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Abstract: This paper is devoted to the comparison of discrete velocity models used for simulation of
compressible flows with arbitrary specific heat ratios in the lattice Boltzmann method. The stability of
the governing equations is analyzed for the steady flow regime. A technique for the construction of
stability domains in parametric space based on the analysis of eigenvalues is proposed. A comparison
of stability domains for different models is performed. It is demonstrated that the maximum value of
macrovelocity, which defines instability initiation, is dependent on the values of relaxation time, and
plots of this dependence are constructed. For double-distribution-function models, it is demonstrated
that the value of the Prantdl number does not seriously affect stability. The off-lattice parametric
finite-difference scheme is proposed for the practical realization of the considered kinetic models.
The Riemann problems and the problem of Kelvin—-Helmholtz instability simulation are numerically
solved. It is demonstrated that different models lead to close numerical results. The proposed
technique of stability investigation can be used as an effective tool for the theoretical comparison of
different kinetic models used in applications of the lattice Boltzmann method.

Keywords: kinetic equations; lattice Boltzmann method; stability; compressible flow

1. Introduction

In recent years, the lattice Boltzmann method (LBM) has been widely used for numer-
ical simulation of different physical phenomena [1,2]. Unlike the conventional methods,
which are based on discretization of the equations for macrovariables (density, velocity,
energy, etc.), in the LBM, the systems of fully discrete kinetic equations (so-called lattice
Boltzmann equations, LBEs) are considered.

Based on LBEs, the computational schemes deal with the intrinsic coupling of time
and space steps. It leads to the fixed value of the Courant-Friedrichs-Lewi (CFL) number.
For LBEs, the CFL number is equal to unity, and it is a constraint stated on the values of grid
steps. It brings a limitation to the standard LBM, because it leads to the impossibility of us-
ing variable time and space steps. This problem is relevant, for example, for the simulation
of gas flows, where shock and rarefication waves take place [3]. Such phenomena can lead
to the necessity of the application of unstructured and adaptive grids and variable time
steps. To overcome this problem, so-called off-lattice schemes, which are constructed using
finite-difference [4], finite-volume [5] and finite-element [6] methods, are proposed. These
approaches are based on the independent discretization of continuous kinetic equations
with discrete velocities on time and space variables.

Most existing schemes, based on LBEs, are restricted to weakly compressible simu-
lations. However, for highly compressible flows, such schemes lead to some difficulties.
One of the main reasons is that the equilibrium distribution functions used in the standard
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LBM are derived from the truncated Taylor expansions of Maxwellian distributions with
the assumption of a low or moderate Mach number.

The straightforward extension of the LBM to the simulation of compressible flows
can be achieved by increasing the number of discrete velocities and using appropriate
equilibrium distributions. This leads to the commonly known multi-speed models [7]. The
standard approach for LBEs, based on collide-and-stream techniques, is less computation-
ally expensive than off-lattice schemes. However, its application to multi-speed lattices
leads to numerical instabilities [8]. To avoid this problem, for many multi-speed models,
the off-lattice approach is used [9,10].

Different compressible models are constructed for the opportunities to vary specific
heat ratio, and Mach and Prandtl numbers. For the case of the fixed specific heat ratio, Yan
et al. [11] proposed a compressible model with more than one rest energy level. In [12],
the LB model for the compressible Navier—Stokes system with an adjustable specific heat
ratio is constructed by adding a new molecular velocity. Watari [13] constructs the kinetic
equations with discrete velocities and additional degrees of freedom for 2D Navier—Stokes
and 3D Euler models with flexible specific heat ratios and Prandtl numbers. Nie et al. [14]
propose an approach for treating the internal degrees of freedom of the polyatomic gas
molecules. As it is mentioned above, traditional equilibrium distribution functions are
based on the truncated Taylor expansion of the Maxwellian distribution, limited to low and
moderate Mach number [3]. Authors of [15,16] proposed the general approach equilibrium
distribution functions constructing, based on the expansions on generalized Hermite
polynomials presented in [17]. Qu et al. [18] obtained equilibrium distributions based on
the circular function, which is not related to the Maxwellian distribution. In [19], a general
technique for the construction of equilibrium distributions for kinetic models of high-speed
compressible flows is proposed. The approach is based on the solution of a linear algebraic
system based on the equations for moments of distribution functions for the selected lattice
and velocity set. In [20], the control of the Prandtl number is realized by the modification
of the collision term. In [21], the multiple-relaxation-time scheme with a flexible value of
this number is constructed. Zhang et al. [22] tried to control the Prandtl number in the case
of Burnett equations using an ellipsoidal statistical model.

Another class of discrete velocity models used for the computation of compressible
flows is the double distribution function (DDF) models. In addition to a set of distribution
functions for the computation of hydrodynamic variables (density, velocity), a set of
functions for energy (or temperature) is introduced. One of the first models where functions
for temperature are introduced is proposed in the paper of He et al. [23]. Li et al. [24]
propose a coupled DDF-LB model for the compressible Navier-Stokes equations in order
to achieve a flexible specific heat ratio. In [25], this model is applied for the simulation of
high-speed compressible viscous flows with a boundary layer. In [26], this model is used
for the simulation of shock wave propagation and its interactions with the boundary layer
in a shock tube. As for the multi-speed models, in DDF models at high Mach numbers,
the traditional collide-and-stream method, typical for the standard LBM, is not used due to
the numerical instabilities (for example, see works [27-29], where the off-lattice schemes
are used). Saadat et al. [30] propose a DDF model for the D2Q)9 lattice with a correction of
the collision term and a shifted lattice, proposed in [31] for the simulation of flows with
high Mach numbers. Qiu et al. [32] constructed a DDF model based on the D2Q17 lattice
for the simulation of viscous compressible flows.

In the literature, alternative approaches for compressible flow simulations, distin-
guished from multi-speed and DDF models, are used. The typical examples are the hybrid
LBM, which uses both kinetic equations and equations for macrovariables [33]; the pressure-
based regularized LBM, which uses explicit correction terms for the pressure [34]; hybrid
recursive regularized versions of the LBM [35-37]; and multiple-relaxation-time (MRT)
models (e.g., see [38]).

The presented paper is devoted to the analysis of discrete velocity models used
in the LBM for the simulation of compressible flows and for construction of off-lattice
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computational schemes for practical simulations. In the theoretical aspect, attention is
focused on the stability analysis of the solutions associated with the steady flow regimes.
Multi-speed and DDF models, widely used in literature, are considered. The analysis is
based on the stability criterion, related to the negativity of the real parts of the eigenvalues of
matrices of systems, obtained after linearization of the governing equations and separation
of variables. The stability domains in the parameter space are constructed and analyzed. It
is demonstrated that some models can have larger stability domains than others. Selected
multi-speed and DDF models in practice are compared on the numerical solutions of
nonlinear problems, such as the Riemann problem and the Kelvin-Helmholtz instability
(KHI) simulation. For the numerical solution, the parametric off-lattice finite-difference
scheme is used. It is demonstrated that the numerical solutions obtained by different
models are close to each other.

The following new results are obtained in the presented work:

1. The numerical procedure for stability analysis, based on the construction of stability
domains in parametric space, is proposed.

2. The comparison of stability domains, constructed by the proposed procedure,
is performed.

3. It is demonstrated that the value of the Prandtl number does not seriously affect the
stability of DDF models.

4. The models are compared on the nonlinear problems of gas dynamics: Riemann prob-
lems and simulation of KHI. It is demonstrated that models lead to close numerical solutions.

The paper has the following structure. Section 2 presents the discrete velocity models
considered in the paper. Section 3 is devoted to the stability analysis of the governing
equations of these models. The approach of constructing stability domains in parametric
space is proposed. The domains, constructed for different models, are compared. Section 4
is devoted to the numerical experiments. A parametric off-lattice finite-difference scheme
for the numerical simulations is proposed. Selected nonlinear problems in gas dynamics
are solved numerically. Some concluding remarks are made in Section 5.

2. Kinetic Models with Discrete Velocities

The Boltzmann equation, which describes gas dynamics in the case of an arbitrary
value of the Knudsen number, is written as follows:

of F
§+V'Vf+a'vvf—l(f)/ (1)
where term I( f) can be treated as the model of particle interactions.

The macrovariables p(t,r) and u(t,r) are computed as moments of the distribu-
tion function:

1
o(tr) = /f(t,r,v)dv, u(t,r) = E/vf(t,r,v)dv.

The exact solution of Equation (1), known as a Maxwellian equilibrium distribution
function, is written as [39]

3 _ )2
) = () oo (5

In the presented paper, Equation (1) is considered in the absence of body force action
(F = 0) and the Bhatnagar—Gross-Krook model of collision term (see [40]) is considered:

of __f-fe
EJrv'Vf——f. (©)]

One of the main methods of numerical solution of problems for the Boltzmann equa-
tion is the so-called discrete velocities method. According to this approach, a finite set of
velocities is introduced: v; = ve;, i = 1,n, where v = /4t and e; are the given vectors.
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After considering Equation (3) on this set of velocities, the following system of kinetic
equations with discrete velocities is obtained:

(eq)
ofi o or_ fifi
¥—|—V1-Vﬁ——#, 4

where f; = fi(t,r) = f(t,1,v;).

The specific model with discrete velocities for simulation of compressible gas flow is
defined by the specific velocity set and by the expression, which approximates Equation (2).
In the presented paper, we consider four models widely used in the literature to simulate
highly compressible flows. These models are constructed for the following equation-of-
state: p = (y — 1)pe. We focus our attention on the models constructed for 2D flows. We
chose two typical examples from the class of multi-speed models and two from the class
of DDF models. Considered models are widely used in many works on LB simulation of
compressible flows.

2.1. Multispeed Model, Based on D2Q16 Lattice

This model is presented by the system of kinetic Equation (4). The D2Q16 lattice,
represented by the following velocity set (see Figure 1, a for schematic representation of
velocity set) is used:

v1 =9(1,0), v, =0v(0,1), v3=0v(-1,0), wvg=0(0,-1),

V5 20(1,1), V6:U(—1,1), V7=ZJ(—1,—1), A/} :U(l,—l),
Vg = 20(1,0), Vi = 20(0,1), Vi1 = 21)(—1,0), Vi = 20(0, —1),
viz3 =20(1,1), wvig=20v(-1,1), wvi5=20(-1,-1), wvig=20(1,-1).

The macrovariables are computed as follows:

M2 V,2 ;72
5 g oe3) l39)

where 7; are the free parameters introduced to describe the extra degrees of freedom,
corresponding to the molecular rotation and vibration: 7; = 19 # 0,i = 1,4, ; = 0,
i=25,16.

The vector of equilibrium distributions is computed as: f¢9 = C~'M, where M is
the vector of moments and C is a square matrix, presented in Table 1. The value of ¢
is incorporated into the model in the following way: the parameter b = 2/(y —1) is

substituted in the expressions for fl.(eq).



Computation 2023, 11,138 5 of 25

Avkz
\A Ve
Vi Ve
Vis Vir
\
Vio
(b)

Figure 1. The sets of discrete velocities for kinetic models, used for compressible flow simulations:
(a) model from [19]; (b) model from [13]; (c) model from [24]; (d) model from [32].

Table 1. The expressions for component of vector M and matrix C [19].

M, p Ci 1
Mz pux CiZ Vix
Ms puy Cis Viy
My o (bT + 12 +u2) Ci V22
Ms plxily Cis VirViy
M pu + P Cis v2
My puy+ P Ciz vg
Ms pux ((b+2)T + 12 +u3 Cig vie (V4 V3 472
Mo puy((b+2)T +uf +uy Cio viy (V4 V2, + 12
My puix (3T + u2) Cino v
My, pity <3T + uﬁ) Cin Vz‘3y
M puy (T +u3) Cin2 v2viy
Mis pily (T + ”5) Ci3 Vile-Zy
(b+4)pTuxuy +
M Ci o (V22 g2
14 Pllxily <M§ =+ Hﬁ) il4 VixViy (le + sz + i )
(b+2)pT? +
M;is ((b +4)u? +u + ui)PT+ Ciis Vizx (fo + Vizy + ;712>
o3 (13 + 1)
(b+2)pT? +
2,24 2
Mg ((b +4)uy +uy + uy)PT + Cite szy (szx + ng + ;772>

ouy <u§ + u§>
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2.2. Multispeed Model, Based on D2Q8 Lattice

This model is based on the following system:

; 1
Vi vV fia = —5 e~ £, 6

where in the 2D case index k = 0, 8, is related to the groups of particles with extra (k = 1,4)
and without degrees of freedom (k = 5, 8), with corresponding velocities, i = 1 for k = 0,
i =1,8if k > 0. So, the D2Q8 lattice is used for the model (see Figure 1b for schematic
representation of velocity set):

2711 2711 .
vo=0, vy= (Vkierkiy) = Uk {COS<]7\7>,SiH<§>}, i=138,

where v5 = v1, Vg = Uy, V7 = U3, Ug = Uy, V1 = U, Up = 201, v3 = 301 and vy = 4v;.
The system (4) consists of 65 equations. The values of 7, are defined as for the model
from [19], but 7 # 0,k = 1,4, 5 = 0and k = 5,8.

The equilibrium distributions are computed as [13]

2 4 2 2 L
(5‘7) v u U7 ViU U\ VkiaVkipHallp
_ka<( 2e + 8e2> + (1 26‘) e + (1 26> 2¢2 +

VikiaVkipVkiyUalgly  ViiaVkipVkiy VkicUa gl Uz
6e3 24¢4 !

where the weights F; are obtained in such a way, that the moment of these functions are
equal to the moments of distribution functions:

F():1—8(F1+F2+F3—|—F4+F5+F6+F7+Fg),

o 6e* — (03 + 02 +v3) e + 1 (030% + 203 + v303)e? — Ludvivde
L=
i (v — 03) (vF — v3) (0] — ) '
F n 6e* — (v% +vi+0d)ed+ (0304 + v502 + v3vd)e? — %v%vﬁv%e
2= —
e (3 - U%) (v3 —v3) (v5 — 0]) '
E n 6et — (03 + 0% +v3)e® + § (0302 + V303 + v3v3)e? — folvivde
=
3 (03 —v3) (15 — 0}) (05 — v3) '
E n 6e* — (02 4+ 03 +02)e® + 1 (V303 + v30% + v3v?)e? — $v3030%e
=
/A (v — 1) (vF — 3) (vF — v3) '
48e* — 6(v3 + 03 +v2)e® + (0303 + 0302 + V303)e? — Lodvivle
F5 = 7P1 + — 2 — 2 ’
U1 (2’1 Uz) (v3 03) (01 )
48e* — 6(v3 + 02 + v3)e® + (V303 + v30? + v3v3)e? — Loduivle
Fo=—h+ 03 (03 — v3) (v3 — 03) (V3 — v3) ’
203 —v3) (v —v) (03 — V)
48e* — 6(v3 + 02 +v3)e® + (v30? + 0303 + v3v3)e? — Lolvive
F7 = _P3 + — 2 2 7
U3 (Ua 04) (v3 Ul) (7’3 3)
48e* — 6(v% + 03 + 03) €3 + (0203 + 0303 + v30?)e? — Lv2v3ode
Fg=—F + .

03 (0 — o) (0 — ©3) (v — ©3)

The macrovariables are computed as follows:

D+o Mz ’(]2. ;72
P:kai, pu:kaini, p< e+2> :kal<2kl+2k ,
ki ki v ki



Computation 2023, 11,138 7 of 25

where D = 2, the energy level, which corresponds to the extra degree of freedom, is defined
asn2/2.
Specific heat ratio is computed as follows:

_D+o+2
~ D+o

2.3. DDF Model, Based on D2Q13 Lattice
The model is presented by the following system:

a—f;’+ vi Vfi:_/\lf(fi_fieq)’ ©)

%it i V= =5 (h —KT) + A2{(vl~u) (Fi-fE"), i=0m, )

where f; are the density distribution functions, 1/A,f = 1/A;, —1/A¢. For this model,
the D2Q13 lattice (n = 12) is used (see Figure 1c for schematic representation of velocity set):

vo=(0,0), vi=10(1,0), vp=0(0,1), vs=0v(-10), vq=0v(0-1),
vs =0(1,1), ve=v(-11), vy=0(-1,-1), vs=10(l,-1),
vo =20(1,0), vig=20(0,1), vy =20(—1,0), vip =20(0,—1).
Equilibrium distributions fi(eq) are computed as follows:

L

£ ) =4

Uy, Uly) = (ui +5p2 —10p +4 + 4uxuy + u + (10p — 5) (ui + uﬁ)),

fl(eq) (ux,uy) = —% (—4u§ +3p> - ut —4p+ 3uxu§ +9pu2 + 6puy + 3u,26u§ — Uy + ui),
fs(eq) (1, 11y) = % (u;&l; + Uty + plix + puty + w3y + 0.5p% + uf{uﬁ + pu? + puﬁ),

f(eq) Uy, Uy) = L —2uy 4 uft — p— ud + 6pu> +1.5p% +2u3 + 6puy ),
9 Y) 7 g

AP () = A (1), S () = S (0 y),
fa(eq) (i 1y) = feq)(*”m“y)r £ (12 1) :fs(eq)(*”m*”y)r
A (s y) = F7 (), o () = £ (1, ),
£io” (nny) = £ (g 10x), - £57 (1 my) = 57 (—az,my),
FSP (1) = 57 (—ay, 1)

(eq)

Equilibrium distributions for total energy h; "’ are computed as follows:

n = (B4 (vi—w) wfT tw hR
v

= 1=
2_

where wy =0, w; = —% i=14w;, = % i=05,8, w;
total energy.
The system (6)—(7) consists of 26 equations. The macrovariables are computed as

follows:
p=Xs pu=Eiw o(e+) -En
1 1

,12and E = e + Ju? is the

=y

02
71
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2.4. DDF Model, Based on D2Q17 Lattice

The model is based on system (6)—(7) in the case of D2Q17 lattice (see Figure 1d for
schematic representation of velocity set):

2 2 2
vo=(0,0), vi= 50(1,0), vy = 50(0,1), vy = gv(—l,O),

2 2 2 2
*U(O,—l), V5 — 70(2,1), Vg — 50(1,2), vy = 50(—1,2),

Va=T 3 3

2 2 2 2
vs = 30(=21), vo=30(=2,-1), wvio=30(-1,-2), v =30(l,-2),
V2 = %U(Z -1), viz= §U(3,0),

2 2 2
Vi = 50(0/3)/ Vi5 = 50(—3/0)/ Vie = gv(o,—S).

The presented model consists of 34 equations.

Equilibrium distributions fl.(eq) are computed as follows:
1
£ (s 10y) = 1 (606 + 33ubusl + 613y + 69612 + 696, + 6967 -
28u3 — 28u? — 560 + 16,

£ (1, uy) = u%p (2703 + 2704 + 270003 + 27001 — 60ut — 180w, — 4200303~
180u 145, — 60ty + 405671, + 4056°u, — 780015 — 10806011t — 78001, — 18013 —
120u3uy, — 120uu; — 180u;, — 7806 — 66001, — 66001y + 2407 + 400u 1ty + 240u; +
4800 + 288 + 288, ),
3
FD (g, 1) = ~ 515" (108u§ — 27u$ + 108001 — 270613 + 60ut — 36013, — 480u3u2~
1201y + 1620071y — 405671, — 12007 — 10800114, — 1200015, — 480u3 — 480uzuy+
60u; — 6606% — 144001, — 3000, — 240u% + 160Uy + 480u;, + 24060 + 192u, + 192uy),

1
157 (s y) = 5= (8107 + 810003 + 1201t — 2400w — 60uy + 12156%1 + 480013~

6000u; — 180u; — 606> — 54001, — 160u3 + 240u;, + 800 + 64ux),

A e ty) = F (g, S () = £ (g, ),
A ) = () (e ag). S (e ) = £ (g ),
£ (ug) = 7 (=g, S (ty) = F57 (),

W (ey) = 157 (g, 10), £ (1 10y) = AP (—tt, =),
1D () = A5 (—ttmy), £ (s 1ty) = S50 (—y, —12),

67 (uxy) = £S5 (—uyue), £ (ty) = £ (g ),

1(§q) (ux, uy) = féeq) (ux, —11y),
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where 6 = T /T,. Functions hgeq) are presented as follows:
H = (E+ (vi—w) - wf P +w LR,
where wg =0, w; = 56 i=1,4w; = % i=5,12and w; = 53—6 i = 13,16. Macrovariables
are computed in the same way as the model from [24].
3. Stability Analysis
Let the following dimensionless variables be introduced:
; t v fi -k
t_ﬂl I'—i, fl—al hz—H/ (8)
where ® and H are the typical values of f; and h;.
After the substitution of (8) into (4), the dimensionless system is obtained:
7 gleq) g
fi— i (f)
A S L) ©)

where T = A/dt. The tilde sign will be ignored in the text below.

As in previous works (e.g., see [8,41]) the stability only on the initial conditions is
investigated, so the flows in the unbouded domain are considered. The stability of the
steady-state solutions of (9), associated with the steady flow regimes, is analyzed. Let ]?l
correspond to the steady flow in the unbounded domain, defined by the constant values
of dimensionless macrovariableS' P = po, u = Up and e = ¢j. These solutions are derived

from fl.( ,as f; = f (PO, Uy, e0).
For the stability analysis of this steady flow regime, the solutions of (9) are presented:

filt,r) = fi + 6filt,1), (10)

where ||0f|| < 1 is a vector of small perturbations.
Let us consider the dynamics of Jf; at t — oco. For this purpose, (10) is substituted
into (9):

%(ﬁ+5ﬁ)+ei-v<ﬁ+5ﬂ):—f<fl+(5fl F(E+o8:) ). (11)

According to the proposition on the small values of perturbations, the Taylor expansion
can be used:

(eq)
FOF + o) ~ ()+2 f;f:()

After the substitution of this expression into (11), the following linearized system is obtained
for the perturbations ¢ f;:

W) 4o vof = -1 <6fi 3 Aiséfs>, 12)
s=1

where the components A;; are computed as

p) .(5‘7) =
A = J;lfs (f)

According to the Fourier method, the solutions of (12) can be presented as follows:

Sfi(t,r) = Fi(t) exp(—jkr), (13)
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where j2 = —1 and k is the wave vector, ky, ky € [—m, mt]. The structure of the solutions,
defined by (13), corresponds to the idea of separation of variables. After the substitution of
(13) into (12), the following system is obtained for F;(t):

F = GF, (14)

where the components of G are written as follows:

Gis _ j(eixkx + eiyky) — %(1 — Ais)/ i=s,
%AiS/ i 75 S.

For the model from [19], the dimension of G is 16 x 16; for the model from [13], it is
equal to 65 x 65.
For the DDF models presented by system (6)—(7), the steady-state solutions, asso-

ciated with the same steady flow regime, are computed as ﬁ = fi(eq) (00, Uo, ), b =

hgeq) (po, Uo, eg). System (6)—(7) in dimensionless form is written as

Vite V=2 (i~ ), (15)
1f

ah o 1 ) eq 1 . L (eq)
T V= (=) + oot w (- £7), (16)

Tf = %/Th = %,1/1’;1]: = 1/Th—1/Tf.
The solution of (15)—(16) is presented in the same form as the previous case:

filt,r) = fi+8fi(t,x), hi(t,x) = I+ Ohi(t,x),

where it is proposed, that [|6f| < 1, ||6h]] < 1.
The dynamics of perturbations J f; and dh; are described by the following system of
differential equations:

a(sfi) _ 1 :
5 +ei.V(5fi)_—Tf<§fl ZB 5fs — 23%%),

. n
a(g?,) +e - V(oh)=—— <5h - Z B)ofs — 2 B4(5hs> + (Z Diofs + Z D2(5h3>
where
P} 4(97) SR ) (“I) SR ah@q) SR ah(ﬁ‘q) SR
Bl = )i f,h), Bi= )i fh), Bl =—-_—(fh), BL=-—(fh),
fs ohs ofs ohs

D = 3](3 (ER), pi= g; (ER), ci(th) = Tif(e,--u) (fi= £ m)).

The solution of this system can be presented as follows:

ofi(t,x) = Fi(t) exp(—jkr), Ohi(t,x) = Hi(t) exp(—jkr),

where functions F;(t) and H;(t) are the solutions of the following system:

chps + Zcsz
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n
Hi(t) =Y GlE(t) +ZG
s=1

where
jleicks + eiyky) — Ti (1- B1 ), i=s, 1.,
lis = . Gois = —Bj,,
1 Bl 15
_ﬁ is’ 1 75 s, f
: 3 1 .
Cu — ](eixk + eiyky) — (1 B))+Dj, i=s, C lB‘-‘ D2
3is B3 D3 . 4is o is*
T, s + s’ ! 7& S, h

If the extended vector S = (Fy, ..., F,, Hy, ..., Hn)T is introduced, this system can be
rewritten as
S =GS, (17)

G G
a- (g &)

By this approach, the problems of stability analysis of steady-state solutions are
reduced to the problems of stability analysis of zero solutions of linear systems (14) and
(17). These solutions are asymptotically stable if and only if the real parts of all eigenvalues
of matrix G are negative. These eigenvalues are dependent on the following parameters:
T, Uox, Uoy, po, €o, ky and ky (the models from [24,32] are analyzed at a fixed value of
Prandtl number Pr = ’L'f/ Ty, so only the value Tf = T can be varied if the value of Pr
is inputted), where only the components of k are considered as the internal parameters.
For the simplification of analysis, the values of two dimensionless macrovariables are fixed:
po=¢€ =1

The stability is analyzed for the case of the following flow regime: Up, = U, Uy, = 0,
as it is realized for other LB models [41,42]. The wave vector k can rotate relatively to Uy in
all 2D space, as it is realized in [8]. So, we restrict the parametric dependence of eigenvalues
to the dependence of two internal parameters, ky and k;, and two input parameters 7 and
U. The values of T are chosen in small intervals near zero because the presented models in
most problems are applied to the simulation of inviscid flows (when T = 0). The values of
U are varied in a bounded interval including zero, in order to check the maximum value,
which defines the stability interval on this parameter.

The stability is investigated by the construction and analysis of the stability domains
in the 2D space of the input parameters (7,U). These domains are constructed by the
following algorithm:

(1) The grids with nodes 7, Uj, (kxp, kyp) are constructed in the intervals (0, T], (0, ]
and rectangle [—7, 7] x [—7, 7], respectively. The values of T and U are selected by
the investigator.

(2) At every fixed node (73,l;), the eigenvalue problems for matrix G are solved at
every node (kxp, kyp) and eigenvalues Ay, (%, U, kxp,kxq) are obtained at every p and q. If at
some node (ky3, kyz) the following inequality is realized: min Re(Am (T, U, kap kag)) >0,

where

so the solutions of the systems (14) or (17) are treated as not asymptotically stable at T = 7
and U = U; and node (13, U;) is not included into the stability domain in parametric space.

The eigenvalue problems are solved numerically using the QR algorithm, realized
on FORTRANO90 in EISPACK subroutines [43]. We perform the computations for the
monoatomic gas with 3 translational degrees of freedom per atom, which is typical for the
air flow. For this physical condition, the value of - is equal to 5/3. The models presented
in [13,19] are additionally dependent on the values of 7y [13] and 7;, i = 1,4. Asitis
mentioned in [19,44,45], the value of this parameter can affect the numerical stability. So,
we decided to investigate the influence of these parameters on the solutions. For the model
from [13] the values of #; are chosen as #; = i19. It is inspired by the same approach of
choosing #; in numerical examples, presented in [13]. In Figures 2 and 3, the boundaries of
the stability domains for different values of 7 are presented. As is demonstrated, for both
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models, the acceptable value of 7y can be chosen as 1y > 0.25, and the greatest values
of U take place for the values T < 0.05. As can be seen, the largest areas of the stability
domains correspond to the model from [13]. Moreover, its area does not change after the
value T =~ 0.05 (see Figure 3).

45
—7]0=0.1
4 —y=0.25| 1
—7]0=0.5
35 —1,=0.75| |
3 71 |
— =125
25 Instability ™ |
D —7]0=10
2 —_—y25 | ]
15 .
1
Stability
0.5 1
0 ‘ ‘ ‘
0 0.05 0.1 0.15 0.2 0.25 0.3

T

Figure 2. Plots of boundaries of stability domains at various values of 7 for the model from [19].

—7]0=0 1
45 —7]0=0.25 .
—7]0—0 5
4 —770=0.75
np=1
35 —n,=1.25[]
.y 7, B
Instability i
0
8 —ny=10 ||
——n,=25
D25 "o
2 4
1.5 = q
Stability
1 |
0.5 q
O u L L L L L
0 0.05 0.1 0.15 0.2 0.25 0.3

Figure 3. Plots of boundaries of stability domains at various values of 7 for the model from [13].

For the DDF models, the role of the external parameter at fixed v is played by the
Prandtl number Pr. For the air, we consider the following values of Pr: 0.674 (corresponds
to 273.15 K), 0.683 (corresponds to 303.15 K), 0.703 (corresponds to 343.15 K) and 0.724
(corresponds to 433.15 K). In Figure 4, the plots of the boundaries of stability domains are
presented. As can be seen, the values of Pr do not seriously affect the area of the domain.
So, the physically correct temperature values do not seriously affect the stability of such
DDF models; it depends only on values of U and relaxation time. It must be noted that the
smallest areas occur for the model from [32], which is based on the D2Q17 lattice. For both
DDF models, the areas of domains decrease with the increase of t. As for the multi-speed
models, the largest values of U correspond to the interval T < 0.05. It must be noted that
the constructed models correspond to the case of viscous flows, which is described by the
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Navier-Stokes system, and in the expression for viscosity obtained by the application of
Chapman-Enskog expansions, the dynamic viscosity is directly proportional to the value
of relaxation time. So, the case of small values of T corresponds to a small value of viscosity.
So, the largest values of U correspond to the case of inviscid flows. In most of the works,
the models are constructed for the simulation of this type of flow in order to simulate many
interesting effects, such as shock and rarefication waves, instabilities, etc., and the best
stability properties are also observed for the conditions typical for these flows.

5 ‘ I T T
—Pr=0674 "
—Pr=(.683 1.2 s Pr=0 683 |1

) ==Pr=0.703 | e Pr=0.703
= Pr=0.724 1 I —pro72a

3 Instability 1 o8 Instability

> -]
2 | 06
\ 04  Stability
1r , ozl \
Stability '
0 o 0 I S N
0 005 01 015 02 025 03 0 005 01 015 02 025 03

T T

(a) (b)

Figure 4. Plots of boundaries of stability domains at various values of the Prandtl number for the
double-distribution-function models: (a) case of the model from [24]; (b) case of the model from [32].

4. Numerical Experiments

In the presented section, we try to compare the considered models, applied to the
numerical solution of nonlinear 2D problems: the Riemann problems and KHI simulation.
All parameter values from the stated conditions are chosen from the literature where these
problems are stated.

The computations are performed using the finite-difference off-lattice scheme with the
use of the technique based on the splitting of physical processes (e.g., see [46-51]). Let us
consider a time grid constructed with the step At and nodes t;. According to the splitting
conception, on one time step [t, fx1 1] the two processes are considered separately. First,
the collision of particles, which is described by the following system:

7 7. gleq) g
ofy _ _fi=fi” ()
T S t € (te tetal, (18)
with the initial condition f;(t, ) = f;(#, r). Second, their free streaming after the collision,
which is described by the following system of linear advection equations:

% +vi- Vfi=0, te (bl (19)
which is solved with the initial condition f;(t, r) = f;(tc;1, t). By applying this technique,
we can use different schemes for the implementation of both stages in order to improve the
stability and accuracy of the computational procedure.

Let us consider the spatial grid with nodes (x;, ys), constructed with step / on both
variables. For the discretization of the linear system (19) we use the following parametric
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scheme, constructed as a combination of schemes with second-order central differences
and first-order upwind differences:

k+1 k
fz]Jsr fz,]s - (UIX( i,j+1s fz] 15) + Z)ly (fz js+1 fi,js—l) ) -

At
(1 - K) ? (UixRix + UiyRiy)/

(20)

whelrefl]S ~ fi(tx, xj,ys) and

k k i k k 1
R — { ijs — Jij—1s’ lf Viy 2 0, o { ijs — Jijs—1 lf viy >0,
ix — k k . ) o k _ rk i .
pj1s — g 1f v <0, vjs+1~ fijer f iy <0,

and ¥ € [0,1] is the dimensionless parameter. By choosing the proper value of this

parameter, we can compensate the effects of numerical dispersion, typical for schemes

with central differences, and the effect of numerical dissipation, typical for schemes with

upwind differences [52]. The same approach is used for the equations of the DDF model.
For the implementation of (18) the explicit Euler method is used:

—k+1 —k
fl ]s fz,]s

AL _% (ﬁjs A (ﬂifs) )

The computations are performed in the case of small value of CFL number (vAt/h =
0.05) in order to exclude any numerical instabilities.

As an example of the multi-speed model, we consider the model from [19], and as a
DDF model, the model from [24] is used. The model from [13] is not considered due to the
large number of equations; the model from [32] is not considered due to the small areas of
the stability domain (see Figure 4).

The parameter values are selected in such a way that the solutions of kinetic equations
will be stable (the parameter values correspond to the internal points of the stability
domains). For considered problems, the following parameter values are used: For the
model from [19], 6t = 1,1 =1, v = 5/3 and 59 = 25. For the model from [24], ¢, ] and
are the same. For all problems, A =1 X 107° is used as the value of relaxation time in order
to reproduce the inviscid flow because, as is mentioned above, the dynamic viscosity for
this model is proportional to A [19]. For the DDF model from [24], we set Pr = 0.71 and
/\f =1x1075, Ay is computed as /'\f/Pr. For all problems, the value o = 0.75 is used.

The initial-boundary-value problems considered in this section are stated in the un-
bounded spatial domain (2D for the KHI problem and 1D for Riemann problems). In order to
solve such problems numerically, the computational domain is defined as a rectangle. The ef-
fects of infinite boundaries are simulated by periodic or extrapolated boundary conditions.

4.1. Riemann Problems

Let us consider three problems, stated in the infinite interval x € (—oo, +-00) with the
following initial conditions for macrovariables:
(a) Problem with discontinuous velocity:

0,x <0,
0,x)=1, 0,x) =1, uy(0,x)= -
PO =1 pO.1) =1, 103 {1,x>0.
(b) Problem with discontinuous density:

0.25,x <0,
0,x)= - T0,x)=1, 0,x)=1,
(0,2) {1,x>0. 03) =1, ux(0,7)
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where temperature T is related with the internal energy according to the used equation-of-
state: T = (7 — 1)e.
(c) Sod’s problem, which is widely used as a test for solvers in gas dynamics [53,54]:

1,x <0,
p(0,x) = {

1,x <0,
7 le = - ’ u O,x == 0
0.125, x > 0. p(0x) { <(0,%)

0.1,x > 0.

This initial condition leads to the solution with a right-propagating shock, a right-
propagating contact wave and a left-propagating rarefication wave.

Stated problems can be solved exactly [55], so they can be considered as powerful
tools for testing numerical schemes and their implementations.

For numerical realization, we consider the finite interval on variable x: x € [—L, L],
where the grid with step & and N nodes is constructed. We perform computations in the
rectangular domain, where the interval on y is defined as y € [0,10k]. On the upper and
lower boundaries, the periodic boundary conditions are stated. At left and right boundaries,
the extrapolated conditions are stated: f;(t, —L,y) = fi(t, =L+ h,y), fi(t,L,y) = fi(t,L —
h,y), and the same conditions are stated for h;. The initial values of f; and h; are computed
from the values of equilibrium distributions computed from the initial conditions stated
for macrovariables.

The results demonstrated in Figures 5-7 are obtained in the case of L = 1 for the
spatial grid with N = 500 at the endpoints of time intervals. For problem 1, the time
interval [0,0.4] is considered, and for problems 2 and 3, the intervals [0, 0.3] and [0, 0.25] are
used. Some minor numerical artifacts, associated with small-amplitude osclillations near
the contact line, are observed according to the presence of the term with a second-order
central difference in the finite-difference scheme (20). As can be seen, both models lead to
very close results.

17 T 1.05
== Model from [19]

== Model from [24] 1

0.8 - |=—Exact

0.95

0.6
0.9

S 047 2085+
0ah ‘ / | 081
0.75
0
0.7 F
-0.2" . 8 . 0.65 - L I ~

-1 -0.5 0 05 1 i 05 o 05
X

oL

X

Figure 5. Plots of numerical solutions of Riemann problem with discontinuous initial velocity in
comparison with exact solution.

0.05 T T 1 117

0 \ ;
005+ 1 09F
01 F . 08
< a
3 U
015} 1 07+ ﬁ
0.2 ' 1 06
025 / |=——Model from [19] | | 05 J
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Exact
-03 04! L
- -05 0 05 1 1 -05 0 05 1
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Figure 6. Plots of numerical solutions of Riemann problem with discontinuous initial density in
comparison with exact solution.
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Figure 7. Plots of numerical solutions of Sod’s problem in comparison with exact solution.

4.2. Kelvin—Helmholtz Instability

The KHI occurs in a system when two immiscible fluids flow at different tangential
velocities (e.g., in opposite directions) and there are exist small perturbations near the
interface (Figure 8). Such perturbations between two fluids grow in time and may evolve
into turbulent mixing through nonlinear interaction. The KHI is observed in nature and in-
dustry and plays an important role in such processes as supernova dynamics, interaction of
the solar wind with the Earth’s magnetosphere, cloud dynamics, etc. [56-58]. Furthermore,
this type of instability is a typical example of non-equilibrium flow, and its non-equilibrium
effect is significant near the interface, where the instabilities grow, which is why the kinetic
equations are intensively used in the analysis of its evolution [59].

L R

—
Il
S

t>0

iy
C

R Pr

x =0

Figure 8. Schematic representation of statement of problem for KHI simulation.

For the numerical simulation, the system, formed by two immiscible fluids with
different initial densities and tangential velocities, is considered (see Figure 8 for schematic
representation). The interface in the initial time moment is represented by the straight line,
which corresponds to x = 0.

The considered models are not adopted for multiphase simulations or simulations
with interfaces between flows with different physical characteristics. So, the effect of the
interface is simulated by the initial condition with the steep profile [60]. The solution corre-
sponding to this condition evolves as a model that reproduces the dynamics of a system
with immiscible fluids. So, LBM in this situation is considered as shock-capturing method.

The following initial conditions are stated [59,60]:

_ PLTPR  PL—PR X
p(0,x,y) = 5 5 tanh(Dp),

_ UpF+ugr  up—Uug X
uy(0,x,y) = 7 7 tanh<Dv>,
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ux(0,x,y) = ugsin(ky)exp(—k|x|), pr(0,x,y) = pr(0,x,y) = po,

where p;, pr are constants corresponding to densities of fluids, uy and u are corresponding
tangential velocities, D, and D, are positive constants, which characterize the width of
density and velocity transitional layers, k > 0 is the frequency of the perturbations of the
interface, ug characterizes its amplitude and pg > 0 is the initial pressure.

For the computations, we consider the rectangular domain x € {— %, %} ,y€[0,L]in
the case of L = 0.2. The following parameter values are used: p;, = 5, uy = 0.5, pr = 2,
ugr = —0.5, up = 0.05 and pp = 2.5. On all boundaries, the zeroth-order extrapolation
conditions, as for the Riemann problems, are stated. The distribution functions in the
initial time moment are computed as the equilibrium distributions, computed on the initial
conditions, stated for macrovariables. The computations are performed for the time interval
[0,1]. A spatial grid consists of 500 x 500 nodes.

In Figure 9, the contour plots of p in moment ¢t = 0.7 for values k = 71, D, = 0.004 and
D, = 0.008 are presented. As can be seen, the results obtained by both models are close to
each other, and the coordinates of the vortex center are similarly predicted by both models.

(a)
(b)

Figure 9. Contour plots of the density for t = 0.7: (a) model from [19]; (b) model from [24].

In Figure 10, the plots of density profiles corresponding to the fixed value y = 0.5L
are presented for the values D, = 0.002 and D, = 0.008 in the cases of various values of k,
which characterize the frequency of interface perturbation. As it can be seen, the solutions
obtained by both models lead to similar profiles with weak discrepancies in values of
p (not larger than 0.2). The profiles, obtained for various values of D,, are presented in
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Figure 11 for the case of k = 107, D, = 0.002. As can be seen, both models lead to similar
profiles (discrepancies on values of p are not larger than 0.25 (=5 %)). It should be noted
that the complete investigation of parameters influence on the solution of this problem
is performed and discussed in detail in [60]. In the presented paper, we focus attention
only on the comparison of numerical solutions obtained by different models based on
kinetic equations.
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* 35¢
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X X
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Figure 10. Plots of density profile p(t,x,0.5L) for different values of k in comparison with initial
profile: (a) k = 7t; (b) k = 307; (c) k = 6071.

(c)
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(b)
Figure 11. Plots of density profile p(t, x,0.5L) for different values of D, in comparison with initial
profile: (a) D, = 0.01; (b) D, = 0.016.

For the estimation of p, obtained by kinetic models in a whole spatial domain, the av-
eraged value can be used:

1
?

L
/ptxydydx
0

N\P-\N\h

The computation of this characteristic is performed by the following quadrature
formula:

tS ~ L2 Zpljl

where o7 ~ p(£s, x;, ) are computed from the values of distribution functions. In Figure 12,
the plots of p, obtained for D, = 0.008 and D, = 0.004 for different values of k, are
presented. In Figure 13, the plots for the case of k = 107, D, = 0.004 and different values
of Dy are presented. As can be seen, the values of the averaged density obtained by both
models are close to each other. The highest deviations of values of p are not larger than 0.25.
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Figure 12. Plots of averaged density p(t) for different values of k: (a) k = 7t; (b) k = 107t; (c) k = 307;
(d) k = 607.
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Figure 13. Plots of averaged density p(t) for different values of Dy: (a) D, = 0.002; (b) D, = 0.008;

(¢) D, = 0.01; (d) D, = 0.016.
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5. Conclusions

In the presented paper, the analysis of discrete velocity kinetic models used in the
LBM simulation of compressible flows in the LBM for cases of varied specific heat ratios in
the equation-of-state is performed. The popular multi-speed and DDF models, presented
in the literature, are compared. In the theoretical part, the stability analysis of steady-
state solutions associated with steady flow regimes is performed. The stability analysis
problem is reduced to the analysis of zero solutions of linear systems of ordinary differential
equations. These systems are obtained after the linearization of kinetic equations near
the steady-state solution. The analysis is based on the construction of stability domains
in parametric space. The results obtained for different models are compared. In the
practical part, the selected models are applied to the simulation of compressible flows.
The Riemann problems and the simulation of KHI are considered. For the numerical
simulations, the parametric finite-difference scheme is used. As is demonstrated, different
kinetic models lead to close numerical solutions for both types of problems.

As the main results, the following conclusions can be formulated:

1. The procedure for the linear stability analysis of compressible discrete kinetic
models is proposed, and stability domains are constructed. The approach is based on
the considering of steady-state solutions associated with steady flow regimes. According
to the proposed procedure, we reduce the analysis of steady-state solutions of nonlinear
kinetic equations to the analysis of zero solutions of linear systems of ordinary differential
equations. According to the stability criterion, these solutions are asymptotically stable if
and only if the real parts of the eigenvalues of the matrices of the corresponding systems
have negative real parts. With the use of this criterion, we can construct the stability
domains in the parametric space. Only the stability of solutions of kinetic equations, which
formed the model, is analyzed. In practice, the numerical instabilities associated with the
used computational schemes also take place.

The proposed approach to analysis can be used as an effective tool for the theoretical
comparison of different kinetic models used in the LBM in other fields, for example,
for multiphase and magnetohydrodynamic simulations. It allows for the possibility to
define the range of free parameters presented in the models.

2. The effects of the input parameters on the boundaries of the stability domains
are analyzed. For the models from [13,19], the areas of the domains can be enlarged
by the increase of 7, (see Figures 2—4). For the model from [19], the upper values of U,
which provide stability, decrease with the increase of T (Figure 2). However, for the model
from [13], this value for T > 0.05 can be approximated by the constant 2.4 (see Figure 3).
For the DDF models, the value of Pr very slightly affects the boundaries of the stability
domains (see Figure 4).

For both types of models, the largest value of U occurs for the small values of T
(T < 0.05). This means that the models provide the most stable results if the semi-inviscid
flows are simulated. Despite the fact that the considered models are developed in order to
mathematically reproduce Navier-Stokes equations, which describe viscous flows, in most
works they are used for the simulation of inviscid flows, which are described by the
Euler equations. The expression for viscosity is obtained by applying the Chapman-—
Enskog asymptotic expansion method. As it is demonstrated, the dynamic viscosity u
is proportional to A (that is why the inviscid flows are simulated by the use of a small
relaxation time). For example, for the model from [13] the following expression takes place:

U= %pe)\.

The case of the small value of T corresponds to the small value of A. So, in the presented
work, it is demonstrated that these models are better suited to be used in practice for the
simulation of inviscid flows because, in this case, they lead to larger stability intervals on
values of U.
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3. As it is obtained after numerical experiments for the case of the air flow, the smallest
areas of the domains are observed for the model from [32] and for the model from [19] at
small values of #y. The best stability properties (largest areas) occur for the model from [13].
However, this model consists of 65 equations, so it is not optimal for practical computations.

4. As is demonstrated in the numerical experiments on the simulation of compressible
flows, both types of models (multi-speed and DDF) provide close values for macrovariables.
So, in practice, any of the constructed models can be used. However, their parameters
should be defined based on the stability conditions obtained after the analysis of stabil-
ity domains.

5. The presented study can be considered as the first stage of the analysis of models
used in the LBM for compressible flow simulations. The presented approach to linear
stability analysis can be used for different models of different physical phenomena. In the
LBM over the last decades, multiparametric methods, which improve stability, have been
proposed; for example, MRT methods [38,61,62] and cascaded models [63—65]. The stability
of such schemes and their variations will be analyzed in future studies.
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Nomenclature

t time

r vector of spatial variables

\4 particle velocity

f(t,r,v) particle distribution function
m particle mass

F body force

I(f) collisional term

p(t 1) density

u(t,r) macrovelocity

k Boltzmann constant

T(t,r) temperature

A relaxation time

I mean free path

ot mean free time

fi(t, 1) density distribution functions
p(t, ) pressure

e(t,r) internal energy

v specific heat ratio

D the space dimension

o number of extra degrees of freedom
hi(t, 1) total energy distribution functions
Ag density relaxation time

Ap energy relaxation time

T; typical temperature

R specific gas constant

T dimensionless relaxation time
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k wave vector
Pr Prandtl number
At time step
h spatial step
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