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Abstract: This article formulates and analyzes a discrete-time Human immunodeficiency virus type 1
(HIV-1) and human T-lymphotropic virus type I (HTLV-I) coinfection model with latent reservoirs. We
consider that the HTLV-I infect the CD4 1 T cells, while HIV-1 has two classes of target cells—CD4TT
cells and macrophages. The discrete-time model is obtained by discretizing the original continuous-
time by the non-standard finite difference (NSFD) approach. We establish that NSFD maintains the
positivity and boundedness of the model’s solutions. We derived four threshold parameters that
determine the existence and stability of the four equilibria of the model. The Lyapunov method
is used to examine the global stability of all equilibria. The analytical findings are supported via
numerical simulation. The impact of latent reservoirs on the HIV-1 and HTLV-I co-dynamics is
discussed. We show that incorporating the latent reservoirs into the HIV-1 and HTLV-I coinfection
model will reduce the basic HIV-1 single-infection and HTLV-I single-infection reproductive numbers.
We establish that neglecting the latent reservoirs will lead to overestimation of the required HIV-1
antiviral drugs. Moreover, we show that lengthening of the latent phase can suppress the progression
of viral coinfection. This may draw the attention of scientists and pharmaceutical companies to create
new treatments that prolong the latency period.
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1. Introduction

Over the past decades, many scientists and researchers from the disciplines of mathemat-
ics, biology, and medicine have been interested in modeling the dynamics of viral infection
within the host. Mathematical modeling of viral infection has a long history of helping
to provide insight that is difficult to obtain through pure experiments. Examples of viral
single-infection that have been modeled and studied are as follows: (i) chronic viral infections
such as human immunodeficiency virus type 1 (HIV-1) [1], human T-lymphotropic virus
type I (HTLV-I) [2], hepatitis B virus (HBV) [3] and hepatitis C virus (HCV) [4], (ii) respiratory
viral infections such as influenza A virus (IAV) [5] and severe acute respiratory syndrome
coronavirus 2 (SARS-CoV-2) [6,7], (iii) vector-borne viral infections such as dengue virus [§],
chikungunya virus [9] and Zika virus [10]. The in-host viral coinfections were also modeled
in recent years such as Zika/dengue [11], HIV-1/HTLV-I [12,13], IAV /SARS-CoV-2 [14,15],
SARS-CoV-2/HIV-1 [16], SARS-CoV-2/HTLV-1 [17], HIV-1/HCV [18] and HIV-1/HBV [19].
HIV-1 and HTLV-I are two dangerous retroviruses that attack the central component of
the immune system, CD4 " T cells and can cause chronic diseases. HIV-1 causes acquired
immunodeficiency syndrome (AIDS), while HTLV-I causes HTLV-I-associated myelopa-
thy /tropical spastic paraparesis (HAM/TSP) and adult T-cell leukemia (ATL) diseases.
Cytotoxic T lymphocytes (CTLs) and B cells play important roles in the immune response
against viral infection. CTLs attack and kill the viral-infected cells, while B cells produce
antibodies to neutralize viruses.
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Since formulating the basic model of HIV-1 single-infection in [1], many modifications
and developments have been made to make the model more accurate in describing the
dynamics of the virus within the host. Some biological factors have been taken into
account such as: (i) time delay [20,21], (ii) drug therapies [20,22], (iii) CTL immunity [1,23],
(iv) antibody immunity [24], (v) reaction—diffusion [25], (vi) stochastic effects [26], and
(vii) two target cells (CD4™ T cells and macrophages) [22,27-29].

Latent HIV-1 reservoirs are considered a significant obstacle to HIV-1 elimination [30].
Latent HIV-1-infected cells can be activated after a period of time and then become viral
production cells when drug therapies are stopped. These cells contains the HIV-1 virions;
however, they do not produce them until they are stimulated. This fact causes an escape-
ment of latent HIV-1-infected cells from the immune response. HIV-1 dynamics models
with latent infected cells were developed in several works (see e.g., [23,26,30-32].

Stilianakis and Seydel [2] formulated a mathematical model for in-host HTLV-I dy-
namics. After that, several HTLV-I dynamics models were developed. HTLV-I infection
models with CTL immune response were addressed in [33-36]. HTLV-I infection models
have been incorporated with intracellular delay in [37], and with immune response delay
in [35,37]. Reaction-diffusion HTLV-I infection models were investigated in [34].

HIV-1 and HTLV-1 share the methods of transmission between people through sexual
relationships, infected sharp objects, blood transfusions and organ transplantation. There-
fore, some nonlinear continuous-time models were recently formulated that describe the
dynamics of HIV-1 and HTLV-1 coinfection in-host [12,13]. In [12,13], it was assumed that
HIV-1 has one type of target cells, CD4 7T cells. In fact, HIV-1 can also infect macrophages
[31]. In [38], an HIV-1 and HTLV-I coinfection model was formulated by considering two
types of target cells for HIV-1, CD4 " T cells and macrophages:

+ .
CD4™T cells production death  HIV-1 infectious transmission =~ HTLV-I infectious transmission

dx = = A~ N A~

= {1 —'01x — 01X0 — 03XU ,
HIV-1 infectious transmission ~ death

dy _ ~ = =~

4= 01x0 — a1y,
macrophages production  jo,ih  HIV-1 infectious transmission

dw ~ = - ——

W = g 2 - sz - pzwv ’ (1)
HIV-1 infectious transmission ~ death

dz —~~ ~ N

a = P2wo — Nz,

generation of HIV-1  death

dv __ 0

9 = Bivy + Baarz — 6o,

HTLV- infectious transmission ~ death
=

~ N
= 03xU — ou,

where x, y, w, z, v and u denote the concentrations of uninfected CD4 1T cells, HIV-1-infected
CD4"T cells, uninfected macrophages, HIV-1-infected macrophages, HIV-1 particles and
HTLV-I-infected CD4 T cells, respectively. Model (1) was discretized by the NSFD method
in [39]. Global stability of the discretized model was established using the Lyapunov technique.

In model (1), latent HIV-1 and HTLV-I reservoirs were not included. Therefore,
model (1) has been extended in [40] by including three additional populations, latent
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HIV-1-infected CD4" T cells (), latent HIV-1-infected macrophages (s) and latent HTLV-I-
infected CD4™T cells (g) as:

% = (] — 01X — P1XV — P3X1,

ﬁ = p1xv — (71 + p1)8,

ar = 11§ — «1Y,

80 — 75 — gow — pywo,

2 = prwo — (7 + p2)s, @)
% = 718 — Kz,

dit] = ﬂlrxly + ﬁlezZ — 0o,

T =p3xu— (73 + p3)g,

‘fj—’f = 7m3q — U,

where the latent HIV-1-infected CD4" T cells, latent HIV-1-infected macrophages and latent
HTLV-I-infected CD4" T cells are activated by rates 711¢, 7155 and 7134, respectively, while
they die at rates y1 g, y2s and p3q, respectively.

We note that model (2) is nonlinear continuous-time, and its exact analytical solution
is unknown; therefore, discretization is unavoidable. Further, blood measurements from
infected patients can only be available at discrete-time instants. As a result, an adequate
discretization approach has to be chosen such that the basic and global properties of the
original model is maintained. Mickens [41] introduced a non-standard finite difference
(NSFD) scheme for solving different types of differential equations. NSFD was success-
fully utilized in discretizing several within-host virus dynamics models [42-45]. HIV-1
continuous-time models were discretized via the NSFD approach in [46—49]. A stability
analysis of a discrete HIV-1 dynamics model with the Beddington—-DeAngelis incidence
and cure rate was studied in [47]. In [49], the global stability of discrete HIV-1 dynamics
models with three classes of HIV-1-infected cells was studied. In [48], the HIV-1 dynamics
model given by PDEs was discretized via the NSFD method. The Lyapunov method was
used to prove the global stability of equilibria.

We mention that all mathematical models for HTLV-I single-infection and HIV-1/HTLV-I
coinfection presented in the literature are given as continuous-time systems. The only exception
is our recent paper [39], where a discrete HIV-1 and HTLV-I coinfection model is considered.
In [39], the presence of latent reservoirs has not been modeled. The aim of the present article
is to use the NSFD method to discretize an HIV-1 and HTLV-I coinfection model with latent
reservoirs. We first establish the positivity and ultimate boundedness of the discrete-time
model’s solutions, then calculate all equilibria and deduce their existence conditions. We
examine the global stability of the four equilibria using the Lyapunov approach. We present
some numerical simulations to clarify the theoretical results. We discuss the impact of latent
reservoirs on the HIV-1 and HTLV-I co-dynamics.

2. The Discrete-Time Model

Classical numerical methods, such as Euler, Runge-Kutta and others, when used in
solving nonlinear differential equations, suffer from numerical instability and bias when
large step sizes are used in the numerical simulation [50]. In this situation, these numerical
methods may provide non-physical solutions and can produce ‘false’ or ‘spurious’ fixed
points, which are not fixed points of the original continuous-time model [51,52]. The NSFD
method preserves the essential qualitative features of the original continuous-time model
such as equilibria, positivity, boundedness and global behaviors of solutions independently
of the selected step-size.
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Applying the NSFD approach on system (2), we obtain

Xpy1 — X
% = 01— 01Xn41 — P1Xn41Vn — P3Xn41ln, ®)
W = P1Xp410n — (701 + H1)8n+1, ()
% = T 8&n+1 — X1Yn+1s ©®)

Wy — W

1 G g~ prtnaon ©
Sn41 —Sn
Y@y PR (702 + p2)su+1, @
Zyt1— 2
W = T02Sp4+1 — &2Zn+1, ®)
Un+l —Un _ 0 9
S Y(h) Brarynr1 + Patazuy1 — v, ©)
W = 3Xn1tUn — (703 + U3)qn+1, (10)
Upi1 — U
% = Tt30n+1 — 5”n+1/ (11)

where 1 > 0 is the time step, and (Xy,, n, Yn, Wn, Sn, Zn, Un, Gn, Un) are the approximation
of the solution (x(t,),g(tn), y(tn), w(tn),s(tn), z(tn), v(tn), q(tn), u(ty)) of the system (2) at
the discrete time point t, = nh,n € N = {0,1,2,...}. The denominator function Y (k) is
selected such that Y(h) = h + O(h?). We consider the following form of Y (h)

1 — e—01h
Y(h) =% (12)
01
The initial conditions of system (3)—(11) are
(x0, 80, Y0, Wo, S0, 20, Vo, §o, Uo) € ]R9+ ={(x,gy,ws,zv,qu)|x>0g>0y>0w>0:s>0, (13)

z>0,0>0,9>0u>0}.

3. Preliminaries

Let o = min{o1, a1, 9, 02, &2, i1, 2, H3}, and {12 = {1 + {2 and define the regions

rl:{(x/g/ylwlslzlvlq/u)GRi:xgCl,wsgz
a1 02
O<x+gty+wrs+z+qtuc< %z,v < i 252“2)&2},

Ty = {(x,o,o,w,o,o,o,o,o) ER% x> 0,w> 0}.

Lemma 1. Any solution (x,g,y,w,s,z,v,q,u) of model (3)—(11) with initial conditions (13) is
positive and ultimately bounded.
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Proof. Equations (3)—(11) imply that

T Y(h;{((e}i)il pfv?+ p3tin)” 14
501 = TV R
Yus1 = Y(};)Zli’z;)l; o (16)
T +§EZ;%2++W;2W)’ 47
O e e 19
Zpyl = Y(}i)_tz;’z;;;; Zn/ (19)
Oniy = Y(h)(ﬁlﬂél%{i :{r(/%zzznﬂ) +0n 20)
it = J ettt @

Y (1) t3qu+1 + n 22)

Mn+l = 1+Y(h)§ 7

Since all parameters of model (2) are positive and the initial values are also positive,
then by induction we obtain x, > 0,g, > 0,y > 0,w, > 0,5, > 0,2z, > 0,v, > 0,9, > 0,
and u, > O0foralln € N.

From Equations (3) and (6), we have

Xp1 — X = Y(N)[01 — 01Xn4+1 — P1X0419n — P3Xp41Un]
<Y(h)[C1 — 01%ny1],

Wyy1 — Wy = Y(h)[02 — 02Wp i1 — P2Wn104),

< Y(h)[C2 — 02wy 1]

It follows that

X < Xn le(h)
ST Y(h) 1+ o Y(h)

Using Lemma 2.2 in [53], we obtain

= (M):"”gi[l‘ (mluoeﬂ
n = <1+Y1(h>92> ”’”gﬂl (1+Y1(h)ez> ]‘

Consequently, limsup x,; < % and lim sup w;, < %' Define a sequence Kj, as:
n—oo n—oo

Kn:xn+gn+yn+wn+5n+zn+4n+un-

Hence
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K1 — K = (xn1 — Xn) + (n+1 — 8n) + (Ynt1 — Yn) + (Wns1 — Wn) + (Sn1 — 5n) + (Zn+1 — Zn)
+ (Gn1 — qn) + (Uns1 — un)
=Y(1)[01 — 01Xn+1 — H18n+1 — X1Yn+1 + 02 — Q2Wni1 — P2Sn+1 — X2Zut1 — H3Gn+1
—OUy 1]
<Y()012 = Y()o[xpt1 + gns1 + Ynr1 + Wnt1 + Sus1 + Zus1 + Uny1]
=Y(h)G12 — Y(h)oKy 41
Hence

Ky Y(h)12

< .
K1 < 7930 T 1Y (e

Lemma 2.2 in [53] gives

= (rrvame) o+ 2~ (o) |

Then, limsup K,, < %2 From Equation (9), we obtain
n—,oo

Upg1 — On = Y(h)[B1&1Yns1 + B2a2znt1 — 005 41]

<Y(h) {/31041%2 + ,32042% - 90n+1]-

H
ence oo O YD) (Bi + o)l
1S TV () (1+Y(h)8)o

By induction, we obtain

oy < <1+Y1(h)9)nvo+ (Bray Jresz“z)@lz [1 - (m{l(hw)n}

Consequently, limsup v, < %. Therefore, (xu,, §1, Y, Wn, S, Zn, Vn, Gus Un )
n—oo
convergetoI'asn — co. [

4. Equilibria

Here, we calculate the model’s equilibria and deduce their existence conditions.

Lemma 2. Model (3)—(11) has four equilibria that are determined by four threshold parameters
Rj>0,j=0,1,23:

(1) Infection-free equilibrium EQqy = (xo, 0,0,%Y,0,0,0,0, 0), which always exists.
Ro=Rp1 +Rpp > 1.

(3) Chronic HTLV-I single-infection equilibrium EQ, = (%,0,0,@,0,0,0, §, i) exists when
Ri>1.

exists when XL > 1, Ry > 1and Rz > 1.
Ror
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Proof. Any equilibrium EQ = (x,g,y,w,s,z,0,4,u) satisfies

0=17_1 —01x — p1X0 — p3xU, (23)
0 =p1x0— (m1 + p1)g (24)
0=mg—my (25)
0 =02 — 0w — powy, (26)
0 = powov — (712 + p2)s (27)
0 =15 —arz, (28)
0 = B1a1y + Boapz — 0o, (29)
0 = paxu — (73 + U3 )q (30)
0 = 39 — du. (31)
From Equations (30) and (31), we obtain two options # = 0 and x = (7%:7%3)‘) First, we
consider u = 0, then g = 0.
From Equations (23) and (26), we obtain
x= S = 2 (32)
01 +p10 02 + P20
and from Equations (25) and (28), we obtain
_M s
g= nly and s = nzz. (33)
Now substituting in Equations (24) and (27), we obtain
01X0771 02wy
=————_ and z=—"—°"—. 34
YT w(m+m) ao (72 + p2) (34)

Now substituting in Equation (29), we obtain

<mmmﬁ+ﬁwﬂW2_Qv:a (35)
mtu Tt

- : _ Bioir . | Papar _
There are two solutions for Equation (35), v = 0 and (%Tlﬂllx + nzzjij - 9) = 0.

Whenv = 0, weobtainy =z =g =5 =0, x = % and w = %, which gives the
infection-free equilibrium EQq = (xO, 0,0,%,0,0,0,0, 0), where

0 = 4 and w’= é
o1 02

X

When v # 0 and 173T1lp+1;1 X+ ’?TZZ’EZE w — 6 = 0, then from Equation (32), we obtain

Bip1m181 i B2p27282 B
(m1+p1)(e1 +p19) (72 + p2)(02 + p20)

We define a function H as:

(0) = B1p1m101 Bapamm2l2 B
(1 +p1)(e1 +p19) (M2 + p2)(02 + p20)

Then
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Bip1m184 Bop2m20n ( B1p17m184 B2p2720> >
H(0) = + —0=0 -+ —1)=06(Ry—1),
(©) o1(rm1+p1)  02(m2 + p2) Oo1(m +p1)  0oa(m2 + p2) (Ro=1)

where

Ro = Rp1 + Roz, Ry =

Bio17m181 and Roy — B2p27202 (36)

001 (1 + p) 00>(72 + pa)
Thus, H(0) > 0, when Ry > 1. The parameter R represents the basic HIV-1 single-

infection reproductive number.
lim H(v) = —6.

V—00

Further,

o B1l1mi07 B2l2m203
)= ((m Fp(er+ o7 | (mt a)es +pzv>2> <

Hence, H is a strictly decreasing function of v, and thus, there exists a unique 9 € (0, o)
such that H(9) = 0. It follows that

£= "é'lplﬁ >0andd = fpzﬁ >0
Then, Equations (33) and (34) give
Here, 7 satisfies the following quadratic equation:
A9 +Bo+C =0, (37)

with
A = 0p102(m1 + 1) (72 + 12),

B = 0(m1 + 1) (m2 + p2) (0102 + 0201) — p102(B1817m1 (712 + p2) + Baloma (111 + 1)),

C = 00102(7t1 + p1) (712 + p2) — 102181711 (702 + p2) — 201028272 (701 + p1)

B1o1817m1 B20202712 >
=0 7T + T + 1-—- -
Q1e2(m + ) (72 }12)< 010(m1 +p1)  00(m2 + p2)

= —00102(71 + p1) (2 + p2) (Ro — 1).

Obviously, C < 0 when Rg > 1. Equation (37) has a positive root as:

—B+ VB2 —4AC -0

v= 2A

AAAAAAA

exists when Ry > 1.

Now consider ¥ = mz;riﬂf)é and u # 0. Solving Equations (26)~30), we obtain two

equilibria: The chronic HTLV-I single-infection equilibrium EQ, = (%,0,0,@,0,0,0, §, i), where

N G Tt 1)L Y P 1) S B ST
03773 02 % Tt303
where 7
0361773
R - 7 38
U 016(ms + p3) )
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Parameter R is the basic HTLV-I single-infection reproductive number. Consequently,
EQ> exists when Ry > 1. The other equilibrium is the chronic HIV-1/HTLV-I coinfection

equilibrium EQ3; = (%, §,7,W,5,2,7,4, i), where

_ 3+ us)d . o(ms + _ T o(73 +
PGl L L g = @ (703 + p3) (Ry—1), §= 20 (765 + pia) (Ry — 1),
0373 020373(7T1 + p1) w10203713 (711 + p1)
o TP1010(70 + p2) (713 + t3) <R1 _1>
Bop2p3mamz(my + i) Ro1 ’
s @mpi1o1d(7s + p3) (R1_1> (Ry—1) = 026 (Rm + Ro2Ry _1>/
Bop2pzmama(my + p1) \ Rm B2p2712 Rq
. 0piprmé(ms + p3) <R1 ) 020 <R01+R02R1 )
Z= — —1)(Ry—1 -1,
apB2020373(711 + p1) \ Rot (R 1) = Bap2a2 Ry

5= 2R,—1), g=2P2 1R, _1)(Ry—1)], @="12[R,—1)(Rs—1)].

P2 P203713 P203
and
R, = G2Pop2p3rmars(my + i) | Rs = P2 <R1 - 1)
021010701 (72 + p2) (703 + pi3) (g — 1) 0201 \ Rz —1

We can see that EQ3 exists when & R >1,Ry>1land Rz > 1. O

5. Global Stability

In this section, we demonstrate the global asymptotic stability of all equilibria by establishing
appropriate Lyapunov functions. Define a function G(x) > 0as G(x) = x — 1 — Inx. We have

Inx <x-—1. (39)

Theorem 1. If Ry < 1and Ry <1, then EQgp = (x%,0,0,%°,0,0,0,0,0) is globally asymptoti-
cally stable (GAS) in I'1.

Proof. Define a discrete Lyapunov function A (xy, S Y, Wny Sus Zn, Ony Gny Uy ) as

A, = 1 |:OG( )+gn 1:ﬂ1yn+ﬁzﬂz(ﬂ1+ﬂl)woc< )+,327Tz(7f1+141)
1

Y (h) Birri (72 + p2) Brm (o + o) "

Bt ), (Tt i) (ma + 1o
+ 131711 Yo+ [1317111 (1+Y(h)9)0n+‘7n+m(1+Y(h)5)un:|.

Clearly, Ay, > Oforall x, > 0,g, > 0,y > 0, wy, > 0,5, > 0,2z, > 0,0, > 0,9, >
0,u, > 0. In addition, A, (x°,0,0,%°,0,0,0,0,0) = 0. Evaluating the difference AA, =
Ny — Ay as:

1 X + Borto (701 4 1) A Wntt
AA, = A A — 0 n+1 Us! +
" i " Y(h)[ G( x0 )+g”+l+ m Ynt 1+[$17T1(712+;42) G( wd )
parra (i + ) L+ Pa(mi +m) o+ (1 + pa)
Brmy (o + o) " By " B
(73 +p3) Co~(Xn\ o mtp o Pama(mitp1) o (Wn
A Y ()t = G(x0> o m T () G< )

_Pp(mtm)  Pmitm), (”1+V1)(1+Y(h)9)

(1+Y(h)0)vps1 + qusa

wY

U J—
By (mo + p2) B " B n—qn
—M(l +Y(h)5)un}
T3
_ 1 of Xn+1 — Xn Xn _ T+ 11 B
= Y(h) |:X < %0 + ln<xn+1>) + (grlJrl gn) + - (yn+1 ]/n)
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Barta(1t1 + 1) o(wn+1wn ( Wy )> Barta(7t1 + p1)
w +1In prmimEi)
:[317'[1(7-[2‘1‘]/12) wV W1 /317'51(7'[2-!—;12)( n+1 n)
+ M(erl — Zn) + M(l +Y(h)9)(vn+1 . Un) + (Qn+1 _ qn)
p1mi B17T1
7t3 +
+(371-3VS)(1 + Y(h)‘s)(”wrl - un):| .
Using inequality (39), we obtain
! of Xn T+
eV - - - —
AN, < Y(h) <(xn+1 Xp + X (xn+1 1>) + (gn+1—8n) + - (Vi1 — Yn)
Parra(m + ) ( 0( W )) Bamto (1 + 1)
B17t1 (72 + p2) n+1 n Wit i1 (7t + 2) (Sn+1—5n)
fBalmtm) oy T (N (10) (041 — 0n) + (Gre1 — a0)
ﬁlnl ,317'[1
T3 +
+(3>7T3V3)(1 + Y(h)‘S)(unJrl - un))
_ 1 xY T+ i
= W <(1 — JCV,+1> (anrl - Xn) + (gnJrl - gn) + Tl(ywrl — ]/n)
Pama(m + 1) ( w’ ) Barra (11 + p1)
1- Wyl —Wy) + 57— (Suy1—$
B17t1 (700 + 1) Wyi1 (W1 ) /317T1(7T2+}12)( n+1 — 5n)
cBmr) oy T ) 4y (1)0) (0ns1 — 0n) + (Gnsr — )
lglnl ,3171’1
T3 +
B (1Y (00) i — ) ).
From Equations (3)-(11), we have
0
Bl = (1 X ) (1 — 01%n+1 = P1Xn410n — P3Xn41tn) + (P1Xn410n — (711 + H1)8n+1)
n
T+ M1 Barta (711 + 1) < w° >
+ T e + 1- — 02Wy 11 — P2Wy 10
e (m18n+1 1Yn+1) 17t (702 + 12) Wt (02 — 02Wp41 — P2Wy410n)
Para(mu + ) Ba(m + )
e (powy 10y — (T + H2)s + P2V s — a0z
ﬁ17T1<7T2+112) (pZ n+1%n ( 2 ,uZ) n+1) ,317‘[1 ( 25041 ) n+1)
m + 0 (m +
+ M(ﬁl“lywﬂ + Baazyi1 — 00y 1) + *M(le — o)
P11 B1 o
(s + 3+
+ (3xpy1tin — (703 4 p3)Gns1) + (23]/[3)(“%1 —Un) + (Snfa)(mqnﬂ — SUlyy1)-

Collecting terms yields
Barto (11 + i) ( )
—01Xp41) + DL P (] — 0w
xn+l)(€1 Q¥as1) Prmi (2 + p2) Wnt1 (2~ Q1)

Bara(mi+m1) 0o 0 (7T1+V1)> ( 0 5(7T3+V3)>
+ (| =L ppw” + p1x” — L o+ | p3x’ — 2 .
(,31 1 (12 + o) P2 P1 B m n AP 3 "

0 0

AA, < (1 -
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We have {; = 01x, {2 = 0w, then we obtain

0
Y — orx +ﬁ2ﬂ2(ﬂ1+y1)<1_ v ) W — 0w
Xni1 ) (01 01Xn+1) Bt (2 + 12) Wnit (02 02Wy11)

Bara(mi+p1) o 0 9(7fl+111)) ( 0 5(”3+V3)>
T S0w +tp1x — ——— |y + X - ———"u
<ﬁ17T1(7T2+V2)p2 P B1m nT AP 3 .
2
_ o =) o (m 4 i) @2 (wep — w°)?
Xn41 By (2 + pi2) Wy 41
9(7T1+111)< PPl p2palamr —1>v
Bim Bo1(rr1 +p1)  002(m2+ p2) !

5(7T3+Hs)( p301713 >
+ —1 |uy,.
3 d01(m3 + p3) !

0

AN, < (l—

_|_

From Equations (36) and (38), we can write

2
(%01 —2°) ~ Bamaga(m + p) (a1 — w?)? I 0(m1 + p1)
X1 B17t1 (712 + 1) Wyt B17
o(ms +
(113 + u3) (R,
T3

AAn S —01

(RO — 1)?);1

+ —Duy.

Since Rp < land R; < 1, then A, is monotonically decreasing. Clearly A, > 0, and hence,
there is a limit limyy0 Ay, > 0 and thus lim,o0AA, = 0, which gives
limy e Xy = 29, limy, oo wy, = w?, limy s00(Ro — 1)v, = 0 and lim;, eo(R; — 1)u, = 0.
We consider four cases:

(i) Ro = 1and Ry =1, and then from Equation (6),

0=0— szo — pzwo }111_1};10 Uy = nh_r}rgo v, = 0. (40)

In addition, from Equations (3), (4), (7) and (9), we obtain

0=1¢1— Q1x0 - p1x0 nh_r}rgo Uy — p3x0 nh_r}r(}o Uy = nh_r)rolo u, =0, 41
0 = p1x° lim o, — (711 + pur) lim g1 = lim gn =0, (42)
0= pow® nh_r};o vy — (712 + o) nlgrgo Spi1 = r}l_r}r; s =0, (43)
0= pru nlglgo Yn+1 + P2az nh_f){}o Zn+1 — Gnh_f){}o Upny1 = nlglgo Yn = nlgl;lo zp = 0. (44)
Therefore, from Equation (11), we obtain

0= lim g1 — 06 im w11 = lim g, = 0. (45)

(ii) Rop =1, Ry < land limy_, 1y = 0. Equations (40) and (42)—~(45) yield lim, yc v,y = 0,
limy 00 g = 0, limy—eo ¥ = 0, limy 00 5 = 0, limy, 0 2 = 0 and limy 00 g4 = 0.

(iii) Ro < 1, Ry = 1 and limy . v, = 0. Equations (41)-(45), give lim, oo 4y, = 0,
limy 0 gn = 0, limy 0o Y = 0, limy 00 55 = 0, limy 00 2z = 0 and limy, 00 g = 0.

(iv) Rp <1, Ry < 1,limy 00 vy = 0 and limy, 0 4, = 0. From Equations (42)-(45), we
obtain lim, e g = 0, limy 0o ¥ = 0, limy 00 54 = 0, limy 0 2 = 0 and limy, o g = 0.

Consequently, if Ry < 1 and Ry < 1, then limy,—sco (X1, §n, Y, Wn, S, Zn, Vn, Gn, Un) =
(x°,0,0,4°,0,0,0,0,0). This gives that EQq is GAS. [

Proof. Define
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st ). Bkt
Bims)*o(7) Zi%“ (3] + T o X000 ()

+(”3n?‘3)(1 +Y(h)(5)un]

Clearly ®, > 0 forall x, > 0,g» > O,y > O,w, > 0,5, > 0,2z, > 0,0, >
0,9 > 0,u, > 0. In addition ®,(%,¢,7,®,3,2,9,0,0) = 0. Computing the difference

AO, = O,y — Oy as:

1 | (% ( )) (8n+1 &n ( 8n >)
A, = —— |2 —7+1 + S 4 n( &
" Y@{< % Xp11 7 Sn+1

n (7T1+141)]2<]/n+1 _y:z+1n< Yn >>+ﬁ2772(7'[1+.ul)w<wnfl _%;J; +ln( Wy ))

s\ g g Yn+1 B17t1 (72 + o) w W1
n ,327T2(7T1+Vl>§<5nj-1 RN ( )) LBt ), (znﬁ 3 Zj“+ln< Zn ))
B17r1 (72 + pi2) $ Snt1 B171 Z Z Zn+1
(1 + pa) (anrl ( ))
+ 1+ Y(h)6 2 fin + (a1 —
By ( (h)0)o 5 — (dns1—qn)
+“?;””G+Yw®ww4—wﬂ.

Using inequality (39), we obtain

1 ~f Xn &n
< — — — —
AO®, < Y [xn+1 Xn +x< 1) + Qnt1 — &n +g( P 1)

Xn+1
T R Cris) M( -Wf’(wfil )
+W(vnﬂ—”"+ﬁ(vfﬁl*))*WYW(%—“ﬁ““(vm))
e =90+ T (0¥ (00) 1 ) ey

Inequality (46) can be written as:

A

80n < gy | (1 5y ) e =300+ (1= 0 Y o)+ O (1 Y s =
oo (1 o) owss =)+ GRS (1 Y s s
+‘BZ(Z’1;_1V1) (1 B Zn2+1 ) (Zn+1 a Zn) * (nllgl—;ill) (1 B Unil ) (Un+1 a Un) * (%-«—1 a Qn)
" (7-[3;3”3) (LX) (e = un)] * 9(7-,217+'51Hl)vwrl - 9(7;11;1%) on ¥ 9(721;;1%) z?ln(v:il )

From Equations (3)-(11), we have
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A

g
Xn+1 8n+1

(711 + pa) ( v ) Borro(7Ty + p1) ( w )
—(m + n + 1-— 118 — K1Yy + 1—

(711 + p1)&n+1) P = (18041 — M1Yn+41) By (2t 112) o
Bara (71 + 1) (1_ 5
B (72 + 1i2) Sp+1

ﬁ2(7T1+H1)< Z > (7T1+H1)( 0 )

+ 1-— 798 — + 1—

B1m Zp1 (7281 = w2Zn1) B171 (]
0(m1 + p1) 0(m1 + 1) O(rty + 1) ( Un >
—0 — Un + 0ln

pm " p1m Bimm Vpt1
(7T3+}43)( 5(7T3+Hs)(

73 73

£

A®, < <1 - > (01— 01Xp4+1 — P1Xpu410n — P3Xp41ln) + (1 - ) (P1Xp+1n

X (02 — 02Wp 1 — P2Wy410n) + > (02w 1100 — (712 + H2)Sn41)

X (B1&1Yn+1 + Bat2zpy1 — O0pp1) +

+ 03X 1tn — (73 + U3)qns1 + T3qn 41 — Oy y1) + Up i1 — Un)-

Collecting terms, we obtain

£ o Bopama(mry 4 1) 9(7T1+V1)) o Un
AO, < [1- — 01X + ( £+ w— + —
n ( xn+1>(€1 01%n4+1) + [ o1 Bt (700 + 1) B On + p3¥i—7

X 1008 N Snv1y | (mtp1)
—0X0——— + (m + — (M + ~ + o
P1 20gni1 (1 + 1) — (m Iil)ggyn+1 - 1Y
Para (1 + ) (1 __w >(€2 W) — Pap2ma (11 + Vl)wﬁswn—HAUAn Bara (1 + V1)§
B17t1 (72 + p2) Wy 11 Biri(m2 +p2) 10 B
_ Pema(m ) Bse , Pa(m 141)“22 _(m+ Vl)o(1 et Pa(mit ) 07
p1m1 Zp41S B1m s Un41Y B17m1 Up412
B B1m1 (2 3
Utilizing the following conditions for EQ;:
01 =0 +p1%0, P10 = (m1+m)$,
mg = a1y, {2 = QW + P27,
P2W0 = (7T2 + ]/12)§, TS = wpZ,
00 = 131061? + ,320622,
we obtain ( ) (
. 1 + R . 7T + .
f1=02+ %“1% o =0+ 271;12)0622'
then Bapaa(s + ) 801 + )
o Bopara(my + 1) T + )
X + w — Op = 0/
('01 Bimi (12 + pa) Bimmy !
and
AO, < (1 — ¢ >(Q1)? — 01X +1) + (N1 + 'ul)ﬂcly . (7‘[1 + M)«xly £ +p332ﬁﬂ
- Xn+1 ! T T Xn+1 i
_(m+ yl)algxfflv”g L (mt yl)ﬂq? _(m+ Vl)alﬁ%n—&-ly L (m+ Vl)aly
gsi X0&n+1 gsi ysi EYn+1 qsi
Bara (1 + pa) ( w ) R Balmi+p1) , Balm+m) , @
1-— W — 0w + ="z — W2
B17t1 (72 + p2) Wy 41 (020 = 02n+1) Brm1 2 B171 2 Wt
_ Pa(m + .ul)azzéwwrlvn o Pa(mi+ #1)0622 _ po(m + Vl)aziis”“ L Polm Vl)()ézf

p1m1 Sy 1 W0 B1mm B1mm Zn418 B1mm
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(1 + ﬂl)al AﬁynﬂA _ Pt ) AﬁZnHA (m + Vl)lxlyA n P +p1) .
m Uni1y B17m1 Uni12 s B
L mtm) +’”)a1yln< O > L Palm ) 21n( il ) _ ), 47)
m Uni1 B Vps1 3
Inequality (47) takes the form
a2
A@n S _Ql (xﬂ+1 x)
Xn41

~ Pama(m + ) Q2(wny1 — D)
Bi7ti (72 + p2)
n (1 +V1)a19{4_ x

2 3(m

n <p33?— (73 + p3)

W41

_ Xn1Wn8  &n1¥  OYnin

Xn41 xAﬁgn+1

L Balmt ) +’“)a27:{4— @
Bim

Un
T3
v
8Yn+1  Un1ly Un+1
. $Wy41Un
Zn+l§

< —Hn( On ﬂ
Un41% Un+1
1n< On ):ln( al >+ln(x"+lvng
On+1 Xn41
ln< On )zln( @
On+1

_ Zspqa
Wyt1  Spp1W0
Using the following equalities:

. 0zy41

= > +1n(?”+1y) +1n<”y”*1>, (48)
X08n+1 8Yn+1 Un1Y
) +1n(W) +1n(zs”+{> +1n<UZ”+{>. (49)
Wyn4-1 Sp1Wo Zp+18 Un412
We obtain
42 .
A®, < —0; (xn11— %) . Barta (71 + p1) 02(Wpy1 — D)
Xn+1
_(mtm)

§ n ( 301 5(7T3+V3))
~ — U
B17t1 (72 + p2) Wy 1 01 +p19 3
wilo(o) o) o(§) +o(o2g)]
T Xn41 XU&n+1 8Yn+1
~ B2(m +V1)a22 [G( W ) N G(éwn+1vn
pim Wy 11

Un+1Y
Zs
il ) + G( n+1
Sn41W0
Since Ry > 1, then 9 > 0 an

e
Zn+15

Upt1Z
< pz%' Therefore, we obtain
(X1 —2)*  Borma(m1 + p1) Q2(Wng1 — D)

Xn+1

0301
d 01+p19
A®n < —01

B17t1 (712 + o)
_(m +V1)“19{G( X

2 5(ms+
1 A1) Ry 1y,
Wy+1 T3
oeit) oli) o25)
m Xn41 X08n+1 8Yn+1 Un+1Y
_ Pa(m + Vl)txzi {G( w ) n G<§wn+1f)14> L G(ianrlA) G(ﬁz”ﬂ)} .
p1m1 Wn+1 Sp+1W0 Zn+15 Un+12
Since Ry > 1 and if Ry < 1, then ®, is monotonically decreasing. We have ©, > 0,
and then there is a limit lim, . ®, > 0 and hence lim; . A®, = 0, which implies
limy oo Xy = £, limyeo g = & limy 0 Yn = 1, limy o wy = W, limy 0050 = §,
limy, 00 2y = 2, limy 00 vy = 9, and limy 0 (Ry — 1)u,, = 0. Now, we address two cases:
(i) Ry = 1. From Equation (3), we obtain
0=01—018 — 180 —p3% nli_r)r(}oun :>nli—r>%oun =0.
From Equation (11), we obtain

0= i it Jim s = i g0 = 0.
Hence, EQ; is GAS. O

(50)

(ii) Ry < 1 and then limy o 4y = 0. From Equation (50), we obtain limy, o §» = 0
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Theorem 3. If Ry > 1and Ry + %‘)11 <1, then EQ, = (%,0,0,%,0,0,0, 4, i) is GAS in T'1\T.

Proof. Consider a discrete Lyapunov function @, as:

1 [ x (mit+m)  Poma(mitm) -~ (Wn
an—Y(h){xG<f)+gn+ sl yn+51ﬂ1(ﬂ2+142)wc(w)

Para(m + ) +B2(7T1+}¢1)Z +(7T1+ﬂ1)

B (72 + p2) " B1m n Bim (1+Y(h)0)vn
() 200 (2]

Computing the difference A®,;, = &, 1 — P, as:

AD, = 1[32("’{*1 —xf’+1n( X

. )) + (gnt+1 — gn) + M(J/n+1 — Yn)

Y(h) % X Xp+1 usl
Bara (11 + p1) ~<wn+1 Wy ( W >) B2 (71 + p)
w = — — +1n = - " ‘(s — Sy
Bim (72 + 2) (] w W1 prmi (2 +142)( w1 = 5n)
Ba(mt1 + 1) (m +m) ~<‘7n+1 n < n ))
N Ay CO NP ) BV § (L LAY oY (i L
B1mmy (1 ) B1m1 (U1 ) +a q q Gnt1
IR T Y +(ﬂ3+#3)5ﬁ(c(un+1)_c(@>)
73 i i Uy 73 il i
4 (";J;M)GUHH B (”;trﬂl)gvn_
1711 1711
Using inequality (39), we obtain
1 o Xn+1 — Xn Xn (7T1+V1)
< _ _ VAT AL _
80 < g [#(ZEEE 4 2 1) b (g — )+ T )
Bara (1 + 1) <wn+1 —Wwy | Wy > Bara (1 + 1)
7 - + —1 )+ "2 (5,41 —5n
Bty (72 + p2) w Wyt 51771(7T2+V2)( e )
Ba(m1 + 1) (1 + 1) ~(qn+1qn n )
+—————Znr1 —zZn) + —F— (Upg1 —Un) + po + -1
By (01 = 20) By (Ont1 =) 7 q Tni1
+(7T3+”3)ﬁ<””“f Uny Mn —1)} +7(n3+”3)5ﬁ(c(—””f1) -6(22))
73 u Upt1 713 u u
(1 +m) (1 + 1)
+~—T20v — 2 0v,. 51
‘317'[1 n+1 .31771 ( )
We write inequality (51) as:
1 % (711 + 1)
< __ _ _ AT _
80 < g | (1= 5 ) s =00+ (gner =) + T g )
Baro (1 + i) ( w ) B2 (7t + p)
1- Wyy1 — Wy) + 5—F——(Sp41 — 5
Biri (72 + p2) W1 (@41 = 0n) /51”1(”24‘?42)( +17n)
B2(7t1 + p1) (711 + 1) < q >
+ 2 (zp 2+ —— (Upp1 — )+ (1 — —— —gn
B (Zn+1 ) iy (V41 ) Tnit (Gn+1 — qn)
(m3+ps) (, 1@ N (T3 +13) (A (Unt1\ [ Un
+ 7t3 ! Up+1 (un+1 un) + 7t3 5M<G( /] ) G( i ))
(1 + 1) (711 + )
4+ —0v,,1 — ————%0v
B1mm1 o B171 !

From Equations (3)-(11), we have
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b

AD, < <1 — +1> (C1 = 01%n+1 — P1Xn+10n — P3Xpg1Un) + (P1X0410n — (711 + H1)Sn+1)
n

(7t1 + p1) /327T2(7T1+V1)< w
—— (7 - + 1-—
- (18011 1Yn+1) B1711 (702 + H2) Wit

T (7T + T
fm(ﬁwwwn — (72 + p2)sn+1) + W(ﬂzsnﬂ — 022y 41)

_|._
m (B11Yn41 + Potozy 1 — 00 p1) + (1 -
(713 + p3) (1 _ 7]

+ ) (€2 — 02Wy41 — P2Wnp+10n

q
dn+1

+ ) (03X 41Un

— (734 13)qn41) + P "

N (n3+u3)5ﬁ<un+1 B ’{”+1n( iy >) plmtm)g, o mtm),,
3 i Upi1 B11 B1m

) (7T3Qn+1 - 5”n+1)

By collecting the terms, we obtain

X

3 ﬁZ”Z(ﬂ1+V1)< w )
AP, < [1-— — 01X + 03Xu, + 1- — 0w
( Yot > (1 — 01xp41) + 03 Bty (7 + 152) — (02 — Qwpy1)

n

q (3 +p3) . (713 + p3)
— 03X, 41U ol — ou
P3ni1 n’inﬂ 3 T3
Bama (71 + 1) T (7f1+M1)9)0nJr (7T3+}43)5ﬁ1n< Un >
B17m1 (72 + p2) Bim T3 Ups1

~ U
+ (713 + 3)§ — (703 + 3) g i1 +
Un+1
+ <p1i +
Using the equilibria conditions of EQ»

L3+V3)5ﬁ.

(1= 01X +p3%d, (2= W, p3Xi =
73

We obtain

01 w2 Boma(mtp1) @

AP, < — X —X)° —
"= xn+1( w1 =) B17t1 (702 + p2) Whpq
Borra (i +p1) . B(m +H1))v
n

+ X+ W —
<pl B11 (72 + 1) P2 B1mm

n (7T3+P13)(m<3_ T Ponitn B +1n< Un )) 52)
73 Xn+1 XUpn+1 qUn1 Up41

(wn+1 - ZD)Z

Since we have

o Boma(mi ) o 0(m 4 )

g 2PNV - DELT R

F1 By (1 + ) Bim

p1(m3 + p3)d n Bara (11 + pa)p2g2  0(m1 + )
03713 B17t102(72 + p2) B1mm

_8(m+m) <P1[317T15(7T3 +us) | Pamapaln 1)

B1711 3730 (T + 1) 020(7m2 + p2)
_ 9(7‘(1 —0-“111) (Rm )

— +Rpp—1
B17m Rq

and using the following equality:

ln( Un >:ln< X >+1n(qf“f“””> +1n(’i”“”>. (53)
U1 Xn41 XUfp+1 quy41

Then Equation (52) becomes
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(xni1 — %) Borma(my + ) 02(Wpi1 — @) " 0(m + p1) (R 4 R _ 1)
Xn41 Prm(m+u2)  wpp prm Ry

_ () g (G( Y ) + G(qx”“””) + G(?”“ﬁ».
73 Xn+1 XUdpn+1 qUp41

Since, Rg» + <1, then A®, <0, for all n > 0. Hence, the sequence ®,, is mono-
tonically decreasmg Since ®,, > 0, then lim;, .o ®;; > 0 and thus lim,, .o, A®,, = 0. Thus,

Aq)n < —01

lim,seoxy, = % limyseow, = @, limpseoqgn = §, limyseuy, = @ and
limy; 00 (Roz + 3R & — )Un = 0. We have two cases:
(i) Ro2 + ¢ 01 =1, and from Equation (3)
0:§1—Q1x—p1xnh_r>rgovn—p3xu :>nl1_r>rgovn:0. (54)
Moreover, from Equations (9), (5) and (8),
0= B nlglc}oynﬂ + Baap nlg{)lo Zpt1 = 0= nlglc}o yn = 0and nlgxgo z, =0, (55)

(56)
(57)

0= lim = lim ¢, =0

1 n—oo gﬂ+1 n—oo ng ’

0=rm lim s,y = lim s, =0.
n—o0 n—oo

(i) Ro2 + ¢ ROl < 1and limy—e vy = 0. Equations (55)—(57) imply that lim, ey = 0,
limy, o0 zy =0, 11rr1n%c>o gn = 0 and limy, 00 5, = 0. This proves that EQ, is GAS. O

Theorem 4. IfR >1,Ry, > 1and R3 > 1, then EQ3 = (X,§,¥,0,5,2,0,4,1) is GAS in the
interior of I'y.

Proof. Consider

gl () 25 () B

i) g
Barta(7ty + 1) -~ (Sn 7'C+,1/l n 7T+M) ~ n
by (e) + B0 () + T s vineya ()

qn\ | (73 +ps3) (U
+qG< ; ) Lo +Y(h)(5)uG( ! )]
Computing the difference AY, = ¥, 11 — ¥, as:
1 X X x
AY, — g Xnet _Xnoy g ( n )>+-<8n+l 8n +1n (gn ))
! Y(h)[ ( x N\ T g g g Sn+1

+(ﬂ1+#1)y_<yn_+1 _y_an( Yn )>+ﬁ27[2(7[1+.ul)w<wn_+1 _w_an< W >)
Brmi (72 + p2) w (] Wy i1

7T y y Yn+1
+ﬁ2ﬂ2(ﬂ1+ﬂl)§(5n+l _Sn+1n<sn>> +52(7T1+H1)Z(zn+1 _sz+ln( o )

z

B17t1 (2 + p2) 5 5 Sn+1 B1711

+(7'[1+,u1)5<'0n+1_vn+1n( Un )>+q_<%1+1 Iy ( In ))
Bim 0 0 Ups1 q q Tn+1

(3 +u3) _(Uns1  Un Up O(7t1 4 1) _ [ ~(Uns1 Un
+ u 7 73+1n Z/anrl + ,317-[1 U(G( 0 )*G(;))

7T3 u
o(m3 + p3) n n
+ = a(o(7) - 6(F):

Using inequality (39), we obtain
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1 Xpt41 — X X -
AY, < g Zptt = n —1>+'<g"“ gn 4 &n —1>
" Y(h) { < x X1 g g gn+1

Llmt ]/ll)y_(yn-i-l_ Yn o Yn 1) n Bara (1 + yl)w<wn+1_ Wn o Wn 1)
sl 7 Yut1 Brmi (72 + pa) @ W1

Para(my + V1)§<Sn+1_— Sn Sn _ 1) L Polm V1)Z<Zn+1_— Zn  Zn _ 1)

B (72 + pi2) 5 Sn+1 B1711 z Znt1
+ (1 + .”1)5<Un+1__ Un T Un 1> + [7(%+1__ qn T qn 1)

By o Vi1 q Gni1

(773 + p3) _ (‘U1 — Un Un 0(m1 + pa) Unt1) _ ~(Un
+ 713 " u +Mn+1 ! + ‘817'[1 U<G( 0 ) G(ﬁ))

5(7'[3 + VS) _ Upt1 Un
= Bae () -6 (7). )

We write inequality (58) as:

Atu < Y(lh) [(1 N x:il) (o = 2n) (1 - gil ) (8n41 =)

(m1 4+ 1) ( v ) Barta(7t1 + p1) ( w )
+ 1-— el — + == - 21— Wyy1 — W
s Yn+1 W41 = ya) B17t1 (712 + 1i2) W41 (@n1 2

+l32ﬂ2(ﬂl+#1)<1_ s >(SHH_Sn)+[32(7T1+V1)(1_ z )(zn+1—zn)

B17t1(7t2 + p2) Sn+1 B1m1 Znt1

(7t + p1) ( 0 ) ( q )
+ 1—- Upt1 —0p) + (1 — —

iy Unit (Uns1 n) st (Gn+1—qn)
+(7‘[3+“l/l3> (1_ u )(un+l_un):| +9(7T1+141)5(Un_+1 _U_n_'_ln< On >>
T3 Upy1 B1711 0 0 Un+1
" 5(7T3+Vs)ﬁ<un_+1 _ u_”—Hn( Uy ))
T3 u u Up+1

From Equations (3)-(11), we have

X

AY, < (1 —
Xn+1

) (gl — 01Xn4+1 — P1Xn4+19n — pganun) + (1 - g)

n+1
(711 + 1) <1 Yy
T Ynt+1

X (01X 1190 — (711 + p1)8ns1) + ) (18041 — ¥1Ynt1)

Bara (11 + p1)
By (72 + p2)
)
)

0
(1 ) (G2 — 02Wyi1 — P2Wy110)
Borra(7T1 + pia 1

a W41
Birri (72 + po <

Ba (1 + p1) ( z )
+ 1-— 7S — Nz
,B]T[] Zpt1 ( 2°on+1 2 ﬂ+1)

S
- ) (020 10m — (T2 + 12)5ms1)
Sn+1

T+ 7
+ (1 + 1) 1- (Bra1Yny1 + B2a2zyi1 — 00y 41)
1817—[1 Un+1
q 73 + i
+ <1 - qqﬂ> (P3Xnt1tn — (713 4 U3)Gn41) + ( 37T3]43) (1 ~u +1) (3G p41 — OUy41)
n n
(1 + 1) 0(rt1 + p1) 0(rt + p1) Un 5(73 + p3)
+ ﬁlr[l '0,1+1 ﬁln’l vn + ﬁl 7Tl Uln ’(]n+1 + 7_[3 ”n+l
_4(m3 +Pl3)%1 n (3 +V3)a1n< Un )
T3 73 Upt1

After collecting the terms, we obtain
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AY, < (1 -
Xn+1

) (01— 01Xp41) + P1X0y + P3%Uy — P1X 410 &
In+1

+ (m +m1)g

— (71 4 1) 8n+1 7 + (m + )
Yn+1

Barta (111 + 1) Barra(7r1 + ph)

ﬂzﬂz(ﬂl+ﬂl)( w
1-—
sl “y+ Bi7t1 (7m0 + p2)

>(§2 — 02Wy41)
n Bara (1 + Vl)g

Wy 1

W, — w 0
Bt (2 + 1) 2" T B+ ) PR s Bim
527f2(7fl+111)s Lz Baaa (71 + 1) _(Tf1+141)w1y :
pare "z Bim us| "
~ Pama(m +Pll) Zy110 | 0(m +V1) 03Xt ]
B1mm Vpt1 B T g
i  O(ms+ _ T+
+(7f3+143)q—(”3+}43)q"+1 + (3t pi3); _Omtpm), o
Upi1 T3 B1m1
+9(7T1+;41)mn( On )_5(ﬂ3+ﬂ3)un+5(ﬂ3+ﬂa)ﬁln( Un )
Bimm1 (] 3 3 Upi1

Using the equilibrium conditions for EQ3

p1%0 = (1 + 41)3,
0200 = (712 + 125,

p3Xi = (713 + p3)q,
00 = Bra1y + Baraz,

01 = 01X + p1 X0 + p3Xil, {2 = 02W + P2 W7,
_ (5u _xy o &Z
1= 3’ §= m’ °T m
we obtain
- 1+ _ 73 + _ _ 7Ty +
§1291X+( 1 Vl)ocly—k( 3 V3)5u, szgszr( 2+ p2)
sl 73 Uv)
Then
AY, < (1 _ 7 ) (Qm (), gy Ttis) g QWH) + 0150
Xn+1 4s 73
Xn+10n§ (i +p1) Snt1d (mi+m)
+ o3xu xv__i + (m + > ®
p3Titn — 10— (m+p1)g — Y gynﬂ m——V
[327f2 7f1+141)( )( o (ma4pa) ) Baro (T + 1)
bX % 4+ —————"xHrz — w 4+ =0V
B1t1 (72 + p2) W41 uol 2%~ £20n+1 Bry (2 + Vz)'oz !
_ Bama(m +H1)P oplnt1VnS | Pora (Mt ) o Parra (T + p) ZSun
[317'51(772 + p2) WSy +1 B1711 B1m1 SZn+1
n Ba(m + p1) w7 — (m ) o Yuer  Pata (7T + 1) 210
p1m1 s} Toni1 B1m1 20441
(1 + ) [32“2(”1 ), o Snt1tind _
+ —_— Xii—— + (3 +
- a1y + B —p3 o~ (713 +13)g
Guaril | (M3 tps) o0 O(mtp) o O(mtm) < Un >
— (13 + = ot + In
(73 i3 )qqun+1 3 B B1m1 Upt1
_dmatpe), 5(ﬂ3+ﬂs)ﬂln( Un )
T3 T3 U1
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and we obtain

(xn1 =) Bamaoa (i + ) (woi1 — @)

AY, < —
n= T Xp41 B17t1(7t2 + p2) Wn+1
+ Wmﬂ[ﬁl ~ % Zn1Ong  Eni1f  Yui10 +ln(v"ﬂ
m Xp+1  X0%ut1 SYn+1  YUut1 Un+1

n Ba(m1 + Hl)azz [4 _ @ Wnn1%nS _ ZSup1 | Znt1l +1n( Un )]
P11 Wn+1 WOSy 41 §2p+1 ZUp41 Un+1
5(m3 —l—y3)ﬂ{3 X Xppnd  Gugrll —l—ln( Uy )]

+ — -
3 Xn+1 XUGn+1 qUp1 Un1

Using equalities similar to Equations (48), (49) and (53), we obtain

2 2

(X1 —%)°  Pammaga(mi + p1) (W1 — @)
Xn41 Prmi(m+p2)  Wpi

o) o) () ()
Ys| Xn1 X08n+1 8Yn+1 YOn+1
_Bmtm), [G( © ) + G(w_”flv”s_> + GCS"H) + G<%"Hﬁ)]
Bimty Wy 41 WOS 41 8Zn+1 ZUp 41
— (S(n3+l’l3)a|:c< x ) +G<xﬂ+1unq_) +G(q1’l+1ﬂ>:|
T3 Xn+1 Xilqy 41 Jin41

We note that AY;,, < 0. Hence, the sequence ¥, is monotonically decreasing. Since ¥,, > 0,
thenlim,, 00 ¥, > 0 and thus, limy,—,co AY,, = 0. Thus, imy,—.co (X1, §n, Y, Wi, Sy Zn, Uny Gy Uin)

AY, < —o1

6. Numerical Simulations

In this section, we execute numerical simulations for the discrete-time model (3)—(11).
Moreover, we discussed the impact of latent reservoirs on the HIV-1 and HTLV-I co-dynamics.
We use the values of the parameters given in Table 1. Some of these values are taken from
previous works for HIV-1 and HTLV-I single-infections. The values of other parameters are
assumed just to execute the numerical simulations. The reason for that is the unavailability
of real data from HIV-1 and HTLV-I coinfection patients. However, when the real data are
available, then the values of the parameters of the coinfection model can be estimated.

Table 1. Model parameters.

Parameter Value Source
{1 10 cells mm~3 day ! [27,35,54]
4 0.03198 cells mm—3 clay_1 [28,29]
a0y 0.5 day~! [20,22]
w 0.1 day ! [13,55]
7 0.01 day ! [27,56]
Y2 0.01 day ! [28,29]
B1 6 viruses cells ! [55]
B2 6 viruses cells ! [55]
0 2 day ! [13,57]
) 0.2 day ! [13,34]

n 0.1 [58]
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Table 1. Cont.

Parameter Value Source
01 (varied) viruses ! mm? da}F1 Assumed
02 (varied) viruses~! mm?3 day_l Assumed
03 (varied) cells~! mm3 day*1 Assumed
1 0.02 day ! [54,59]
13 0.01 day ! [55]
13 0.01 day ! [35]
m 0.2 day~! [59]
i) 0.01 clay*1 Assumed
3 0.03 day ! [60]

6.1. Stability of the Equilibria

To support the global stability results given Theorems 1-4, we show that the solutions
of the discrete-time system starting from any point (any disease stage) in the feasible region
will tend to one of the four equilibria. Let us consider three different initial values as:

IV1: (XQ,go,yo, wo,50,20, 90,490, uo) = (850,25,5.5,2,1.5,0.1,20,55, 35),
V2 : (Xo,go, Yo, Wo, 50,20, 00,90, Ll()) = (650, 20, 3.5, 1.5, 1,0.15, 15, 45, 25),
IV3: (XO, 80,Y0, Wo, S0, 20, V0, 40, uo) = (350, 15, 2, 1, 0.5, 0.2, 0.4, 35, 15).

We choose p1, p2 and p3 as:

Case (I) p1 = 0.0002, p» = 0.001 and p3 = 0.0001. This gives Rgp = 0.550252 < 1
and Ry = 0.375 < 1. Figure 1 illustrates that the concentrations of uninfected CD4"T
cells and uninfected macrophages increase and tend to the healthy values x° = 1000 and
w? = 3.1980, while the concentrations of other populations decrease and converge to zero.
Therefore, EQpis GAS, and this agrees with the result of Theorem 1. In this case, both
HIV-1 and HTLV-I are cleared from the human body, regardless of the starting states .

Case (II) p; = 0.0007, p2 = 0.001 and p3 = 0.0001. These values give Ry = 1.91389 > 1
and R; = 0.375 < 1. From Figure 2, we see that the solutions of the discrete-time model
tend to the equilibrium EQq = (522.71,21.695, 8.678,1.388,0.905,0.091,13.044,0,0). As a
result, EQq exists, and based on Theorem 2, it is GAS. This result shows that the HIV-1
single-infection can be reached for all initial states.

Case (III) p; = 0.0003, p = 0.0001 and p3 = 0.00045, and then R; = 1.6875 > 1
and Rz + (Rp1/Ry) = 0.489645 < 1. Figure 3 demonstrates that the solutions of the
discrete-time model reach the equilibrium EQ, = (592.593,0,0,3.198,0,0,0,101.852,15.278)
for all the initial states. According to Lemma 2 and Theorem 3, EQ; exists and it is GAS.
This result shows that the HTLV-I single-infection can be reached for all starting states.

Case (IV) p1 = 0.00054, po = 0.03 and p3 = 0.0004, and thus, R;/Rp; = 1.01852 > 1,
Ry = 791505 > 1, and Rz = 4.017 > 1. Figure 4 illustrates that the solutions of
the discrete-time model starting with initial values IV1-IV3 converge to the equilibrium
EQ3; = (666.667,3.772,1.509,0.404,1.397,0.1396, 2.305, 62.588,9.388). Based on Lemma 2
and Theorem 4, EQj exists and it is GAS. This result shows that the HIV-1 and HTLV-I
coinfection can be reached for all starting states.
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Figure 1. Solutions of systems (3)-(11) with initial conditions IV1-IV3 in the case of Ry < 1 and

Ry <1
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For more confirmation, we examine the local stability of the equilibria of the discrete-time
model in Cases (I)~(IV). The Jacobian matrix | = J(x,g,y,w,s,z,v,q,u) of model (9)—~(25) is
calculated as:

Ju 0 0 0 0 0 Jiy 0 Jp
Joio J2 0 0 0 0 Joy 0 Jyp
Jat J2 Js3 0 0 0 J3z 0 J3

0 0 0 Ju O 0 Juov O 0

] = 0 0 O Jsg Js5 0O Js7z O 0O |,

0 0 0 Jea Jos Je6 Jov O O
Jn Jn Jn Jmu Js Je Jz 0 o
Ju 0 0 0 0 0 Jsgr Jss Jso

Jo 0 0 0 0 0 Jor Jog Jog

where

1

T+Y(h) (01 + p10 + psu)’
Y5 Y ()
(1+Y(1)(0y + py0 + pau))?’

Y(h)(x + 1Y (h))ps
(14 Y(h)(0y +pyv+ p3u))*’

vY(h)py

(L+Y(h) (1 +p1)) (L + Y(h) (01 + pyv+psu))’

Ju=

Ji9 = —

1=

1

Jo2 = T+ Y() (m + 1)

Iy = Y (1) (x + 2y Y (h) (14 Y (h)o; + Y(h)ups)
(1+Y(h)(ﬂ1+u1))(1+Y( )(01 +pq0 + psu))?’

oY2(h)(x 4 ;Y (h))p105

Foo = = N om0 T+ Y (0r + o0+ o))
It = o Y2 (h)o,
BT W aY(R) (T + Y () (1 + 1)) (1 + Y (h) (g + py0 + patt))’
Ty = mi Y (h)
2T A+ aY(R) A+ Y(h) (1 + 1))
1

Js = Ty my
I = Y2 (h) (x + &1 Y (h))oy (1 + Y (h)ey + Y (h)psu)

(T4 arY(h))(1+Y(h) (1 + p1)) (1 + Y (h)(0q + 10 + p3u))?’
ot Y3 (h)(x 4+ ;Y (h))p105

Jo = A Y ) (T T YW (m + 50)) (L Y(h) 0y 070 & pat))2
1
Jau =17 Y (h)o, + Y (h)p,0
[ — YW@+ YW E)p,
(14+Y(h)o, + Y(h)p,0)%’
Y(h )sz

5t = YW (s ) (1 + Y (W) ay + Y()py0)’

)
1

5 = TN ()

o YO+ Y (W) @+ HY(1)ey

A+ Y0 (2 + 12)) (1 + Y(h)ay + Y (), 002"
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Y?(h)ormap,
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Then, we compute the eigenvalues )\j, i=L.2..., 9 of the matrix J, at each equilibrium.
An equilibrium point of the discrete-time model is locally asymptotically stable (LAS) when
’/\j| <1,forallj=1,2,...,9. We compute the eigenvalues of all nonnegative equilibria
using the values of p1, p2 and p3 given in Cases (I)-(IV). Table 2 contains the nonnegative
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equilibria, the absolute value of the eigenvalues and whether the equilibrium point is LAS
or unstable. We note that when an equilibrium point is GAS, then it is also LAS, and all the
other equilibria will be unstable.

Table 2. Local stability of equilibria.

Case Equilibrium Point |Aj |, i=12...,9 Stability
I EQo = (1000,0,0,3.20,0,0,0,0,0) (0.999,0.999,0.998,0.998,0.993,0.990, 0.979, 0.934, 0.837) LAS
EQp = (1000, 0,0,3.20,0,0,0,0,0) (1.011,0.999, 0.999, 0.998,0.998, 0.990, 0.979, 0.902, 0.852) unstable
(1) EQ; = (522.72,21.69,8.68,1.39,
0.91,0.09,13.04,0,0) (0.999,0.999, 0.998, 0.998,0.997,0.990, 0.979, 0.923, 0.841) LAS
EQp = (1000,0,0,3.20,0,0,0,0,0) (1.002,0.999, 0.999, 0.998,0.997,0.990, 0.974,0.927, 0.840) unstable
(II1) EQ, = (592.59,0,0,3.198,0,0,0,
101.85,15.28) (0.999,0.999, 0.999, 0.9988, 0.996, 0.990, 0.976, 0.936, 0.837) LAS
EQop = (1000,0,0,3.20,0,0,0,0,0) (1.006,1.002,0.999, 0.999, 0.998, 0.990, 0.975,0.912, 0.846) unstable
EQ; = (675.48,14.75,5.9,0.16,
1.54,0.15,8.9,0,0) (1,0.999,0.999,0.998,0.990,0.976,0.973,0.923,0.841) unstable
(Iv) EQ, = (666.67,0,0,3.20,0,0,0,
83.33,12.50) (1.001,0.999, 0.999, 0.999, 0.996, 0.990, 0.976,0.924, 0.841) unstable
EQ; = (666.67,3.77,1.51,04,
1.4,0.14,2.31,62.59,9.39) (0.9999,0.999, 0.999, 0.998,0.992,0.990, 0.976,0.924,0.841) LAS

6.2. Impact of Latent Reservoirs on the HIV-1 and HTLV-I Co-Dynamics

In this part, we investigate the impact of the presence of latent reservoirs on HIV-1 and
HTLV-I co-dynamics. Currently, there is no available treatment for HTLV-I [61]. Therefore,
we only consider one type of HIV-1 antiviral drug, reverse transcriptase inhibitor (RTT),
which prevents the HIV-1 from infecting the macrophages and CD4" T cells. Let € € [0,1]
be the efficacy of the RTI drug. Now, we write model (1) under the effect of RTI:

B — 7 — 01x — (1 — €)p1xv — p3x1,

@ — (1—€)p1xv — a1y,

= 0o — w — (1 —¢€)powo,
Z = (1—¢€)powv — ayz,

g—’t’ = Bra1y + Brapw — 0o,

% = pa3xu —ou.

The basic reproductive numbers of model (59) are given by

Rg\’ithout latent ( €)

RWithout latent __ 103€1
1 = 292

(1-¢e)B1o1l1 N (1- 6)[‘3292@2,

o1 o2

016

Similarly, the model with latent (2) under the influence of RTI drug is given as:

B — 77— 01x — (1 — €)p1x0 — p3xu,
F=0-e)p1xo— (m +m)g,

3*2} =Tmg — Yy,

= 0o — 0w — (1 —¢€)powo,

% = (1—¢€)powv — (712 + 12)s,

% = 7S — KpZ,

gl—f = Bra1y + Bz — 0o,

,;TZ = p3xu — (73 + p3)q,

%‘ = 139 — ou.

(59)

(60)
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The basic reproductive numbers of model (60) are given by

With latent, (1 —€)B1o1mil1 | (1 —€)Boparmaln
Ry (e) +
0o1(m1 + p1) 002 (72 + p2)
RWithlatent _ 30173
! 016(7t3 + p3)

We suppose that R}Vithoutlatent < 7 ang RWithlatent < 7 1 order to stabilize the infection-
free equilibrium EQq for both systems (59) and (60), we determine the minimum dru
quitior o sy 8
efficacies eVithoutlatent gy q Withlatent that make

Rg\/ithout latent( 6’) S 1’ for all em;hout latent S € S 1/

RE)Nith latent(e) <1, for all €mif1h latent <e<1,

where

-1
egii;hout latent __ maX{O,l _ (,Blplgl + /32P2§2> }/

001 002
With latent __ (Bl B2p27282
e _max{o'l (991(ﬂ1+ﬂ1) Tbomtu)) |

We note that RE)Nith latent < RBNithout latent 5,44 egii;h latent < ervr\{ii;hout latent  This means
that neglecting the latent reservoirs in the HIV-1 and HTLV-I coinfection model will lead to
an overestimation of the required HIV-1 antiviral drugs.

Lengthening of the Latent Phase

In this part, we study the effect of lengthening the latent phase on the HIV-1 and HTLV-I
co-dynamics. The average length of the latent phases are given by 1/, i = 1,2, 3. Therefore,
reducing the parameter 7r; will increase the transition time from latent to active and then
will slow the viral replication. Let us assume that there exist two control actions € and
€ with the objective of reducing the transition rate (lengthening of the latent durations).
These control actions may represent the efficacies of two drugs [62,63]. Let us multiply 7q
by (1 —€), mp by (1 —€) and 713 by (1 — €), where €, € € [0,1]. Then, model (2) under the
effect of such control actions can be written as:

‘éf’f = {1 — 01X — p1XV — p3XU,
B =pxo—((1—e)m+m)g

d
d—l{ = (1-€)mg — a1y,

?%" = {p — 02w — P2WO,
gﬁ = powv — ((1 —e€)my + uz)s, (61)

= (1 —€)ms — anz,

% = /51o<1y -+ ,320622 — 0o,
d—? = P3XU — ((1 — e")?'[g + ;ng)q,
‘%‘ = (1—¢&)msq — du.

Let the model’s parameters be fixed other than € and €, then the basic reproductive
numbers of system (61) Rp and R; as functions of € and €, respectively, are given by

Ro(e) = (1-e)B1p1mb (1—€)Brp27202
° 001((1 —e)my +p1)  002((1—€e)mp+ p2)’
Ry (&) (1—&)pslars

T 0d((1—e)ms + u3)’
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and we have

dRo _ Bi1817m1p; Bakalamap,

de — 00((1—e)m +m)>  0,0((1—€)ma+ pa)?
drRy _ H3817303 <o
de 010((1 — &)713 + p3)?

<0,

Hence, Ro(e) and R;(€) are strictly decreasing functions of € and €, respectively.
Therefore, increasing the values of € and é will decrease the parameters Ry and R;. Now
we determine the minimum control actions €y, and €y, that make

Ro(e) <1, forall epin < e <1,

Ri(6) <1, forall ey <€ <1,

and stabilize the system around the infection-free equilibrium EQy. Using the values of
the parameters given in Case (IV), we obtain epin = 0.853353 and ép,in = 0.666667. Hence,
both HIV-1 and HTLV-I will die out if the control actions satisfy 0.853353 < ¢ < 1 and
0.666667 < € < 1. It means that increasing the values of € and € will lengthen the latent
phase and then clear the viruses from the body. This give some impression to develop new
drug therapies for lengthening the latent phase.

7. Discussion and Conclusions

In this paper, we developed and addressed a mathematical model that describes
in-host co-dynamics of HIV-1 and HTLV-I with latent reservoirs. The nonlinear continuous-
time model is discretized by using the NSFD method. We first proved the positivity and
boundedness of the discrete-time model, and then we calculated the model’s equilibria. We
found that the model has four equilibria—infection-free equilibrium EQy, chronic HIV-1
single-infection equilibrium EQ;, chronic HTLV-I single-infection equilibrium EQ, and
chronic HIV-1/HTLV-I coinfection equilibrium EQs;. We deduced the conditions that
determine the existence and stability of equilibria. These conditions were given in terms of
four threshold parameters R]- > 0,j =0,1,2,3. The global stability of all equilibria of the
discrete-time model was examined by constructing Lyapunov functions. We proved that

* EQ always exists, further, if Ry < 1 and R; < 1, then EQy is GAS. This result
recommends that when Ry < 1 and R; < 1, both HIV-1 and HTLV-I infections will be
cleared regardless of the starting points.

e EQ exists when Ry > 1, and it is GAS when Ry > 1 and R; < 1. This result
recommends obtain when Ry > 1 and R; < 1, the HIV-1 single-infection is always
established regardless of the starting points.

e EQ; exists when Ry > 1, and it is GAS when R; > 1 and Rpp + %0]1 < 1. This result

recommends that when R; > 1 and Rpp + 1;—011 < 1, the HTLV-I single-infection is
always established regardless of the starting points.

e EQjexists, and it is GAS when 5—011 > 1, Rp > 1 and R3 > 1. This result recommends that
the HIV-1 and HTLV-I coinfection is always established regardless of the starting points.

We simulated the discrete-time model to confirm the theoretical results. We discussed
the impact of latent reservoirs on the HIV-1 and HTLV-I co-dynamics. We established that
including the latent reservoirs in the HIV-1 and HTLV-I coinfection model will reduce both
Rp and R;. Therefore, neglecting the latent reservoirs can lead to an overestimation of the
required HIV-1 antiviral drugs. Further, we found that lengthening the latent phase can
suppress the viral progression. This may draw the attention of scientists and pharmaceutical
companies to create new treatments that lengthen the latency period.

The HIV-1 and HTLV-I coinfection model presented in this work is given by a system
of ordinary differential equations. The HIV-1 and HTLV-I co-dynamics can be described by
(i) delay differential equations by incorporating the time delay [21], (ii) partial differential
equations by considering the mobility of cells and viruses [64], (iii) stochastic differential
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equations by taking into account the random fluctuations [65-68] and (iv) fractional differ-
ential equations by considering the memory effects [69]. Great efforts are needed to study
such points; therefore, we leave them for future work.
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Abbreviations

The following abbreviations are used in this manuscript:

Abbreviation Definition

AIDS Acquired immunodeficiency syndrome
ATL Adult T-cell leukemia
CTLs Cytotoxic T lymphocytes
GAS Globally asymptotically stable
HAM/TSP HTLV-I-associated myelopathy/tropical spastic paraparesis
HBV Hepatitis B virus
HCV Hepatitis C virus
HIV-1 Human immunodeficiency virus type 1
HTLV-I Human T-lymphotropic virus type I
LAS Locally asymptotically stable
NSFD Non-standard finite difference
1AV Influenza A virus
RTI Reverse transcriptase inhibitor
SARS-CoV-2  Severe acute respiratory syndrome coronavirus 2
sup Supremum (least upper bound)
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