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Abstract: A novel hybrid state space modeling approach for a dual armature generator is presented.
The model uses finite element analysis to obtain the rotor angle-dependent parameters, namely the
flux linkage, stator inductances and cogging torque, which are then incorporated into the dynamic
equations of the hybrid model using Fourier representations of the physical parameters as function
of the rotor angle. The proposed hybrid model addresses many of the limitations of the classical
modeling approach, which uses analytical expressions to obtain flux linkage and stator inductances
based on significant simplifications. The proposed model is verified experimentally by simulating the
dynamics of a three-phase permanent magnet generator. Predictions based on the new hybrid model
are compared to both experimental measurements and predictions based on the classic modeling
approach. It is shown that the proposed hybrid model simulates the dynamics of the demonstration
machine to within 7% peak error in the stator current and provides a 13% improvement to the
prediction of the rotor velocity compared with the classic model.

Keywords: finite element analysis; flux linkage; stator inductance; cogging torque; dual arma-
ture generator

1. Introduction

In a conventional permanent magnet synchronous machine, the permanent magnets
are fixed to the rotor, and the rotor is surrounded by the armature coils. Flux generated
by the side of the permanent magnets not facing the stator is unused. The dual armature
concept takes advantage of the unused flux by adding a second set of armature coils
which links this previously unused flux, offering advantages such as improved efficiency,
a compact size and higher power density. Dual armature generators are becoming more
popular and are finding new applications [1,2].

Chai, Cui and Cheng [3] performed a study of the dual armature concept and inves-
tigated an 8-pole, 24-slot machine. Chai et al. [4] focused on the torque density of a dual
armature motor, and their objective was to optimize the design for the maximum torque.
Norhisam, Norafiza and Sia [2] presented a 12-pole, single-phase dual armature generator
designed to operate at 8000 RPM, with their focus being to find the ideal overall length of
the machine as well as the ideal number of slots for the maximum power output. Zhang
et al. [5] outlined the design and analysis of a 22-pole, 3-phase dual armature generator
for direct driven wind power applications and used time-stepping finite element analysis
(FEA) in their design.

During the design of a dual-armature concept, the limitations of the classical mod-
eling approach for electrical machines becomes quickly apparent. This paper presents a
novel hybrid dynamic model that incorporates finite element analysis to obtain geometry-
dependent motor parameters, which are then incorporated into a hybrid nonlinear state
space model of a permanent magnet electrical machine.
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1.1. Technical Background
1.1.1. Dynamic Model of a Permanent Magnet Synchronous Generator

The standard model [6] of a permanent magnet synchronous generator is the state
space description in a rotor-oriented d, q coordinate system. As the influence of the direct
axis saturation can be easily measured, at least for an electrically excited synchronous
generator, the authors of [7–9] used a unidirectional model. Their suggestion was that the
saturation changed equally in both the d and q directions. Their models were based on
two parameter approaches which have been further developed to an intermediate axis
model [10,11].

Lyshevski [12] outlined a dynamic model for a permanent magnet synchronous
generator in the time domain, which served as a starting point for the model proposed in
this paper. The model incorporates both electrical and mechanical components, which are
derived from Kirchhoff’s and Newton’s laws, respectively:

→
U = −Rs

→
i +

d
→
ψ

dt
(1)

Tin − Te − Bmωm = J
dωm

dt
(2)

where U is the vector of the stator voltages (3 × 1), Rs is the 3 × 3 matrix of the stator
resistances, i is the 3 × 1 vector of the stator currents (state variable), ωm is the rotor
velocity (state variable), θ is the rotor angle (state variable), ψ is the flux linkage, J is the
rotor moment of inertia, Bm is the viscous damping of the rotor, Te is the electromagnetic
reaction torque and Tin is the input torque applied by the prime mover. The following
section describes the elements of this model.

Flux Linkage. The flux linked to the stator coils (ψ) by the permanent magnets is the
most important performance parameter in a permanent magnet (PM) machine, and it is
given by

ψ = Ls
→
i + ψm

 sin(θ)
sin
(
θ − 2

3 π
)

sin
(
θ + 2

3 π
)
 (3)

where Ls is the inductance matrix, which has the following form:

Ls =

 Laa Lab Lac
Lab Lbb Lbc
Lac Lbc Lcc


The diagonal elements of Ls are the stator self inductances, and the off-diagonal

elements are the mutual inductances between the stator phases. The matrix is symmetrical
about its diagonal. The stator self and mutual inductances are functions of the rotor angle,
but in the classical model, they are assumed to be constant. For the standard model, Ls is
defined as

Ls =

 Lls + Lm − 1
2 Lm − 1

2 Lm
− 1

2 Lm Lls + Lm − 1
2 Lm

− 1
2 Lm − 1

2 Lm Lls + Lm

 (4)

where Lls and Lm are the quadrature and direct axis inductances, respectively, which for
a permanent magnet synchronous machine, assumed to be a round rotor machine, are
constant [12]. The inductances are calculated analytically using the following expres-
sions [12,13]:

Ls =
µN2 A

L
Lm =

2N2

3R
where: Ls is the stator self-inductance, N is the number of turns, A is the coil area, L is the
coil length, µ is the magnetic permeability of the core material, R is the reluctance of the
magnetic circuit. ψm is the maximum flux linked to the stator by the permanent magnets
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and θ is the electrical angle. The angular variation of the flux is assumed to be sinusoidal.
While this approximation is acceptable in real machines, the flux linkage waveform is not
perfectly sinusoidal:

ψ = ψm

 sin(θ)
sin
(
θ − 2

3 π
)

sin
(
θ + 2

3 π
)
 (5)

where ψm is the maximum flux linked to the stator by the permanent magnets, which
can be calculated analytically using the procedure below [13]. The operating line for the
magnetic circuit is first determined using magnetic circuit analysis as follows:

2Hmlm = −
[

ls Am

µs As
+

lr Am

µr Ar
+

la Am

µa Aa

]
Br (6)

where ls, lr, la and Lm are the magnetic circuit lengths for the stator, rotor, air gap and
magnet, respectively, µs, µr and µa are the magnetic permeability of the stator, rotor and
air, respectively, Am is the cross-section area of the permanent magnet, As, Ar and Aa are
the areas of the magnetic circuits for the stator, rotor and air gap, respectively, Hm is the
magnetic coercivity and Br is the magnetic remanence. The above equation applies to the
operating line for the magnetic circuit in question. The operating point is the point where
the operating line intersects the magnetization curve of the permanent magnet [13].

Electromagnetic Torque. Te is the torque generated by the back electromotive force
during operation. This torque acts as the reaction force to the torque input by the prime
mover. In the steady state, Te = Tin, and the system operates at a constant angular velocity.
Te is derived using co-energy and is a function of the electrical angle θ [12]:

Te =
P
2

∂Wc

∂θ

where P is the number of poles in the machine and Wc is the co-energy, which is derived
as follows:

Wc =
1
2

→
i

T
Ls
→
i +

→
iTψm + Wm (7)

where Ls and ψm are the same as described above and Wm is the energy stored in the
permanent magnets, which is considered constant [14]. Co-energy is the area under the
flux linkage versus the current plot, and the energy stored by the permanent magnets is
derived from the magnets’ B-H curve. A typical B-H curve for a permanent magnet showing
energy stored in its magnetic field is seen in Figure 1 [20]. For the electromagnetic torque
expression, the partial derivative of the co-energy with respect to the electrical angle is
needed. The classical model assumes Ls is constant, so the partial derivative is reduced to

∂Wc

∂θ
=
→
iTψm

 cos(θ)
cos
(
θ − 2

3
)

cos
(
θ + 2

3
)
 (8)
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Figure 1. Energy stored in a permanent magnet. B: magnetic field density, H: magnetic field inten-
sity, Br: magnetic remanence; µ: permittivity; Hc: magnetic coercivity. 

Cogging Torque. Cogging torque is a phenomenon inherent to all permanent magnet 
electrical machines, and it is caused by the PMs seeking a configuration that minimizes 
magnetic reluctance [14]. Cogging torque depends on the rotor angle and is periodic. Cog-
ging torque is a parasitic effect, present even when the machine is not in operation, and it 
does not contribute to the overall torque. Cogging torque is a major design issue in PM 
machines; it affects start-up, causes torque ripple and introduces vibrations [15]. Several 
design strategies can be adopted to mitigate cogging torque, the most common being to 
skew the armature slots relative to the PMs by one slot pitch. This has the effect of creating 
an overall constant magnetic reluctance circuit, presenting the magnets with an overall 
constant reluctance path. Cogging torque can also be mitigated by the use of fractional 
pitch windings, fractional slot designs [16] and motor control strategies [17]. When mod-
eling electrical machines, cogging torque is treated as an external torque input in both the 
classical and hybrid models. Figure 2 shows the effects of cogging torque in the demon-
stration machine (shown in Figures 3 and 4), simulated based on the classical model with 
and without cogging torque. The bottom plots are zoomed in. 

  
(a) (b) 

Figure 2. The effect of cogging torque (a) on a machine rotating at high speed and (b) a machine rotating at low speed. 

Figure 2 compares the rotor velocity and stator current for one phase of a machine 
similar to the test machine, with cogging torque included and cogging torque ignored for 
two different input torques. The bottom plots are close-up views of the top plots. At higher 
velocities, the inertia of the rotor and load smoothened out the effect of the cogging torque. 
However, torque ripple (and the associated velocity ripple) was still present. Figure 2b 

Figure 1. Energy stored in a permanent magnet [20]. B: magnetic field density, H: magnetic field
intensity, Br: magnetic remanence; µ: permittivity; Hc: magnetic coercivity.

Cogging Torque. Cogging torque is a phenomenon inherent to all permanent magnet
electrical machines, and it is caused by the PMs seeking a configuration that minimizes
magnetic reluctance [15]. Cogging torque depends on the rotor angle and is periodic.
Cogging torque is a parasitic effect, present even when the machine is not in operation,
and it does not contribute to the overall torque. Cogging torque is a major design issue
in PM machines; it affects start-up, causes torque ripple and introduces vibrations [15].
Several design strategies can be adopted to mitigate cogging torque, the most common
being to skew the armature slots relative to the PMs by one slot pitch. This has the effect
of creating an overall constant magnetic reluctance circuit, presenting the magnets with
an overall constant reluctance path. Cogging torque can also be mitigated by the use of
fractional pitch windings, fractional slot designs [16] and motor control strategies [17].
When modeling electrical machines, cogging torque is treated as an external torque input
in both the classical and hybrid models. Figure 2 shows the effects of cogging torque in the
demonstration machine (shown in Figures 3 and 4), simulated based on the classical model
with and without cogging torque. The bottom plots are zoomed in.
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𝑑𝑑𝑡 ⎣⎢⎢⎢
⎡𝑖௔𝑖௕𝑖௖𝜔𝜃 ⎦⎥⎥⎥

⎤ =
⎣⎢⎢
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⎥⎥⎤ ⎣⎢⎢⎢
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⎢⎢⎡ 0001𝐽 ൫𝑇௜௡ + 𝑇௖௢௚൯0 ⎦⎥⎥

⎥⎥⎤ (14)

where ia, ib, ic, ω and θ are the states of the system (currents of phases a, b and c, the elec-
trical angular velocity and the electrical angular position, respectively), Ls(θ) and the par-
tial derivatives of Ls(θ) and Ψm(θ) with respect to θ are functions implemented as Fourier 
series from data extracted from FEA and Tin and Tcog are torques external to the model, 
which are treated as inputs. This formulation enables simple implementation in numerical 
environments such as Matlab and Simulink. 

2. Materials and Methods 
To demonstrate the validity and assess the performance of the proposed hybrid 

model, experimental measurements of the machine’s performance were conducted on a 
three-phase demonstration machine: the permanent magnet generator shown in Figure 3. 
The corresponding CAD model (Figure 4a) was used to import the geometry to FEA soft-
ware (ANSYS), where the physical parameters of the machine could be calculated as a 
function of the rotor angle. Table 1 shows the physical characteristics of the demonstration 
machine. 
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Figure 2 compares the rotor velocity and stator current for one phase of a machine
similar to the test machine, with cogging torque included and cogging torque ignored for
two different input torques. The bottom plots are close-up views of the top plots. At higher
velocities, the inertia of the rotor and load smoothened out the effect of the cogging torque.
However, torque ripple (and the associated velocity ripple) was still present. Figure 2b
compares the rotor velocity for the same machine but with a smaller input torque. The
effect of cogging torque was clearly more pronounced at low speeds and with a small
torque input.

Limitations of the Classical Model. The main limitations of the classical model lie in
how the model parameters are calculated and the assumptions made: (1) the flux linkage
vs. the angle waveform is assumed to be perfectly sinusoidal (Equations (6) and (7)); (2)
the stator inductance matrix is assumed to be constant (Equation (4)); (3) cogging torque is
ignored; and (4) the flux linkage and stator inductance matrix are calculated analytically
using expressions that do not account for material nonlinearities and hysteresis.

To address these limitations, the proposed hybrid model uses standard finite element
software to more accurately estimate the model parameters that depend on the rotor angle,
such as the flux linkage, stator inductances and cogging torque. The parameters are then
incorporated in the dynamic equations of the classical model.

1.1.2. Hybrid Dynamic Model of a Permanent Magnet Synchronous Generator

The hybrid nonlinear state space model uses finite element analysis to obtain the
rotor angle-dependent parameters, namely the flux linkage, stator inductance and cogging
torque, while removing the limitations mentioned in Section 1.1.1. Unlike in [11], commer-
cial finite element software (ANSYS) was used instead of custom code. ANSYS has built in
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functions for creating coils and calculating the inductance, flux linkage and co-energy, and
it can handle nonlinear materials in addition to having a scripting language (APDL) which
makes running multiple cases simple.

From the classical model, recognizing that both flux linkage due the PMs and the stator
induction matrix are functions of the electrical angle, Equations (3) and (6) are changed to

d
→
ψ

dt
= Ls(θ)

d
→
i

dt
+

dψm(θ)

dθ

dθ

dt
(9)

∂Wc

∂θ
=

1
2

→
iT dLs(θ)

dθ

→
i +

→
iT dψm(θ)

dθ
(10)

FEA provides discrete results at specific rotor angles to be used in conjunction with
the dynamic model, which is continuous. FEA data must therefore be accessed in a way
that makes it possible to incorporate them into the dynamic model; quantities such as the
co-energy need to be differentiated with respect to the angle, which requires the FEA data
to be differentiable.

Fourier Series Representation of Periodic Quantities. The periodic quantities ob-
tained by FEA will be converted into a form useable by the continuous dynamic model by
means of a Fourier series. The main advantage for using a Fourier representation is the
possibility of taking derivatives analytically; thus, the pitfalls of using numerical schemes
to estimate derivatives are avoided. Discrete quantities obtained by FEA analysis will be
represented as a Fourier series of the following form:

y(θ) = a0 +
∞

∑
n

ancos(nθ) + bnsin(nθ)

where an and bn are Fourier coefficients and θ is the electrical angle in radians. The Fourier
coefficients are calculated off-line using the fast Fourier transform (FFT) function. This
enables expression of the derivative with respect to the angle as

dy(θ)
dθ

=
∞

∑
n
−ann sin(nθ) + bnn cos(nθ)

State Space Hybrid Dynamic Model.
The proposed hybrid dynamic model that incorporates all the enhancements out-

lined above is arranged in a state space form, where all angular variables are electrical
angles. The rotor and electrical angles and angular velocities are related by θm = Pθ/2 and
ωm = Pω/2, where θ and ω are the electrical angle and angular velocity, respectively, θm
and ωm are the mechanical (rotor) angle and angular velocity, respectively, and P is the
number of poles in the machine. From Kirchhoff’s and Newton’s laws, the governing
equations are

→
U = −Rs

→
i +

d
→
ψ

dt
(11)

Tin + Tcog − Te −
P
2

Bmω = J
P
2

dω

dt

→
dψ

dt
= Ls(θ)

d
→
i

dt
+

d
→
ψm(θ)

dθ

dθ

dt
(12)

Te =
P
2

∂Wc

∂θ
=

P
2

(
1
2

→
iT dLs(θ)

dθ

→
i +

→
iT d

→
ψm(θ)

dθ

)
(13)

where Equation (11) is Kirchoff’s voltage equation in the rotor circuit, Equation (12) is the
torque equation in the rotor shaft and Equation (13) is the electrical torque equation. This
defines the hybrid state space model:
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d
dt


ia
ib
ic
ω
θ

 =


[
−RLs(θ)

−1
]

3×3

0 0
0 0
0 0

− P2

4J
[

ia ib ic
][ ∂Ls(θ)

∂(θ)

]
0 0 0

− PB
2J 0

1 0




ia
ia
ia
ω
θ

+


[
Ls(θ)

−1
]

3×3
− P

2
[

ia ib ic
]

0 0 0


 ψaω

ψbω
ψcω

+


0
0
0

1
J
(
Tin + Tcog

)
0


(14)

where ia, ib, ic, ω and θ are the states of the system (currents of phases a, b and c, the
electrical angular velocity and the electrical angular position, respectively), Ls(θ) and the
partial derivatives of Ls(θ) and Ψm(θ) with respect to θ are functions implemented as Fourier
series from data extracted from FEA and Tin and Tcog are torques external to the model,
which are treated as inputs. This formulation enables simple implementation in numerical
environments such as Matlab and Simulink.

2. Materials and Methods

To demonstrate the validity and assess the performance of the proposed hybrid model,
experimental measurements of the machine’s performance were conducted on a three-
phase demonstration machine: the permanent magnet generator shown in Figure 3. The
corresponding CAD model (Figure 4a) was used to import the geometry to FEA software
(ANSYS), where the physical parameters of the machine could be calculated as a function
of the rotor angle. Table 1 shows the physical characteristics of the demonstration machine.

Table 1. Physical parameters of the three-phase permanent magnet generator demonstration.

Dimension Value

Rotor diameter 0.1016 m
Stator inner diameter 0.1049 m
Stator outer diameter 0.1346 m
Number of stator slots 42
Number of permanent magnets 14
Number of stator phases 3, delta connection
Air gap 0.000254 m
Turns per phase 3
Stator winding pitch Full
Cogging torque (peak) 2.7681 N-m

The cogging torque in the demonstration machine was significant, and it was mea-
sured as a function of the rotor angle using a mechanical torque wrench. Cogging torque
measurements provided the opportunity to test the performance of the hybrid model while
serving as measurable and verifiable parameters to ensure that the FEA simulations of the
actual device were accurate.

Finite Element Model of the Demonstration Machine. Since the rotor had 14 per-
manent magnets, 180 electrical degrees corresponded to 25.714 mechanical degrees, and
52 simulations were performed for rotor angles ranging from 0 to 52 degrees. The ANSYS
RACE macro was used to generate a series of racetrack coils arranged in a full-pitch three-
phase stator with three turns per phase, as could be found in the demonstration machine.
The flux linkages and mutual and self-inductances of the stator coils were calculated for
each degree of the rotor angle. The permanent magnet material used in the simulation
was assumed to be N-42HNdFeB, with a magnetic coercive force of 1.35 × 106 A/Turns
and a magnetic remanence of 1.3 T (MatWeb) [18]. The iron parts of the machine were



Electronics 2021, 10, 1401 8 of 15

assumed to be 1020 steel alloy, whose hysteresis curve was obtained from ANSYS’s internal
material library.

Flux linkage was calculated using an analytical procedure (Equation (6)); the FEA and
analytical flux linkage are compared in Figure 5a. The analytical expression resulted in a
peak flux linkage of 0.028 Wb, while the FEA gave a peak of 0.025 Wb, a 10% difference. The
FEA considers effects such as hysteresis, saturation and material nonlinearity, resulting in
a more accurate estimation of flux linkage. Physical parameters extracted from the FEA are
calculated offline and need only be estimated once. Mutual inductance and self inductance
obtained from the FEA simulations are shown in Figure 6 for each phase. Each plot shows
the corresponding mutual and self-inductances after fitting the values calculated via FEA
using Fourier series of the electrical angle θ.
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The Fourier coefficients for the physical machine parameters (mutual and self-inductance,
cogging torque and the corresponding derivatives relative to the rotor angle) were obtained and
implemented as Matlab functions of the rotor angle [19]. The cogging torque was also obtained
via FEA, and it too was represented by a Fourier series function, as shown in Figure 5b. The
classical model provides no means for calculating cogging torque.
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Experimental Set-up: Dynamic Response Experiments. To measure the dynamic
and steady state responses of the demonstration machine, the stator currents and rotor
angular velocity must be measured while the machine is being driven by a prime mover,
or in this case, a drive motor having a belt transmission with a 1.6 torque ratio, as shown in
Figure 7a. The generator was connected to a three-phase “wye”-connected resistive load
consisting of three 0.35-ohm power resistors. The stator currents were measured using F.W.
Bell NT-15 current sensors in series with the load, which produced a voltage proportional to
the current. The drive motor was a Baldor SD25-30-A1 driven by an AMC servo controller,
which was commanded via analog voltage. The current supplied to the drive motor was
recorded using the same current sensors mentioned above; the motor current was used to
determine the torque applied by the drive motor, with a torque constant of 0.41 Nm/A and
a rotor inertia of 0.0158 kg/m2.
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The angular velocity was measured using a quadrature optical encoder connected to
the generator rotor. The encoder output was converted to a voltage signal via a US-Digital
ETACH2 analog tachometer. A National Instruments PXI DAQ system was used both data
acquisition, data capture and control of the AMC driver. Using this set-up, three types of
experiments were performed.

Transient Dynamics. To measure the transient response of the machine, the drive
motor was started from zero RPM, and the generator was allowed to accelerate all the
way to a steady state and settle while the stator currents, rotor velocity and drive motor
current were acquired. The current drawn by the drive motor (which was proportional
to the input torque) became the input torque to the hybrid model. Two types of transient
experiments were performed: a full-speed test, where the drive motor was allowed to run
up to the rated current limit of the motor drive driver and power supply, and a low-speed
test, where the input torque was limited, resulting in a slower response.

Steady State Characteristics. The steady state characteristics of the demonstration
machine were measured after the rotor velocity attained a steady state. At this point, the
input current to the drive motor could be adjusted to a nearly constant value, and the data
were recorded. The steady input conditions were then applied to the model as a constant
input torque. Both the full-speed and low-speed steady state experiments were performed.

Short Circuit Dynamics. The short circuit dynamics test is a test of an electrical ma-
chine’s behavior during a sudden short circuit condition during operation. The machine’s
dynamic behavior during this condition (rotor speed and stator currents) is vital to the
design of robust electrical machines that are able to withstand hazardous conditions. For
the demonstration machine, a sudden short circuit condition was implemented by adding
a switch that short circuited the stator windings. Under such conditions, the stator currents,
rotor velocity and drive motor current (i.e., with torque applied) were measured.
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Angular Parameter Measurements. The objective of this set of experiments was the
determination of the cogging torque and phase inductances of the demonstration machine
as function of the rotor angles. Due to the high cogging torque, rotating and holding the
rotor at a desired angle was difficult. This was overcome by using a stepper motor in
combination with a worm gear drive connected to the rotor, as shown in Figure 7b.

Cogging Torque. An ATI-IA 6-axis force–torque transducer was installed between
the stepper motor and test machine to measure the cogging torque as the stepper moved
the rotor at small angular increments. A LabVIEW program was written to handle both the
stepper motor control and acquisition of the data in the PXI DAQ.

Measuring Stator Inductances. To measure the line-to-line inductances of the demon-
stration machine as a function of the rotor angle, the measurement set-up included the
stepper motor drive connected to the test machine, as shown in Figure 7b. The line-to-line
inductances were measured using a MCP BR2822 LCR meter. This meter measured the
inductance, capacitance and resistance by forming an LCR circuit with the component
being measured and sending a periodic voltage signal with a user-selectable frequency.
The inductance was measured from 0 to 26 mechanical degrees, which corresponded to the
180 electrical degrees of the demonstration machine.

3. Results and Discussion
3.1. Transient Measurements and Simulation Results

The model required an estimation of the moment of inertia and the viscous damping
coefficient. The moment of inertia for the drive motor was found in its documentation, and
the moment of inertia for the drive system was estimated from the dimensions and weight of
the components. To estimate the viscous damping, the test machine was disconnected from
its load (which resulted in no stator currents and thus no electromagnetic reaction torque),
effectively decoupling the electrical and mechanical systems. The experimental set-up was
driven in this configuration, and the rotor angular velocity and the input torque were recorded.
A separate dynamic simulation of the mechanical system was only run using the input torque,
and the viscous damping coefficient was adjusted until the velocity response matched the
experimental values. The input torque applied by the drive motor was recorded as the current
supplied to the motor, and the captured torque waveform was applied to the simulation. The
input torque waveforms (Figures 8 and 9a) were applied to both the classical and hybrid
model simulations, and the results are shown in Figures 8 and 9b.
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Figure 8 shows good agreement between the hybrid model rotor velocity estimate and
the measured velocity. The classical model rotor velocity was lower than the measurement.
This was mainly due to the analytical flux linkage value being greater than the FEA value.
The greater flux linkage resulted in higher stator currents, which in turn exerted more
EM torque, resulting in a lower rotor velocity for the same torque input. The good match
between the hybrid model and the measured velocity shows that the FEA flux linkage was
indeed closer to the real value and demonstrates the benefits of including the FEA results
in the model. The noise observed on the measured velocity curve was introduced by the
timing belt system.

Figure 8b shows the stator currents for each phase for the full-speed transient test,
in which the measured currents are compared to both the classical model and the hybrid
model. The hybrid model showed good agreement with the measured data, while the
classical model differed in the peak current and frequency, due to both the increased flux
linkage in the classical model and the frequency mismatch given by the lower estimate of
the rotor velocity.

Figure 9 shows results of the low-speed transient test. The noise present in the
measured velocity signal was due to the dynamics of the timing belt system. Once again,
the hybrid model and experimental results had good agreement, while the classic model’s
velocity estimate was lower than the measured and hybrid models due to the same reasons
mentioned for the full-speed case. In the prediction of the stator currents, the hybrid model
agreed well with the measured data, with the classical model showing higher peak currents
and a lower frequency than the measurements, as was mentioned in the full-speed case.

3.2. Steady State Measurements and Simulation Results

To compare the results quantitatively, the root mean square of the stator currents was
calculated, and it was used as the metric for direct comparison. For the rotor velocities, the
mean was calculated. The measured velocity curves in Figure 10 (full speed) and Figure
11 (low speed) show spurious frequencies, as does the input torque applied by the drive
motor. These were due to the dynamics of the timing belt system and cogging torque.
However, in both the full-speed and low-speed cases, the hybrid model was capable of
correctly matching the measured angular velocity values. The average torque applied by
the drive motor was input into the hybrid and classical models as a constant torque. The
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average velocities of the experimental data and model results showed a discrepancy of
15.0% in the classical model, while the discrepancy for the hybrid model was only 2.18%.
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The rotor velocity predicted by the classical model was considerably lower than the
measurement due to the increased EM torque caused by the increased stator currents, as
was mentioned before.

The RMS values of the stator currents in the three phases of the test machine showed
a 5% difference. This was because the test machine was not electrically balanced (i.e., the
inductances and resistances of each phase were not identical). The frequencies of the three
waveforms did not match exactly, which was due to differences in the rotor angular velocity
in each case. The hybrid model showed a closer match with the measurements since it
provided better velocity estimation. The rotor velocity predicted by the classical model
was smaller than both the hybrid model and the experimental data, and the waveforms
had correspondingly lower frequencies. The error between the estimated and measured
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rotor velocities was 2.4% for the hybrid model and 14% for the classic model. The reason
for this, again, was the analytical flux linkage value used in the classical model.

3.3. Short Circuit Measurements and Simulation Results: Hybrid Model

Figure 12 shows the results for the short circuit test. The sudden increase in the stator
current resulted in a sudden increase in the electromagnetic torque, which caused the machine
to slow down abruptly. The simulated and experimental short circuit dynamics were in good
agreement for the hybrid model. The ripple observed in both results was due to the cogging
torque, as its effect was more pronounced at low speeds. The additional frequency contents
in the measured velocity were due to the effect of the timing belt dynamics.
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Figure 12b shows the stator currents that corresponded to the short circuit test. When
the short occurs, a sudden spike in stator current is clearly visible for all three phases,
and the peak current was about three times the current prior to the short. After the short
occurred, the machine settled into a new steady state with a greatly reduced frequency due
to the reduced rotor velocity. The effect of the cogging torque in Figure 12b is also apparent.
Note that the hybrid model was able to model these effects with great detail.

Angular Dependent Parameters. The measured angular parameters were compared
to the results obtained from the FEA simulation, and the results are shown in Figure 13.
The parameters measured were the cogging torque and line-to-line stator inductances.

Cogging Torque. The experimental and FEA results for the cogging torque are com-
pared in Figure 13a. While the peak values showed very good agreement (3% error), the
mismatch in waveform shapes was due to the torque sensor slipping while the rotor was
being turned.

Line to Line Inductances. There was no agreement between the FEA results and
measurements of the line-to-line inductances. The stator windings for each phase only had
three turns, resulting in very low inductance and leading to numerical errors in the FEA
calculation. Even with significant errors in inductance, the model was able to archive good
agreement with the experimental data due to the fact that in a PM machine, the flux linked
by the magnets was significantly larger than the flux linked by the mutual inductance of
the stator coils. This also highlights the importance of flux linkage in the dynamics of a PM
electrical machine.
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4. Conclusions

The hybrid dynamic state space model presented here was able to accurately predict
(within a 7% difference) the electrical and mechanical dynamics of a three-phase permanent
magnet generator. The model was able to predict the magnitude and frequency of the
stator currents as well as the stator current waveforms, and it incorporated the cogging
torque. These features address many of the limitations of the classical model by using
FEA to determine the rotor angle-dependent parameters, namely the flux linkage, stator
inductances and cogging torque. The proposed hybrid model was validated against
experimental data, and its performance was compared with that of the classical model for
permanent magnet generators.

The hybrid model could perform better if other unmodeled dynamic effects could be
included, such as the timing belt spring constant, viscous damping in the bearings and
others. Numerical errors in the FEA calculation of the stator inductances also had an effect
on the overall fitness of the hybrid model. In all, the hybrid model reduced error prediction
by 15% compared with the classical model.

The use of FEA to obtain the angular dependent parameters is not without its dis-
advantages, as evidenced by the mismatch between the FEA-calculated inductances and
the measured values. The main contributions of FEA rely on its ability to calculate the
angular flux linkage due to the permanent magnets and its ability to handle nonlinear
materials and complex geometries. Flux linkage is the single most important factor that
determines the magnitude and shape of the stator current waveforms and electromagnetic
torque. Thus, the advantages offered by FEA in calculating not only the magnitude but
also the waveform shape of the flux linkage cannot be understated.

Cogging torque is the second most significant effect on the dynamics of the PM gener-
ator. FEA is able to model cogging torque accurately, and FEA can be used to test strategies
for mitigating cogging torque during the design stage. The effect of cogging torque is less
pronounced at higher speeds, but with today’s emphasis on low-RPM, high-torque machines,
cogging torque has become an important design and modeling consideration.
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