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Abstract: The density functional theory developed earlier for Coulombic excited states is reconsidered
using the nodal variational principle. It is much easier to solve the Kohn-Sham equations, because
only the correct number of nodes of the orbitals should be insured instead of the orthogonality.
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1. Introduction

The density functional theory (DFT) [1,2] has been originally worked out for the
ground state. It has rigorously been extended to excited states by Theophilou [3] and
later by Gross, Oliveira, and Kohn [4-6]. For further extensions and applications of these
subspace and ensemble theories, see reference [7]. Subsequently, theories for individual
excited states were presented [8-15]. Several works on excited states have been done within
the local potential framework [16-29]. Recently, a comprehensive theory for Coulombic
excited states has been put forward in a series of papers [30-32]. It takes advantage of
the fact that the Coulomb density determines not only its Hamiltonian but the degree of
excitation as well and consequently, there is a universal functional valid for any excited
state. In addition, excited state Kohn—-Sham (KS) equations similar to the ground-state KS
equations can be derived.

Recently, Zahariev, Gordon, and Levy [33] have presented a nodal variational principle
for excited states. They have proved that the minimum of the energy expectation value of
trial wave functions that are analytically well behaved and have nodes of the exact wave
function is the exact eigenvalue. This minimum is achieved at the exact eigenfunction.

In this paper, the Coulombic excited state theory is reconsidered utilizing the nodal
variational principle. Certainly, the functionals are the same as in the original theory, but
it is much easier to solve the Kohn-Sham equations, because only the correct number
of nodes of the orbitals should be insured instead of the orthogonality. It is especially
important in case of highly excited orbitals.

The paper is organized as follows. In Section 2, the DFT for Coulombic excited
states [30-32] is reworked. Section 3 is dedicated to the discussion.

2. Coulombic Excited State Theory Using Nodal Variation Principle

The theory is valid for Coulomb external potential v“°*. The Hamiltonian has the form

A

A=T+

>

N
ee T Z Ucoul(ri) ’ (1)
i=1

where T and V,, are the kinetic energy and the electron—electron energy operators. N is the
number of electrons and
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M is the number of nuclei and g = |r — Rg|. Rg and Zg denote the position and the charge
of the nucleus B. Kato’s theorem [34-40]

onig(r
51,(/5'3) B = —22,31’1(1‘ = Rl;) (3)
rg=0

is valid both for the ground and any excited state. It has the consequence that the cusps
of the density n exhibit the atomic numbers and the positions of the nuclei. In addition,
N is given by the the integral of n. Hence, n specifies all parameters of the Coulomb
potential (2), thus determines the external potential, the Hamiltonian (1), and all properties
of the Coulomb system. Furthermore, n cannot be the density for any other Coulomb
external potential, that is, two different excited states cannot have the same electron
density [30]. Therefore, we might think that the expression

FCoul ] = E[n] — / 1(r)oC" [n; e] dr @)

would be the appropriate functional for Coulombic densities. However, it is not known
how to decide if a density is Coulombic or not. Therefore, instead of (4) F is defined in
another way: it is defined for all electron densities not only for Coulombic densities.

As a first step consider a bifunctional

F(n, ncm‘l] = min (‘I’|T + Veg|‘i’> , (5)

Y—n
[ e [aCout]) =0} -]

where the minimum is searched over the wave functions that provide the excited state
density 7 and is orthogonal to the first k — 1 eigenfunctions of the Coulomb system of n<°*.
Using the nodal variation principle instead of Equation (5) we can write

F[n, n®¥] = min (F|T + Ve |[¥) . (6)
Y—n
{¥ has the nodes of the exact wave function}

It is assumed that a Coulomb density close to n exists.

FS" 1] = min F[n, n®");  ||nC" —n|| <e. (7)
nCoul

The smallest F is taken, if there are more than one Coulomb density at the same
distance from n:

FCoul[n} — FCoul [1’1] (8)

€min

To measure the distance a Sobolev-type norm is applied:

2 2
d(n“ n) = /‘\/nc"”l(r) —n(r)| dr+ /‘V\/ncoul(r) —n(r)| dr. )
The Euler equation is obtained by functional derivation
SFCoul [7’1]
Coul _
v ([Tl],l‘) - (51’1(1’) (10)

up to a constant.
It is worth emphasizing that the theory above is based on the following statements:
(@) The cusps and the asymptotic decay of the Coulombic density determine the
external potential and the ionization potential;
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Coul ] Coul

(b) It is supposed that bifunctional F[n, n (Equation (5) or (6)) exists, where n
is close to n. Further, the existence of FCo!! [n] (defined by the Equations (7) and (8))
is assumed;

(c) Equation (6) is based on the assumption that the nodes of the exact excited state
wave functions are known;

(d) Tt is assumed that the functional derivative of F°*/[n] exists. It is needed to derive
the Euler Equation (10).

Consider now the Kohn-Sham (KS) system. In our original definition the non-
interacting kinetic energy bifunctional was written

T [, n<M) = min (@|T|®), (11)

d—n
{(@|®; [nCou']) =0}~
| InGon )l <5

where the search is over the wave functions ® having the excited state density n and
orthogonal to the first | — 1 eigen functions of the non-interacting system. The excited state
density is the same in the real and the KS systems. If there are more than one KS system
with the same density 7%/, the one closest to the true ground-state density nlc‘”‘l is taken.

Instead of Equation (11) we can write

TEU [, nCoul] = min (®|T|®) (12)
d—n
{® has the nodes of the exact wave function}

o= <o

using the nodal variation principle. The existence of a unique Coulomb density close to the
non-Coulomb density n is assumed:

TS ] = min T3, n; ([~ ]| <. (13
n

It is supposed that there is at least one Coulomb density closer to # than €, provided
that € is large enough. The minimum specifies the final form:

T 0] = TE [n). (14)

S,€min
The functional derivation yields an Euler equation, within an additive constant,

_ STCou ]

wCoul([nLr) — 51,[(1.)

(15)

The KS theory presented above is based on the following statements:

(a) The existence of the non-interacting kinetic energy bifunctional TS [n,n
(Equation (11) or (12)) with nCo4l close to n is assumed. Further, it is presumed that T oul [n]
constructed by Equations (13) and (14) exists;

(b) Equation (12) is based on the assumption that the nodes of the non-interacting
excited state wave functions are known;

(c) It is supposed that the functional derivative T 1] exists and the Euler Equation (15)
can be derived.

It is convenient to partition FC*/[n] as

Coul ]

FCoul [1’1} — TsCoul [n] + ]Coul [1’1] + Eggul [1’1], (16)

where J€* 1] and ES9 [n] are the classical Coulomb and exchange-correlation energies.
Equations (10), (15) and (16) lead to the KS potential

W ([n],x) = 0 ([n], 1) + 05 ([n], x) + o2 ([n], 7) (17)
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as the sum of the external, the classical Coulomb and the exchange-correlation potentials.
The density has the form

K
n=3 Aileil?, (18)
i=1
where the KS orbitals ¢; are solutions of the KS equations
1 2 Coul
—5 VoW ([n] 1) | ¢ = ey (19)

The occupation numbers A; are 0, 1, or 2 for a non-degenerate system. K denotes the
orbital having the highest orbital energy with non-zero occupation number.

3. Discussion

In the present version of the Coulombic excited state theory, the variation is done
over the trial wave functions having the nodes of the exact wave functions both in the
interacting and the non-interacting systems. That is, the sole difference between the
original and the present forms of the theory is using Equations (6) and (12), instead of
Equations (5) and (11). Despite this difference, the functionals are the same as in both
versions. Generally, the nodes are not known. The wave functions are not known either.
In DFT we define functional F[n] via the wave function, but we do not actually use this
definition in calculations. Only, F as a functional of n is applied.

On the other hand, in DFT the exact functionals are not known and approximate func-
tionals are applied in calculations. Additionally, in actual calculations the KS Equations (19)
are solved. The nodal variational principle leads to a huge simplification, inducing much
easier calculations. It is the consequence of the fact that the variational problem reduces
to the solution of the KS equations. The orbitals, that is, one-particle functions have to
be obtained. If the electron configuration of the state is known, we have to solve the KS
equations insuring either the orthogonality of orbitals or the correct number of nodes of
the orbitals. The latter is simpler as it is explained in the example below. Certainly, we
have to know the correct number of nodes of the orbitals.

The nodal behavior of eigenfunctions were discussed in several papers (see, e.g., [41-44]).
Still the number of nodal surfaces is rarely counted in calculations. Hatano and cowork-
ers [43,44] developed a computer program to count the number of nodal regions and
applied it in molecular orbital calculations.

Recently, the original Coulombic excited state theory [30-32] has been discussed [7].
The localized Hartree-Fock (LHF) [45] and the Krieger, Li, and lafrate (KLI) [46] methods
combined with correlation have been generalized for excited states. In addition, several
highly excited states of Li and Na atoms have been studied.

The radial KS equations can be solved using Numerov’s algorithm [47] searching
eigenvalues with the correct number of nodes. This method was used by Herman and
Skillman in their Hartree-Fock-Slater computer code [48]. We do not have to check the
orthogonality of the orbitals during the calculations, only the number of nodes has to be
counted. The correct number of nodes is enough to insure the orthogonality. It is especially
beneficial in studying higher excited states. In [7], several highly excited states of Li and
Na atoms have been studied. Calculations have been performed with KLI and KLI plus
(local Wigner) correlation (see details in [7]). Take, for example, the configuration 1525s.
The orbital ¢s; should be orthogonal to all the orbitals below, that is, ¢15, ¢2s, ¢35, and
¢4s. The orbitals ¢y, ¢35, and ¢4s have zero occupation numbers, do not contribute to the
density, so we do not have to calculate them. It is enough to calculate the orbital ¢s; and the
correct number of nodes insures the orthogonality to all the orbitals below. We emphasize
that as the configuration (1525s) is known, we know the exact number of nodes of the radial
orbitals. The radial orbital ¢y has k — 1 nodes. (Because of the spherical symmetry of the
system, the radial KS equations should be solved.) We can easily check numerically that the
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orbitals with the correct number of nodes are really orthogonal. We calculated the orbitals
$2s, ¢35, and ¢y, and the integrals [ ¢y, Px,dr, where ky and k; can be 1s, . . ., 5s. We found
that the absolute value of the integral was always less than 10° for k1 # ko.

In summary, the Coulombic excited state theory has been re-examined based on the
nodal variational principle. The functionals are the same as in the original theory, but the
solution of the Kohn-Sham equation is much easier as only the correct number of nodes of
the orbitals should be insured instead of the orthogonality.

Funding: This research was supported by the National Research, Development and Innovation Fund
of Hungary, financed under 123988 funding scheme.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: Data sharing is not applicable to this article.

Conflicts of Interest: The author declares no conflict of interest.

References

1.  Hohenberg, P.; Kohn, W. Inhomogeneous Electron Gas. Phys. Rev. |. Arch. 1964, 136, B864. [CrossRef]

2. Kohn, W,; Sham, L.J. Self-Consistent Equations Including Exchange and Correlation Effects. Phys. Rev. ]. Arch. 1965, 140, A1133.
[CrossRef]

3. Theophilou, A.K. The energy density functional formalism for excited states. J. Phys. C Solid State Phys. 1979, 12, 5419-5430.
[CrossRef]

4. Gross, EK.U.; Oliveira, L.N.; Kohn, W. Rayleigh-Ritz variational principle for ensembles of fractionally occupied states. Phys.
Rev. A 1988, 37, 2805-2808. [CrossRef] [PubMed]

5. Gross, E.K.U,; Oliveira, L.N.; Kohn, W. Density-functional theory for ensembles of fractionally occupied states. I. Basic formalism.
Phys. Rev. A 1988, 37, 2809-2820. [CrossRef]

6.  Oliveira, L.N.; Gross, E.K.U.; Kohn, W. Density-functional theory for ensembles of fractionally occupied states. II. Application to
the He atom. Phys. Rev. A 1988, 37, 2821-2833. [CrossRef]

7. Nagy, A. Density Functional Theory of Highly Excited States of Coulomb Systems. Computation 2021, 9, 73.
computation9060073. [CrossRef]

8. Nagy, A. Excited states in density functional theory. Int. J. Quantum Chem. 1998, 70, 681-691.:4/5<681::AID-QUA14>3.0.CO;2-5.
[CrossRef]

9. Nagy, A. Electron Correlations and Materials Properties; Gonis, A., Kioussis, N., Ciftan, M., Eds.; Kluwer: New York, NY, USA, 1999;
pp. 451-462.

10. Nagy, A. Theories for excited states. Adv. Quant. Chem. 2003, 42, 363-381. [CrossRef]

11. Levy, M.; Nagy, A. Variational Density-Functional Theory for an Individual Excited State. Phys. Rev. Lett. 1999, 83, 4361-4364.
[CrossRef]

12. Nagy, A Levy, M. Variational density-functional theory for degenerate excited states. Phys. Rev. A 2001, 63, 052502. [CrossRef]

13. Gorling, A. Density-functional theory beyond the Hohenberg-Kohn theorem. Phys. Rev. A 1999, 59, 3359-3374.
doi:10.1103 /PhysRevA.59.3359. [CrossRef]

14. Gorling, A. Proper Treatment of Symmetries and Excited States in a Computationally Tractable Kohn-Sham Method. Phys. Rev.
Lett. 2000, 85, 4229-4232. [CrossRef]

15. Sahni, V,; Massa, L.; Singh, R.; Slamet, M. Quantal Density Functional Theory of Excited States. Phys. Rev. Lett. 2001, 87, 113002.
[CrossRef] [PubMed]

16. Sen, K.D. An accurate local exchange potential for atomic one- and two-electron excited states. Chem. Phys. Lett. 1992, 188,
510-512. [CrossRef]

17.  Singh, R.; Deb, B.M. Excited-state density functional calculations on the helium isoelectronic sequence. Proc. Indian Acad. Sci.
Chem. Sci. 1994, 106, 1321-1328.

18. Singh, R.; Deb, B.M. Density functional calculation of complex atomic spectra. J. Mol. Struct. Theocherm 1996, 361, 33-39. [CrossRef]

19. Singh, R.; Deb, B.M. Density functional calculation for doubly excited autoionizing states of helium atom. J. Chem. Phys. 1998,
104, 5892-5897. [CrossRef]

20. Roy, AK.; Deb, B.M. Atomic inner-shell transitions: A density functional approach. Phys. Lett. A 1997, 234, 465-471. [CrossRef]

21. Roy, AK,; Deb, B.M. Density functional calculations on neon satellites. Chem. Phys. Lett. 1998, 292, 461-466. [CrossRef]

22. Roy, AK;; Singh, R; Deb, B.M. Density-functional calculations for doubly excited states of He, and Lit, BeZt and Be3* (13s¢, 3P0,
13pe, L3P0 1Ge. J. Phys. B 1997, 30, 4763-4782. [CrossRef]

23. Roy, A K, Singh, R.; Deb, B.M. Density functional calculations on triply excited states of lithium isoelectronic sequence. Int. J.

Quaant. Chem. 1997, 65, 317-332. [CrossRef]


http://doi.org/10.1103/PhysRev.136.B864
http://dx.doi.org/10.1103/PhysRev.140.A1133
http://dx.doi.org/10.1088/0022-3719/12/24/013
http://dx.doi.org/10.1103/PhysRevA.37.2805
http://www.ncbi.nlm.nih.gov/pubmed/9900008
http://dx.doi.org/10.1103/PhysRevA.37.2809
http://dx.doi.org/10.1103/PhysRevA.37.2821
http://dx.doi.org/10.3390/computation9060073
http://dx.doi.org/10.1002/(SICI)1097-461X(1998)70:4/5<681::AID-QUA14>3.0.CO;2-5
http://dx.doi.org/10.1016/S0065-3276(03)42061-3
http://dx.doi.org/10.1103/PhysRevLett.83.4361
http://dx.doi.org/10.1103/PhysRevA.63.052502
http://dx.doi.org/10.1103/PhysRevA.59.3359
http://dx.doi.org/10.1103/PhysRevLett.85.4229
http://dx.doi.org/10.1103/PhysRevLett.87.113002
http://www.ncbi.nlm.nih.gov/pubmed/11531521
http://dx.doi.org/10.1016/0009-2614(92)80857-8
http://dx.doi.org/10.1016/0166-1280(95)04299-7
http://dx.doi.org/10.1063/1.471321
http://dx.doi.org/10.1016/S0375-9601(97)00502-1
http://dx.doi.org/10.1016/S0009-2614(98)00720-9
http://dx.doi.org/10.1088/0953-4075/30/21/014
http://dx.doi.org/10.1002/(SICI)1097-461X(1997)65:4<317::AID-QUA4>3.0.CO;2-Z

Computation 2021, 9, 93 60f6

24.

25.

26.
27.

28.

29.

30.

31.

32.

33.
34.

35.
36.
37.

38.
39.

40.

41.

42.

43.

44.

45.

46.

47.
48.

Singh, R.; Roy, A K. Deb, B.M. Density functional calculations on low-lying singly excited states of open-shell atoms. Chem. Phys.
Lett. 1998, 296, 530-536. [CrossRef]

Slamet, M.; Sahni, V. Quantal density functional theory of excited states: Application to an exactly solvable model. Int. ]. Quant.
Chem. 2001, 85, 436—448. [CrossRef]

Sahni, V.; Pan, X.Y. Quantal Density Functional Theory of Degenerate States. Phys. Rev. Lett. 2003, 90, 123001. [CrossRef]
Slamet, M.; Singh, R; Massa, L.; Sahni, V. Quantal density-functional theory of excited states: The state arbitrariness of the model
noninteracting system. Phys. Rev. A 2003, 68, 042504. [CrossRef]

Sahni, V.; Slamet, M.; Pan, X.Y. Local effective potential theory: Nonuniqueness of potential and wave function. J. Chem. Phys.
2007, 126, 204106. [CrossRef]

Li, Y.Q.; Pan, X.Y,; Li, B.; Sahni, V. Demonstration of the Gunnarsson-Lundqvist theorem and the multiplicity of potentials for
excited states Phys. Rev. A 2012, 85, 032517. [CrossRef]

Ayers, PW.; Levy, M.; Nagy, A. Time-independent density-functional theory for excited states of Coulomb systems. Phys. Rev. A
2012, 85, 042518. [CrossRef]

Ayers, PW.; Levy, M.; Nagy, A. Kohn-Sham theory for excited states of Coulomb systems. J. Chem. Phys. 2015, 143, 191101.
[CrossRef]

Ayers, PW.; Levy, M.; Nagy, A. Time-independent density functional theory for degenerate excited states of Coulomb systems.
Theor. Chim. Account. 2018, 137, 152. [CrossRef]

Zahariev, F; Gordon, M.S.; Levy, M. Nodal variational principle for excited states. Phys. Rev. A 2018, 98, 012144. [CrossRef]
Kato, T. On the eigenfunctions of many particle systems in quantum mechanics. Commun. Pure Appl. Math. 1957, 10, 151-177.
[CrossRef]

Steiner, E. Charge Densities in Atoms. J. Chem. Phys. 1963, 39, 2365-2366. [CrossRef]

March, N.H. Self-Consistent Fields in Atoms; Pergamon Press: Oxford, UK, 1975.

Nagy, A.; Sen, K.D. Exact results on the curvature of the electron density at the cusp in certain highly excited states of atoms.
Chem. Phys. Lett. 2000, 332, 154-158. [CrossRef]

Ayers, PW. Density per particle as a descriptor of Coulombic systems. Proc. Natl. Acad. Sci. USA 2000, 97, 1959-1964. [CrossRef]
Nagy, A.; Sen, K.D. Higher-order cusp of the density in certain highly excited states of atoms and molecules. J. Phys. B 2000, 33,
1745-1752. [CrossRef]

Nagy, A.; Sen, K.D. Ground- and excited-state cusp conditions for the electron density. J. Chem. Phys. 2001, 115, 6300-6308.
[CrossRef]

Wilson, B.E. Symmetry, nodal surfaces, and energy ordering of molecular orbitals. J. Chem. Phys. 1975, 63, 4870-4879. [CrossRef]
Korsch, H.J. On the nodal behaviour of eigenfunctions. Phys. Lett. A 1983, 97, 77-80. [CrossRef]

Hatano, Y.; Yamamoto, S.; Tatewaki, H. Characterization of molecular orbitals by counting nodal regions. . Comp. Chem. 2005, 26,
325-333. [CrossRef] [PubMed]

Takeda, N.; Hatano, Y.; Yamamoto, S; Tatewaki, H. Counting nodal surfaces in molecular orbitals: Elimination of artificial nodes.
Comp. Theor. Chem. 2014, 1045, 99-112. [CrossRef]

Della-Sala, F.; Gorling, A. Efficient localized Hartree—Fock methods as effective exact-exchange Kohn—Sham methods for
molecules. |. Chem. Phys. 2001, 115, 5718-5732. [CrossRef]

Krieger, J.B.; Li, Y.; Iafrate, G.J. Derivation and application of an accurate Kohn-Sham potential with integer discontinuity. Phys.
Lett. A 1990, 146, 256-260. [CrossRef]

Noumerov, B.V. A method of extrapolation of perturbations. Mon. Not. R. Astron. Soc. 1924, 84, 592-592. [CrossRef]

Herman, F; Skillman, S. Atomic Structure Calculations; Prentice-Hall: Englewood Cliffs, NJ, USA; New York, NY, USA, 1963.


http://dx.doi.org/10.1016/S0009-2614(98)01031-8
http://dx.doi.org/10.1002/qua.1519
http://dx.doi.org/10.1103/PhysRevLett.90.123001
http://dx.doi.org/10.1103/PhysRevA.68.042504
http://dx.doi.org/10.1063/1.2733665
http://dx.doi.org/10.1103/PhysRevA.85.032517
http://dx.doi.org/10.1103/PhysRevA.85.042518
http://dx.doi.org/10.1063/1.4934963
http://dx.doi.org/10.1007/s00214-018-2352-7
http://dx.doi.org/10.1103/PhysRevA.98.012144
http://dx.doi.org/10.1002/cpa.3160100201
http://dx.doi.org/10.1063/1.1701443
http://dx.doi.org/10.1016/S0009-2614(00)01250-1
http://dx.doi.org/10.1073/pnas.040539297
http://dx.doi.org/10.1088/0953-4075/33/9/306
http://dx.doi.org/10.1063/1.1402165
http://dx.doi.org/10.1063/1.431230
http://dx.doi.org/10.1016/0375-9601(83)90514-5
http://dx.doi.org/10.1002/jcc.20169
http://www.ncbi.nlm.nih.gov/pubmed/15641122
http://dx.doi.org/10.1016/j.comptc.2014.06.021
http://dx.doi.org/10.1063/1.1398093
http://dx.doi.org/10.1016/0375-9601(90)90975-T
http://dx.doi.org/10.1093/mnras/84.8.592

	Introduction
	Coulombic Excited State Theory Using Nodal Variation Principle 
	Discussion
	References

