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Abstract: This study aims to demonstrate how to compute the damping coefficient of a continuously
variable damper for semi-active preview control suspensions while considering the sprung-mass jerk
and the controller’s performance advantage. Optimal control theory is used to derive and validate
the proposed preview approach to future road disturbances. Despite reduced body acceleration,
semi-active suspensions with preview control display an increase in body jerk, implying that ride
comfort may not be improved in practice. The optimal preview jerk controller for a semi-active
system, on the other hand, can improve ride comfort without degrading road holding by minimizing
the performance index that comprises the RMS value of jerk in addition to the RMS values of other
outputs. The anti-jerk preview control suspension simulations considering frequency characteristics
reveal a difference between suspension systems that consider jerk and those that ignore jerk. The
time-domain simulations suggest that the proposed preview control strategy effectively to reduce
body jerk, which other controllers cannot.

Keywords: jerk term; optimal preview controller; semi-active suspension system; ride comfort

1. Introduction

Suspension systems in cars have three purposes: they sustain the vehicle’s weight,
provide ride comfort, and keep the driver safe. In addition to improving the basic functions
of passive suspension systems, active suspension systems are critical for the compensation
of variations in vehicle height caused by payload and aerodynamic forces, as well as con-
trolling vehicle attitude motion caused by acceleration, braking, and cornering forces [1].
The passive suspension system’s spring stiffness and damping coefficients are designed
to respond to a wide range of road surfaces, vehicle speeds, temperature conditions, and
other factors. As a result, fixed suspension elements severely restrict passive suspension’s
ability to deal with a rare, low-probability occurrence. An active suspension system can
alter a vehicle’s dynamic properties in response to a range of disturbances that affect the
vehicle’s dynamic motion [2]. In [3,4], the authors have designed a robust sliding mode-
based active suspension control to improve the ride comfort and road-holding capability.
A mixed-sensitivity control approach with the application of an active suspension system
is used in [5] to improve the suspension performance. In [6], nonlinear actuator dynamics
are considered for an active suspension system to minimize sprung-mass acceleration, sus-
pension deflection, tire deflection to improve the ride comfort and road-holding capability.
Although active suspension-based control strategies enhance the ride comfort and road-
holding capability of the vehicle, the active suspension system requires too much energy to
send to hydraulic actuators. In contrast to active suspensions, the semi-active pneumatic
suspension system, which only requires a modest amount of energy to change damping
coefficients or spring constants, is more practical [7,8]. Therefore, semi-active suspension-
based control strategies are very useful to improve the ride comfort and road-holding
capabilities, respectively; see the review article [9]. When ride comfort is prioritized, the
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performance of semi-active suspension with a variable damper can come close to that
of active suspension [10–13]. Because the semi-active suspension system with a variable
damper can only modify the dissipating energy rate without supplying energy, it has major
limitations when height control and attitude motion control of a vehicle are required. A
semi-active suspension system with variable stiffness, on the other hand, can solve the prob-
lem [14–16]. A multi-objective control scheme is proposed in [17], considering hydraulic
adjustable dampers to realize the desired damping force to enhance vertical performance in
practical applications. In [18], the performance of a recently developed magnetorheological
damper on vibration control of a full-car semi-active suspension system is investigated.
The use of road preview information increases the potential of active and semi-active
suspension systems [19–24]. Direct detection from sensors installed in front of a vehicle
or state assessment of a vehicle can be used to obtain a preview of road disruptions [25].
A preview control scheme is considered to be an impressive control strategy for vehicle
performance against future information about disturbances. In this scheme, the future
road irregularities are assumed to be measured in front of the vehicle and prepare the
controller to use the oncoming input information. The control approach is based upon the
optimal control law in which two controllers, i.e., feed-forward and feedback controllers,
operate without creating any conflict. The preview control has vast applications in vehicle
systems as well as other engineering fields; see a review by [22]. In [26,27], the authors
used preview control for path tracking and future landing maneuvers. A preview control
designed in [28,29] is used to improve the ride comfort and road holding of a vehicle during
cornering. In [30] a fuzzy preview control strategy is developed to improve suspension
performance of a half-car model. Based on the applications of a preview controller, the main
objective of this paper is to investigate the role of an anti-jerk optimal preview controller in
passenger ride comfort and vehicle handling.

Previous research has mostly focused on improving vehicle suspension performance
by minimizing the cost function, which includes the RMS term for tire deflection, suspen-
sion deflection, and body acceleration. However, very little attention has been given to
considering the vehicle body jerk and the commonly used body acceleration as passenger
discomfort parameters. Therefore, body jerk needs to be minimized by including the RMS
of a jerk in the corresponding performance index. The jerk, the time derivative of passenger
acceleration, can have undesired effects on passenger comfort. Vehicle body jerk and
acceleration are connected in a way that if acceleration is reduced it does not mean that
the jerk is also reduced and vice versa, but if the body jerk and acceleration are reduced
simultaneously then we can say that ride comfort is significantly improved. The body jerk
is rarely discussed in automotive engineering. Therefore, very little research work has been
carried out on reducing jerk. The RMS of a vehicle sprung-mass jerk was investigated and
suggested by [31–33]. In their work, they used a very simple quarter-car model, where
there is no damper and springs are installed between the sprung mass and unsprung
mass. However, in our proposed model, we have considered these suspension components
between the sprung mass and unsprung mass. In this work, the damping coefficient of
a continuously variable damper of a semi-active suspension system is computed using a
jerk controller. A semi-active suspension system is presented as an alternative to an active
suspension system because it dissipates the required energy by adjusting the damping
coefficient of a variable damper. The damper in a semi-active suspension system acts only
when energy dissipation is required. Otherwise, it switches off. This switching behavior
causes the vehicle body to jerk more often. Therefore, in this paper, performance indices
such as RMS vehicle body jerk, RMS sprung-mass acceleration, RMS suspension deflection
and RMS tire deflection are used to develop anti-jerk optimal preview controllers for semi-
active suspension to improve ride comfort. The simulation results for harmonic inputs,
random white noise, and bump velocity input show that the proposed control approach
successfully reduces vehicle body jerk to improve ride comfort without degradation in
road-holding capability.
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The rest of this paper is organized as follows. Research motivation is presented in
Section 2. Section 3 provides the problem formulation. Section 4 presents the formulation of
the proposed control strategy. Simulation results and discussions are provided in Section 5.
Finally, the concluding remarks are drawn in Section 6.

2. Research Motivation

In our earlier research, we looked at a semi-active pneumatic suspension with a con-
stantly changing damper and an air spring that can change the suspension stiffness between
three levels [15]. The sprung mass acceleration curve of a semi-active pneumatic suspension
system using 0.1 s preview road information in Figure 1b has less amplitude than that of the
semi-active pneumatic suspension system disregarding preview information in Figure 1a.
However, the acceleration curve in Figure 1b showed more jerk than that in Figure 1a. The
preview controller cannot be certain of improvement from the viewpoint of ride comfort.
Therefore, a preview controller considering sprung-mass acceleration and jerk together
need to be investigated.

Figure 1. Steady-state response of a semi-active pneumatic suspension system to a harmonic input of
frequency 25 (rad/s), body acceleration 0.01z̈1: - - - - - -, suspension deflection (z1 − z2): – – – – –, tire
deflection (z1 − z0): – - – - – -, road input z0: ———; (a) without preview (b) with preview 0.1 s.

3. Problem Formulation
3.1. Quarter-Car Mathematical and Dynamic Models

In this section, a quarter-vehicle model with two degrees of freedom (DOF) is de-
picted in Figure 2. Figure 2a depicts a quarter car with an active suspension system,
while Figure 2b depicts a quarter car with a semi-active suspension system. The dy-
namic equations of the proposed model are formulated in Equations (2) and (3), where
m1, m2, b, vmin + v(t) are known as sprung mass, unsprung mass, passive damping coef-
ficient and variable damper coefficient, respectively. k1 represents suspension stiffness,
while k2 represents tire stiffness. z1, z2 and z0 represents the sprung-mass displacement,
unsprung-mass displacement and road disturbance, respectively. The variable damper
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coefficient varies between vmin and vmin + vmax and vmin ≥ 0. Therefore, the variable
v(t) satisfies

0 ≤ v(t) ≤ vmax (1)

It is assumed that vmin = b in the semi-active suspension system.

Figure 2. Mathematical quarter-car models with (a) active suspension system and (b) semi-active
suspension system.

The dynamic equations for the active suspension system shown in Figure 2a can be
described as following dynamic models:

m1z̈1 + k1(z1 − z2) + b(ż1 − ż2)− u = 0 (2)

m2z̈2 + k1(z2 − z1) + b(ż2 − ż1) + k2(z2 − z0) + u = 0 (3)

Adding Equations (2) and (3) we obtain the following equation as:

z̈2 = −m1

m2
z̈1 −

k2

m2
(z2 − z0) (4)

After taking time derivative to Equation (2), substituting Equation (4) yields

...
z 1 = − k1

m1
ż1 −

bk2

m1m2
(z2 − z0) +

k1

m1
ż2 − b(

1
m1

+
1

m2
)z̈1 +

u̇
m1

(5)

3.2. Formulation for Optimal Control Design

The performance index, comprised of the weighting constants multiplied by squared
terms of suspension deflection, tire deflection, vehicle body acceleration, and the vehicle
body jerk, respectively, is given in (6) as

J = lim
t→∞

1
2T

T∫
0
[ρ1(z1 − z2)

2 + ρ2(z2 − z0)
2 + ρ3z̈2

1 + ρ4
...
z 2

1]dt (6)

where T is the total simulation time, ρ1, ρ2, ρ3, and ρ4 are the weighting constants deter-
mined by control designers considering design conditions, such as roughness of road
surface, vehicle speed, weather, and the purpose of a vehicle. Since this study’s main
concern considers optimal ride qualities of simple vehicle models, the weighting set is
selected for ride-comfort preference. The state vector consists of the states in Equation (7)
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which can be figured out in Figure 2 and the disturbance input is defined as the road
velocity:

x = [z1 − z2, ż1, z2 − z0, ż2, z̈1], w = ż0 (7)

where z1 − z2 represents suspension deflection, ż1 represents the sprung-mass velocity,
z2 − z0 represent tire deflection, ż2 represents unsprung-mass velocity and z̈1 is called
sprung-mass acceleration. A state–space model representation of Equations (4) and (5) can
be represented as a first-order differential equation for each state, and the jerk controller
and the road velocity are considered to be system inputs.

ẋ = Ax + Bu̇ + Dw (8)

Matrices A, B and D are given by

A =


0 1 0 −1 0
0 0 0 0 1
0 0 0 1 0
0 0 − k2

m2
0 −m1

m2

0 − k1
m1
− bk2

m1m2

k1
m1

−bmt

 (9)

B =
[
0 0 0 0 − 1

m1

]
, D =

[
0 0 −1 0 0

]T

where mt =
1

m1
+ 1

m2
.

The performance index in Equation (6) can be written in the quadratic form (10) of
state vectors and jerk control input using Equations (5) and (7). The synthesized optimal
preview jerk controller minimizes a performance index that compromises measures of ride
comfort, suspension deflection, road holding, and jerk control.

J = lim
x→∞

1
2T

T∫
0
[xTQx + 2xTNu̇ + Ru̇2]dt (10)

where Q is symmetric matrix and positive semi-definite and R is greater than zero, given by

Q =



ρ1 0 0 0 0

0 k2
1

m2
1

bk1k2
m2

1m2
− k2

1
m2

1

bk1mt
m

0 bk1k2
m2

1m2
ρ2 +

bk2
2

m2
1m2

2
− bk1k2

m2
1m2

b2k2mt
m1m2

0 − k2
1

m2
1

− bk1k2
m2

1m2

k2
1

m2
1

− bk1mt
m1

0 − bk1mt
m

b2k2mt
m1m2

− bk1mt
m1

ρ3 + b2mt


(11)

N =

[
0 − k2

1
m2

1

bk2
2

m2
1m2

− k2
1

m2
1
− bmt

m1

]
, R =

1
m2

1

The disturbance w(t) is assumed to be white noise with zero mean value, and
(w(τ), τ ∈ [t, t + tp]), the preview time tp is deterministically known. As given in [15], the
co-variance of w(t) is used to construct the road input for the simulation.

E[w(t1)w(t2)] = 2πaVδ(t1 − t2) (12)

where a = 0.15 m represents the road’s roughness for the asphalt road. V represents the
vehicle speed of 20 m/s. Referring to Equations (15) and (17), the jerk control input based
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on an active suspension system is similar to the control input given in [15] and can be
expressed as given in (13).

u̇0(t) = f
(
x(τ), w(σ), to ≤ τ ≤ t, to ≤ σ ≤ t + tp

)
(13)

4. Controller Design
4.1. Active Suspension System

To simplify the equations, the following notations are defined:

An = A− BR−1NT, Qn = Q−NR−1NT (14)

where Qn is assumed to be nonnegative definite. Furthermore, assuming that the pair
(An, B) is stable and that (An, Q1/2

n ) is detectable as proved in [10], the jerk controller that
minimizes the performance index given in (10) can be derived using optimal control theory.

u̇0(t) = −R−1[(NT + BTP)x(t) + BTr(t)] (15)

where P can be obtained by solving the Algebraic Riccati Equation (16) and is a positive
definite solution.

PAn + AT
n P− PBR−1BTP + Qn = 0 (16)

and vector r(t) satisfies

r(t) =
∫ tp

0
eAT

c σPDw(t + σ)dσ (17)

where Ac = A− BR−1(NT + BTP) = An − BR−1BTP and Ac is the closed-loop system
matrix and asymptotically stable. Therefore, Equation (17) will be a decreasing function
with time. Hence the influence of future road disturbance by more than about 0.3 s will be
irrelevant to the system performance [20].

The optimal preview jerk controller in (15) is made up of two parts: a feedback part,
R−1(NT + BTP)x(t), which is the same as the optimal feedback controller for the active
system without preview, and a feed-forward part, −R−1BTr(t), which is derived using
road preview information. After t + tp, the region treats the unused preview information
regarding the road surface velocity as zero road slope. The optimal controller with no
preview is identical to the optimal preview controller with zero preview length due to
its linear feature. As a result, if the preview information is untrustworthy or does not
work properly, the optimal preview jerk controller can still be used as a standard optimal
feedback controller by omitting the feed-forward element. For preview information, if the
future measured or detected road surface is closer to the real road surface than the zero
slope, the optimal preview controller outperforms the optimal regular feedback controller
despite minor measurement and estimation mistakes in preview information. Non-preview
information causes r(t) = 0, as shown in Equation (15), and the feed-forward element is
thus ignored. Integrating the optimal preview jerk controller, u̇0 in terms of time, yields the
optimal control force u0, which must be determined for practical implementation.

u0 = −
∫ t

∞
[c1(z1 − z2) + c2ż1 + c3(z2 − z0) + c4ż2 + c5z̈1 + m1r5]dt (18)

where ci is control gain and r5 is the fifth element of the vector r(t).

4.2. Semi-Active Suspension System

The proposed model is envisioned as an active system with specific constraints and
limitations. Under dynamic equality and inequality constraints, the variable damping
coefficient boundary conditions allow the control input to minimize the corresponding
objective function. As a result, the controller’s primary goal v(t) is to reduce the difference
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in control forces produced by active and semi-active systems. The variable damper’s
desired control force can be represented as:

u(t) = −v(t)(ż1 − ż2) (19)

The controller, v(t), for the semi-active system minimizes (u0 − u)2. The strategy to
determine v(t) is well known from the previous works [15]. For simplicity, g(t) is defined
by g(t) = x2 − x4 and v(t) is considered to be unchanged if g(t) = 0. Otherwise, the
well-established rule for determining the damping coefficient is

v(t) =


−u0g(t) < 0, 0
−u0g(t) > vmaxg(t)2, vmax

otherwise, − u0
g(t)

(20)

In the simulation, after replacing a constant damping coefficient, b, in matrix A with
vmin + v(t) , solving the time varying dynamic system,ẋ = A(t)x + Dw, yields x(t).

5. Analysis of Simulation Results

The performance of a 2-DOF quarter-car model with both active and semi-active
suspension systems was simulated in Matlab. The simulation’s data are as follows:

m2

m1
= 0.1,

k2

m1
= 360[

N
mKg

],
k1

m1
= 30[

N
mKg

],

vmin
m1

= 0.5[
Ns

mKg
],

vmax

m1
= 14[

Ns
mKg

] (21)

Two sets of weighting factors included in the performance indices are shown in
Table 1. The first weighting set augmented to include vehicle jerk consists of ρ1 = 4× 104,
ρ2 = 4× 107, ρ3 = 102 and 1 for RMS jerk. The second set neglecting jerk is composed
of ρ1 = 103, ρ2 = 104, ρ3 = 1 and 0 for RMS jerk. These two weighting sets are selected
because an active system with the first set considering the jerk term has almost the same
performance as the active system with the second set ignoring the jerk term. As one proof,
Figure 3a–c show that the frequency characteristics produced by optimal active controllers
with two weighting sets are nearly identical to each other at disregarding preview. Another
proof in Table 2 means that a quarter vehicle with an active system with the first weighting
set achieves almost the same RMS suspension deflection, tire deflection, body acceleration
and jerk, and total performance as the second set after those vehicle models have run on
asphalt road. However, optimal preview controllers with two weighting sets improve
system performance differently. Figure 3a–c show that active preview control considering
the jerk term has globally better improvement in both ride comfort and road-holding
capabilities than preview active control ignoring the jerk term. As a typical example, time
responses of two semi-active systems with 0.1 s preview time to harmonic input in Figure 4
demonstrate the difference between two weighting sets. It is clear from Figure 4 that the
performance of a semi-active system ignoring the jerk term with preview contains large
jerk phenomena in time response to a 25 rad/s sinusoidal road input. However, as a
performance comparison in the time domain, Figure 4 shows that a better system response
in the viewpoint of both ride comfort and road holding is achieved by the first weighting
set considering jerk term compared to those by the second set.

Table 1. Two types weighting factors used in performance indices.

Weighting Constants Targets 1st Set 2nd Set

ρ1 Suspension deflection 5× 105 103

ρ2 Tire deflection 4× 107 104

ρ3 Sprung-mass acceleration 102 1
ρ4 Sprung-mass jerk 1 0
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Table 2. Components of performance indices obtained by active suspension system after running on
asphalt road.

Active System E(x2
1) E (x2

3) E (x2
5) E (ẋ2

5) Javg

w/2nd set 100.00 100.00 100.00 100.00 100.00
w/1st set 97.81 99.54 101.92 101.02 99.11

Figure 3. (a–c) Frequency characteristics of for active system with preview (0.1 s) and without preview
using (i) 1st weighting set without preview: – – – – –, (ii) 2nd weighting sets without preview: - - - - - ,
(iii) 1st weighting sets with preview: – - – - – - – -, (iv) 2nd weighting sets with preview: ———.
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Figure 4. (a–d) Time responses of semi-active system with 0.1 s preview time to harmonic input of
frequency 25 (rad/s) using (i) 1st weighting sets: – – – –; (ii) 2nd weighting sets: ——–.

In Figure 5 , the simulation results in asphalt road tests show graphically different
performances of two semi-active systems with preview. Every performance component
in Figure 5 is computed and is expressed in Table 3. The performances according to the
two weighting sets in Table 3 numerically demonstrate that the proposed strategy can
improve much more in both and ride-comfort viewpoints than the strategy neglecting jerk.
Figure 5 shows that compared to the second weighting set, vehicle body jerks are 61.9%
and body acceleration is 14.6%, respectively, improved for the first weighting set. Hence, a
significant improvement in ride comfort is achieved at the cost of 5% degradation in road-
holding capability. Figure 6a,b shows the bump position input and bump velocity input,
respectively. The height of the bump is 10 cm. Figure 7 shows the simulation results for
vehicle body jerk, body acceleration, tire deflection and suspension deflection, respectively.
Figure 7a shows that the vehicle body jerk is significantly reduced for the first weighting set
showing an improvement in ride comfort. On the other hand, the tire deflection, which is
an important ride-comfort parameter, is similar for both weighting sets. Hence, it is proved
that the proposed control approach for the bump input demonstrates that the vehicle with
the semi-active suspension system with 0.1 s preview information enhances ride comfort
by reducing the vehicle body jerk without any degradation in road-holding capability.

A question arises about the implementation of the proposed strategy, because, due to
availability of the force actuator, it is desirable to use control force. Therefore, the proposed
jerk controller can be integrated before applying to the actual system. However, a discrete
time implementation of their derivative is also possible, as suggested by [33].

Figure 5. (a–d) Time responses of the semi-active system with 0.1 s preview time on asphalt road
input using (i) 1st weighting sets: – – – –; (ii) 2nd weighting sets: ——–.
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Figure 6. Road disturbance (a) Bump position input: ——–; (b) Bump velocity input: - - - - - -.

Figure 7. (a–d) Time responses of semi-active system with 0.1 second preview time to bump input
using (i) 1st weighting sets: – – – –; (ii) 2nd weighting sets: ——–.

Table 3. Components of performance indices obtained by semi-active suspension system with 0.1 s
preview after running on asphalt road.

Semi-Active System w/Preview E (x2
1) E (x2

3) E (x2
5) E (ẋ2

5) Javg

w/2ndset 100.00 100.00 100.00 100.00 100.00
w/1st set 183.0435 105.9470 85.4387 38.1152 103.1361

6. Conclusions

In this work, the damping coefficient of a continuously variable damper of a semi-
active suspension system is computed. An anti-jerk optimal preview control law of an
active and an anti-jerk optimal variable damping coefficient of a semi-active suspension
systems is designed to reduce body jerk and other outputs to improve ride comfort. Two
different weighting sets were proposed to check the effectiveness of including the weighting
factor for body jerk for semi-active system. The control force obtained by integrating the
jerk controller is needed to calculate the variable damper coefficient for practical application.
The simulation results are carried out for frequency- and time-domain characteristics. The
frequency-domain characteristics proved the effectiveness of the proposed optimal preview
controller over the non-preview controller. The simulation results for the time-domain
characteristics showed that the suggested anti-jerk optimal preview controller improved
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the performance of the semi-active suspension system by reducing body jerk, enhancing
ride comfort without any degradation in road-holding capability.
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