25)

∧
θ(n) =

∧
θ(n− 1) + K(n)e(n) (26)

P(n) =
1
λ

[
I − K(n)ϕT(n)

]
P(n− 1) (27)

In the equations, e(n) is the deviation signal, y(n) is the system output, ϕT(n) is the

observation matrix and
∧
θ(n− 1) is the estimation value received by recursion n−1 times.

K(n) is the Kalman filter gain matrix, P(n) is the covariance matrix and its initial value is
P(0) = 10β I, where I is the identity matrix, β generally takes a larger positive integer, λ is
the forgetting factor, and the value is between 0 and 1.

3.2. Estimation of Pavement Friction Coefficient Based on VFF-RLS

In the traditional RLS algorithm, λ is a stable value, that is, the effect of past observation
data is weakened at a stable rate. If λ is close to 1, RLS has high accuracy but the ability to
track parameters is reduced. Decreasing λ can improve the tracking ability, but at the same
time, reduce the steady-state accuracy. In order to meet these two contradictory needs, a
friction coefficient estimation algorithm based on VFF-RLS is proposed.

The e(n) in Equation (24) is calculated according to the estimation value of the n−1th
cycle, which is a priori deviation. The posterior deviation can be defined as:

ε(n) = y(n)−
∧
θ

T
(n)ϕ(n) (28)

From Equations (24), (26) and (28) we can get:

ε(n) = e(n)
[
1− ϕT(n)K(n)

]
(29)

The forgetting factor is established by restoring the system noise in the deviation
signal, that is, the forgetting factor λ(n) can be calculated according to Equation (30):

E
{

ε2(n)
}
= E

{
v2(n)

}
(30)

where E
{

v2(n)
}
= σ2

v is the power of system noise.
Substitute Equations (25) and (29) into Equation (30) to get:

E

{[
λ(n)

λ(n) + q(n)

]2
}

=
σ2

v
σ2

e (n)
(31)

where q(n) = ϕT(n)P(n− 1)ϕ(n) and E
{

e2(n)
}

= σ2
e (n) are the powers of the prior

deviation signal. In Equation (31), we assume that the input signal and the deviation
signal are unrelated. This assumption is valid when the identification parameters begin
to converge to the actual values. By solving Equation (31), the expression for the variable
forgetting factor can be obtained:

λ(n) =
σvσq(n)

σ(n)− σv
(32)

where the power estimate E
{

q2(n)
}
= σ2

q (n) can be obtained from Equations (33) and (34):

∧
σe

2(n) =
∧

ασe
2(n− 1)− (1− α)e2(n) (33)

∧
σq

2(n) =
∧

ασq
2(n− 1)− (1− α)q2(n) (34)
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where α is the weighting factor.
Considering that the value of λ must be in the range of [0, 1], the forgetting factor

proposed in this paper can be given as follows:

λ(n) = min

 σv
∧

σq(n)

ξ +
∣∣∣∧σe(n)− σv

∣∣∣ , λmax

 (35)

where ξ is a small positive number that prevents division by zero. Before the algorithm

converges or when there is a sudden change in the system,
∧
σe(n) is larger than σv, so

that λ(n) is a lower value, so that the algorithm can enable fast convergence. When the
algorithm converges to a steady state solution, λ(n) is transformed into λmax, which makes
the algorithm have higher estimation accuracy.

3.3. Estimation Model of Road Friction Coefficient

The modeling process mainly includes the calculation of the wheel normal force,
wheel longitudinal force calculation, speed calculation at the wheel center, wheel slip rate
calculation and estimation of the friction coefficient by VFF-RLS. The basic framework of
Matlab/Simulink modeling is shown in Figure 6.
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Figure 6. Road friction coefficient calculation process. Figure 6. Road friction coefficient calculation process.

The overall model of the friction coefficient estimation algorithm is shown in Figure 7.
The input includes: wheel normal force, wheel longitudinal force and wheel slip rate.
Finally, the RLS with forgetting factor is used to estimate the friction coefficient. The
module 1 in the figure is the wheel normal force calculation module, the wheel slip rate
calculation module and the wheel longitudinal force calculation module, and the module 2
in the figure is the road friction coefficient estimation module.
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4. Trajectory Tracking Control Based on MPC

The design of the MPC-based tracking control system is the core control algorithm
of the entire controller. The structure of the algorithm can be divided into the following
three parts: (1) Rewrite the prediction model, namely the lateral dynamics model, into
discrete state space equations; (2) Construct the objective function of the trajectory tracking
algorithm and the constraints of each control quantity; (3) Convert each control objective
into a standard quadratic programming form to solve.

4.1. Establishment of Vehicle Model

The traditional bicycle model formula is rewritten into the form of the state space
equation shown in Equation (36) below, where the state quantity is x =

[
y, ay, ψ,

.
ψ
]
, the

control input is u = δ f ,
.
x(k) = Ax(k) + Bu(k) (36)

Among them, y is the lateral displacement, ay is the lateral velocity, ψ is the yaw angle,
.
ψ is the yaw rate and the control input δ f is the tire rotation angle.

A =


0 1

.
x 0

0 −2
kα f cα f +kαrcαr

m
.
x

0 2
lrkα f cαr−l f kα f cα f

m
.
x

− .
x

0 0 0 1

0 2
lrkαrcαr−l f kα f cα f

IZ
.
x

0 −2
l2

f kα f cα f−l2
r kαrcαr

IZ
.
x

, B =


0

2
kα f cα f

m
0

2
l f kαrcαr

IZ

 (37)

where kα f is the front-wheel cornering stiffness adjustment coefficient, kαr the rear-wheel
cornering stiffness adjustment coefficient, cα f is the front-wheel cornering stiffness, cαr is
the rear-wheel cornering stiffness.

Since the saturated section of the tire characteristic curve cannot be expressed by the
linear tire model formula, the linear tire model needs to be improved. In this paper, a
tire cornering stiffness adjustment coefficient kα is introduced, so the improved tire model
expression is:

Fy f = kα f cα f α f
Fyr = kαrcαrαr

Equation (37) is approximately discretized, and the processing form is shown in
Equation (38):

A = I + TA
B = TB

(38)

The new discretized state space equation is received as follows:

x(k + 1) = Ax(k) + Bu(k) (39)
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The discretized state space equation of the bicycle model is in the form of Equation (38),
where:

A =


0 Ts

.
xTs 0

0 −2
kα f cα f +kαrcαr

m
.
x

Ts 0 2
lrkαrcαr−akα f cα f

m
.
x

Ts −
.
xTs

0 0 0 1

0 2
lrkαrcαr−akα f cα f

Iz
.
x

Ts 0 −2
l2

f kα f cα f +l2
r kαrcαr

Iz
.
x

Ts + 1

 (40)

4.2. Establishment of Vehicle Model

The core goal of the trajectory tracking system is to eliminate the lateral offset deviation
of the vehicle to ensure that the vehicle follows the referenced trajectory. At the same time,
it is also necessary to ensure the stability of the vehicle during driving and avoid the
occurrence of lane departure due to excessive rotation angle. Therefore, it is also necessary
to limit the control input, that is, the increment of the front wheel rotation angle, to ensure
the smoothness of the control process. So, the control objective is shown in Equation (41):

Objective :
(

yre f − ỹ
)
→ 0, ∆u→ 0 (41)

where yre f is the desired trajectory, ỹ is the prediction output in the prediction time domain;
∆u is the front wheel rotation angle increment.

Therefore, the objective function of the trajectory tracking controller design based on
MPC is:

J(k) =
(

Yre f − ỹ(k)
)T

Q
(

Yre f − ỹ(k)
)
+ ∆ũT(k)R∆ũ(k) (42)

Among them, Q and R represent the weight matrix. The first term reflects the per-
formance of target tracking, that is, making the predicted output as close to the expected
output as possible, while the second term limits the variation of the control increment.

The advantage of the MPC controller is that it can directly handle various constraints.
When the vehicle travels under certain extreme conditions, such as under wet and slippery
roads, if the vehicle speed is too high, there will be dangers such as body side slippage. At
this time, in addition to achieving zero lateral offset deviation and the proper front wheel
turning angle, the stability and safety of vehicle driving should also be ensured. At this time,
it is necessary to constrain the state of the vehicle, such as the tire slip angle constraints.

Considering the limitation of the actual steering structure of the vehicle, the front
wheel turning angle needs to be constrained, as shown in Equation (43):

δmin ≤ δ(k) ≤ δmax (43)

Considering the stability and comfort of the driving process, it is necessary to constrain
the front wheel angle increment to avoid dangerous situations such as sharp turns in the
control process, so the angle increment constraints need to be imposed as follows:

∆δmin ≤ ∆δ(k) ≤ ∆δmax (44)

When the vehicle is driven under certain extreme conditions, such as driving on a
slippery road at a higher speed, the vehicle will become unstable, because the grip of the
tire is at the maximum at this time, so it cannot provide a large enough force. Therefore,
in this paper, the tire slip angle is properly constrained in the control process, and the
expression is as follows:

αmin ≤ α f ,r ≤ αmax (45)

where αmin and αmax are the lower and upper bounds of the tire slip angle, respectively.
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4.3. MPC Controller Solver

Since the control target of the trajectory tracking system is the front-wheel steering
angle increment ∆u: [

x(k + 1)
u(k)

]
=

[
A B
0 I

][
x(k)

u(k− 1)

]
+

[
B
I

]
∆u(k) (46)

y(k) = [C 0]
[

x(k)
u(k− 1)

]
(47)

among them, C = [1,0,0,0], y(k) is the lateral displacement in the body coordinate system,
which is:

xm(k + 1) = Amxm(k) + Bm∆u(k) (48)

y(k) = Cmxm(k) (49)

among them, Am =

[
A B

0m∗n Im

]
,Bm =

[
B
Im

]
, n is the state dimension, m is the control dimension.

The prediction output of the prediction time domain at each moment can be deduced
as follows:

y(k) = Cmxm(k)
y(k + 1) = Cmxm(k + 1) = Cm Amxm(k) + CmBm∆u(k)
y(k + 2) = Cmxm(k + 2) = Cm A2

mxm(k) + Cm AmBm∆u(k) + CmBm∆u(k + 1)
...
y
(
k + Np

)
= Cmxm

(
k + Np

)
= Cm A

Np
m xm(k) + Cm A

Np−1
m Bm∆u(k)

+Cm A
Np−2
m Bm∆u(k + 1) + · · ·+ Cm A

Np−Nc
m Bm∆u(k + Nc − 1)

In the above equation, Np is the prediction time domain in model predictive control,
and Nc is the control time domain. From the above process, it can be concluded that
the predicted output and control quantity of the system in the prediction time domain
are respectively:

ỹ(k) =
[
y(k + 1) y(k + 2) · · · y(k + m) · · · y

(
k + Np

)]T (50)

∆ũ(k) =
[
∆u(k) ∆u(k + 1) · · · ∆u(k + Nc − 1)

]T (51)

Therefore, the predicted output in the control time domain of the system can be
rewritten as follows:

ỹ(k) = Fxm(k) + Φ∆ũ(k) (52)

where,

F =
[
Cm Am Cm A2

m Cm A3
m · · · Cm A

Np
m

]T
,

Φ =


CmBm 0 0 · · · 0

Cm AmBm CmBm 0 · · · 0
Cm A2

mBm Cm AmBm CmBm · · · 0
...

...
...

. . .
...

Cm A
Np−1
m Bm Cm A

Np−2
m Bm Cm A

Np−3
m Bm · · · Cm A

Np−Nc
m Bm


Since the objective function Equation (42) is a general form, in order to facilitate the

computer’s solution operation, it needs to be properly processed into a standard quadratic
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form, that is, quadratic programming (Quadratic Programming, QP) problem. The standard
format of quadratic programming is as follows:

min
1
2

∆ũT(k)H∆ũ(k) + b∆ũ(k) (53)

Take Equation (52) into Equation (53) and rewrite it in the quadratic programming

standard format, where H = ΦTQΦ + R, b = 2
(

Fxm(k)−Yre f

)T
QΦ.

For constraints in the control process, constraints (44) can be rewritten in the form of

inequalities related to ∆ũ, that is
[
−Im
Im

]
∆ũ ≤

[
−∆ũmin
∆ũmax

]
. Similarly, constraints (43) can be

rewritten in the form of inequalities related to ∆ũ, that is:[
−C2
C2

]
∆ũ ≤

[
−ũmin + C1u(k− 1)
ũmax − C1u(k− 1)

]
(54)

where,

C1 =


Im
Im
Im
...

Im


mNc×m

, C2 =


Im 0m 0m · · · 0m
Im Im 0m · · · 0m
Im Im Im · · · 0m
...

...
...

. . .
...

Im Im Im · · · Im


mNc×mNc

The relationship between the tire slip angle and the vehicle state x and the control
input ∆u can be expressed as:

α f = δ f −
.
y + l f

.
ϕ

.
x

= C f x + D f U = C f x + D f (C1uk−1 + C2∆uk) (55)

αr = −
.
y− lr

.
ϕ

.
x

= Crx (56)

where,

C f =
1
−vx

[
0 1 0 l f

]
, Cr =

1
vx

[
0 −1 0 lr

]
, D f =

[
0 1

]
If the state quantity x at time k and the control quantity ∆uk−1 at the previous time

are known, and the optimal solution is obtained from Equation (53) in the control time
domain, the optimal control increment sequence in the control time domain can be obtained
as ∆ũ∗(k) =

[
∆u∗(k) ∆u∗(k + 1) · · · ∆u∗(k + Nc − 1)

]T . From the above-mentioned
principle of model predictive control, it can be known that the optimal control sequence
will be obtained in each control process, and then the first item in this sequence will act on
the system as the actual control increment, that is:

u(k) = u(k− 1) +
[
Im 0m · · · 0m

]T∆ũ∗(k) (57)

As shown in Equation (57), it is the control input of the system at the current moment,
that is, the front-wheel steering angle.

5. Simulation Results
5.1. Simulation Verification of Pavement Friction Coefficient Estimation Model

The slip ratio of the wheel can be divided into two cases: high slip ratio (slip ratio
greater than 0.01) and low slip ratio. Firstly, the simulation under the condition of the high
slip rate is carried out, and the single condition of straight driving and uniform acceleration
is adopted in the simulation. When the vehicle acceleration is 1.2 m/s2, and the driving
condition is straight-line driving, the road friction coefficient is estimated from 15 s.
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The slip ratio of the vehicle front axle is shown in Figure 8. When the road friction
coefficient is 0.3–1, the slip rate calculated in this paper is basically consistent with the
slip rate output by Carsim. When the road friction coefficient is 0.1 and 0.2, there is a big
difference between the slip ratio calculated according to Equations (8) and (9) and the slip
ratio output by Carsim. The reason is that the calculation equations of the two are different.
The Carsim simulation software adopts the equation s = ωR−Vx

|Vx | (where ω is the wheel
speed, R is the effective radius of the tire and Vx is the wheel center speed).
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Figure 8. Tire front axle slip rate (average of two tires). Figure 8. Tire front axle slip rate (average of two tires).

As shown in Figure 9, in Carsim, the simulation conditions in this section select two
test roads with a friction coefficient of 0.8 and 0.1, respectively. The other test conditions
are the same as the previous ones. It is concluded that the road friction coefficient estimator
based on VFF-RLS in this paper can better track the friction coefficient value set in the
Carsim software. However, the friction coefficient estimator based on the RLS algorithm
will have a certain degree of overshoot and lag. Through the curve comparison, it can
be found that the estimation effect of the road friction coefficient estimator based on the
VFF-RLS proposed in this paper is better than the estimator based on the RLS.
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In the co-simulation environment of CarSim and MATLAB/Simulink, the above-
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Figure 9. Estimation of road friction coefficient. (a) When road friction coefficient is 0.8 (b) When
road friction coefficient is 0.1.

5.2. Trajectory Tracing Controller Simulation Verification

In the co-simulation environment of CarSim and MATLAB/Simulink, the above-
mentioned road adhesion coefficient estimation strategy and trajectory tracking control
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strategy are constructed. The vehicle model parameters used in the CarSim vehicle dynam-
ics simulation are shown in Table 1.

Table 1. Vehicle parameters.

Symbol Dimension Value

m kg 1296
ms kg 1200
mu kg 96
Iz kg·m2 1750
hg m 0.54
lf m 1.25
lr m 1.32
lw m 1.405
R0 m 0.315
kt kN/m 100

cα f N/rad 66,900
cαr N/rad 62,700

In this paper, two different simulation test conditions are established to test and verify
the validity of the road friction coefficient estimation strategy and the trajectory tracking
controller constructed above. In order to simplify the test conditions, the running speed
is designed as a fixed value. Scenario A describes the performance of vehicles turning
right at the intersection on the road friction coefficient of 0.8 at the speed of 60 km/h,
and Scenario B presents of vehicles turning right at the intersection on the road friction
coefficient of 0.1 at the speed of 60 km/h.

(1) Scenario A

As shown in Figures 10–13, when the vehicle is in Scenario A, whether it is the steering
wheel angle, the driving trajectory or the yaw rate, it can better track the referenced value of
the intelligent vehicle. Among them, the lateral trajectory maximum deviation is (−1.0 m,
0.5 m) range. Thus, the outstanding trajectory tracking performance of the intelligent
vehicle is achieved. However, large control overshoot and control time lag appear in the
RLS-based MPC control system. In contrast, the control method proposed in this paper
has better performance in accuracy and real-time. Therefore, the MPC controller based on
VFF-RLS has better control effect.

(2) Scenario B

As shown in Figures 14–17, when the vehicle is in Scenario B, whether it is the steering
wheel angle, the driving trajectory or the yaw rate, it can better track the referenced
trajectory. Among them, the lateral trajectory maximum deviation is (−1.0 m, 0.8 m) range.
As for lateral deviation, the control result under MPC control with the VFF-RLS method is
obviously smaller than that of the MPC control with the RLS method, and the deviation is
controlled within a small range and is relatively stable. Thus, the outstanding trajectory
tracking performance of the intelligent vehicle is achieved. In addition, large control
overshoot and control time lag appear in the RLS-based MPC control system. Therefore,
the MPC controller based on VFF-RLS has better control effect.
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