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Abstract: Maxwell defined a ‘true’ or ‘total’ current in a way not widely used today. He said that
“... true electric current ... is not the same thing as the current of conduction but that the time-
variation of the electric displacement must be taken into account in estimating the total movement
of electricity”. We show that the true or total current is a universal property of electrodynamics
independent of the properties of matter. We use mathematics without the approximation of a dielectric
constant. The resulting Maxwell current law is a generalization of the Kirchhoff law of current used
in circuit analysis, that also includes the displacement current. The generalization is not a long-time
low-frequency approximation in contrast to the traditional presentation of Kirchhoff’s law.
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1. Introduction

Maxwell’s description of electrodynamics has been used universally and successfully
since it was introduced some 160 years ago, essentially without change. Its success has
brought electricity to our civilization, lighting the night, and broadcasting images and
information everywhere. But a part of Maxwell’s description that he felt essential is not
widely known. Most scientists today are unaware of Maxwell’s idea [1] that ‘true’ current
is needed to estimate “the total movement of electricity”:

“One of the chief peculiarities of this treatise is the doctrine which it asserts, that the true
electric current, that on which the electromagnetic phenomena depend, is not the same
thing as the current of conduction, but that the time-variation of the electric displacement,
must be considered in estimating the total movement of electricity, so that we must write,
[the sum] ... as an equation of true currents”.

Note that ‘peculiarities’ is a Victorian word (in formal 19th Century English) equivalent
to ‘characteristics’ or ‘features’ in modern scientific American/English.

The text is from Vol. 2, Section 610, p. 232. The ‘equation of true currents’ is in
Equation (H), Vol. 2, Sect. 610, p. 233 of [1]. Maxwell uses the name “Total current’ through-
out his analysis 327-341 of Vol. 1. This paper uses the names interchangeably, as defined
in Equation (3).

Maxwell’s Definition is Esthetically Appealing because of its author and its general-
ity. It involves only two parameters, the electric and magnetic constants. These constants
are universal and do not depend on the properties of matter at all. Maxwell’s definition is a
verbal consequence of the Maxwell-Ampere Law, discussed at length later in this paper,
(2) where symbols are defined.

1
Maxwell-Ampere Law, asin ”— curl B =], = J+&e9dE/dt; ] is zero in a vacuum (1)
0
Maxwell’s definition forms the basis for the numerical analysis of the Jiao Tong Group
(Qiao et al. 2023a, 2023b, 2022a, 2022b) with substantial advantages [2-6], growing from the
numerical analysis [7] of the Energetic Variational Approach to problems of electrodiffusion [8].
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Maxwell’s definition helps [2,4] in dealing with the challenges of calculating and simulating
currents (carried by significantly sized ions) over the wide range of scales found in biology
in complex structures. These challenges must be met if theory and simulation are to deal
with the reality of how biology and evolution have combined structure and physics to create
physiological systems of great importance in health and disease [9-11].

Biological systems. Maxwell’s definition applies to complex biological systems with
structures over many scales, like nerve fibers, and mitochondria of biological cells that depend
on the properties of crowded ions in and near proteins, enzymes, channels, and nucleic acids.
Maxwell’s definition is not confined to circuits although it (see Equations (3) and (6)) has
been used to design circuits important throughout our technology since the invention
of the telegraph.

It is interesting to compare Maxwell’s idea of true current with the idea of current used
in modern science. Many workers in chemistry, biology, and engineering define current
as conduction current and do not discuss ‘true” current explicitly, with little emphasis on
displacement current. They certainly do not take the approach “that the time-variation of the
electric displacement, must be considered in estimating the total movement of electricity”. The total
movement of electricity is often computed using only the flux of electrons, without explicit
treatment of displacement current, and without time derivatives at all, in contradiction
to Maxwell’s words: the total current “must be considered in estimating the total movement
of electricity”. In particular, I have not found a treatment of Kirchhoff’s law that uses true
current, or includes displacement current in its definition of current besides that of our
group, e.g., Refs. [12,13].

Engineering approach. Engineers include the displacement current when they an-
alyze real circuits but not as Maxwell recommends. Engineers modify the circuit they
analyze so it includes displacement current. Maxwell includes displacement current in the
definition of true current.

Displacement current, and time derivatives, do not appear in traditional presentations
of Kirchhoff’s law. Examples of analysis of purely resistive circuits using Kirchhoff’s law
do not include time derivatives in any treatment I know of, and so engineers are forced to
include such displacement currents in their analysis if the results are to fit experiments on
actual circuits. Engineers often introduce the displacement current by changing the circuit
they analyze. They introduce supplementary circuit elements, called ‘stray capacitances’,
instead of using true (total) current in Kirchhoff’s law. These are discussed at length later
in this paper with mathematical precision, I hope, in Equations (8)—(10).

Engineers know that without these fictitious elements their circuits do not function as
they should. The stray capacitances describe displacement currents that must be included
if circuits are to behave properly [14], pp. 579-589. Feynman discusses this practice in
some detail in [15], Vol. 2, Section 22-23, although he too presents Kirchhoff’s law as a low
frequency approximation and uses currents without derivatives in his examples.

True Current in modern context. This paper looks for a way to use Maxwell’s idea of
true current in a modern context particularly useful in biology. We show that the idea of
true current casts a useful light on the role of sodium and potassium fluxes in the action
potential of nerve and muscle cells [16-18].

We show that the idea of true current is useful in understanding the flow of electrons,
ions, and protons in mitochondria. The chemiosmotic flow of electrons and protons [19-27]
in mitochondria has been a central topic in biology since the 1960’s, because that flow
creates ATP [23-25,27-31]. ATP stores chemical energy throughout living systems. The
hydrolysis of ATP provides most of the energy of life.

True Current in biology. We show mathematically that the idea of total or true current
is needed if we want to estimate the ‘total movement of electricity’ in mitochondria, just as
Maxwell said. In mitochondria, the total movement of electricity involves sodium Na*
and potassium K* ions, hydrogen ions, and, of course, electrons. We show, in particular,
that the movements of protons across the membrane of mitochondria are coupled to the
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movements of all charges via the current laws Equations (3) and (6). It is the true total
current that provides the energy that generates the ATP, not just the protonmotive force.
‘Protons’ in biology. It is easy for physicists and engineers to be confused by the
use of the word “proton’ in biology [32-34]. The word ‘proton’ in the relevant biological
literature is shorthand for positively charged water, which can take on many chemical
forms [35-38] depending on the chemical and biological context, for example, depending
on the structure of the proteins it moves through. Proton movement is not controlled by just
the protonmotive force of the original chemiosmotic hypothesis. Proton movement is a form
of electrical current and so it follows the same physical laws as any other current. These
are the Maxwell equations of electrodynamics that imply—by mathematics alone without
approximation or additional physics—the laws of total current flow Equations (3) and (6).
Current laws couple the protonmotive force to the electric field, and thus to the movement
of all charges across membranes, as well as displacement current across the membrane
capacitance. This coupling is not discussed in the classical literature of mitochondria, or
the chemiosmotic hypothesis, as far as I know. Treating the flow of electrons (and ions and
protons) in mitochondria the way they are treated in physical sciences seems to be helpful,
as well as necessary (in the mathematical sense) in understanding mitochondrial function.

2. Fundamental Equations of Electricity

The partial differential equations introduced by Maxwell, summarized in [39], have
been used for more than a century to describe the properties of electricity and its dynamics,
in the form given in modern textbooks, for example, [15,40-42]. These hardly differ from
Maxwell’s original formulation, although the ordering is different, with Maxwell choosing
to make the Maxwell-Ampere circuit equation his equation A perhaps because the circuit
equation explains how light is an electromagnetic phenomenon that can propagate through
a near vacuum devoid of charges.

We start with the Maxwell-Ampere partial differential equation, the circuit equation
that describes how the magnetic field B is created by changes in the electric field E and the
conduction current J. The charge and current are parsed in an unconventional manner here,
for reasons discussed below, immediately after variables are defined. The Maxwell-Ampere
equation is written here without the dielectric constant ¢, for reasons discussed at length
previously [43—46]. &, is more formally called the ‘relative permittivity’. Dielectric currents
are included in J.

1
”—curl B =J4ue =]+ €0 0E/0t; ] is zero in a vacuum. (2)
0

Jirue is Maxwell’s “true current” (defined above in words) displayed prominently as
his Equation (A), p. 465, 480 of [39]. Perhaps Maxwell identified this equation as his first,
his A equation, because of the importance of displacement current in the propagation of
light from the sun through the near vacuum of space. ¢ is the electric constant. y is the
magnetic constant. J;,,. is not zero in a vacuum.

The parsing used here allows the fundamental Equation (2) to be independent of all
other parameters. No properties of matter are included explicitly in this version of the
Maxwell-Ampere Equation (2). The equation applies, as is, in the vacuum of space and
everywhere else. The properties of matter are described separately in equations that are
solved together with Equation (2) [47].

Electromechanical model of polarization. The Maxwell-Ampere Equation (1) in-
cludes an over-approximated [43] theory of the polarization current of an ideal dielectric,
appropriate for Maxwell’s time, as discussed later in this paper. The Maxwell-Ampere
equation used here in Equation (2) needs to be supplemented with an electromechanical
model of polarization. The electromechanical responses of matter to changes in the electric
field are diverse, to under-state things [43—46], and so the electromechanical model of
polarization is a phenomenological description of how the charge density in matter varies
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with field strength (etc.), as discussed later. Its role is similar to the role of density variation
(compressibility) in the fluid mechanics of simple or complex fluids.

The conduction current of any charge p with mass is described by J, however brief,
small, or transient the current is (or its flux). The conduction current J does not include
the displacement current ¢y 0E/ 0t found everywhere without exception. The conduction
current includes all the movements of charge that occur when the electric field changes.
Many of those movements of charge are nonideal and cannot be well described by a single
dielectric constant [43,48-54].The conduction current also includes the ideal movements of
charge that occur when the electric field changes. The conduction current J does include
the idealized dielectric polarization current and the dielectric current ¢y(e, — 1) of an
ideal capacitor used in classical formulations and approximations of material systems
as seen in [41], pp. 500-507. In a vacuum, the only current J,,,, is the displacement
current gy JE/dt but that is not zero when (for example) light propagates from the sun
to the earth. That vacuum displacement current, €y JE/9t, allows radiation like light to
propagate in the space between the earth and the sun, which is nearly a vacuum.

Maxwell’s original treatment. Note that Maxwell’s original statement of displace-
ment current (e.g., in Equation (1)) differs from that used here. Maxwell’s original treatment
included two components of displacement current. One of Maxwell’s components was the
displacement current of our Equation (2). g dE/ 0t is universal, present in a vacuum and in
matter, everywhere in fact, and has no adjustable parameters. The other component that
Maxwell used, (e, — 1)g, 0E/dt, depends on properties of materials. The material displace-
ment current uses adjustable parameters and models to describe how the material charge
changes when the electric field changes. Maxwell’s original treatment of displacement
current can be reinstated from our equations in two steps. First, (1) by replacing ¢ dE/ ot
in our equations with &,y dE/dt and then (2) by changing the definition of charge and
conduction current correspondingly so displacement currents are not counted twice. These
changes are easy to implement and mean that classical analysis can be easily modified if
applications require it.

Universal law. Current is parsed this way here so the Maxwell-Ampere Equation (1)
can be written as a universal law without explicit reference to the properties of matter.
Without this rewriting, the fundamental field equations become constitutive, not uni-
versal laws, with the properties of matter—in all its diversity, with all its difficulties of
measurement—embedded in its very definition of variables. The dependence of the classi-
cal Maxwell equations on approximate models of polarization is a problem that is widely
recognized in texts by distinguished physicists, such as in [15] Vol. 2, Section 13-4 and [41].
The traditional formulation is strongly criticized with examples and analysis in [41],
pp- 500-507. In [41], the authors say the following: “This example teaches us that in the
real atomic world the distinction between bound charge and free charge is more or less
arbitrary, and so, therefore, is the concept of polarization density P”. The concept of po-
larization density P is central to the treatment of electrostatics and electrodynamics in
Maxwell [1,39,55] and modern classics [40-42], and [15], so the criticism of Purcell and
Morin has great implications as it undercuts much of modern teaching. The parsing con-
ducted here seems to resolve this problem while not deviating too much from the classical
formulation, in my opinion.

The properties of charge and current in matter do not appear in the Maxwell-Ampere
equation itself, such as in Equation (2), and equations derived from it, as we have seen.
Rather, the properties of charge and current need to be described with a separate conjoined
theory [47,56,57] that shows how charge and current vary with conditions, particularly the
electric field, just as the compressibility of matter must be included as a separate conjoined
theory in fluid mechanics. Treating matter, charge, and electric/magnetic fields this way
requires methods already well developed in fluid mechanics, particularly of complex fluids, that
use the Energy Variational Approach developed by Chun Liu, more than anyone else [47,56,57].

The classical form of the Maxwell-Ampere Equation (1) involves the dielectric constant
as one of the adjustable parameters of matter. The approximation of a dielectric constant as a
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single real positive number is a gross oversimplification, necessary at the time that Maxwell
wrote his equations, but rather misleading in modern applications as we now document.

3. Dielectric Constant

The assumption of a dielectric constant as a single real positive number is particularly
inappropriate for ionic solutions that are not considered explicitly by [41], see [43,48-52].

Most of biology, and a great deal of chemistry, occurs in ionic solutions, and so the
approximation seriously limits the scope of use of the classical theories of electrodynamics.
The range of concentrations of ions is large in electrochemistry and biology, with very large
values found near the electrodes of batteries, proteins of ion channels and enzymes, and the
nucleic acids of the genetic apparatus, with values approaching the concentrations of 10 to
even 100 molar found in solid crystals of salt [43,48,58]. Crudely put, ion concentrations
are often largest where they are most important in batteries, ion channels, nucleic acids,
and many proteins. The dielectric properties of liquids depend on concentration. The
approximation of a dielectric constant is a useful teaching tool and a necessary part of first
investigations in ionic solutions, and thus living systems, but the approximation limits the
scope of more realistic investigations [43,48,58].

The approximation of a single dielectric constant fails altogether when dealing with
the remarkably diverse (and specific) dielectric properties of organic molecules revealed by
their spectra, e.g., their infrared spectra. The spectroscopic properties of organics are so
specific that they are used as fingerprints to identify individual chemical species [59-61]. The
relation of dielectric and spectroscopic measures is explained by Parsegian [62], pp. 241-275.
Dielectric and spectroscopic measures are different estimates of the same polarization
currents. Dielectric and spectroscopic estimates were originally made at quite different
frequencies, but that constraint came from technologies of previous centuries not from the
molecules they measure.

The approximation of a single dielectric constant (a real number) was developed when
measurements were confined to low frequencies, say <100 Hz, as they were in Maxwell’s
time. Modern data show that polarization currents vary in a complex multi-dispersion
way with frequency, type, and concentration of ions. All types of ions, not just the main
charge carrier, change the dispersions [43,48-52]. Thus, a dispersion in a physiological
salt solution will depend on many species, perhaps some in small concentrations, and
not just on the main constituents. (The main constituents are typically Na™ ions outside
cells and K™ ions inside cells). The polarization current of an ideal dielectric, with a single
dielectric constant—that is assumed in the classical Maxwell equations—cannot describe
these properties.

It is interesting history that Maxwell anticipated the complexity of dielectric polar-
ization quite explicitly in [1]: Vol. 1, p. 381. He was concerned that dielectric polarization
might resemble electrochemical polarization, which modern experimentation confirms is
the case [49-52].

The difficulties with the dielectric approximation are not confined to liquids. The
approximation is barely adequate [54,63] even for crystalline solids like the silicon of our
modern semiconductors. Currents in modern circuits operate at frequencies > 10° Hz in
which bits of information might last 10~ s. It is not reasonable to expect an approximation
derived for frequencies < 10 Hz to work well at frequencies > 10 Hz. A single dielectric
constant is often not good enough to allow for the design of new devices on the 10~ second
time scale, although it may be an adequate description of existing devices under some
circumstances [14,64-69], and it is certainly an important teaching tool and a necessary
component of first investigations using ‘toy’ models. Later investigations require mea-
surement and description of the properties of dielectrics and polarization currents under
conditions of interest.
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4. Current Laws

The Maxwell-Ampere Equation (2) can be converted into a current law that is valid
under the same conditions that the Maxwell-Ampere equation is valid. The Maxwell-Ampere
equation is valid in essentially all circumstances, locations, and times that I know of.

Take the divergence of curl B and use the general mathematical result that divergence
of the curl of a vector field is zero.

The Maxwell Current Law is as follows: div J;,,, = div curl B = 0. 3

Equation (3) needs a name of its own because of its generality and so it is called the
Maxwell current law in this paper. Equation (3) says in mathematics what Maxwell said in
words. True current does not accumulate.

The fact that true current never accumulates allows understanding of important
systems. In engineering, the lack of accumulation is the fundamental reason that Kirchhoff’s
law (and its generalizations) can be used on time scales faster than 10710 s, even though it
is usually derived and presented as a long-time approximation.

The fact that true current never accumulates allows for the understanding of important
systems in biology. One example is the propagation of an action potential signal in nerve
cells. Circuit laws have been used in traditional analysis of action potentials for a long
time [16-18,70] to quantify the electrical transmission of the signal [71,72].

The transport of electrons, protons, and ions in mitochondria and active transporters
(indeed, in proteins and enzymes in general [73]) are subject to the same physical laws
as nerve cells and engineering circuits, even though the use of circuits is not traditional
for these systems. The current laws are not confined to circuits as Maxwell himself made
clear in [1], Vol.1, Section 328, p. 377. Our analysis of Equations (3) and (6) confirms his
result. Current laws are true for three dimensional systems like mitochondria. Only vitalists
believe that biological systems are immune from physical laws and constraints.

True Current and incompressible fluids. True current behaves like the flow of a perfectly
incompressible fluid that Maxwell called the aether (sometimes called the absolute ether).

It is customary nowadays to avoid discussions of the aether itself [74] although the
current flow of the aether can be seen as light from the sun because of the displacement
current it creates. This avoidance seems to be an example of the human psychology of
denial more than logic.

Current flow through the aether is of great importance. The displacement current gy JE/dt
allows electrodynamic waves to propagate through the near vacuum of space. It is cus-
tomary today to deal with the current flow ¢y dE/0t of the aether, not the aether itself. The
Michelson-Morley experiment convinced physicists that the movement of the aether could
not be detected mechanically as seen in [15], Vol. 1, Section 15-3, and it seems natural to
avoid discussing it for that reason.

Maxwell’s True Current is a property of the fields of electrodynamics and has useful
properties that are independent of the properties of matter because the true current does
not accumulate with div J,,,,, = 0.

Many properties of a fluid flow that does not accumulate—that might be called

‘incompressible” in loose language—are determined simply by the fact that it is incom-

pressible [75,76]. That may be why Maxwell called the total current a “true” current and
emphasized that definition as his first equation in [39], Equation (A), pp. 465, 480.

It is not clear why Maxwell’s focus on displacement current has been lost in modern
literature, despite the vivid writings and presentations of Landauer [77]. Maxwell called
displacement current (and time dependence) one of the “chief peculiarities [characteristics]”
of his work. Losing focus on displacement current leads to all sorts of difficulties when
(for example) purely resistive circuits are considered. If circuits made of only resistors are
perturbed by a step in potential or current at time zero, to a constant value, the analysis
of textbooks (shown in numerous worked examples) gives results independent of time.
Indeed, the eventual steady-state responses observed in experiments are independent of
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time and are well described by the classical Kirchhoff analysis of Equation (7). Experiments,
however, show prominent time dependent currents or voltages that are not described by
classical Kirchhoff analysis, because it includes no time dependence at all. Specifically, if the
resistor circuit is composed of roughly one megohm resistors, transients will be observed
on the 0.1 to 1 microsecond time scale. These transients can be dealt with by modifying
the circuits with stray capacitances, as we will discuss at length in Equations (7)—(10), but
the fact remains that treatments without displacement currents provide results at odds
with experiments. They have the basic time dependence implied by the Maxwell-Ampere
Equation (2) itself.

The results of classical Kirchhoff analysis are valid only at steady state, but the examples
and problems in the textbooks do not make that clear. Indeed, they use the classical Kirchhoff
law to analyze circuits with time dependence when they turn to (for example) the high
frequency circuits of our computer technology. The textbooks assume the student and reader
will themselves know not to use the circuits (as drawn in idealized form) but will know to
add in the supplementary circuit elements needed to introduce time dependencies. In my
experience, this assumption puts a difficult burden on students and leads to confusion between
the role of idealized theory, realistic simulations, and actual experimental results.

Conduction current involves many charges. Conduction current requires consider-
ation of macroscopic numbers of charges and their interactions because the continuity
equation requires such consideration. True current does not require consideration of
charges, for most purposes. Consider the design of the circuits in general, including the
circuits of our computers [14,64-69,78-88]. Consider the action potential of nerve and
muscle [18]. These do not require analysis of charges for most purposes.

The physics of the Maxwell current law should not be hidden by the mathematics of
the div and curl operators of vector calculus. The Maxwell current law (3) arises because
the electric and magnetic fields created via electrodynamics move charges and atoms.
Combined with the displacement current ey 0E/9t, the charge movements guarantee that
the total current does not accumulate.

The total current does not accumulate with surprising consequences [89] particularly
for single file transport in one-dimensional systems as stated clearly by [77] focusing
on physical systems. The conduction current in one-dimensional biological systems has
complex properties [90-92]. The total current in one-dimensional systems does not.

Total Current in one dimension. If total current flows in one dimension, it is equal ev-
erywhere and at every time. That is the mathematical consequence of the Maxwell-Ampere
equation. Biological properties that depend only on total current are much easier to analyze
than those that depend on the movement of particular ions for that reason. The extensive
analysis of hopping—that forms much of the classical literature of electron transport [77]
and channel biology [90-92]—is not needed if the output variable of interest is total current.
That analysis in biology was based on a mechanical model of the interaction of spheres
(‘billiard balls’), without charge, ignoring electrical forces, because mechanical analysis was
thought to be much simpler than analysis of charge motion (personal communication AL
Hodgkin and separately RD Keynes to Bob Eisenberg) although ions are highly charged.
It turns out, however, that analysis of the current of the charges is much simpler than
the analysis of uncharged billiard balls if the current analyzed is the total true current. If
total current flow is confined to one dimension in a channel, it is equal everywhere at any
particular time. The flows of ions are much more complicated, indeed, as a glimpse of the
large modern literature shows [89,93-96].

Conduction Current accumulates. The conduction current J does accumulate even
though J;,,,. does not.

div ] = —div(egdE/dt) (4)

The divergence of J is zero when ) dE/dt = 0.
Indeed, the continuity Equation (5) shows that conduction current J accumulates as
charge density p changes.
div] = —dp/ot (5)
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The continuity Equation (5) can be derived from the Maxwell-Ampere Equation (2),
and a form of Gauss’ law as in [15] and Equation (G) of [39], p. 465 and 485. We reiterate
for clarity that in our nomenclature, J includes the polarization current of an idealized
dielectric (&, — 1)g, 0E/dt.J excludes only universal displacement current ey 0E/dt. J is the
conduction current of any charge with mass, however brief, small, or transient, including
the polarization current of matter. If the current variable in Equation (5) is changed to total
current, the definition of charge density must be changed to deal with the accumulation of
displacement current.

Conduction Current accumulates as charge density. Integrated circuits contain too
many charges to analyze with the continuity Equation (5). Rather, integrated circuits are
analyzed with the Kirchhoff current law Equation (6), without explicit consideration of
charges [14,64-69]. It is easier to deal with currents than charges. The number of currents
that must be considered is much less than the number of charges in macroscopic systems
that often contain an incomputable number of charges and charge interactions.

Conduction current is also harder to analyze than total current because conduction
current depends on the accumulation of charges that diffuse and flow via convection. Those
processes involve many parameters including the details of the structures and boundaries
in which diffusion and convection occur. Such complexity is particularly hard to deal
with in biological systems like nerve fibers where many types of ionic currents flow in
different channels, and components of cells and the currents are driven via diffusion and
migration, and sometimes convection. The complexity is hard to deal with in mitochondria
where electrons, protons, and ions flow, each carrying significant current important in the
generation of ATP, the main function of mitochondria. Despite this complexity, it is in fact
possible to use conservation laws and descriptions of structure and structural components
to compute currents directly comparable to experiments [9,56,97-102].

Engineers rarely analyze charge. Many scientists—including me for most of my
life—have thought that knowledge of the locations and properties (and accumulation)
of charges is needed to deal quantitatively with circuits or electromagnetic phenomena
including circuits. Feynman says nearly as much, for example, in [15], Vol. 2, Section 13-4.
However, engineers have built and used circuits without explicitly studying charges for a
long time, for some 160 years since the introduction of the telegraph, using just the Kirch-
hoff current law Equation (6) that only involves currents and does not deal directly with
charges. They have shown how to design successful circuits using Kirchhoff’s laws that
bring power and information to our homes and businesses without detailed knowledge of
the distribution of charges [14,64—-69,78-88].

Circuits are the main use of electricity in our world. Circuits carry power to our
homes and businesses, lighting the night; they carry information everywhere, whether as
sounds in telephones, images in videos, or bits and bytes in our computers.

Biologists do not always recognize the importance of circuits perhaps because circuits
hardly appear in traditional biochemically oriented textbooks [28,103]. Circuits appear
in the traditional literature only when dealing with nerve and muscle cells [16-18,70].
The cable equation was widely known to workers in Cambridge UK in the 1930’s in the
afterglow of the triumphant technology of Victorian England including the trans-Atlantic
cable [104-106]. That history and physics/engineering is not widely known to biologists
today and the importance of the cable equation has been more or less lost to the common
knowledge of molecular and cellular biologists.

Current is not confined to circuits. It is important for biology that the Maxwell cur-
rent law Equation (3) does not require current to be confined to circuits. The Maxwell
current law is true whenever classical electrodynamics are true. Maxwell [1], Vol. 1,
Section 328, p. 377, analyzes systems at some length that are not circuits. Maxwell solves
electric field problems that are not circuits in explicit detail including boundary properties
and conditions, showing how the time dependent solutions of those boundary value prob-
lems depend on the displacement current ¢,e9 JE/dt. If the displacement current is not
included, the solutions to the problems are incorrect, as Maxwell makes quite clear. Indeed,
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he uses this fact to justify his insistence on the importance of using true current to estimate
the ‘total movement of electricity’.

The Kirchhoff Current Law is used throughout engineering and physics to define the
properties of circuits. The current used is usually defined as the flux of charges and does not
include displacement current or a time derivative. Examples and problems in the textbooks
show this fact without ambiguity. Examples containing only resistors are common and they
do not contain time derivatives even if the potentials and currents involved vary with time.

The examples of textbooks unfortunately differ from reality, which must be realized.
When circuits are actually constructed from these resistors, and potentials or currents
are applied at time zero, time dependence does appear in responses even though it is
not found in the examples of the textbooks. The textbooks only analyze the steady-state
response which of course does not depend on time. That is natural because the Kirchhoff
law of currents that they use is a low frequency approximation. But an experiment using
steps in applied potential or current shows transients. Specifically, resistor networks made
of roughly one megohm resistors contain many transients on time scales of 0.1 to 1 mi-
crosecond. Transients appear in experiments as Maxwell’s discussion shows they must:
Ref. [1], Vol. 2, Section 610, p. 232. Engineers are aware of this problem and use fixups to
correct it. The dielectric (polarization) current—needed to make the time-independent Kirch-
hoff law fit time-dependent experimental data—is usually provided by fictitious supplements
to the circuit in question called ‘stray capacitances’. The dielectric (polarization) current is
needed to make the (time-independent) Kirchhoff law (6) fit experimental data that exhibit
time dependence.

Kirchhoff current law Equation (6):

Kirchhoff Current Law for Fields is as follows: div J] = 0, where J is conduction current. (6)

The Kirchhoff current law Equation (6) is a special case of the Maxwell current law
Equation (3). This form of Kirchhoff’s law is unfamiliar because it need not be inside a
circuit. J is the conduction current defined above that includes polarization currents and
currents of ideal dielectrics.

Kirchhoff’s law in texts of circuit design and analysis is often said more clearly in
words than in equations: “all the currents that flow into a node—positive quantities—flow
out as negative quantities” [14,64—69,78-88]. Or ‘the sum of all currents at a node is zero’.
The meaning of ‘Currents’ is usually not discussed in the texts of circuit design.

Kirchhoff’s Law, classical and True Current. As far as I know, derivations of Kirchhoff’s
law in physics and electronics texts do not include the displacement current term explicitly
as part of the current used in the law. Examples involving only resistors illustrate this point
without ambiguity. They do not include derivative terms or displacement current if the circuit
analyzed does not include capacitors or inductors. Displacement current is handled with
fictitious supplementary components ¢,e9dE/ 0t called ‘stray’ or ‘parasitic’ capacitances as
mentioned previously, discussed at length later in this paper; see Equations (8)—-(10).

Classical treatments of Kirchhoff’s current law that do not use Maxwell’s true current
appear to violate Maxwell’s statement that true current “must be considered in estimating the
total movement of electricity” (loc.cit.). When the true current is used in a current law, fictitious
supplementary components are not needed to satisfy the Maxwell-Ampere equation [13].
To say it crudely: “Kirchhoff’s law can be exact” [12] if true current is used.

Supplementary components can be confusing, but they are not wrong because they
provide both the mathematically necessary (and physical required) universal displacement
current £9dE/0dt [87] and supplementary components (e, — 1)egdE/dt often needed to
describe material properties [53,54].

Kirchhoff’s law is customarily applied to ideal circuits that do not explicitly contain
stray capacitances. For each node i in the circuit, one sums the conduction currents from
the k branches attached to that node. J;) is usually defined as the flow of electrons. In most
treatments, the displacement current e,e9dE/ 0t is not discussed as a possible component
of Jj(x)- Time derivatives are not found in textbook examples made of only resistors. The
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lack of time derivatives illustrates in undeniable detail that the textbook authors do not
mean to include displacement current in the current of Kirchhoff’s law.

The classical Kirchhoff current law for ith Node in circuits is as follows: Z]i(k) = 0;]; represents conduction current.  (7)

The classical Kirchhoff current law (6) as usually presented appears to be inconsis-
tent with Maxwell’s statement “that the time-variation of the electric displacement, must be
considered”; see [1] Vol. 2, Section 610, p. 232. Equation (7) can be modified to contain the
displacement current, as we shall see in Equation (10), thereby becoming consistent with
Equation (3). The Kirchhoff law Equations (6) and (7) can be made physically consistent
with the Maxwell current law Equation (3), and thus the Maxwell-Ampere Equation (2) by
supplementing circuits with fictitious stray capacitors, as we show with Equations (8)—(10)
and further discussion.

5. Paradigm Change

We consider in more detail the ways to reconcile the Maxwell and Kirchhoff current
laws in Equations (3) and (6), because of the general importance of the subject and the
novelty of my approach. Reconciliation is needed because the classical Kirchhoff law does
not include the displacement current.

A simple logical manipulation of the Maxwell quotation in the beginning of this paper
reads “It is incorrect to compute the movement of electricity without the displacement
current”. That is to say, according to Maxwell, it is incorrect to compute the movement
of electricity without the displacement current. This statement raises a problem because
the movement of electricity is commonly analyzed without displacement currents in the
classical applications of Kirchhoff’s current as we have just discussed. It is not clear why
displacement currents are not included in textbook treatments. The reasons seem social
and psychological more than mathematical or scientific [74]. One can guess that distaste
for the idea of a hard-to-detect aether motivated scientists to ignore the current through the
aether, as required by the Maxwell-Ampere law Equation (2). The displacement current
£9dE/ 0t became aethereal and then disappeared altogether from discussions (but not from
the equations, where it had to be present to explain the propagation of light in the near
vacuum of space).

One way to reconcile the Maxwell and Kirchoff Current laws is by approximation, viewing
the classical Kirchhoff law as a low frequency law described in detail in Equations (8)—(10).

The other way to achieve reconciliation is to redefine current, using Maxwell’s definition
of true current, as in Equation (2) and (3), an approach I prefer [12,13] for the following reasons:

(1) Because it automatically shows why the current law works at high frequencies;

(2) Because it automatically applies to three dimensional systems that are not
obviously circuits;

(38) Because it arises naturally from the fundamental equations of electrodynamics;

(4) Because it emphasizes the reality that large (displacement) currents flow in a vacuum
devoid of charge (or conduction current) as the currents ¢y 0E/dt create magnetic
fields and propagate electromagnetic radiation like light.

Reconciliation by approximation. When conduction current is much larger than
displacement ¢y dE/0t, true current is mostly conduction current. In that case, at low
frequencies, the usual Kirchhoff current law (7) may be good enough, helpful even when
dealing with microwave circuits [107-110], if used with caution and care. The Kirchhoff
current law Equation (7) is viewed as an approximation to the Maxwell current law (3) in
most textbooks and derivations for that reason, in my view [86].

Care is important, however, even when the displacement term is small, because the
initial condition associated with the time derivative dE/dt is lost in the approximation that
dE/ot = 0. Losing initial conditions causes difficulties in almost any system described by
differential equations, as studied at length in singular perturbation theory [111].

Losing the initial condition in electrical systems can lead to paradoxes that make the
role of charge hard to understand. If eg dE /9t is set to zero, all the conduction current that
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flows into a resistor also flows out of the resistor, so one must wonder how the charge
that drives the conduction current accumulates in the first place. The charge arises, of
course, in an initial condition that is not included in a treatment like Equation (6) where
dE/0ot = 0. The initial charge can be included as extra information added to supplement
Kirchhoff’s law; see Equation (8). These fixups are subtle and confusing (even in outstand-
ing textbooks [112]) but they are not wrong as long as somehow or other they introduce the
universal displacement current ¢y dE/9dt and concomitant time dependence. Even when
correct, however, the fixups often mystify students and scientists from other fields. The
classical use of a long-time approximation to design circuits that switch in nanoseconds
seems artificial and confusing (and of course not unique) to most students and scientists, in
my experience.

Reconciliation with stray capacitance. As we have mentioned, the classical way to
reconcile the Maxwell and Kirchhoff current laws Equations (3) and (7) is to change the
system that the laws describe. Virtual components are almost always added to idealized
circuits of textbooks [14]. Idealized circuits are almost always revised as they are converted
to actual circuits on circuit boards [64-66,69,107,113-115]. ‘Stray capacitances” are almost
always added that do not actually exist as isolated elements—i.e., capacitors—in the real
circuit [14,64-69,78-88,114]. These extra components reconcile Maxwell and Kirchhoff
current laws (3) and (7).

The stray capacitances added are often of the form e,egdE/dt. These added capacitances
allow circuits to describe coupling to nearby structures in the circuit layout, as well as the
usually smaller but unavoidable displacement current £g 0E /9t ; see Equation (10). The extra
components ¢,e00E/dt allow circuits to deal with reality quite well at high frequencies,
reaching to microwave frequencies in favorable cases [107-110]. They appear as extra terms
(see Equation (10)) in addition to those included in textbook low frequency formulations
of the Kirchhoff current law Equation (7). Successful circuit designs usually place ‘stray
capacitances’ e,¢9dE/dt between all nodes in a circuit. The examples and problems in
textbooks need to be modified to include these stray capacitances if they are to describe
the actual properties of real circuits. Students and scientists from other fields who do not
know how to add stray capacitances are discouraged, as well as mystified, by the difference
between actual results and the behavior of their idealized circuits in my experience.

Far distant ground. Successful circuit designs often place ‘stray capacitances’ between
the nodes and a far distant zero potential ground as well as between nodes. The far distant
ground is the typical far field boundary condition in circuit theory. It is the typical boundary
condition assumed in many electrostatic problems including those of classical statistical
mechanics, with citations in [10,116].

A single far field boundary condition ‘at infinity” is incompatible, however, with a
general treatment of electrodynamics as explained at length in [10]: the wave properties
of the Maxwell equations and also the complex structures of engineering and biological
systems prohibit such simplicity. One must use an explicit limiting process, specific to
particular applications, to define far field boundary conditions even if the conditions are far
away “at infinity”. Otherwise, results are not unique and cannot be computed with results
reproducible from one research group to another.

Stray capacitances are not usually included in idealized circuits because the capaci-
tances depend on the layout of the circuit—the way it is wired up—and the layout is not
shown in idealized circuit diagrams.

The conversion of idealized circuits into functional designs is a discipline of its own,
of great importance in modern design of integrated circuits [53,54,64—66,69,107,113-115]
because stray capacitances and other nonideal effects increase in importance as the density
of devices increases and the size of devices approach atomic dimensions and the time scale
of circuit operation decreases [64,65,67,68,114,117]. The values of stray capacitances are
determined empirically in that design process [114,118].

Reconciliation by redefinition. As we have seen, another way to reconcile the Kirch-
hoff current law Equation (7) and the Maxwell current law (3) is simply to use a true current
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in the law, as Maxwell instructs in the quotation that begins this paper and we advocated
before we knew of his instruction [12,13].

The exact reconciliation via redefinition simply changes the definition of current (in
the traditional Kirchhoff’s law for circuits) to true current J,,,,.. That redefined current
is Maxwell’s true current defined in Equation (2), of the Maxwell-Ampere differential
equation for the magnetic field. The true current J.,, = J + €9 0E/9dt must include the
displacement current gy dE/ 0t because true current must flow in a vacuum if light is to
propagate as an electrodynamic wave in the near vacuum of the space between the sun
and earth. J = 0 in a vacuum.

Three dimensional structures are different. For three dimensional structures, the
story is different. For mitochondria, nerve, and cardiac cells, and other three-dimensional
structures, it is not always clear how to approximate the three-dimensional layout of biologi-
cal systems with a circuit model. Indeed, the circuit representation of such
complex structures is not unique except in the cases where the cable equation can be
derived from the general equations of electrodynamics (as discussed later) or verified
experimentally [16,111,119-121], pp. 218-238.

Circuit models are in fact not used in the classical literature of mitochondria or the
chemiosmotic theory, although figures showing arrows and the movements of electrons
and pathways for those movements are commonplace. The arrows are not identified as
currents. The flows of electrons exist in this classical work, as in real mitochondria, but the
laws of current flow or electrodynamics have not been used to describe those currents, as
far as I know, except in the papers of our research group [56,97].

If currents are viewed as fluxes of charge, the electron flows in classical chemiosmotic
models are indeed tricky to interpret and the fluxes of protons are hardly easier. But if
the currents are viewed through the lens of electrodynamics, interpretations are easier,
as physicists have found for a long time since the invention of the telegraph and the
introduction of the Maxwell equations. Viewed as true currents, including displacement
current, the arrows in classical models of mitochondria and the chemiosmotic hypothesis
have a specific meaning and follow quantitative laws well established in physics. Clarity
emerges when the equations of physicists replace the words of biologists.

Using Maxwell’s definition of current makes the current laws general. The Maxwell
current law (3) does not require discussion of circuits, as Maxwell himself demonstrated:
see [1], Vol. 1, Sect. 328, p. 377.

The true current can be used to describe the following.

(1) Electron flows in circuits;

(2) Current flows in mitochondria, including list items 3, 4, and 5;
(3) Proton flows;

(4) Trans-membrane electron flows;

(5) Horizontal electron flows;

(6) Ionic flows in nerve including list items 7 and §;

(7) Ion flows in membranes;

(8) Ion flows in cytoplasm.

The flows are carried by whatever ions are present [12,13] as can be shown experimen-
tally [12,13,122-124] even in cells as complicated as skeletal muscle [120,121].

Maxwell’s definition of current is easy to use and does not involve approximation. It
requires a slight change in the treatment of existing idealized circuits or analyses of field
problems in applied mathematics that use the dielectric constant approximation, as they
usually do [87]. The use of Maxwell’s definition of current represents a paradigm shift and
so is difficult for scientists to implement beyond the logical issues involved [74].

Laplace Transforms. Analysis of circuits usually uses Laplace transforms because
most circuits of technological interest are linear systems. Nonlinear systems are often
analyzed beginning with a linearization. Nonlinear technological devices are usually
analyzed by linearization around the operating points where they function. The operating
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point is rarely a point of zero flux or equilibrium in engineering systems, although it is
often a zero point in the linearizations of statistical mechanics.

Maxwell’s definition of current in Equations (2) and (3) is easily formulated using
Laplace transforms. The Laplace Transform J,,,, (s) of the true current J,,,,. (t) of Equation (2)
is as follows:

Laplace Transform of True Current: J,,,,,(s) = J(s) + eosE(s) — goE(t = 0). 8)

Here the symbol s is the Laplace Transform frequency variable; Laplace transforms
are indicated by a ‘hat’ as in the Laplace transform of the electric field E(s). If we set
initial condition E(t) to zero, E(t = 0), as is customary in circuit analysis and synthesis,
every modified current in a circuit contains an extra term like CsE(s), where the universal
effective capacitance C = g is simply the electrical constant, independent of the properties
of matter. CsE(s) is Maxwell’s displacement current, the term that is essential for the
understanding how electromagnetism in a vacuum supports a propagating wave like light.

Circuits analyzed with the Maxwell current law (3) will thus contain many effective
capacitances CsE(s) that include the universal displacement current ¢y OE/9t, one for
each circuit element and wire. When combined, the effective capacitances will form an
inescapable part of the stray capacitances.

Saying the same thing in equations, we rewrite Equation (3) for the ith node—with k
branches attached—in a circuit using the Laplace transform variables of Equation (8) with
zero initial conditions everywhere.

Y Jirueii(8) = 1 (Jigey (5) + eosiey () ) = 0. ©)

This Equation (9) can be rewritten so we recognize the stray capacitance currents sosf:"l-( 5 (s)
added to the branch currents 7i(k) (s) of the classical Kirchhoff law Equation (7).

Maxwell Law  Kirchhoff Law Stray Capacitances
e N e —
Z]true;i(k) <S> = i(k) <S> + Z (80 + Layout) 'SEi(k) (S) =0 (10)

The last few equations show how Kirchhoff’s law Equation (7) can create an exact
description [12] of what flows through a resistor [13].

Equation (10) includes the ‘Layout’ capacitance term (Layout)-sf,-(k) (s) that arises
from geometric coupling to nearby structures. These material stray capacitances are often
much larger than the unavoidable universal vacuum term g -sfi(k) (s).

6. Current in Biological Systems

Kirchhoff’s current law as usually formulated in Equation (7) cannot be used with
confidence in biological systems like mitochondria because their circuit representation has
not been established and is unlikely to be unique. Mitochondria are not circuits.

The Kirchhoff circuit formulation can be used successfully in nerve fibers because they
have been shown experimentally to behave like circuits [16], and the circuit representation
has actually been derived from one of the field equations of electrodynamics, namely the
Poisson equation as in [111,119], pp. 218-238.

Hodgkin, Huxley, and Katz used the properties of displacement current ¢y 0E/9t to
validate the results of their voltage clamp experiments; see Figure 10 and Equation (11)
of [125]. Their displacement current was the current through the membrane capacitance.
That current depended on the dielectric constant and so it included both the material
displacement current (e, — 1)eg dE/9t and the universal displacement current gy 0E/ot .
The effective dielectric constant of a 3 nm thick lipid membrane is roughly 3, so about 1/3 of
the displacement current of Hodgkin, Huxley, and Katz was the universal term ¢y 0E/dt
discussed at length in this paper, with 2/3 being the material property of the lipid.
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The analysis of Hodgkin, Huxley, and Katz provided important motivation (personal
communication, AL Hodgkin to Bob Eisenberg, ~1970) for them to continue their initial
voltage clamp experiments into a second season at Plymouth [18] and motivation (personal
communication AF Huxley to Bob Eisenberg, ~1970) for Huxley to perform numerical
calculations of the action potential with a hand driven calculator that could only add
and subtract [70]. Both Hodgkin and Huxley were fearful that membrane processes or
conductances that inherently depended on dE/9dt could not be analyzed with the voltage
clamp, in which dE/9t = 0 or infinity but nothing else.

The total current across all the membranes of a short system like a mitochondrion must
sum to zero [119,126,127]. The total current includes the membrane capacity current—a dis-
placement current e,,e9 0E/dt—and the conduction currents carried by ions, electrons,
and protons. If the Maxwell redefinition of current is used, the displacement current is
automatically present. If the classical definition of current is used, care must be taken to
include the displacement current. This is not just a theoretical issue.

A short organelle like a mitochondrion has a single internal potential in the matrix
within the mitochondrion, almost independent of spatial location [119,126,127], and the
membrane currents, arising in the lipid membrane and the channels and protein complexes
in the mitochondrial membrane, has nowhere else to go. There is no long axon to conduct
the current away, as in a nerve fiber as in [111], pp. 218-238. The Maxwell and Kirchhoff
current laws (3) and (7) combine with the shape and size of the mitochondria to force the
total current of all types across all membranes to sum to zero.

Physical basis of the Maxwell Current Law. The total currents across the mitochon-
drial membrane, and the total currents linking proteins complexes, are the true currents
of Maxwell and follow the Maxwell current law (3), entirely independent of the nature of
the charges that carry the currents, whether they be electrons, protons, ions, the material
displacement current of the lipid membrane, or the universal displacement current of the
vacuum, for that matter.

The physical basis of the Maxwell current law (3) lies in the electrical and magnetic
fields produced via the Maxwell-Ampere Equation (2) and the other Maxwell partial
differential equations. It should clearly be understood that the presence of a time derivative
in the Maxwell-Ampere equation ensures that a time derivative must be included in current
laws themselves if they are to be consistent. Removing the time derivative term is not
justified mathematically. It is justified physically only when shown to be appropriate and
accurate enough.

One of the Maxwell equations says the divergence of the magnetic field is zero. The
divergence is zero because no magnetic monopoles exist (comparable to the electrical
monopoles of the electron or proton). The Maxwell-Ampere Equation (2) is the only source
of the magnetic field when the boundary conditions of the equation are included in the
definition of the Equation (2), as they must be if the equation is to have solutions.

The Maxwell-Ampere Equation (2) guarantees that the electric and magnetic fields
take on values that prevent the accumulation of true current. The total current across
the mitochondrial membrane does not accumulate. The total current flowing from one
protein complex to another, linking them into a functional unit, does not accumulate, even
if the conduction components of the linking currents do accumulate. That is the physical
counterpart to the mathematical derivation of the Maxwell current law given previously.

It is important to reiterate that the classical current is different from total current
in important ways. That is probably why Maxwell called total current ‘true’ current.
Classical current does accumulate because it is only the conduction current. Maxwell
clearly indicates that only true current allows understanding of the movement of electricity.
Classical current can be used but only if it is supplemented by the displacement current
and the continuity equation. A derivative term must be included one way or another, to
ensure consistency with the Maxwell equations, and more importantly, agreement with
experimental data.
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The classical conduction current accumulates according to the properties of charge accu-
mulation (i.e., the continuity Equation (5)). Those properties can only be calculated as follows:

(1) By studying all the ions present, which is if the order of 10'%;

(2) By studying the interactions of the ions. Pairwise interactions number some
10" factorial! Coarse graining is needed when dealing with numbers like this that are
incomputable, nearly in principle. It is fortunate that coarse graining can be provided
with the Maxwell-Ampere law Equation (2) and is thus exact.

Coarse graining can be exact. Coarse graining in simulations and applied mathe-
matics usually involves approximation and is not unique. Indeed, it often is a matter of
dispute between scientists using different approximations that are hard to compare, let
alone reconcile. In the case we consider here, however, the coarse graining can be exact if
the coarse graining is the Maxwell Ampere law Equation (2). That coarse graining can be
exact because the law actually invokes additional physics that make it exact—the properties
of displacement current arising from the Maxwell-Ampere equation. Those properties exist
everywhere and guarantee that total current does not accumulate anywhere, making the
number of true currents that need to be evaluated in a system much less than the number
of charges. The number is typically hundreds although of course it is very variable. The
number of calculations of charges is much larger than 10!° because macroscopic flows,
driving forces, and interactions are involved.

Maxwell coupling. The fluxes of ions and electrons across membranes are coupled
by their summation in systems like short organelles, like mitochondria. The fluxes of ions
and electrons across membranes cannot be independent in such systems. The total current
in all five respiratory complexes—as well as all other membrane proteins and lipids—are
coupled because they have a definite sum, zero, under all conditions. If one membrane
conduction current increases in the steady state, the other must decrease, or be balanced by
a membrane capacity current ¢,,¢9 dE/ 0t to keep the sum zero, as required by Equation (3).
If current flows in one respiratory complex, it changes current flow in other complexes.
From a circuit viewpoint, current in one component of a circuit changes current in another
component. The spatial distribution of electrical potential changes in order to force this
change in current, just as the spatial distribution in potential changes in a circuit as currents
change. From a physics point of view, total (true) current does not accumulate.

From a classical biochemical point of view, with its focus on charge, these couplings
are not easily seen. They are not mentioned in the classical chemiosmotic theory and
simulations as far as I know. It is difficult to add up 10'° charges accurately enough to see
the couplings that “stare you in the face” when considering currents. Those couplings are
so powerful that they have provided the circuits of our technology, from the telegraphs
of 1840, before the atomic basis of charges was considered, long before the movement of
atomic charges could be computed in simulations of molecular dynamics. The couplings are
powerful enough to couple currents on opposite sides of the Atlantic Ocean, from Ireland
to Newfoundland, in Kelvin’s Atlantic cable [16,17,70,104,105]. The couplings are universal
enough to allow for the design of the circuits of our computers with bits of information some
10 x briefer than the Morse code of telegraphs. The couplings allow the understanding
of the nerve action potential. Perhaps the couplings are used by mitochondria in the
production of ATP.

The Maxwell coupling produced by summation is enforced by electrodynamics
whether the currents are carried by ions, electrons, or displacement, no matter how the
currents vary with time or the driving forces that create them, as we have discussed.
The Maxwell current law (3) applies to currents driven via chemical reactions, proton-
motive forces, electrochemical potentials, convection, heat flow, and so on. The cou-
pling can be embedded in models with the structural complexity of biological systems,
albeit oversimplified [9,56,97-102].

Biological systems are not immune from physical laws. The laws of electrodynam-
ics apply to biological systems, including the electron transport chain of mitochondria,
and the mechanism of action potential propagation. In mitochondria, the physical laws
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enforce the discipline of coupling of conduction currents in all the respiratory complexes
(and membrane proteins and lipids) of the mitochondrion. The discipline is enforced by
the changes in electric field that occur and the conduction currents that change as the
field changes.

Local coupling. The membrane and linking currents in mitochondria are unavoidably
coupled by physics as we have just discussed. The conduction currents are coupled locally
as well, by chemistry. Chemical reactions within the protein complexes in and near the
membrane produce coupling. Flows are coupled via the set of local chemical reactions in
the electron transport complexes of mitochondrial membranes that link proton and electron
flows, eventually to ATP production in an ATP synthase Complex 5. The complexes of
the electron transport chain function together as one system coupled by both chemical
reactions and physical laws.

These local chemical reactions also involve intramolecular, atomic scale electrical po-
tentials as they appear in the Schrodinger equations that govern their atomic and molecular
orbitals as summarized if one wishes in the Hellman-Feynman theorems [128-132], but
that potential and its variation is beyond the resolution of the analysis in this paper. In a
higher resolution treatment, biologically significant couplings involving changes in the
potential in the Schrodinger equations might emerge. A glimpse of such effects is seen
in the multiple chemical guises of “protons” as positively charged water with different
configurations of chemical bonds with different potentials in the Schrodinger equations of
their molecular orbitals [35-38].

Methods advocated here are practical. The research group of Huaxiong Huang, Xu et al.
2022, have performed actual calculations of coupled currents, without particular difficulties,
for one of the complexes (Respiratory Complex 4, the cytochrome c oxidase system) using
standard numerical methods of partial differential equations applied to ‘multiphysics’ systems,
where migration and diffusion occur in specialized structures [9,56,97-102].

The work of Xu et al., 2022 is a practical application of the general ideas in this paper
and shows that a respiratory complex can be analyzed by analysis of currents and chemical
reactions without explicit discussion of charges or use of the continuity Equation (5).
Indeed, it is not clear that the respiratory complex can be analyzed without explicit use of
the Maxwell and Kirchhoff current law. A charge-based analysis of circuits is not available
in the literature of electrical or electronic engineering fundamentally because there are too
many charges to deal with. The same is true in mitochondria, or nerve fibers for that matter,
as well as circuits, of course. Current laws are always used, in addition to occasional use of
the properties of the charges themselves.

7. Chemiosmotic Hypothesis, Revisited

Maxwell’s Current Law (3) provides another interpretation [57] of the Chemiosmotic
Hypothesis of Peter Mitchell [19-25]. This interpretation allows quantitative prediction of
measurable currents that ultimately generate ATP. The ATP is produced by the total (true)
Maxwell current, not the protonmotive force.

Note that the units of protonmotive force are not the units of flux or current or ATP
production. This difficulty of units in the original chemiosmotic hypothesis is not present
when the electro-osmotic approach is used, because the electro-osmotic approach, like all
circuit analysis, is automatically nonequilibrium, with velocity, flows, friction, and power
transfer as automatic consequences of the analysis and mathematics [9,56,97-102].

Using Maxwell’s Current Law (3), the chemiosmotic electrical process can now be
viewed in the electro-osmotic approach as the flow of total (true) current across the electron
transport complexes and lipid membrane. (These methods have also been used by [56] to
analyze physical systems of the general Butler—Vollmer class.)

Perplexing issues of complexity in electron and proton flow [19-22] do not have to be
explained by words alone in the electro-osmotic hypothesis, in contrast to the chemiosmotic
hypothesis which is notable for its lack of specific quantitative predictions of flows or other
nonequilibrium phenomena. In the electro-osmotic approach, flows can be estimated with
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the Maxwell current law (3) just as the perplexing issues of the mechanism of ion current
flow through Na™' and K* selective channels have been analyzed for many years [18].
Imagine how difficult it would be to understand the coupling of Na™ and K™ currents [70]
that produce the propagating action potential if one did not use current laws!

Respiratory Complex Five and ATP production. The total current produced by Res-
piratory Complex 4 generates ATP in the synthase enzyme of Complex 5. It is the total
current that generates the ATP, not just the proton flux. An explicit treatment of the coupling
of Complex 4 and 5 is a goal as we extend the work of [57].

Extended this way, the chemiosmotic hypothesis [19-27] fits into, and takes advantage of,
the general treatment of electricity in the physical sciences [1,15,39,55] just as the qualitative
understanding of the action potential [71,72] fits into the general treatment of electricity
and takes advantage of the cable equation [16,17,70,104,105].

In the original chemiosmotic hypothesis [19-27], conduction currents did not fit so
naturally. Flows of electrons and protons (and currents) were not identified as the currents
of physics, as defined in the Maxwell equations of electrodynamics, e.g., Equation (2).

Flows (and thus currents) of electrons, protons, and ions were hard to specify in traditional
models because they vary so much in composition and in space. Displacement currents did
not appear at all, despite their universal existence, according to the Maxwell-Ampere equation.
The word ‘current’ was not identified with the currents of classical electrodynamics in the
original chemiosmotic hypothesis. A current law was not used to explicitly describe the flow
of ions (or electrons or protons) unlike in the treatment of the action potential, developed
at much the same time, where a current law was used from early on to describe the flow
of ions and material displacement current across the cell membrane [16,17], although not
from the beginning [71,72].

A current law is needed, in my view, that applies to the complexity of three-dimensional
mitochondria where current carriers switch from electrons, to ions, to protons (or hydro-
nium ions [21]). Analysis based on charges and the continuity Equation (5) is not practical
because all the charges in a mitochondrion are involved and that is a very large number,
more or less impossible to compute directly when interactions are included, which are
required by Coulomb’s law.

Protonation. In the chemiosmotic hypothesis, the flows of protons are multifaceted,
particularly hard to discern, and difficult to deal with because protons might protonate
weak bases and interact with acids and bases throughout the mitochondria. The protons
would then vary in concentration, changing the conduction current of Kirchhoff’s current
law. Treatments of total current sidestep the issue of protonation because they deal with the
entire true current at once without worrying about its components. The flows of electrons
are also multifaceted and hard to deal with as they move through so many systems.

The multifaceted flows of electrons are also a characteristic of current flow in the inte-
grated circuits of our technology, where the properties of electron flow in wires, resistors,
transistors, and capacitors are quite different. Current laws successfully bypass such com-
plexities in integrated circuits and are likely to help bypass complexities in mitochondria as
well in many cases.

Of course, there are situations where the chemical identity of the charge carriers is
important. Then, analysis of total current is not enough, although such analysis remains
helpful. Analogous situations arise in the analysis of the action potential, particularly when
the validity of voltage clamp studies is being checked by comparisons of current and flux
of Na* ions [133-137].

Chemiosmotic Hypothesis, revised into an Electro-osmotic Approach. In this revised
version of the chemiosmotic theory, the rules are simple. Current is now the total true current
of the Maxwell equations, e.g., Equation (2). Total current does not accumulate. The Maxwell
Current law (3) is quantitative, indeed exact. It replaces the rather vague discussion of how
complexes in mitochondria interact (found in the chemisosmotic hypothesis [19-27]) with the
precision afforded by nearly two centuries of work on the physics and electrodynamics of
current flow.
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To the extent that total current describes the flow of energy in the mitochondria, details
of the charge movements in conduction currents are unimportant, just as details of the
charge movements in the conduction currents are rather unimportant in the circuits of
our computers [87] or in the propagation of the actional potential of nerve and muscle, as
described below.

Total current and protein selectivity. The total current provides the input to the en-
zymes, transporters, and channels of the complexes of the electron transport chain. The
proteins of the complexes can provide the selectivity to choose the form of charge needed
as a substrate for the chemical reaction or transport properties of the protein. The current
itself need not be carried by a particular charged species in this case just as the identity of the
current carrier is unimportant in the conduction of the action potential from place to place, just
as the identity of the current carrier in semiconductor circuits is not of primary importance.

In this revised approach, the Maxwell current law (3) shows precisely how the total
current couples the output of Respiratory Complex 4 to the synthesis of ATP in Respiratory
Complex 5 although a full model requires an extension of our previous work [57].

The input to the ATPase of Complex 5 is a true current. It cannot accumulate because
it is a true current as Maxwell defined it. Driven by the protonmotive forces, including
the electrical potential of the Maxwell equations, the true current carries protons that
help generate ATP while obeying the laws of electrodynamics as it does so, such as in
Equations (2)—(6). Those laws guarantee that the electrical potential of the protonmotive
forces is coupled to the movement of all charges and displacement currents. Most of the
details of the charge movements do not matter. It is the true total current that provides the
energy that generates the ATP, not just the protonmotive force.

Ionic signals in biology. The idea of total current is useful in another biological
system, the signaling system of nerves and muscle. The total current of the Maxwell
current law (3) helps define the circuit models familiar in the treatment of the nerve action
potential [16,17] and the action potential of cardiac and skeletal muscle [18].

The circuits of nerve and muscle have been derived via mathematics alone. The derivation
starts with Green’s functions of a structural description of complex tissues [9,138] using Taylor
expansions [9,119,139,140] thereby linking the biological treatment of electricity and the
physical treatment of electrodynamics. Singular perturbation techniques, such as [111,141],
pp- 218-238, are helpful in applying the Maxwell current law (3) to biological systems of
some complexity [9,119,142] but it is important to know that all results have been derived
with Taylor series [126,127,139,140] as well as perturbation methods with careful error
analysis (Barcilon, personal communication to Bob Eisenberg). The general approach is
reviewed in the biological context in [9].

Approximations inherent in the circuit representation of nerves and muscle have
been extensively examined with many methods. The first approximation involves the cell
interior. Experiments [120-122,143] show that the interior of cells can be approximated as
resistors. Only the resistance is important. The specific ionic contents of the interior do not
matter very much [12,13,122-124].

The second approximation in the circuit representation represents the membrane as a
capacitance. Experiments show that membranes have well defined capacitances [144-149]. The
capacitances arise in lipids that provide pathways for displacement currents ¢,,¢y 0E/ 9t
where ¢, is the effective dielectric constant of the lipid membrane.

The third approximation in the circuit shows that the ion channels and transporters do not
change the membrane capacitance under most conditions. They add current to the lipid mem-
brane current [150] without changing it very much [151-153] except when gating currents [151]
are created by specialized structures within membrane proteins that sense voltage [154,155].

It is historically interesting that the analysis of the action potential depends on the
Maxwell current law (3) in the form of the cable equation used in 1850 [104,105] to describe
the telegraph under the ocean [106], the trans-Atlantic cable. Hodgkin and Huxley used the
cable equation [16,17] and Cole’s voltage clamp [18] to show that action potentials arose
from conduction currents through channels (then called conductances) in the membrane of
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nerve fibers. The conduction currents cross the membrane inside distinct proteins, called
ion channels, which are selective and carry either Na™ or KT currents flow. The currents are
then converted into longitudinal currents in the cytoplasm that spread the action potential
down a nerve axon. The axonal currents are carried by whatever ions happen to be in the
axoplasm. The chemical identity of the ions that carry the longitudinal current are not
important for conduction [122-124].

Early leaders in biophysics [156] thought these conduction currents would be prop-
agated by coupled chemical reactions, but we now know that the channels that conduct
those currents are not chemically coupled. They are electrically coupled [71,72]. They are
too far apart to interact even through their ionic atmospheres [157].

In fact, only electricity couples the conduction currents of the action potential. The
conduction currents are coupled by the global electrical potential [70] of the cable equation.
The electrical coupling creates the propagating action potentials from the otherwise inde-
pendent conduction currents [18]; see Figure 10 and Equation (11) of [125]. The potential
change accompanying inward sodium Na™ currents at one location is spread by total lon-
gitudinal current—described by the cable equation—to other locations, where the potential
change opens sodium channel proteins and produce inward Na™ currents of their own,
that in turn propagate further. The type of ions that carry the total longitudinal current are
not important [122-124].

The energy for the action potential comes from gradients of concentration maintained
by other systems of membrane proteins called pumps or transporters that use the hydrolysis
of ATP as their ultimate source of energy. The gradients of concentration of Na™ power
the flows of ions modulated by the channel proteins that are the conduction currents that
propagate the action potential, as described above. The ATP hydrolyzed by pumps and
transporters is created by the electron transport systems of mitochondria and chloroplasts.

The treatment of the electro-osmotic model allows the chemiosmotic hypothesis to
take advantage of the knowledge of current flow in the physical and engineering sciences,
particularly its Kirchhoff and Maxwell current laws. Knowing the current means knowing
an important part of the mechanism of ATP synthesis.

Practical implications. Although the approach and form of equations presented here
may suggest radical change in traditional analysis, none is needed in most cases. Many
analyses assume a single dielectric constant, use Kirchhoff’s current law, and supplement
idealized circuits with stray capacitances. Those applications provide formulae nearly the
same as those here if the material displacement current (e, — 1)g, 0E/dt is added to the
vacuum displacement current ey JE/ 9t of our equations and the appropriate definitions of
current are used in classical Kirchhoff laws to avoid double counting.

Biological applications are more dramatically affected. The Maxwell current law
allows systems not traditionally analyzed via electrodynamics—like the electron transport
chains of mitochondria—to be analyzed as circuits. Without the current law, the complexity
of mitochondria makes quantitative analysis and predictions of currents nearly impossible.
There are just too many charges and interactions to do that. The number of currents is
much less than the number of charges, let alone the number of interactions of charges.

Funding: This research received no external funding.

Data Availability Statement: No new data were created or analyzed in this study. Data sharing is
not applicable to this article.

Acknowledgments: Dave Ferry has taught me much of what I know about electronics and displace-
ment currents, and I am most grateful for his help through many years. I thank the reviewers for
their suggestions which helped the paper materially. It is a daily pleasure to thank Ardyth Eisenberg
for all she contributes to my life and work, including her fine editing of this paper that importantly
improved its focus and content. A preliminary version of this paper appeared as arXiv:2309.05667.

Conflicts of Interest: The author declares no conflict of interest.



Computation 2024, 12, 22 20 of 24

References

1.  Maxwell, J.C. A Treatise on Electricity and Magnetism (Reprinted 1954), 3rd ed.; Dover Publications: New York, NY, USA, 1865;
Volume 1-2.

2. Qiao, Z.; Xu, Z; Yin, Q.; Zhou, S. A Maxwell-Ampeére Nernst-Planck Framework for Modeling Charge Dynamics. SIAM ]. Appl.
Math. 2023, 83, 374-393. [CrossRef]

3. Qiao, Z.; Xu, Z.; Yin, Q.; Zhou, S. Structure-preserving numerical method for Maxwell-Ampere Nernst-Planck model. J. Comput.
Phys. 2023, 475, 111845. [CrossRef]

4. Qiao, Z.; Xu, Z,; Yin, Q.; Zhou, S. An Ampere-Nernst-Planck Framework for Modeling Charge Dynamics. arXiv 2022,
arXiv:2202.07366. [CrossRef]

5. Qiao, Z; Xu, Z, Yin, Q.; Zhou, S. Structure-Preserving Numerical Method for Ampere-Nernst-Planck Model. SSRN Electron. |. 2022.
[CrossRef]

6. Dong, L.; He, D.; Qin, Y.;; Zhang, Z. A positivity-preserving, linear, energy stable and convergent numerical scheme for the
Poisson-Nernst-Planck (PNP) system. J. Comput. Appl. Math. 2024, 444, 115784. [CrossRef]

7. Liu, C; Wang, C.; Wise, S.; Yue, X.; Zhou, S. A positivity-preserving, energy stable and convergent numerical scheme for the
Poisson-Nernst-Planck system. Math. Comput. 2021, 90, 2071-2106. [CrossRef]

8.  Eisenberg, B.; Hyon, Y.; Liu, C. Energy Variational Analysis EnVarA of Ions in Water and Channels: Field Theory for Primitive
Models of Complex Ionic Fluids. J. Chem. Phys. 2010, 133, 104104. [CrossRef]

9.  Eisenberg, R. Structural Analysis of Fluid Flow in Complex Biological Systems. Model. Artif. Intell. Ophthalmol. 2022. [CrossRef]

10. Eisenberg, B. Setting Boundaries for Statistical Mechanics, Version 2: MDPI Molecules. Molecules 2022, 27, 8017. [CrossRef]

11. Eisenberg, R.S.; Mathias, R.T. Structural analysis of electrical properties of cells and tissues. CRC Crit. Rev. Bioeng. 1980, 4,
203-232.

12. Eisenberg, R.S. Kirchhoff’s Law can be Exact. arXiv 2019, arXiv:1905.13574.

13. Eisenberg, B.; Gold, N.; Song, Z.; Huang, H. What Current Flows Through a Resistor? arXiv 2018, arXiv:1805.04814.

14. Horowitz, P; Hill, W. The Art of Electronics, 3rd ed.; Cambridge University Press: New York, NY, USA, 2015; p. 1224.

15. Feynman, R.P; Leighton, R.B.; Sands, M. The Feynman: Lectures on Physics, Vol, 1, 2, 3; Addison-Wesley Publishing Co.: New York,
NY, USA, 1963; p. 592. Available online: http://www.feynmanlectures.caltech.edu/II_toc.html (accessed on 24 January 2024).

16. Hodgkin, A.L.; Rushton, W.A H. The electrical constants of a crustacean nerve fiber. Proc. R. Soc. (Lond.) Ser. B 1946, 133, 444-479.

17.  Davis, L.D., Jr.; de No, R.L. Contribution to the Mathematical Theory of the electrotonus. Stud. Rockefeller Inst. Med. Res. 1947, 131,
442-496.

18.  Huxley, A. The Quantitative Analysis of Excitation and Conduction in Nerve. In Nobel Lectures, Physiology or Medicine 1963-1970;
Elsevier: Amsterdam, The Netherlands, 1972.

19. Morelli, AM.; Ravera, S.; Calzia, D.; Panfoli, I. An update of the chemiosmotic theory as suggested by possible proton currents
inside the coupling membrane. Open Biol. 2019, 9, 180221. [CrossRef] [PubMed]

20. Juhaszova, M.; Kobrinsky, E.; Zorov, D.B.; Aon, M.A ; Cortassa, S.; Sollott, S.J. Setting the Record Straight: A New Twist on the
Chemiosmotic Mechanism of Oxidative Phosphorylation. Function 2022, 3, zqac018. [CrossRef] [PubMed]

21. Boyer, P.D. Bioenergetic coupling to protonmotive force: Should we be considering hydronium ion coordination and not group
protonation? Trends Biochem. Sci. 1988, 13, 5-7. [CrossRef] [PubMed]

22.  Wikstrom, M.; Sharma, V.; Kaila, V.R.; Hosler, ].P.; Hummer, G. New perspectives on proton pumping in cellular respiration.
Chem. Rev. 2015, 115, 2196-2221. [CrossRef]

23.  Mitchell, P.; Moyle, ]. Chemiosmotic hypothesis of oxidative phosphorylation. Nature 1967, 213, 137-139. [CrossRef]

24. Mitchell, P. The protonmotive Q cycle: A general formulation. FEBS Lett. 1975, 59, 137-139. [CrossRef] [PubMed]

25.  Mitchell, P. Vectorial chemiosmotic processes. Annu. Rev. Biochem. 1977, 46, 996-1005. [CrossRef]

26. Stryer, L. Biochemistry, 4th ed.; W.H. Freeman: New York, NY, USA, 1995; p. 1064.

27.  Mitchell, P. Coupling of phosphorylation to electron and hydrogen transfer by a chemi-osmotic type of mechanism. Nature 1961,
191, 144-148. [CrossRef]

28. Berg, ].M.; Tymoczko, J.L.; Stryer, L. Biochemistry, 7th ed.; W. H. Freeman: New York, NY, USA, 2010; p. 1120.

29. Nicholls, D.G. Bioenergetics; Academic Press: Cambridge, MA, USA, 2013.

30. Ogawa, S.; Lee, T.M. The relation between the internal phosphorylation potential and the proton motive force in mitochondria
during ATP synthesis and hydrolysis. J. Biol. Chem. 1984, 259, 10004-10011. [CrossRef]

31. Walker, ].E. ATP Synthesis by Rotary Catalysis (Nobel lecture). Angew. Chem. Int. Ed. Engl. 1998, 37, 2308-2319. [CrossRef]

32. DeCoursey, T.E. Transcendent Aspects of Proton Channels. Annu. Rev. Physiol. 2023, 86. [CrossRef] [PubMed]

33. DeCoursey, T.E.; Hosler, J. Philosophy of voltage-gated proton channels. J. R. Soc. Interface 2014, 11, 20130799. [CrossRef]
[PubMed]

34. Chaves, G,; Jardin, C.; Derst, C.; Musset, B. Voltage-Gated Proton Channels in the Tree of Life. Biomolecules 2023, 13, 1035.
[CrossRef] [PubMed]

35.  Yamashita, T.; Voth, G.A. Insights into the Mechanism of Proton Transport in Cytochrome c Oxidase. J. Am. Chem. Soc. 2012, 134,
1147-1152. [CrossRef] [PubMed]

36. Knight, C.; Voth, G.A. The Curious Case of the Hydrated Proton. Acc. Chem. Res. 2011, 45, 101-109. [CrossRef] [PubMed]


https://doi.org/10.1137/22M1477891
https://doi.org/10.1016/j.jcp.2022.111845
https://doi.org/10.1137/22M1477891
https://doi.org/10.2139/ssrn.4103018
https://doi.org/10.1016/j.cam.2024.115784
https://doi.org/10.1090/mcom/3642
https://doi.org/10.1063/1.3476262
https://doi.org/10.35119/maio.v4i1.126
https://doi.org/10.3390/molecules27228017
http://www.feynmanlectures.caltech.edu/II_toc.html
https://doi.org/10.1098/rsob.180221
https://www.ncbi.nlm.nih.gov/pubmed/30966998
https://doi.org/10.1093/function/zqac018
https://www.ncbi.nlm.nih.gov/pubmed/35601666
https://doi.org/10.1016/0968-0004(88)90005-9
https://www.ncbi.nlm.nih.gov/pubmed/2854307
https://doi.org/10.1021/cr500448t
https://doi.org/10.1038/213137a0
https://doi.org/10.1016/0014-5793(75)80359-0
https://www.ncbi.nlm.nih.gov/pubmed/1227927
https://doi.org/10.1146/annurev.bi.46.070177.005024
https://doi.org/10.1038/191144a0
https://doi.org/10.1016/S0021-9258(18)90918-X
https://doi.org/10.1002/(SICI)1521-3773(19980918)37:17%3C2308::AID-ANIE2308%3E3.0.CO;2-W
https://doi.org/10.1146/annurev-physiol-042222-023242
https://www.ncbi.nlm.nih.gov/pubmed/37931166
https://doi.org/10.1098/rsif.2013.0799
https://www.ncbi.nlm.nih.gov/pubmed/24352668
https://doi.org/10.3390/biom13071035
https://www.ncbi.nlm.nih.gov/pubmed/37509071
https://doi.org/10.1021/ja209176e
https://www.ncbi.nlm.nih.gov/pubmed/22191804
https://doi.org/10.1021/ar200140h
https://www.ncbi.nlm.nih.gov/pubmed/21859071

Computation 2024, 12, 22 21 of 24

37.

38.

39.
40.
41.
42.
43.
44.
45.
46.
47.

48.
49.

50.
51.
52.

53.

54.
55.
56.

57.

58.

59.
60.
61.
62.

63.
64.
65.

66.
67.
68.
69.

70.

71.
72.
73.
74.
75.

76.
77.
78.
79.
80.

Knight, C.; Maupin, C.M.; Izvekov, S.; Voth, G.A. Defining Condensed Phase Reactive Force Fields from ab Initio Molecular
Dynamics Simulations: The Case of the Hydrated Excess Proton. J. Chem. Theory Comput. 2010, 6, 3223-3232. [CrossRef]

Chen, H.; Ilan, B.; Wu, Y.; Zhu, F,; Schulten, K.; Voth, G.A. Charge delocalization in proton channels, I: The aquaporin channels
and proton blockage. Biophys. . 2007, 92, 46—60. [CrossRef] [PubMed]

Maxwell, J.C. A Dynamical Theory of the Electromagnetic Field. Philos. Trans. R. Soc. Lond. 1865, 155, 459-512. [CrossRef]
Griffiths, D.J. Introduction to Electrodynamics, 3rd ed.; Cambridge University Press: New York, NY, USA, 2017.

Purcell, EMM.; Morin, D.J. Electricity and Magnetism; Cambridge University Press: New York, NY, USA, 2013.

Zangwill, A. Modern Electrodynamics; Cambridge University Press: New York, NY, USA, 2013; 977p.

Eisenberg, R.S. Dielectric Dilemma. arXiv 2019, arXiv:1901.10805.

Eisenberg, R.S. Updating Maxwell with Electrons, Charge, and More Realistic Polarization. arXiv 2019, arXiv:1904.09695.
Eisenberg, R.S. Maxwell Equations for Material Systems. arXiv 2020, arXiv:202011.0201.

Eisenberg, R.S. Maxwell Equations Without a Polarization Field, Using a Paradigm from Biophysics. Entropy 2021, 23, 172. [CrossRef]
Eisenberg, B.; Liu, C.; Wang, Y. On Variational Principles for Polarization Responses in Electromechanical Systems. Commun.
Math. Sci. 2022, 20, 1541-1550. [CrossRef]

Eisenberg, B. Interacting ions in Biophysics: Real is not ideal. Biophys. |. 2013, 104, 1849-1866. [CrossRef]

Barthel, J.; Buchner, R.; Miinsterer, M. Electrolyte Data Collection; Volume 12, Part 2: Dielectric Properties of Water and Aqueous
Electrolyte Solutions; DECHEMA: Frankfurt am Main, Germany, 1995.

Barthel, J.; Krienke, H.; Kunz, W. Physical Chemistry of Electrolyte Solutions: Modern Aspects; Springer: New York, NY, USA, 1998.
Kremer, F; Schonhals, A. Broadband Dielectric Spectroscopy; Springer: Berlin/Heidelberg, Germany, 2003; p. 729.

Barsoukov, E.; Macdonald, J.R. Impedance Spectroscopy: Theory, Experiment, and Applications; John Wiley & Sons: Hoboken, NJ,
USA, 2018.

Eisenberg, B.; Oriols, X.; Ferry, D. Dynamics of Current, Charge, and Mass. Mol. Based Math. Biol. 2017, 5, 78-115. Available
online: https://arxiv.org/abs/1708.07400; https:/ /doi.org/10.1515/mlbmb-2017-0006 (accessed on 10 January 2024). [CrossRef]
Eisenberg, R.; Oriols, X.; Ferry, D.K. Kirchhoff’s Current Law with Displacement Current. arXiv 2022, arXiv:2207.08277.
Whittaker, E. A History of the Theories of Aether & Electricity; Harper: New York, NY, USA, 1951.

Xu, S.; Eisenberg, R.; Song, Z.; Huang, H. Mathematical models for electrochemistry: Law of mass action revisited. arXiv 2023,
arXiv:2305.12165.

Xu, S.; Eisenberg, R.; Song, Z.; Huang, H. Mathematical Model for Chemical Reactions in Electrolyte Applied to Cytochrome c
Oxidase: An Electro-osmotic Approach. arXiv 2022, arXiv:2207.02215. [CrossRef]

Jimenez-Morales, D.; Liang, J.; Eisenberg, B. Ionizable side chains at catalytic active sites of enzymes. Eur. Biophys. |. 2012, 41,
449-460. [CrossRef] [PubMed]

Banwell, C.N.; McCash, E.M. Fundamentals of Molecular Spectroscopy; McGraw-Hill: New York, NY, USA, 1994; Volume 851.
Stuart, B. Infrared Spectroscopy; Wiley Online Library: New York, NY, USA, 2005.

Jaffé, H.H.; Orchin, M. Theory and Applications of Ultraviolet Spectroscopy; Wiley: Hoboken, NJ, USA, 1962; 624p.

Parsegian, V.A. Van der Waals Forces: A Handbook for Biologists, Chemists, Engineers, and Physicists; Cambridge University Press:
New York, NY, USA, 2006; 396p.

Oriols, X.; Ferry, D. Quantum transport beyond DC. J. Comput. Electron. 2013, 12, 317-330. [CrossRef]

Ayers, ].E. Digital Integrated Circuits: Analysis and Design, 2nd ed.; CRC Press: Boca Raton, FL, USA, 2018.

Gielen, G.; Sansen, W.M. Symbolic Analysis for Automated Design of Analog Integrated Circuits; Springer Science & Business Media:
Berlin, Germany, 2012; Volume 137.

Gray, PR.; Hurst, PJ.; Lewis, S.H.; Meyer, R.G. Analysis and Design of Analog Integrated Circuits; Wiley: Hoboken, NJ, USA, 2009.
Hall, S.H.; Heck, H.L. Advanced Signal Integrity for High-Speed Digital Designs; John Wiley & Sons: Hoboken, NJ, USA, 2011.
Scherz, P.; Monk, S. Practical Electronics for Inventors; McGraw-Hill, Inc.: New York, NY, USA, 2006; p. 1056.

Sedra, A.S.; Smith, K.C.; Chan, T.; Carusone, T.C.; Gaudet, V. Microelectronic Circuits; Oxford University Press, Incorporated:
Oxford, UK, 2020.

Hodgkin, A.L.; Huxley, A.F. A quantitative description of membrane current and its application to conduction and excitation in
nerve. J. Physiol. 1952, 117, 500-544. [CrossRef] [PubMed]

Hodgkin, A.L. Evidence for electrical transmission in nerve: Part II. J. Physiol. 1937, 90, 211-232. [CrossRef]

Hodgkin, A.L. Evidence for electrical transmission in nerve: Part L. J. Physiol. 1937, 90, 183-210. [CrossRef]

Eisenberg, R.S. Channels as enzymes: Oxymoron and Tautology. . Membr. Biol. 1990, 115, 1-12. [CrossRef] [PubMed]

Kuhn, T.S. The Structure of Scientific Revolutions; University of Chicago Press: Chicago, IL, USA, 2012.

Zank, G.; Matthaeus, W. The equations of nearly incompressible fluids. I. Hydrodynamics, turbulence, and waves. Phys. Fluids A
Fluid Dyn. 1991, 3, 69-82. [CrossRef]

Christodoulou, D.; Miao, S. Compressible Flow and Euler’s Equations; International Press: Somerville, MA, USA, 2014; Volume 9.
Landauer, R. Conductance from transmission: Common sense points. Phys. Scr. 1992, 1992, 110. [CrossRef]

Bush, V,; Wiener, N. Operational Circuit Analysis: With an Appendix by Norbert Wiener; Chapman & Hall: Chapel Hill, NC, USA, 1929.
Tuttle, D.E. Network Synthesis; Wiley: Hoboken, NJ, USA, 1958; Volume 1.

Ghausi, M.S,; Kelly, J.J. Introduction to Distributed-Parameter Networks: With Application to Integrated Circuits; Holt, Rinehart and
Winston: Austin, TX, USA, 1968.


https://doi.org/10.1021/ct1004438
https://doi.org/10.1529/biophysj.106.091934
https://www.ncbi.nlm.nih.gov/pubmed/17056733
https://doi.org/10.1098/rstl.1865.0008
https://doi.org/10.3390/e23020172
https://doi.org/10.4310/CMS.2022.v20.n6.a3
https://doi.org/10.1016/j.bpj.2013.03.049
https://arxiv.org/abs/1708.07400
https://doi.org/10.1515/mlbmb-2017-0006
https://doi.org/10.1515/mlbmb-2017-0006
https://doi.org/10.48550/arxiv.2207.02215
https://doi.org/10.1007/s00249-012-0798-4
https://www.ncbi.nlm.nih.gov/pubmed/22484856
https://doi.org/10.1007/s10825-013-0461-z
https://doi.org/10.1113/jphysiol.1952.sp004764
https://www.ncbi.nlm.nih.gov/pubmed/12991237
https://doi.org/10.1113/jphysiol.1937.sp003508
https://doi.org/10.1113/jphysiol.1937.sp003507
https://doi.org/10.1007/BF01869101
https://www.ncbi.nlm.nih.gov/pubmed/1692343
https://doi.org/10.1063/1.857865
https://doi.org/10.1088/0031-8949/1992/T42/020

Computation 2024, 12, 22 22 of 24

81.
82.

83.
84.
85.
86.
87.
88.
89.
90.
91.
92.
93.
94.
95.
96.
97.

98.
99.

100.

101.

102.

103.

104.
105.
106.
107.
108.
109.

110.

111.
112.
113.

114.
115.
116.
117.
118.
119.

Guillemin, E.A. Communications Networks Vol. 1 The Classical Theory of Lumped Constant Networks; John Wiley: Hoboken, NJ, USA, 1931.
Guillemin, E.A. Theory of Linear Physical Systems: Theory of Physical Systems from the Viewpoint of Classical Dynamics, Including
Fourier Methods; Dover Publications: Mineola, NY, USA, 2013.

Balabanian, N.; Bickart, T.A. Electrical Network Theory; Wiley: Hoboken, NJ, USA, 1969.

Weinberg, L. Network Analysis and Synthesis; Krieger Pub. Co.: Malabar, FL, USA, 1975.

Valentinuzzi, M.E.; Kohen, A.J. James Clerk Maxwell, Kirchhoff’s Laws, and their implications on modeling physiology. IEEE
Pulse 2013, 4, 40—46. [CrossRef] [PubMed]

Bhat, H.S.; Osting, B. Kirchhoff’s Laws as a Finite Volume Method for the Planar Maxwell Equations. Antennas Propag. IEEE Trans.
2011, 59, 3772-3779. [CrossRef]

Eisenberg, R. A Necessary Addition to Kirchhoff’s Current Law of Circuits, Version 2. Eng. Arch. EngArXiv 2022. [CrossRef]
Eisenberg, R. Circuits, Currents, Kirchhoff, and Maxwell. Qeios 2023. [CrossRef]

Eisenberg, R.S. Electrodynamics Correlates Knock-on and Knock-off: Current is Spatially Uniform in Ion Channels. arXiv 2020,
arXiv:2002.09012.

Hodgkin, A.L.; Keynes, R.D. The potassium permeability of a giant nerve fibre. J. Physiol. 1955, 128, 61-88. [CrossRef]

Hille, E.; Schwartz, W. Potassium channels as multi-ion single-file pores. J. Gen. Physiol. 1978, 72, 409-442. [CrossRef]

Hille, B. Ion Channels of Excitable Membranes, 3rd ed.; Sinauer Associates Inc.: Sunderland, UK, 2001; pp. 1-814.

Kopec, W.; Kopfer, D.A.; Vickery, O.N.; Bondarenko, A.S.; Jansen, T.L.; De Groot, B.L.; Zachariae, U. Direct knock-on of desolvated
ions governs strict ion selectivity in K+ channels. Nat. Chem. 2018, 10, 813. [CrossRef]

Luchinsky, D.G.; Tindjong, R.; Kaufman, I.; McClintock, P.V.E,; Peter, V.E.; Khovanov, I.A.; Eisenberg, B. Observation Of “Remote
Knock-On”, A New Permeation-Enhancement Mechanism In Ion Channels. Biophys. ]. 2014, 106, 133a. [CrossRef]

Kopfer, D.A.; Song, C.; Gruene, T.; Sheldrick, G.M.; Zachariae, U.; de Groot, B.L. Ion permeation in K+ channels occurs by direct
Coulomb knock-on. Science 2014, 346, 352-355. [CrossRef]

Kraszewski, S.; Boiteux, C.; Langner, M.; Ramseyer, C. Insight into the origins of the barrier-less knock-on conduction in the KesA
channel: Molecular dynamics simulations and ab initio calculations. Phys. Chem. Chem. Phys. 2007, 9, 1219-1225. [CrossRef]
Xu, S.; Eisenberg, R.; Song, Z.; Huang, H. Mathematical Model for Chemical Reactions in Electrolytes Applied to Cytochrome c
Oxidase: An Electro-Osmotic Approach. Computation 2023, 11, 253. [CrossRef]

Song, Z.; Eisenberg, R.; Xu, S.; Huang, H. A Bubble Model for the Gating of K Channels. arXiv 2022, arXiv:2204.13077. [CrossRef]
Zhu, Y.; Xu, S.; Eisenberg, R.S.; Huang, H. A tridomain model for potassium clearance in optic nerve of Necturus. Biophys. J. 2021,
120, 3008-3027. [CrossRef] [PubMed]

Zhu, Y.; Xu, S.; Eisenberg, R.S.; Huang, H. Optic nerve microcirculation: Fluid flow and electrodiffusion. Phys. Fluids 2021,
33, 041906. [CrossRef]

Zhu, Y; Xu, S.; Eisenberg, R.S.; Huang, H. A Bidomain Model for Lens Microcirculation. Biophys. ]. 2019, 116, 1171-1184.
[CrossRef] [PubMed]

Xu, S.; Eisenberg, B.; Song, Z.; Huang, H. Osmosis through a Semi-permeable Membrane: A Consistent Approach to Interactions.
arXiv 2018, arXiv:1806.00646.

Alberts, B.; Bray, D.; Johnson, A.; Lewis, J.; Raff, M.; Roberts, K. Essential Cell Biology, 3rd ed.; Garland: New York, NY, USA,
1998; p. 630.

Kelvin, L. On the theory of the electric telegraph. Proc. R. Soc. 1855, 7, 382-399.

Kelvin, L. On the theory of the electric telegraph. Philos. Mag. 1856, 11, 146-160.

Gordon, J.S. A Thread Across the Ocean: The Heroic Story of the Transatlantic Cable; Paw Prints: New York, NY, USA, 2008.

Okoshi, T. Planar Circuits for Microwaves and Lightwaves; Springer Science & Business Media: Berlin, Germany, 2012; Volume 18.
Schwierz, E; Liou, ].J. Modern Microwave Transistors: Theory, Design, and Performance; Wiley-Interscience: Hoboken, NJ, USA, 2003.
Fukunaga, K.; Kurahashi, S. Dielectric properties of printed circuit board insulations at microwaves and millimetre waves. In
Proceedings of the 2007 International Conference on Electromagnetics in Advanced Applications ICEAA 2007), Turin, Italy,
17-21 September 2007; pp. 332-335.

Mei, K.K. From Kirchoff to Lorentz modifying-circuit theory for microwave and mm-wave structures. In Proceedings of the 25th
International Conference on Infrared and Millimeter Waves, Beijing, China, 12-15 September 2000; pp. 371-374.

Kevorkian, ].; Cole, J.D. Multiple Scale and Singular Perturbation Methods; Springer: New York, NY, USA, 1996; pp. 1-632.

Desoer, C.A.; Kuh, E.S. Basic Circuit Theory; McGraw Hill: New York, NY, USA, 1969.

Dobkin, B.; Williams, J. Analog Circuit Design Volume 2: Immersion in the Black Art of Analog Design; Newnes: Oxford, UK, 2012;
Volume 2.

Lienig, J.; Scheible, J. Fundamentals of Layout Design for Electronic Circuits; Springer Nature: Berlin, Germany, 2020.

Muller, RS.; Chan, M.; Kamins, T.I. Device Electronics For Integrated Circuits, 3rd ed.; Wiley India Pvt. Limited: Hoboken, NJ, USA, 2003.
Eisenberg, R.S. Thermostatics vs. Electrodynamics. arXiv 2020, arXiv:202009.0349.

Howe, R.T,; Sodini, C.G. Microelectronics: An Integrated Approach; Prentice Hall: Upper Saddle River, NJ, USA, 1997; p. 908.
Hastings, A. The Art of Analog Layout; Prentice-Hall. Inc.: Hoboken, NJ, USA, 2001.

Barcilon, V.; Cole, J.; Eisenberg, R.S. A singular perturbation analysis of induced electric fields in nerve cells. SIAM |. Appl. Math.
1971, 21, 339-354. [CrossRef]


https://doi.org/10.1109/MPUL.2013.2240078
https://www.ncbi.nlm.nih.gov/pubmed/23558503
https://doi.org/10.1109/TAP.2011.2163787
https://doi.org/10.31224/2234
https://doi.org/10.32388/L9QQSH.3
https://doi.org/10.1113/jphysiol.1955.sp005291
https://doi.org/10.1085/jgp.72.4.409
https://doi.org/10.1038/s41557-018-0105-9
https://doi.org/10.1016/j.bpj.2013.11.783
https://doi.org/10.1126/science.1254840
https://doi.org/10.1039/b613668k
https://doi.org/10.3390/computation11120253
https://doi.org/10.1093/imamat/hxae002
https://doi.org/10.1016/j.bpj.2021.06.020
https://www.ncbi.nlm.nih.gov/pubmed/34214534
https://doi.org/10.1063/5.0046323
https://doi.org/10.1016/j.bpj.2019.02.007
https://www.ncbi.nlm.nih.gov/pubmed/30850115
https://doi.org/10.1137/0121036

Computation 2024, 12, 22 23 of 24

120.

121.

122.

123.

124.

125.

126.

127.

128.

129.

130.

131.
132.

133.

134.

135.

136.

137.

138.

139.

140.

141.

142.
143.

144.
145.
146.
147.
148.
149.

150.
151.

Mobley, B.A.; Leung, J.; Eisenberg, R.S. Longitudinal impedance of skinned frog muscle fibers. J. Gen. Physiol. 1974, 63, 625-637.
[CrossRef] [PubMed]

Mobley, B.A.; Leung, J.; Eisenberg, R.S. Longitudinal impedance of single frog muscle fibers. |. Gen. Physiol. 1975, 65, 97-113.
[CrossRef] [PubMed]

Chandler, W.K.; Hodgkin, A.L.; Meves, H. The effect of changing the internal solution on sodium inactivation and related
phenomena in giant axons. J. Physiol. 1965, 180, 821-836. [CrossRef] [PubMed]

Baker, P.F; Hodgkin, A.L.; Shaw, T.I. Replacement of the axoplasm of giant nerve fibres with artificial solutions. J. Physiol. 1962,
164, 330-354. [CrossRef]

Baker, PF.; Hodgkin, A.L.; Shaw, T.I. The effects of changes in internal ionic concentrations on the electrical properties of perfused
giant axons. J. Physiol. 1962, 164, 355-374. [CrossRef]

Hodgkin, A.L.; Huxley, A.F.; Katz, B. Measurement of current- voltage relations in the membrane of the giant axon of Loligo. J.
Physiol. 1952, 116, 424-448. [CrossRef] [PubMed]

Eisenberg, R.S.; Engel, E. The spatial variation of membrane potential near a small source of current in a spherical cell. J. Gen.
Physiol. 1970, 55, 736-757. [CrossRef]

Engel, E.; Barcilon, V.; Eisenberg, R.S. The interpretation of current-voltage relations recorded from a spherical cell with a single
microelectrode. Biophys. J. 1972, 12, 384-403. [CrossRef]

Hellmann, H. Introduction to Quantum Chemistry; Deuticke: Leipzig, Germany, 1937.

Feynman, R.P. Forces in molecules. Phys. Rev. 1939, 56, 340-343. [CrossRef]

Di Ventra, M.; Pantelides, S.T. Hellmann-Feynman theorem and the definition of forces in quantum time-dependent and transport
problems. Phys. Rev. B 2000, 61, 16207. [CrossRef]

Politzer, P.; Murray, J.S. The Hellmann-Feynman theorem: A perspective. J. Mol. Model. 2018, 24, 266. [CrossRef]

Pathak, S.; Lopez, L.E.; Lee, AJ.; Bricker, W.P,; Fernandez, R.L.; Lehtola, S.; Rackers, J.A. Accurate Hellmann-Feynman forces from
density functional calculations with augmented Gaussian basis sets. . Chem. Phys. 2023, 158, 014104. [CrossRef]

Atwater, I.; Bezanilla, F; Rojas, E. Sodium influxes in internally perfused squid giant axon during voltage clamp. J. Physiol. 1969,
201, 657-664. [CrossRef] [PubMed]

Atwater, I; Bezanilla, F.; Rojas, E. Time course of the sodium permeability change during a single membrane action potential.
J. Physiol. 1970, 211, 753-765. [CrossRef]

Bezanilla, F.; Rojas, E.; Taylor, R.E. Sodium and potassium conductance changes during a membrane action potential. J. Physiol.
1970, 211, 729-751. [CrossRef] [PubMed]

Bezanilla, F,; Rojas, E.; Taylor, R.E. Time course of the sodium influx in squid giant axon during a single voltage clamp pulse.
J. Physiol. 1970, 207, 151-164. [CrossRef] [PubMed]

Rojas, E.; Bezanilla, F; Taylor, R.E. Demonstration of sodium and potassium conductance changes during a nerve action potential.
Nature 1970, 225, 747-748. [CrossRef] [PubMed]

Eisenberg Robert, S. Impedance Measurement of the Electrical Structure of Skeletal Muscle. In Comprehensive Physiology,
Republished by the American Physiological Society, as Volume 1, Supplement 27 of Handbook of Physiology, Part of Comprehensive
Physiology; Handbook of Physiology; American Physiological Society and Wiley OnLine: Hoboken, NJ, USA, 2011; Volume 1,
ISBN 9780470650714, ISSN 20404603.

Eisenberg, R.S.; Johnson, E.A. Three dimensional electrical field problem in physiology. Prog. Biophys. Mol. Biol. 1970, 20, 1-65.
[CrossRef]

Eisenberg, R.S. The equivalent circuit of single crab muscle fibers as determined by impedance measurements with intracellular
electrodes. J. Gen. Physiol. 1967, 50, 1785-1806. [CrossRef]

Peskoff, A.; Eisenberg, R.S. Interpretation of some microelectrode measurements of electrical properties of cells. Annu. Rev.
Biophys. Bioeng. 1973, 2, 65-79. [CrossRef]

Eisenberg, R.S.; Barcilon, V.; Mathias, R.T. Electrical properties of spherical syncytia. Biophys. J. 1979, 25, 151-180. [CrossRef]
Baker, P.F; Hodgkin, A.L.; Meves, H. The Effect of Diluting the Internal Solution on the Electrical Properties of a Perfused Giant
Axon. |. Physiol. 1964, 170, 541-560. [CrossRef]

Hanai, T.; Haydon, D.A; Taylor, J. The variation of capacitance and conductance of bimolecular lipid membranes with area.
J. Theor. Biol. 1965, 9, 433-443. [CrossRef] [PubMed]

Hanai, T.; Haydon, D.A.; Taylor, J. The influence of lipid composition and of some adsorbed proteins on the capacitance of black
hydrocarbon membranes. J. Theor. Biol. 1965, 9, 422-432. [CrossRef] [PubMed]

Everitt, C.T.; Haydon, D.A. Electrical capacitance of a lipid membrane separating two aqueous phases. J. Theor. Biol. 1968, 18,
371-379. [CrossRef] [PubMed]

Fricke, H. The electric capacity of suspensions with special reference to blood. J. Gen. Physiol. 1925, 9, 137-152. [CrossRef]
Fricke, H. The electric capacity of suspensions of red corpuscles of a dog. Phys. Rev. 1925, 26, 682. [CrossRef]

Fricke, H.; Morse, S. The electric resistance and capacity of blood for frequencies between 800 and 4%2 million cycles. J. Gen.
Physiol. 1925, 9, 153. [CrossRef] [PubMed]

Cole, K.S.; Curtis, H.J. Electric impedance of the squid giant axon during activity. J. Gen. Physiol. 1939, 22, 649-670. [CrossRef]
Bezanilla, F. Gating currents. J. Gen. Physiol. 2018, 150, 911-932. [CrossRef] [PubMed]


https://doi.org/10.1085/jgp.63.5.625
https://www.ncbi.nlm.nih.gov/pubmed/4545146
https://doi.org/10.1085/jgp.65.1.97
https://www.ncbi.nlm.nih.gov/pubmed/1078575
https://doi.org/10.1113/jphysiol.1965.sp007733
https://www.ncbi.nlm.nih.gov/pubmed/5880364
https://doi.org/10.1113/jphysiol.1962.sp007025
https://doi.org/10.1113/jphysiol.1962.sp007026
https://doi.org/10.1113/jphysiol.1952.sp004716
https://www.ncbi.nlm.nih.gov/pubmed/14946712
https://doi.org/10.1085/jgp.55.6.736
https://doi.org/10.1016/S0006-3495(72)86091-0
https://doi.org/10.1103/PhysRev.56.340
https://doi.org/10.1103/PhysRevB.61.16207
https://doi.org/10.1007/s00894-018-3784-7
https://doi.org/10.1063/5.0130668
https://doi.org/10.1113/jphysiol.1969.sp008778
https://www.ncbi.nlm.nih.gov/pubmed/5767887
https://doi.org/10.1113/jphysiol.1970.sp009302
https://doi.org/10.1113/jphysiol.1970.sp009301
https://www.ncbi.nlm.nih.gov/pubmed/5505231
https://doi.org/10.1113/jphysiol.1970.sp009054
https://www.ncbi.nlm.nih.gov/pubmed/5511826
https://doi.org/10.1038/225747a0
https://www.ncbi.nlm.nih.gov/pubmed/5412781
https://doi.org/10.1016/0079-6107(70)90013-1
https://doi.org/10.1085/jgp.50.6.1785
https://doi.org/10.1146/annurev.bb.02.060173.000433
https://doi.org/10.1016/S0006-3495(79)85283-2
https://doi.org/10.1113/jphysiol.1964.sp007348
https://doi.org/10.1016/0022-5193(65)90042-1
https://www.ncbi.nlm.nih.gov/pubmed/5875186
https://doi.org/10.1016/0022-5193(65)90041-X
https://www.ncbi.nlm.nih.gov/pubmed/5875185
https://doi.org/10.1016/0022-5193(68)90084-2
https://www.ncbi.nlm.nih.gov/pubmed/5659075
https://doi.org/10.1085/jgp.9.2.137
https://doi.org/10.1103/PhysRev.26.682
https://doi.org/10.1085/jgp.9.2.153
https://www.ncbi.nlm.nih.gov/pubmed/19872239
https://doi.org/10.1085/jgp.22.5.649
https://doi.org/10.1085/jgp.201812090
https://www.ncbi.nlm.nih.gov/pubmed/29941430

Computation 2024, 12, 22 24 of 24

152.

153.

154.

155.

156.
157.

Catacuzzeno, L.; Franciolini, F,; Bezanilla, F; Eisenberg, R.S. Gating current noise produced by Brownian models of a voltage
sensor. Biophys. ]. 2021, 120, 3983-4001. [CrossRef] [PubMed]

Catacuzzeno, L.; Sforna, L.; Franciolini, F.; Eisenberg, R.S. Multiscale modeling shows that dielectric differences make NaV
channels faster than KV channels. J. Gen. Physiol. 2021, 153, €202012706. [CrossRef] [PubMed]

Catacuzzeno, L.; Franciolini, F. The 70-year search for the voltage sensing mechanism of ion channels. J. Physiol. 2022, 600,
3227-3247. [CrossRef] [PubMed]

Bezanilla, F. Voltage Sensor Movements. |. Gen. Physiol. 2002, 120, 465—473. [CrossRef]

Hill, A.V. Chemical Wave Transmission in Nerve; Cambridge University Press: New York, NY, USA, 1932; p. 74.

Chazalviel, J.-N. Coulomb Screening by Mobile Charges; Birkhduser: New York, NY, USA, 1999; p. 355.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


https://doi.org/10.1016/j.bpj.2021.08.015
https://www.ncbi.nlm.nih.gov/pubmed/34411574
https://doi.org/10.1085/jgp.202012706
https://www.ncbi.nlm.nih.gov/pubmed/33502441
https://doi.org/10.1113/JP282780
https://www.ncbi.nlm.nih.gov/pubmed/35665931
https://doi.org/10.1085/jgp.20028660

	Introduction
	Fundamental Equations of Electricity
	Dielectric Constant
	Current Laws
	Paradigm Change
	Current in Biological Systems
	Chemiosmotic Hypothesis, Revisited
	References

