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Abstract: Currently, researching the Yang-Baxter equation (YBE) is a subject of great interest among
scientists of diverse areas in mathematics and other sciences. One of the fundamental open problems
is to find all of its solutions. The investigation deals with developing theories such as knot theory,
Hopf algebras, quandles, Lie and Jordan (super) algebras, and quantum computing. One of the most
successful techniques to obtain solutions of the YBE was given by Rump, who introduced an algebraic
structure called the brace, which allows giving non-degenerate involutive set-theoretical solutions.
This paper introduces Brauer configuration algebras, which, after appropriate specializations, give
rise to braces associated with Thompson’s group F. The dimensions of these algebras and their
centers are also given.

Keywords: brace; Brauer configuration algebra; path algebra; Yang—Baxter equation

1. Introduction

The Yang-Baxter equation (YBE) arose from research in theoretical physics and sta-
tistical mechanics. On the one hand, Yang [1] introduced in 1967 such an equation in
two short papers regarding generalizations of the results obtained by Lieb and Liniger.
Using the Bethe ansatz, they solved the one-dimensional repulsive Bose gas with delta
function interaction. On the other hand, Baxter [2] solved the eight-vertex ice model in
1971, introduced previously by Lieb. Baxter’s method was based on commuting transfer
matrices starting from a solution called by him the generalized star—triangle equation,
which currently is known as the Yang-Baxter equation [3,4].

It is worth pointing out that finding a complete classification of the YBE solutions
remains an open problem. However, to date, many solutions have been found to this
equation. Research on this subject can be considered a trending topic. It has encouraged
investigations in several science fields. For instance, the YBE has had an important role
in developing Hopf algebras, Yetter—Drinfeld categories, quandles, knot theory, cluster
algebras (via the Jones polynomial of a two-bridge knot), braided categories, group action
relations on sets, quantum computing, cryptography, etc. [5-9].

Another strategy to tackle the problem of classifying some types of the YBE was
introduced by Rump [10,11], who introduced the notion of the brace. Braces allow classify-
ing so-called non-degenerate involutive set-theoretical solutions of the YBE. In particular,
Ballester-Bolinches et al. [12] proved how it is possible to obtain a left brace (§(X,r), +,.)
structure from the Cayley graph of a suitable subgroup of the symmetric group Sym(X)
associated with a set X defining a solution (X, r) of the YBE.

On the other hand, Brauer configuration algebras (BCAs) are bound quiver alge-
bras [13] induced by configurations of appropriate multisets called Brauer configurations.
The combinatorial data arising from these configurations provide information on the theory
of representations of their corresponding Brauer configuration algebras. As in the case of
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the YBE, BCAs have proven to be a tool for developing different science fields. They have
been used in cryptography to give an algebraic interpretation of the Advanced Encryption
Standard (AES) key schedule, in the theory of graph energy to compute the trace norm
of some families of matrices and trees, in coding theory to compute the energy of a code,
etc. [14-16].

It is worth noting that Espinosa [17] proved that to be associated with a Brauer con-
figuration. There is a message obtained by concatenating appropriate words defining
their multisets named polygons by Green and Schroll [13]. Espinosa defined specializa-
tions for these messages, making them elements of suitable algebraic structures (rings,
groups, etc.). Such a procedure allows new interpretations of objects and morphisms in
different categories.

1.1. Motivations

Researching the classification of the YBE solutions is one of the trending topics in
mathematics and its applications. Results regarding the subject involve areas such as
cryptography, quantum computing, group theory, Hopf algebras, and Lie (super) algebras,
among others [5-9]. On the other hand, Brauer configuration algebras have helped inves-
tigate the theory of graph energy, cryptography, and coding theory [14-16]. This work
connects the Brauer configuration algebras theory with the YBE theory by introducing
Brauer configurations whose specializations give rise to braces, which provide solutions to
the YBE.

1.2. Contributions

This paper introduces brace families arising from appropriate Brauer configuration
algebras. The dimensions of these algebras and their centers are also computed. According
to Rump’s results, the obtained braces give rise to non-degenerate involutive set-theoretical
solutions of the YBE.

Figure 1 shows how Brauer configuration algebras and brace theories are related to
obtaining the main results presented in this paper (see the targets of red arrows).

Section 3.1 introduces Brauer configuration algebras of type F(#/).

Theorem 2 proves that algebras of type (/%) are reduced and connected. Corollary 1
gives formulas for the dimensions of algebras F("/*) and their centers. Corollary 2 proves
that these Brauer configuration algebras have length grading induced by the associated
path algebra as a consequence of Proposition 1.

Lemma 2 proves that messages associated with Brauer configurations of type § (07k)
induce a subgroup of Thompson’s group of type F. This lemma is used to prove that such
a subgroup endowed with an appropriate sum constitute a brace, which can be used to
generate non-degenerate involutive set-theoretical solutions of the YBE.

The organization of this paper is as follows. The main definitions and notation are
given in Section 2. In particular, we recall the notions of the YBE, braces, and Brauer
configuration algebra (Section 2.2). In Section 3, we give our main results. We introduce
Brauer configurations of type § (L7k) (Section 3.1), and it is proven that the corresponding
algebras are reduced, indecomposable, and have length grading induced by the associated
path algebra. It is also proven that messages associated with these Brauer configurations
give rise to some braces, therefore to some solutions of the YBE. Concluding remarks are
given in Section 4.
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rauer configuration algebras (Section 2.2 ‘ang-Baxter equation (Section 2.1
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Figure 1. Main results presented in this paper (targets of red arrows) allow establishing a connection
between Brauer configuration algebras and YBE theories.

2. Background and Related Work

This section reminds about the basic notation and results regarding the YBE, braces,
and Brauer configuration algebras, which are helpful for a better understanding of the paper.

2.1. Yang—Baxter Equation and Its Solutions

In this section, we give a brief review on the Yang—Baxter equation and some of the
methods used to solve it [4-6,10,12].

Let V be a vector space over an algebraically closed field [ of characteristic zero. A
linear automorphism R of V ® V is a solution of the Yang—-Baxter equation (sometimes
called the braided relation), if the following identity (1) holds

(R®id)o(id®@R)o(id®R) = (id®R)o (R®id) o (R®id). 1)

in the automorphism group V@ V® V.
R is a solution of the quantum Yang-Baxter equation if

Rip 0 Ri30Rp3 = Rp3 0 Ri3 0 Ryp ()

where R;; means R acting on the ith and jth tensor factor and as the identity on the
remaining factor.

To date, finding a complete classification of all the solutions of the YBE is an open
problem. However, several approaches have been explored to obtain solutions of these
equations. For instance, Drinfeld et al. [18] proposed studying set-theoretical solutions of
the YBE; in such a case, for a given set X and amap S : X X X — X x X, the identity (1)
has the form

(S xid)o (id x S)o(Sxid) = (id x S) o (S xid)o (id x S), 3)

inX x X x X.

Note that, if T : X> — X? is defined in such a way that 7(x,y) = (y, x), then a map
S : X2 — X2 is a set-theoretical solution of the YBE if and only if » = T o S is a solution of
the following braided equation:

12723712 = 123712723. 4)
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A bijective map 7 : X x X — X x X, such that r(x,y) = (¢6x(v), 7y(x)) is involutive
if 72 = idyo. r is said to be left non-degenerate (right non-degenerate), if each map vy (0x)
is bijective.

Note that, if X is finite, then an involutive solution of the braided equation is right non-
degenerate if and only if it is left non-degenerate. It is worth noticing that non-degenerate
involutive set-theoretical solutions of the YBE were given by Etingof et al. [19] and Gateva-
Ivanova and Van den Bergh [20] by associating a group G(X, r) with the solution (X, ) [4].

Rump [10] introduced another line of investigation to tackle the problem of classifying
the non-degenerate involutive set theoretical solutions of the YBE. To do that, he defined
right braces and left braces. A right brace is a set G with two operations + and - such that:

* (G, +) is an abelian group.
e (G,-)isagroup and

(a+b)c+c=ac+bc, foralla,b,ceG. (5)

(G, +) is said to be the additive group and (G, -) the multiplicative group of the
right brace.
A left brace is defined similarly; in this case, the identity (5) has the shape

a(b+c)+a=ab+ ac. (6)
For a € G, we define p;, A, € Sym, (the symmetric group on G) by

pa(b) =ba—a,

Aa(b) = ab —a. @)

Rump proved the following result.

Lemma 1 (Lemma 4.1, [4], Propositions 2 and 3 [10]). Let G be a left brace. The following

properties hold:

1. ar;i(b) = b)\;l(a).

2 Aadyagy = WAy

3. Themapr:GxG — G x Gdefined by r(x,y) = (Ax(y), AL (x)) is a non-degenerate

Ax(y)
involutive set-theoretical solution of the YBE.

Recently, Guarnieri and Vendramin [21] generalized Rump’s work to the non-commutative
setting in order to obtain not necessarily non-degenerate involutive set-theoretical solutions
of the YBE. Ballester-Bolinches et al. [12] endowed a subgroup (of the symmetric group
Sym(X)) §(X, r) associated with a solution (X, r) of the YBE with two operations + and -
in such a way that the algebraic structure (§(X,r), +, -) is a left brace. To do that, they used
the Cayley graph of (X, r).

2.2. Multisets and Brauer Configuration Algebras

A multiset is a set with possibly repeated elements. To be more precise, a multiset is
an ordered pair (M, f), where M is a set and f is a function from M to the nonnegative
integers; for each m € M, f(m) would be called the multiplicity of m.

According to Andrews, a permutation of a multiset (M, f) is a word in which each
letter belongs to M, and for each m € M, the total number of appearances (or occurrences)
of m in the word is f(m), i.e., if M is a finite set, say {m1, my, ..., m,}, then a multiset (M, f)
can be written as a word with the form described by Identity (8).

(M, f) = {m{(ml)mg(mz) . m{(mr)}. (8)
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It is worth pointing out that, to denote multisets, the order of the elements does
not matter. This condition makes the theory of multisets a source of many interesting
problems in the theory of partitions assuming that M = {1,2,...,r}, for an appropriate
positive integer 7, for instance, if inv(mq, my, . .., m,; n) denotes the number of permutations
X1X2 . .. Xy +my..m, Of the multiset {1122 ...y} in which there are n pairs (x;, xj) such
thati < jand x; > Xj. Then, inv(my, my; n) equals the number of partitions of n into at
most my parts, each < mj [22].

An alternative notation for multisets is given by da Fontoura [23], who writes multisets
in the following form:

(M, f) = {|lm, f(m1)], [ma, f(m2)], ..., [mr, f (my)][ }- ©)
If (M, f) and (N, g) are multisets, then

(O,h) = (M, f)U(N,g) ={[x,h(x)] | x € MUN, h(x) = max{f(x),g(x)}}
(P,i) = (M, f)+(N,g) = {[x,i(x)] | x € MUN,i(x) = f(x) + g(x)}} (10)
(R;s) = (M, f)N(N,8) = {[x,s(x)] [ x € MUN, s(x) = min{f(x),g(x))} }.
Note that, since the order of the elements does not matter, then if
(M1, 1), (Ma, f2), -+, (M, fn) (11)
are multisets and w(M;, f;) = xj(z(ljf)("’l))xg%u’z)) . x{;:(:)(i't">) is the word associated with the

multiset (M;, f;), then the concatenation w(My, f1)w(My, f2) ... w(My, fr):

fl(xll) fl( ) fl( 1t1) fn(xnl) fu(x nz> fulx nm)

(11) (12) (1t) M (n1) (nZ) C T () (12)

of the words w(MZ, fi), 1 <i < nissaid to be the message associated with the multisets (11).
It coincides with Z (M, f;), if M; N Mj = @ with i # j. Henceforth, if no confusion arises,

we will omit brackets to denote these types of words. Note that messages associated with
the same family of multisets are equivalent.

n r
If an element x(; ;) € M; N M;, N---NM;, C 3. My, then the sum ¥ f;, (x(i,]-)) is said
h=1 h=1
to be the valency of x(; ;), denoted val(x(l-,j)) [13].
n
For collections of labeled multisets M1, My, ..., M,, with My = | M, and
h=1

Zfl X(ig) >1, foranyl1<i<n and ¢t =[M;l (13)

Green and Schroll introduced in [13] systems or configurations of multisets of the form
(Mo; {M1, M3, ..., My,};v;0) (14)

where v is a multiplicity map v : My — N x N such that v(x) = (val(x), u(x)), with
#(x) > 1. Green and Schroll [13] called vertices the elements of My and polygons the mul-
tisets M;. According to them, a vertex x(; ;) is truncated provided that v(x(; ;) = (1,1)
(i.e., U{ZZ(X(I,])) (x (l,])) = 1); otherwise, x(; ;) is said to be non-truncated. The message
of the configuration is said to be reduced if, for any vertex Xij) € My, it holds that
u(x(j)val(x( ) > 1. Henceforth, we let Vx,; denote the product u(x i j))val(x ) associ-
ated with the multiplicity of a vertex x; ;) of a Brauer configuration.

The orientation O is obtained by defining for each non-truncated vertex x; ) € Mo a
cyclic ordering <y, , on the polygons M;, for which f(x(; ;) > 1, i.e., if x(; ;) € Mj, UM, U

M;,, then the cyclic ordering is obtained by defining a linear order Sy, ; of the form
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1 2 fr(x(i,)
< <Mp <Mp << M

Ly

Mo« M2 < ... < pfiFGD)
1 n 11

relation Mﬁ‘(x(i’j )

and adding a new

< Mi11‘ In this case, sequences of the form
X(i,j (X i

My < M << Mf;h( W) < M <M << Mfi( ) Ml < M? <
e < Mffl are equivalent. Note that, for the sake of clarity, we have omitted the index
x(; ;) for the relation <, i)

Sequences S(x(_ ) are said to be successor sequences.
1

)
Remark 1. Systems of the form (14) were named Brauer configurations by Green and Schroll.
In this work, it is assumed that, if M < M’ in the successor sequence associated with a vertex
x € My, then if a vertex x' # x belongs to the polygons M and M, then M < M’ in the successor
sequence associated with the vertex x', i.e., the successor sequence S, inherits the order defined by
the vertex x.

A Brauer configuration without truncated vertices is said to be reduced. This paper only deals
with reduced Brauer configurations.

If M = (My; {My,Ma,...,My};vM; OM), and N = (Np; {N1, Ny, ..., Ny };vN; ON)
are Brauer configurations, then the Brauer configuration:

P=M+N=(My+ No,{My,...,My,Ni,Ny, ..., Ny}, vMN OM+N) (15)

such that:
o MyN Ny =9;

MAN/y vM(x), if xe M,
v (x) - N . .
vN(x), if x€N;

o OMIN_OM4ON
Then, it is said to be disconnected; otherwise, P is connected.
The Brauer message M(P) of the Brauer configuration P is the concatenation of the

messages M(M) and M(N) of the Brauer configurations M and N, respectively. In other
words, if w(M;) (w(N;)) is the word associated with the polygon M; (N;), then

M(P) = w(Mp)w(My) ... w(My)w(Ny)w(Nz) ... w(Ny). (16)

In general, for s > 1, the Brauer message M (P; + P, + - - - + DPs) associated with Brauer
configurations is a concatenation of the form 9t(P; )M (P,) ... M(Ps), where M(P;) denotes
the Brauer message of the Brauer configuration P;.

According to Espinosa et al., if My = {my,my, ..., m,} in the Brauer configuration
M = (My;{M;1, My, ..., M}, 11, 0), then it is possible to specialize the message of the
Brauer configuration over a given algebraic structure R endowed with a sequence of
operations O = {01, 0y,...,0,} in such a way that, for o;, 0j,0p € 0. The specialized message
e(M(M)) is given by the substitution:

e(M(M)) = e(w(My))oje(w(Mz))o; . .. oje(w(My)). (17)
where, for 1 <i < rand w(M;) = xj((l.(g’])xé(;;’z) . xj((i(:i)’ti) and a suitable map e : My — R,
it holds that

e(w(M;)) = (e(x(p)) T oy(e(xi2) F02) 0. oie(x (i) 00,
(e(xi )" = e(x(i))oxe(x (i) ok - - oxe(x(i j))- (18)

h—times
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The specialized Brauer message e(9(P; + P> + - - - + Ps)) of a sum of Brauer configu-
rations is given by an identity of the form:

e(M(Pr+Py+---+ D)) =e(M(Ps))oje(M(Ps—1))o; ... 00e(M(Py)), (19)
for an appropriate operation 0;. A Brauer configuration:
e(M) = (e(Mp) = Img(e : My — R); {e(My),e(Ma), ..., e(M;)};e(v);e(O)) (20)
is said to be a specialized Brauer configuration of a Brauer configuration:
M = (Moy; {My,My,...,M,},v,0)),

if e(M;) = {e(x(;1)), e(x(i2))s - e(xX(ig)) b with My = {x( 1), X2), - Xy}, 1 S0 <
r,e(M;) < e(M;), for any covering M; < M; defined by the orientation O,

e(v(x)) = (val(e(x)), p(x))- (21)

A Brauer configuration M = (M, {M;, My, ..., M, },v, O) is said to be labeled by a set
X, if each polygon M,; is labeled by a subset X; C X; in such a case, we write

M = (MQ,{[Ml, Xl], [Mz, Xz],. ey [Mr, Xr] }, v, O) (22)

The labeled Brauer configurations has been helpful to obtain algebraic interpretations
of the AES key schedule and in the theory of graph energy to compute the trace norm of
significant classes of matrices [14-16].

Brauer Configuration Algebras

Green and Schroll introduced the notion of a Brauer configuration algebra (BCA). The
authors refer the interested reader to [13,24] for a more detailed study of Brauer graph
algebras (BGAs) and BCAs.

A BCA Ay is a bound quiver algebra of the form FQy/ I induced by a Brauer
configuration M = (Mo, My = {M3, My, ..., M,},v,0), where FQy is the path algebra
induced by the quiver Qyy, or simply Q = (Qp, Q1,s,t), such that:

e (p is in bijective correspondence with the set of polygons My = {M;, My,..., M,},
i.e., each vertex v; € Qp corresponds to a unique polygon M; € M.

e Each covering M; < M;; defined by the orientation O defines an arrow « : v; = v,
ie.,s(a) = v;and t(a) = v; 1. The cycles C(xu//)) given by a vertex x(; y € Mo are said
to be special cycles.

* (Qisbounded by an admissible ideal Ij; (or simply I if no confusion arises) generated
by the following three types of relations:

1. CZ((IT;’ ) _ szlf (i’k)), for any pair of special cycles Cy, , and Cy,,, associated with
vertices X(ij)r X (i) € M;, 1 <i <, fixed (i.e., special cycles defined by vertices
in the same polygon are equivalent).

2. Cz((j;] ) f»where f is the first arrow of the special cycle Cy, , associated with the
vertex x(; ». In particular, if [, i) is a loop associated with a vertex x(; ;) with
val(x(;j)) = 1, then a relation of the form 1)+ als0 generates the ideal I.

3. Quadratic monomial relations of the form af € I, if af € FQ, a is an arrow
contained in an special cycle Cy; ., and f is contained in an special cycle Cy,

with i # r.

Latter on, if there is no possibility of confusion, we will assume notations Q (for a
quiver), I (for an admissible ideal), and A (for a Brauer configuration algebra).

The following Theorem 1 proves that the theory of representation of a BCA A is given
by the combinatorial data provided by the underlying family of multisets [13].

)



Computation 2023, 11, 2

8 of 17

Theorem 1 ([13], Theorem B, Proposition 2.7, Proposition 3.2, Proposition 3.5, Theorem
3.10, Corollary 3.12 ). Let A = FQ/I be a Brauer configuration algebra induced by a Brauer
configuration M = (Mo, My, u, O):

1. There is a bijection between the set of indecomposable projective modules over A and M.

2. If Py is an indecomposable projective module over a BCA A defined by a polygon V in My,
then rad Py = i Uj, where U; N U; is a simple A-module for any 1 <1i,j < rand r is the
number of ( non—ztril/mcated) vertices of V.

3. lisadmissible, whereas A is a multiserial symmetric algebra. Moreover, if M is connected,
then A is indecomposable as an algebra.

4. Ifrad P (soc P) denotes the radical (socle) of an indecomposable projective module P and
rad? P # 0, then the number of summands in the heart rad P/soc P of P equals the number
of non-truncated vertices of the polygons in M corresponding to P counting repetitions.

5. If Ay and Ay are BCAs, induced by Brauer configurations M = (Mg, My, v, O) and
M = (Mo\{h},M]\VUV',v,0), where V' = V\{h}, |V| > 3, and val(h)u(h) = 1,
then Ay is isomorphic to Ay .

Green and Schroll in [13] proved that the dimension of a Brauer configuration algebra
induced by a Brauer configuration M is given by the following formula.

1.. tv-—l
7d1m]F AM - |M1‘ = . (23)
2 w0

where i € My (t;) denotes a non-truncated vertex (the jth triangular number) and v; =
val (i) (i) (see (14)).

Sierra [25] obtained the next formula for the dimension of the center of a Brauer
configuration algebra Ar induced by a reduced configuration I'.

dimp Z(A) = 1+ Y u(i) + | [Mo] + #(Loops Q)  [ex], b
€My

where Cr = {i € My | v(i) = (1,¢), t > 1}.
Green and Schroll also proved the following result.

Proposition 1 ([13], Proposition 3.6). Let A be the Brauer configuration algebra associated
with a connected Brauer configuration M. The algebra A has a length grading induced from
the path algebra FQ if and only if there is an N € Z~q such that, for each non-truncated vertex,
5 € My, val(6)u(5) = N.

As an example, we use compositions of the number three to define a Brauer configura-
tion M = (Mg, My, v, O) for which:

e My=1{1,23};

° My = {Vl = {3r1r1r1}/ Vo = {2,1}, Vs = {1/2}};

e M(M) = 31112112;

« V1)=(1), v2)=(21), v(E) =12

®  Successor sequences: S1 = Vl(l) < V1(2) < V1(3) < Vo < V3, S5 =V, < Vs,
S3=V;

e [Mol=3 [M[=3 [Cml=1

L4 dlm]p AM = 29;

The following Figure 2 shows the Brauer quiver Q.
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Figure 2. Brauer quiver induced by the Brauer configuration M.
The admissible ideal I, is generated by the following relations (a2 and 4’ denote the
first arrows of special cycles C, associated with a vertex a):
. lill]?’, (12, (13)%,  for all possible values of i and j.
o Bal, aip?, Bial, Cla, Cla/, C}~ Cl~ C3, forall possible special cycles asso-

ciated with Vertices 1, 2, and 3.

3. Main Results

This section provides Brauer configurations whose specializations give rise to left
braces. Solutions of the YBE are obtained according to Lemma 1. The dimensions of the
corresponding Brauer configuration algebras and their centers are also given.

3.1. Brauer Configurations of Type /%)

Let us define the following families of labeled (by the interval [0, 1]) Brauer configura-
tions, for which i,k > 1 are fixedand 1 < j < 21+,

i ijk) ik . -
§OR = G, 5 = {0 Lijao) - Uiijangr Lajan ]} v, 0009). - @5)
gk {{”(i,j,k,o)fa(i,j,k,l)/a(i,j,k,z)}, ifi=k=1,
0 {ﬂ(i,j,k,1),ﬂ(i,j,k,2)}, if i>1.

7,

The words w(f(; x)) associated with polygons f(; ;i u) are given by the following
identities, for 0 < h < k.

w(f, (i,j,k,h)) = ”]((;jflkll ) “;(li,j,k,z)' (26)

(1,2), ifi=k=1, 1<j<4, he{1,2},

ik B
1/(1] )(a(i,j,k,h)) - {(fkll)/ otherwise.

Successor sequences Sy associated with a given vertex x € S(()I'] ) are built in such a
way that, for i, j and k fixed, it holds that

Sx = [f(i,jk0) Lijio)] < Uik Lijen)] < < Uik Lijknl- (27)
Iij jx ny denotes a subset of the interval [0,1] C R, i.e., the Brauer configuration § (07,k)

is labeled by the closed interval [0, 1]. N
Similarly, we define Brauer configurations & (/%) such that

ii ijk ik ii ii
60 = (657, 61 = {[gik0) ko) -+ 8 jkny Jijen]} v, 060 (28)

88 _ {{ba,]-,k,oyb(i,j,k,l),b(i,j,k,2>}, ifizk=1,
’ {bijk1) bk b if i>1.
For 0 < h < k, it holds that

_h k—h
w(8i k) = Vi jua)bii i) (29)
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5o

(1,1,1)

w(f (1,1,1,0) g

Via(1,1,1,0)

S”(1,1,1,0)

S
S

a111,0)

A111,2)

_ (LD
={a@,1,10 9111190112 5 31

Multiplicities and orientations are defined as for 3 i,jok)
As an example, we give the Brauer configuration algebra induced by the Brauer

configuration § (LY for which:

a0 a0 o) Iagnlt
(

={
21,11,0041,11,1)7 w(f(1111)) =a41,11,00%1,11,2)
2)

2,1), v(agi)) =vaai2) = (1,2),
(30)

a0 Lol < o lainl
= [fu100 la10)
= furin Iaanl-

Figure 3 shows the Brauer quiver associated with the Brauer configuration §(111);
for the sake of clarity, we assume the notation a(;;xu) = h, fjxn = fu for vertices
and polygons.

L B
o
Qzuan = fo Bj!
o8

Figure 3. Brauer quiver induced by the Brauer configuration (11,

The admissible ideal I C FQz (1,11 is generated by relations of the following types:

(A
. ?l{ , Z{ ?, for all possible values of i and j;
o 0,040 30,040

S L L Lo
According to identities (23) and (24), we have that for 1 < j < 4, it holds that

. (31)
dimp Z(Agu0) =1+5-3+2-2=3.

The following Theorem 2 gives the properties of the Brauer configuration algebras A,

Theorem 2. Fori,j,k > 1 fixed and 1 < j < 2! + 1, the Brauer configuration algebra Asiijn 1s
indecomposable as an algebra and the Brauer configuration %) is reduced.

(i,j.k)

Proof. If x € §,”", then

Yl {fk/ if x € {ajx1,aik2},
2, lf X = ”(i,j,k,o)'

Thus, § (ijk) has no truncated vertices.
Since:

*  apji € faino Nfj)
* Ak € fiijko)
*  agik2) € flijkk)

k-1
{4k a2} C thf (i)

as multisets, then (/¥ is connected. Thus, the result follows as a consequence of
Theorem 1. We are done. [

As a consequence of Formulas (23) and (24), the following Corollary 1 gives formulas
for the dimensions of an algebra of type Ai;x and its center.
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Corollary 1. Fori > 1,k>1,and1 <j < 2i+1ﬁxed, it holds that
dimg AS([J/]() = 2(k + 1) + 4t(tk*1)’ (32)
dim]p Z(Ag@j,k)) =k+2.
where t; = (ZH) denotes the ith triangular number.
Proof. Note that, if x € 3(1’]’ then v(x) = (t,1). Furthermore, |Sl PR —k+1. O

Corollary 2. Fori > 1, <j < 241 and k > 1 fixed, the algebra Ag(l}]}k) has a length grading
induced from the path qlgebm FQgzijn, where Qxijx is the Brauer quiver associated with the
Brauer configuration F(K),

Proof. For any x € Séi’j’k), itholds that v, = t,. O

Remark 2. Note that Theorem 3 and Corollaries 1 and 2 also hold for Brauer configuration algebras
Agijx induced by Brauer configurations of type @ik,

3.2. Specializations

This section defines specializations e(; ; 1) (§ (L7K) of Brauer configurations by defining

maps €(; i x) SO — [0,1]01, where i,k > 1,1 < j < 2t*1 and [0,1]1%1 is the set of
functions from [0, 1] to [0, 1]. B
Fori>1,1<j< 2i+1 and k > 1 fixed, we define €(ij k) (3(1']'7‘)) in such a way that

eijn)(aGn0)(x) =0, foranyxe[0,1], i>1, 1<j<2h (33)
X, if xe 0,220,
— 243(j—1 . 243(/~1) 2+3;
e(i'jfl)(a(i'frl'l))(x) - %XJF 21‘94 )r if xe [2 %(is )/ 2i+3] - 2:‘13]1
. ¥
0, if xe (54— 551
where [0, 2+§’,-(13_ 1)} U [2+;(13_1), zzjf;] - 2,%} corresponds to the label I(; ;1 ) of f(; ;10)-
: 2+43j
0/ 530 lf X € [2/ %H»S] - 2%»32)/3
+ . + +
e(i/]"l) (ﬂ(i,]',l,Z))(x) = 2x — 21+3]’ if xe [£1+3] - #’ 217+3] - 21%]/
x if xe 2 -1
’ 21+3 2i+47

[2+3] 1243 1 243 1 1]

The label associated with f; ;1 1y1s [(;11) = [553 — 553, 373 — 53] U 555 — 5759

Remark 3. If i and j are fixed, then we write ak(ak) instead of gkt AGjk2))- a(x) =

e(i,j1)(agi,ji1)(x), a2(x) = e 1)@ j1,2)) (%), forany x € Lij10 (x € L jq 1))

If £ € [0,1])% and Supp(f) = {x € [0,1] | f(x) # 0}, then

243(G—1), 2+3(G—1) 2+3j 1
Supp(all{:\_aloal ~—_~-oa£):[0, 2113 Jul 21‘-&]-3 ’ 2i+3]_2i+3}’

k—times
243 1 243 1
2i+3  phtit2’ Qi+3 2h+i+3]’
(k—h)—times h—times (34)
Supp(a’zc =a30dp---0 a%) = I(i,j,k,k)’
k—times
I . 243 1 2+3j 1 243 1
(ijkk) — [ 2i+3  ok+it2’ it3 2k+i+3] [ 2i+3  pk+i+3’ J

Supp(ak~"al =aj0ay - ommoay---0a) = |
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a’l‘*hag is the specialization e(; ; 1 ( f(i,j,k,h)) of the word associated with the polygon f(; ; i 1)-

It is a function of the form:

ak*hag(x), if x ¢ [ﬁ NS S S ]

_ 1 2i+3 Qh+i+27 2i+3 oh+i+3 17
e . x) =
(EjK) (f(l’]'k'h))( ) {0, elsewhere.

where [% - ﬁr % — 2'“%3] is the label I; ;; ,y associated with the polygon f(; i -

The same notation is assumed for the Brauer configuration &("/X), In such a case,

2+3(j—1),, 2+3(j—1) 2+43j 1

k _ —

Supp(bl - bl o bl t 0 bl) - [0' 2i+3 ] [ 2i+3 ’ 5it3 2i+]‘+2]/

k—times
Supp(bé‘b’f_h = bl o bl c++0 blbz o b2 c++0 bz) = I(i,j,k,h)/ (35)
(k—h)—times h—times
2+3j 1 2+3j 1 24 3j 1
k _ —
Supp(by = ba o b: by---ob by) =1 2it3  pk+it2’ pitd 2k+i+3] [ 2i+3  pk+it3’ J-
k—times
Lijin = [2+§i(13*1) + zj_hl_H. —, 2+;(l;1) + zj_hlJr,. — | is the label associated with the polygon
8(i,jkh):
x if xe|0, 2*3}1;”],
243(j—1 o 1243(j—1) 2+3j
e(i,j,l)(b(i,j,l,l))(x) =42 - +21‘(415 )/ if [ +21'(4{3 )/ 2:—3] + 2i+j+2]/
. 2+3j
0 if x € (554 + 575710
0, if x €0, 2;33] + 2i+1j+2)’
2+3j 24-3j 2+3j
eiin(bijnz)(*) = { 3x+ 554, if x € [ﬁ‘ — sk o — Al

X, if xe (Zi—ﬁj—zlﬁ,l].

For i,k > 1 fixed, the specialized Brauer message ‘(%) (F (i'f'k)) has the form (see (20)
and (21)):

MR (FUIH) = e ;1 ) (f(i,j,k,O)) + e (fainn) T Feainh Fajcr) = Fijr-
F(i,j,k) = F(i,j,l) @) F(i,j,l) ) F(”l) for 1 S ] S 2’+1fixed. (36)

k—times

For i, k > 1 fixed, we let M; ; ) denote the set of specialized messages.
Fori k > 1, we define the sum of Brauer messages F(; i 1), F; i x) € M(; k) in such a
way that
Faiji + Fajr = Fajh © Fiijk- (37)

Remark 4. We adopt the same notation for Brauer messages and the corresponding operations
associated with Brauer configurations of type &("/K).

We let ik denote the subset of functions from [0, 1] to [0, 1] such that, for i,k > 1
fixed,

Hjp =1f 0,100 f= P"‘“ o+ G’E‘i’flk) +FE"“ )+G?1222k)
+F (zzéﬁllk) G(Zzil2 wy % = 11

H?t] x = Hijky © Hjy oo Hjpy,  He{F,G}.

(38)

ap—times
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It is worth recalling that Thompson’s group F (under composition) consists of those
homomorphisms of the interval [0, 1], which satisfy the following conditions [26,27]:

1.  They are piecewise linear and orientation-preserving.

2. In the pieces where the maps are linear, the slope is a power of 2.

3.  Points where slopes change their values are said to be breakpoints, which are dyadic,
i.e., they belong to the set B x B, where B = [0,1] N Z[1].

Breakpoints are used to identify any element f € F provided that such an element has
finitely many breakpoints. In other words, if the set of pairs {[ay,b1], [a2, b2), - .., [ax, Uk] }
represents f, it is assumed that (ag,bp) = (0,0) € f, (ax41,bk41) = (1,1) € f, and

big b _ = 2%, for some s > 0.
aj11—a;

For instance, the set of pairs {(§, 3), (1, 2), (3, %)} defines the function:

4x, if xel0,§],
2x + 1, if xeld 1],
f(x) = 1y 11
g( X+5), if X € [1, f]
T(x+3), if xe[41].

Some of the main properties of Thompson’s group F is that it is torsion-free and
contains a free abelian subgroup of infinite rank. Furthermore, F is an example of a
torsion-free F P group that is not of finite cohomological dimension.

Regarding Thompson'’s group of type F, we have the following result.

Lemma 2. For i,k > 1fixedand1 < j <2/ +1, ($i,j k), ©) is a subgroup of the Thompson’s
group F. In particular, §; ; 1y is a subgroup of §; j oy if k' divides k.

Proof. Firstly, we note that, forany j, 1 < j < 211 the messages F(i,]-,k> and G(l-,]-,k) are
elements of F, provided that they are compositions of elements F(; ; 1) and G; ; 1), which
are elements of F by definition. In fact, F; ;1) and G(; ;) are defined as follows:

x, if x e [0, 2301,
243(j=1) 2+3j
11’(‘1.,].,1,1), if xe| 21(4{3 )r 2i+3] 2113]
B k—h h . 2+3f 1 243j 1
Fijio(x) = Q8008010 I X €55 — 35m 500 — gom)s
r 2+43j 1 243
Mija12)” if x €[5 — 5 73]
xr lf X 6 [éﬁggrl]
. 24+3(j—1)
X, lf [ 1(J£3 ]/
X . 243(j=1) 243(j—1 1
b(i,j,l,l) if x [ 2113 ’ 21(413 ) + 2i+k+2]l
k—h . 243(j—1) 243(j—1
G(i,j,k) (x) = b?i,j,l,Z)b( i1,1)7 if x [ 223 21+k1—h+3/ zi(JZS ) + 2i+k1—h+2]/
X . 2+43(j—1) 1 243(-1 1
b(i,j,l,Z)’ if x [ 2,(413 2i+3/ 21'(4{3 ) + 2i+2]/
. 2+43(j—1)
x/ lf [ 2113 21}+2 4 1]
where
1 243(j-1) B 2+3j
Yija) = ¥ o MG T 2X T S )
b _> 2+3(j—1) 1 243
(A1) = 2%~ om0 Y612 T 5% T S
Thus, for i, j and k fixed, it holds that G . \ = (F/" )~L. For

(i,jk) (i,jk)
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f — Fal,l + Gt(’éil,lzk) + Fa'zélk) + Gl’{z,z 44 F“ZMJ + Gﬂczm/z

(i,1,k) (1,2, (1,2,k) (1,241 k) (1,241 k)
— P 4GP P G2 FPE LGP holds that fog =
8= Fitny TOuL0 T2k T %2k (21 k) T P2 k) &=
a1,1+P1a 212+P1,2 221+ P21 a22+P22 Xait 1,1 TByi+1 4 Xit1,2FByit1 5
Fiin ~tCuin ~ TEign ~ tGaa T g + G g :

Thus, fog € F. Therefore, §); ;) is a subgroup of Thompson’s group. We are
done. 0O

The following Theorem 3 proves that if the subgroup ; ; ) is endowed with the sum
defined for messages M; 1), then it is a brace. Note that, if f, g € $; ;x), then

_ 11 12 21 a2 Xoit1,1 X5it1,2
F=Fiin T Guin T Eise T G T T E g T Gy

_ rbia B12 B2 B2 Boi+1,1 Byi+1,2
8= Fiin T Guin T Fizo T Gl T Eihisi gy T Gty and

Bt Boit+11 B2 B2 B2 B11 Xyit12 Xoit1,1

frg= G(fzfﬂ,k) oF (i,zzf+1,k) 0 0G5 O F i3 09610 ik © G(fzfﬂ,k) oF (fzfﬂ,k) ©
X22
e G o

2,1 X1,2 1,1
20 © Fia © G © Fie € Dk

Theorem 3. Foranyi,k > 1fixedand1 <j < 211 it holds that (55(1-,]-/,{), o, +) is a left brace.

Proof. Lemma 3 proves that ()(; 1), ©) is a group. In particular, f +idg;) = f, for any
f€9ijk), e, idgy =0. f+ (¢+h)=(f+g)+h forany f,g,h € (i jk)-

: -/ F G FG
Forj # j/, let D(i,(j,j/),k)' D(Z.,(j,].,),k), and D(i,(j,j’),k) be subsets of [0, 1] such that

Dy = 1 € [0,1] | Fijp (x) # x} 0 {x € [0,1] | Fyjrp(x) # 2},
DG i = (X €10,1) [ Gijpy (%) # x} N {x € [0,1] | G i (x) # x3, (40)
Dé:iij,]'/),k) ={x€[0,1] [ Fy p(x) #x}N{x €[0,1] | G 1) (x) # x}.

= DG = DIG = ¢, it holds that

. F
Since Dy, k) — TGk

(i, ) K)
Fiijr © Fijky = Fijr ) © Fiijkys
Gijik © Gk = Gij k) © Gk
Fiijxy o Gji) = Glij o © Fijkys (41)
Fiijr 0 Giijr = idoa),
Glijk © Fije = ijoq)-
Thus, forany f,¢ € $(;;x), f + § = g+ f. Moreover,

fo(g+h)+f=fofohog,

(42)
fog+foh=fohofog=fofohog.

We are done. [

The following elements of Thompson’s group F are examples of generators of the

subgroup 55(1,]-,1).
X, if xe]lo, %],
1 1 . 11
Fiqiq(x) = 2%+ 16/ lfxe[g'l]/
(A1) 2x—15—6, ifxé[%,%},
X, if x€ [, 1]
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x’ lf x € [0’ 1%]/
1 5 . 210
Foan ()= 3R i el gl
2, ZX*%, if xe[%’%]l
X, if xe [%11].
X, if x € [0’%],
Fuan(x) = 435 HE Exelh)
3, ZX—%, if x € [g,%],
X, if x € [%1/1]_
X, if x e [0/%]’
1 11 . 1%
Fa,a1)(x) = ¥ty i xelp il
A, ZX—%, if xe[%,%]l
X, if x € [%11].
X, if x € [0,%}/
1 . 1 3
G (x) = %x — L if x € [g?,lﬁ]’
A, 53X+ 35, if x e [E'Z]r
X, if x € [411,”'
x, lf X € [0’ 1%]/
5 . 5 3
G (x) = fx 1 if xe [?6,7@],
2, 53X+ 3, if xe[g/ﬁ]l
X, if x € [%,1].
X, if xe [0,%},
1 . 1 %9
Guan(@) =47 % ¥ rC Ll
2 §x+37, if x €& [Erg]/
X, if x € [g,l}.
X, if x €011,
— 5 13
X+ 15, if x€ [Z,E],
X, if x € [%6'1]-

4. Concluding Remarks

We defined Brauer configurations of type §*/*), which induce reduced and inde-
composable Brauer configuration algebras. Specializations of the corresponding Brauer
messages give rise to braces associated with Thompson’s group F. Such braces allow
building non-degenerate involutive set-theoretical solutions of the YBE.

Future Work
The following are interesting tasks to carry out in the future:

1. To determine braces of type ); ;x) associated with Thompson’s groups of type T
and V.

2. To determine braces based on the Cayley graph of Thompson’s group, F, T, and V.

3. To give applications of the obtained results in graph energy theory, cryptography, and
coding theory.
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Abbreviations

The following abbreviations are used in this manuscript:

BCA Brauer configuration algebra
dimp A Dimension of a Brauer configuration algebra
dimp Z(Ap) Dimension of the center of a Brauer configuration algebra
F Field
My Set of vertices of a Brauer configuration M
M(P) Brauer message of a Brauer configuration P
tn nth triangular number
val(x) Valency of a vertex a
Vg val (a)p(a)
w(M;, fi) The word associated with a polygon (M;, f;)
YBE Yang-Baxter equation
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