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Abstract: Similarity measures, distance measures and entropy measures are some common tools
considered to be applied to some interesting real-life phenomena including pattern recognition,
decision making, medical diagnosis and clustering. Further, interval-valued picture fuzzy sets
(IVPESs) are effective and useful to describe the fuzzy information. Therefore, this manuscript aims
to develop some similarity measures for IVPESs due to the significance of describing the membership
grades of picture fuzzy set in terms of intervals. Several types cosine similarity measures, cotangent
similarity measures, set-theoretic and grey similarity measures, four types of dice similarity measures
and generalized dice similarity measures are developed. All the developed similarity measures are
validated, and their properties are demonstrated. Two well-known problems, including mineral field
recognition problems and multi-attribute decision making problems, are solved using the newly
developed similarity measures. The superiorities of developed similarity measures over the similarity
measures of picture fuzzy sets, interval-valued intuitionistic fuzzy sets and intuitionistic fuzzy sets
are demonstrated through a comparison and numerical examples.

Keywords: similarity measures; interval-valued picture fuzzy sets; pattern recognition; multi-attribute
decision making

1. Introduction

The concept of fuzzy set (FS), a tool that deals with uncertainty, was proposed by Zadeh [1] in
1965. In FS, there is a function from a non-empty set to the closed unit interval [0, 1] which gives the
degree of membership of an object to a non-empty set. FSs have many applications in decision making,
pattern recognition, etc. A generalization of FSs called interval-valued fuzzy sets (IvFSs) were also
proposed by Zadeh [2]. In IVFSs, the membership degree is expressed by an interval which is basically
sub-interval of [0, 1]. Like FSs, IvFSs have many applications in the field of decision making, pattern
recognition, etc.

Another generalization of FSs called intuitionistic FSs (IFSs), was proposed by Atanassov [3].
In IFSs, there are two functions named as the membership function and non-membership function
with the condition that sum of the membership and non-membership must belong to a closed unit
interval. Many authors used IFSs to develop applications in decision making, pattern recognition, etc.
Atanassov and Gargov [4] proposed the concept of interval-valued IFSs (IvIFSs). In IVIFSs the degrees
of membership and of non-membership are expressed by intervals which are sub-intervals of [0, 1] and
they keep a condition that the sum of supremums of these intervals must belong to [0, 1].
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Coung [5,6] proposed the concept of picture FSs (PFSs) which is generalization of IFSs. PFSs
consist of three functions named as membership, abstinence and non-membership functions. Like in
IFSs, PESs also have the condition that the sum of all three values of a point must belong to a closed
unit interval. The concept of interval-valued PFSs (IvPFSs) was also proposed in [7]. In IVPFSs, the
degrees of membership, abstinence and non-membership are given in closed sub-intervals of [0, 1] and
have a condition that the sum of the supremum of all three subintervals must belong to a closed unit
interval. Obviously, IVPFSs can describe fuzzy information more easily than FSs, IFSs, IvFSs and PFSs.

Similarity measures (SMs) are an important measure about the similarity between two objects.
Now, many researchers developed different SMs and used them in the fields of MADM, pattern
recognition, mineral field recognition, building material recognition, strategy decision making, etc.
Dhengfeng and Chuntian [8] proposed SMs for IFSs and then used them to solve a pattern recognition
problem. Hung and Yang [9] used the Hausdorff distance to propose a new SM and used these SMs
for pattern recognition problem. Ye [10] proposed some cosine SMs for IFSs. Xu [11] solved MADM
problems using proposed SMs. Hwang et al. [12] proposed new SMs based on the Jaccard index for
IFSs. Nguyen [13] proposed some SMs and dissimilarity measures for IFSs. Garg [14] proposed some
improved cosine SMs for IFSs and solved decision-making problems using these SMs. Szmidt and
Kecprzyk [15] proposed SMs for IFSs and used them to solve medical diagnostic reasoning problems.
Meng and Chen [16] proposed SMs using entropy and then used these SMs to solve pattern recognition
problems. Tang et al. [17] proposed dice SMs and generalized dice SMs and applied these SMs to
group decision making. Xu and Chen [18] made a comparative overview of different SMs, which are
proposed using Hamming distance, weighted Euclidean distance, etc. Moreover, this overview is also
extended for interval-valued intuitionistic fuzzy sets (IvIFSs). Ye [19] proposed cosine SMs for IvIFSs
and solved MADM problems using these SMs. Wei et al. [20] proposed SMs using entropy measures
for IvIFSs and applied these SMs to MADM, pattern recognition and medical diagnosis problems.
Lui et al. [21] proposed interval-valued intuitionistic fuzzy ordered weighted cosine similarity measure
and used these SMs to solve investment decision making problems. Salvachandran et al. [22] solved a
pattern recognition problem using SMs for complex vague soft set. Liao and Xu [23] proposed SMs
for hesitant fuzzy linguistic information and solved qualitative decision-making problems. Chen and
Chang [24] used transformation techniques to propose SMs and applied these SMs to solve pattern
recognition problems. Rani and Garg [25] proposed distance measures between complex IFSs to solve
decision making problems. Mishra et al. [26] proposed SMs with intuitionistic fuzzy WASPAS method
and solved MADM problem with them. Garg and Kumar [27] used set pair analysis theory to propose
new SMs and applied proposed SMs to decision making problems. Garg [28] proposed distance and
SMs for intuitionistic multiplicative preference relation and solved pattern recognition and medical
diagnoses. Obviously, there are a large number of research results about SMs for different FSs.

For the SMs based on PFSs, there are some achievements. Wei [29] proposed some SMs for PFSs
and applied these SMs to mineral field recognition and building material recognition applications.
Son [30] proposed generalized picture distance measure and applied it to picture fuzzy clustering.
Wei [31] proposed some SMs for PFSs and applied these to strategy decision making problem. Wei and
Gao [32] proposed generalized dice SMs for PFSs and applied these to building material recognition.
Wei [33] solved MADM problem using picture fuzzy cross entropy. In decision making problems, the
decision makers have to give their results in the form of different fuzzy framework but if there is a
large amount of data then it is difficult to cover it in fuzzy framework. For example, in the case of
“daily mean temperature of a city”, there could be multiple readings are taken at different stations
within that particular city, all of which are presented in the dataset. To convert this data into one IvPFN
or any other fuzzy framework there are some methods discussed in [34-36]. Some decision-making
problems for different tools for uncertainty are discussed in [37—44]. SMs defined above have their
own significance but these SMs fail when information given as:
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[0.40,0.50], 0.71,0.79], [0.21,0.30],
[0.12,0.23], 0.07,0.09], 0.12,0.22] ,
0.19,0.23] 0.10,0.12) [0.39,0.44]
[0.27,0.43], 0.42,0.51], 0.14,0.23],
[0.08,0.28], [0.13,0.29], 0.21,0.29],
[0.16,0.23] 0.07,0.27] [0.30,0.40]

Thus, in this manuscript, some improved SMs are developed for interval-valued picture fuzzy
sets (IVPFSs). The key features of this paper are:

1.  To propose different SMs, such as cosine SMs, cosine SMs based on cosine function, SMs based on
cotangent function, grey SMs, set-theoretic SMs, dice SMs and generalized dice SMs for IvPFSs.

2. Todevelop applications to strategy decision making and mineral recognition. In such applications,
we will describe that how the opinion of decision makers can be brought into the picture fuzzy
environment using a decision matrix and to be processed by using the proposed approach. Once
the picture fuzzy data is processed, we then utilize the score and accuracy functions to analyse
the obtained results.

3. To discuss the advantages of proposed new methods over the existing SMs of other
fuzzy frameworks.

4. Tomake a comparative study with some existing SMs and to show the superiority and effectiveness
of our proposed work.

5. To discuss some future aspects of our proposed study where the applicability could be improved.

In this manuscript, Section 2 gives some basic definitions that make an ease for reader to understand
these basic concepts. In Section 3, we propose some SMs for interval-valued picture fuzzy information
SMs, such as cosine SMs, cosine SMs based on cosine function, SMs based on cotangent function, grey
SM, set-theoretic SM, dice SMs and generalized dice SMs. In Section 4, applications of strategy decision
making and mineral recognition are established and results are studied. Section 5 is about advantages
of proposed work over existing work. Section 6 offers the conclusion to the whole manuscript.

2. Preliminaries

In this section, we define some basic notions that will help readers to understand later sections.
From now to onward, if stated, otherwise, X is used as universal set.

Definition 1. [1] A FS on X is defined as:
T = {(x,m(x))| x € X}, (1)

where m : X — [0, 1] is called membership function and it describes the degree of membership of an object to a
non-empty set. Each m(x) is called fuzzy number.

Definition 2. [2] An IvFS on X is defined as:
T = {(x,mr(x))| x € X}, @)

where mp = [mrr, mry| is subinterval of [0, 1] and it expresses the degree of membership by sub-interval and
each my(x) is called interval-valued fuzzy number (IvFN).

Definition 3. [3] An IFS on X is defined as:

T={(x, m(x),n(x))| xeX}, ®3)
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where m,n : X — [0, 1] are called membership and non-membership functions. An IFS has a condition that the
sum of both functions must lie in unit interval and the degree of refusal is defined as r(x) = 1 — (m(x) + n(x)).
A duplet (m(x),n(x)) is called an intuitionistic fuzzy number (IFN).

Definition 4. [5] An IvIFS on a universal set X is defined as:
T ={(x, mT(x),nT(x))| x € X}, (4)

where mr = [mrr, mryl, nt = [nrr, nry) and mr,ny : X — [0,1]. An [vIFS has a condition that the sum of
supremum of membership and non-membership functions must lie in unit interval. A duplet (mr(x), nr(x)) is
called interval-valued intuitionistic fuzzy number (IvIFN).

Definition 5. [7] A PFS on X is defined as:
T = {(x, m(x),i(x),n(x))| x € X}, (5)

where m,i,n: X — [0,1] are called membership, abstinence and non-membership functions. A PFS has a
condition that the sum of all three functions must lie in unit interval and the degree of refusal is defined as
r(x) =1—(m(x)+i(x) +n(x)). Atriplet (m(x),i(x),n(x)) is called a picture fuzzy number (PEN).

Definition 6. [7] An [vPFS on a universal set X is defined as:

T= {(x/ mT(x)/ iT(X),TlT(X))| X € X}/ (6)

where mp = [mrr, mryl, it = litL, itul, nr = [nrL,nry] and mr,ir,ny : X = [0,1]. An IvPFS has a
condition that the sum of supremum of all three functions must lie in unit interval. A triplet (my(x),ir(x), nr(x))
is called interval-valued picture fuzzy number (IvPFN).

3. Similarity Measures

In this section, some SMs like cosine SMs, cosine SMs based on cosine and cotangent functions,
grey SMs, set-theoretic SMs, dice SMs and generalized dice SMs are defined for IvPFSs. Some basic
properties of these SMs are also defined.

3.1. Cosine Similarity Measures for I[vPFSs

In this subsection, some cosine SMs and weighted cosine SMs for IvPFSs are defined and some
basic properties of these SMs are also discussed.

Definition 7. For any two [vPFNs Ty = (mTl, iT,, nTl) and T, = (mTz, iT,, nTz), an interval-valued picture
fuzzy cosine similarity measure (IvPFCSM) between Ty and T is defined as:

[vPFCSM! (T4, T>) =
mry (xe)mr,r (xe) + i1y (xe)iTyr (xe) + nyn (o), (xe) + mryu () mryu (xe)
+iru(xe)iru(xe) + nryu(xe)nr,u(xt)
1 m%lL(xt) + i%lL(xt) + nleL(xt) + m%lu(xt) my () + 13 () + | (xe) +mp (xe)+
\ —l—z%lu(xt) + n%lu(xt) \ z%zu(xt) + n%Zu(xt)

>l
[N aeks

@)

For k = 1 the above equation becomes correlation coefficient between IvPFSs.
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Theorem 1. For any two [vPFNs T1 = (mTl,iTl,nTl) and Ty = (mTz,iTz,nTz), cosine similarity measure
satisfies the following properties:

i 0 < IoPFCSM(Ty,T,) < 1.
ii. IvPFCSM! (T, T2) = I[vPFCSM*'(T,, Ty)
iti.  For Ty = Ty, [nPFCSM'(Ty,T,) = 1.

Proof.

(i) As membership, abstinence and non-membership of both IvPFNs belong to [0, 1], so it is obvious
that [vPFCSM' (T, T,) belongs to [0, 1].

(ii). Holds trivially.

(iii). If Ty = Tp thenmr,. = mr,L, mryu = Mr,u, inL = iT,L, in,u = iT,u, "T,L = NT,L and nyy = nr,u-

and then

m2 ()2 (xp)4n2 () 4mZ ()2 () +n2 ) (xg)
ToPECSM(T , T -1 L ‘TlL TiL T1U 'T]u T U
v (Tq, T2) k b %lL(xt)+l%1L(Xt)+n%-]L(Xt)+ﬂ1%]u(xz)-‘rl%]u(xt)—‘rn%]u(xt)
k
_ 1 17
=1 Y1=1k=1
t=1

O

Definition 8. For any two [vPFNs T = (mTl, iy, nTl) and T, = (mTz, iT,, nTz), weighted cosine similarity
measure between Ty and T is defined as:

IoPFWCSMY (T4, T>) =
mr, L (xe)mr,p (xe) + iy L (%) iT, (xe) + nyn (xe)nr,n () + mryu (xe) mryu (xe)
Zkl o +iru(xe)iru(xe) + nru(xe)nr,u(xe)

t o o

t=1 m7 () + 7 () + g () +m () + | md () i (xe) + 0 () +md () +
\ ’%1u(xf) + ”%1u(xt) \ lgzu(xf) + ”%zu(xf)
. (8)
where = (W1, ......... , wy) is a weight vector satisfies wy € [0,1] and Y, wy = 1.
=1

Theorem 2. For any two [vPFNs Ty = (mTl, iTy, nTl) and Tr = (mTZ, iT,, nTz), the weighted cosine similarity
measure satisfies the following properties:

i. 0 < IoPFWCSM'(T1,T,) < 1

ii. IvPFWCSM' (T4, T) = IvPFWCSM (T, Ty)
iii.  For Ty = Tp, WPFWCSM'(Ty,T2) = 1

Proof.

(i). As membership, abstinence and non-membership of both IvPFNs belong to [0, 1], so it is obvious
that [oPFWCSM(Ty, T») belongs to [0, 1].
(ii). Holds trivially.

(iii). If Ty = To thenmy,; = mr,, mr,u = MU, iT,L = IT,L, iIT,U = iT,U, NTyL = NT,L and ny,y = nr,y.
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and then
IvPFWCSM (T4, T>)
B f N m%lL(Xr)“%lL(Xr)+”%1L(xt)+m%lu(xf)“%lu(xf)*”%lu(xf)
= T N O R AR S AR AN E T A ©
= wt = 1.
t=1

O

Definition 9. For any two [vPFNs T1 = (mTl,iTl,nTl) and T, = (mTz,iTz,nTz), the cosine and weighted
cosine similarity measure based on four functions membership, abstinence, non-membership and refusal between
Ty and Ty are defined as:

[vPFCSM?(Ty, T2) =
m, L (x¢)mr,r (%) + i1, 0 (X )iT,r (X¢) + nr,p (X)) nr,n (xr) 4+ 11,0 (X)) rron (%) + mry i (xe) mryu (xe) +

1 i iryu (xe)iTyu (xe) + nryu(xe)nryu (x) + rryu () rryu ()
k : ;
t=1 my (o) + 7 () +nd ) Oa) + 1% () + | w3 () + i3 () + 0 () + 13, () +
m%“lu(xt) + i%"lu(xf) + n%lu(xt) + r%"lu(xt) m%zu(xi) + i%zu(xf) + n%‘zu(xt) + r%‘zu(xt)
(10
and:
IoPFWCSM?(Ty, T>) =
me,L(x¢)mr,r (%) + i1, 0 (X¢)iT,r (X¢) + nr,n (X)), (xe) 4+ 71,0 (%) rron (%) + mryu(xe)mryu () +
f o iryu (xXe)iTyu (x¢) + nryu (xe)nryu (xe) + rryu () rreu(xe)
j ; ;
=1 m%lL(xt) + z%]L(xt) + n%lL(xt) + r%lL(xt)+ m%zL(xt) + zZTZL(xt) + nZTZL(xt) + r%ZL(xt)—i—
\ m%lu(xt) + ileu(xt) + nZTlu(xt) + rZTlu(xt) \ szzu(xt) + i%zu(xt) + n%zu(xt) + r%zu(xt)
(11)
where weight vector = (w1, ......... , a)k)T is with a condition that for t =1,2,......... Jkw €10,1) and
k
Z wt = 1.
=1

Theorem 3. For any two [vPFNs T = (mTl, iT,, nTl) and To = (mTZ, iT,, T, ), cosine and weighted cosine
similarity measures based on four functions satisfy the following properties:

i 0 < [vPFCSM?(Ty, T) < 1.

ii. IvPFCSM? (T, T,) = I[vPFCSM?(T,, Ty)

iti.  For Ty = Ty, [nPFCSM?(Ty,T,) = 1.

iv. 0 < IWPFWCSM?(Ty, T;) < 1

V. IvPFWCSM? (T4, T,) = IvPFWCSM?(T,, T1)
Vi. For T1 = T, [WPFWCSM?(Ty,T,) = 1

Proof. The proofs are similar to Theorems 1 and 2. O
3.2. Cosine Similarity Measures for [vPFSs Based on Cosine Function

In this subsection some cosine SMs based on cosine function and some weighted cosine SMs
based on cosine function for IvPFSs are defined. Some basic properties of these SMs are also discussed.
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Definition 10. For any two [vPFNs T = (mTl, iy, nTl) and T = (mTz, i,, nTz), cosine similarity measures
based on cosine function between these two IvPFNs are defined as:

[PFCsSM (T, Tp) = + Lf, Cos{ [ oy = mry | \\//|11TT1L - lszZL\/J;iZlTL ; ”Téli;/kﬂﬂu mrul ]} (12)
'l 1
[vPFCsSM?(Ty,T,) =
1 i { [ lmr,L = mry| + iryL i]sz)+)nT1L_nT2L)+’mTlu_mTzu| ]} (13)
] +lit,u —ir,u| + |nT,u — nTu

Further, cosine similarity measures using four functions membership, abstinence, non-membership and

refusal are defined as:

IvPFCsSM?3(Ty, Tp) =
1 Zk: cos{ﬂ[ [mr, = mr,r| Virye = i | Ve = e Ve - roo }} (14)
“iS 2] Vmru = mru| Vit = itu| Vinru = nru| Virmu - rou

[oPFCsSM*(Ty, T) =
1 Zk: cos{ﬂ[ |mT1L —mpL|+ 1:T1L - i.TzL) =+ ‘nTlL - nT2L| + (TrlL - 7”T2L| ]} (15)
a 4 +|mT1U_mT2U + 1T1U_1T2U| + [nTyu —hTul| + |'mu U

Theorem 4. For any three [vPFNs Tq = (mTl,iTl,nTl), T, = (mTz,iTz,nTz) and Tz = (mT3,iT3,nT3), all
IvPFCsSMs satisfy the following properties for p =1, 2, 3, 4.

i
ii.

ii.

0 < [vPFCsSMP(T1,T>) < 1.
IUPFCSSW(Tl,Tz) = IUPFCSSW(Tz, Tl)
For Ty = T,, IvPECsSMP (T1,T,) = 1.

iv. Consider Ty C Tp C T, then [IoPFCsSMF (T1,T3) < [vPFCsSMP (T4, T»)
V. and [vPFCsSMP (T1, T3) < IvPFCsSMP (T, T3)
Proof.
(). Since value of cosine function lies in [0, 1], so it is obvious that value of [vPFCsSMF (T, T>) lies in
[0,1] forallp =1,2,3,4.
(ii). Trivially hold.
(iii). For Ty = Ty, mr, = mr,L, MT,u = MT,U, iT,L = IT,L, iT,u = iU, "T,L = NT,L, NTyU = NT,U,
7L = TT,L and U = YToU- This shows that:
my,p —mr,r| = 0, |it,L — iT2L| =0, |ntyL - TZTZL( =0, —itul = 0,
I’lTlu —nr,u| = 0.
k k
Thus, [vPFCsSM'(Ty,T,) = ¢ Y cos{0} =+ ¥ 1
t=1 t=1
Similarly, for p = 2, 3,4, the others can also be proved.
(iv). ForT; C T, C Tj, mr,L < mr,[ < MT,L also mr,u < mr,u < mMryy-

Similarly, it,; < it <iryL, iTyu < iTu < iU, NTYL 2 NT,L 2 Ny @nd ATy 2 MU 2 ATU-
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Fort=1,2,........ ,k we have:
|mT1L —mr,L| < |mryL — mT3L|
iT,L —iT,L| £ |iTyL — iT5L
|nT1L —Nn,L| 2 |1y — nT3L|
mr,u — mrul| < |Mmryu — Mr,u
iT,u —itu| < |iT,u — iT5U
|nT1U —nrul 2 |hryu — Tngu’

As cosine function is decreasing in [0, %], so [vPFCsSM (T4, T3) < I[vPFCsSM?(Ty, T,) and also by
following same method it can be proved that [vPFCsSM' (T4, T3) < [vPFCsSM* (T, T3).
Similarly, for p = 2, 3,4, the others can also be proved. O

Definition 11. For any two I[vPFNs T = (mTl, iT,, nTl) and Ty = (mTz, iT,, nTz), weighted cosine similarity
measures based on cosine function between these two IvPFNs are defined as:

[oPFWCsSM! (T4, T») =
Zk: o cos{ﬂ[ |mr,L = mryc| Vi —inye| V|nn e = oy Vmru = moul ]} (16)
=1 2 Vlit,u = iru| V|rru — nru
[WPFWCsSM?(T1,T,) =
5 COS{ [ |, = mryr| + ity = itoL| + [y = no| + ey = mryul ]} (17)
t=1 +lir,u —iru| + [PTyu — nTLU

Further, the weighted cosine similarity measures using four functions membership, abstinence,
non-membership and refusal are defined as:

IvPFWCsSM3(T1, T,) =
f {n[ Imr,L = mrc| Vit = int| Vnr e = nro| Ve = o ]} (18)
W} COSY 7 . .
=1 \/‘mTlu —mru| Vinu —iru| Vinru = nru| V|rmu = rmu
TvPFWCsSM*(Ty,To) =
k {n[ |mr, = mr,c| + lin,L = inc| + [y = nroc| + rrye = oo ]} (19)
Y. wrcosy . .
t=1 +|mru —mru| + |inyu —inu| + |PTyu — AUl + ['Tyu — LU
where weight vector w = (w1, ......... , a)k)T is with a condition that fort =1,2,......... Jkw €10,1] and
Z wy = 1.
t=1

Theorem 5. For any three [vPFNs Ty = (mTl,iTl,nTl), T, = (mTz,iTz,nTz) and Tz = (mT3,iT3,nT3), all
IvPFWCsSMs satisfy the following properties fort =1, 2,3, 4.

i 0<IoPFWCsSM!(T;,Ts) < 1.

ii.  [wPFWCsSM!(T, T») = [oPFWCsSM! (T, T1)

iii. ForTy =T>,, IUPFWCSSMt(Tl,Tz) =1

iv. Consider Ty C T, C Tz, then IwvPFWCsSM!(Ty,T3) < IvPFWCsSM!(Ty,T,) and
[wPFWCsSM! (T, T3) < [oPFWCsSM! (T, T5)

Proof.

(). Since value of cosine function lies in [0, 1], so it is obvious that value of [vPFWCsSM!(Ty, T,) lies
in[0,1]forallt =1,2,3,4.
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(if). Trivially hold.

(iii). For Tq = Ty, MT,L = MT,L, MTyu = MT,U, iTlL = iTer iTlLI = iTZU/ nT,L = NT,0, NT,U = NT,U,
rr,L = 1,1 and rru = rr,u. This shows that:

my,p —mr,.| = 0, —iT2L| =0, —nTzL( =0, —itul = 0,
nT]u - I’szu =0.
Thus:

[wPFWCsSM! (T4, T») Z w; cos{0) = Z wr =1

Similarly, for t = 2,3, 4, they can also be proved.
(iv). For Ty € Tp € T3, my,L < mr,p < mr,y also mry < mr,u < mryy-

Similarly, iT1L < iTzL < iT3L, iTlll < iTzLI < iT3U/ nr,L 2 NT,I 2 NT,L and nr,u 2 NT,u 2 NT3U-

Fort=1,2,........ ,k we have:
|mT1L —mr,L| < |mryL — mT3L|
iT,L —iT,L| £ |iTyL = iT5L
|nT1L —N,L| 2 |nTyL — nT3L|
mr,u — mrul| < |Mmryu — Mr,u
iT,u —itpul| < |iT,u — iT5U
|nT1U —nru| 2 |hTyu — Tngu’

As cosine function is decreasing in [0, g], so [vPFWCsSM!(Ty, T3) < IoPFWCsSM!(Ty, T,) and
also by following same method it can be proved that [oPFWCsSM' (T4, T3) < [vPFWCsSM*(T», T3).
Similarly, for t = 2, 3, 4, the others can also be proved. O

3.3. Similarity Measures for [vPSs Based on Cotangent Function

In this subsection, we proposed some cotangent SMs based on cotangent function and some
weighted cotangent SMs based on cotangent function for IvPFSs, and some basic properties of these
SMs are also discussed.

Definition 12. For any two IvPFNs T1 = (mTl,iTl,nTl) and Ty = (mT2,iTZ,nT2), a cotangent similarity
measure based on cotangent function between these two IvPFNs is defined as:

[vPECtSM (T, T,) =
1 & - |mT1L mr,| Vit =i, | V|nrye = nron| Vmr,u = mr,u| (20)
% Z cot Z
- Vlit,u —itu| V|nru — nru

Further, then cotangent similarity measures using four functions membership, abstinence, non-membership
and refusal is defined as:

IvPECtSM?(T1,T,)
1 &k - |mT1L - mTle V|iT1L - iT2L| \/|nT1L - nT2L| \/|7T1L - VTle \/|mT1u - mTzul (21)
=% Z cot T + Y . .
=1 Viit,u = irul VinTu — nru| Vrmu = rmu

Theorem 6. For any three [vPFNs Ty = (mTl,iTl,nTl ), T, = (mTZ,iTZ,nTz) and Tz = (mT3,iT3,nT3), all
IvPFCtSMs satisfy the following properties for t =1, 2:

i 0 < IvPFCtSM!(T,, T,) < 1.
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ii. IvPFCtSM! (T, Tp) = IoPFCtSM'(T,, T1).

iii. For Ty = T», IvPFCtSM' (T4, T,) = 1.

iv. Consider Ty C T, C T, then ToPFCtSM! (T4, T3) < [vPFCtSM'(Ty, Tp) and [vPFCtSM'(Ty, T3) <
[vPFCtSM! (T, T3).

Proof. The proofs are similar as in Theorem 4. O

Definition 13. For any two [vPFNs T = (mTl,iTl,nTl) and Tr, = (mTZ,iTz,nTZ), a weighted cotangent
similarity measure based on cotangent function between these two IvPFNs is defined as:

[oPFWCtSMY(Ty, T>) =
f w; cot{ﬂ + E[ |y = | v|iT1L ~inL VlnrL = nroc| V|mr,u - moul ]} (22)
=1 +d Vlit,u = iru| V|rru — nru

Further, then weighted cotangent similarity measure using four functions membership, abstinence,
non-membership and refusal is defined as:

[wPFWCtSM?(Ty, T>) =
f W cot{ﬂ + z[ |mT1L - mTzL| Vit — iT2L) \/|nT1L - 7’1T2L| \/|7’T1L - FTZL. ]} (23)
=1 08 Vmr,u - mru| Vit = inu| V| = nru| Vrmu - reu
where weight vector w = (w1, ......... , wk)T is with a condition that fort =1,2,......... Jkw €10,1) and
k
Z wr = 1.
=1

Theorem 7. For any three [vPFNs Tq = (mTl,iTl,nTl), T, = (mTZ, iTz,nTz) and Tz = (mT3,iT3,nT3), all
IvPFWCtSMs satisfy the following properties for t = 1, 2:

i. 0< IZ)PFWCtSMt(Tl,Tz) <1

ii.  IoPFWCESM!(Ty,Ty) = [oPFWCESM! (Ty, Ty)

ii.  For Ty = Ty, PFWCISM!(T;, Ty) = 1.

iv. Consider T, C T, C Ts, then IvPFWCtSM!(Ty,T3) < IoPFWCtSM!(Ty,T,) and
[oPFWCtSM! (Ty, T3) < [oPFWCtSM! (T2, T5).

Proof. The proofs are similar as in Theorem 5. O

3.4. Set-Theoretic Similarity Measures and Grey Similarity Measures for [vPFSs
In this subsection, set-theoretic SM, Grey SM and weighted set-theoretic SM, weighted Grey SM

for IvPFSs are defined, and some basic properties of these SMs are also discussed.

Definition 14. For any two IVPFNs T = (mTl, iT,, nTl) and T, = (mTZ, iT,, T, ), an interval-valued picture
fuzzy set-theoretic similarity measure (IvPFStSM) between these IvPENSs is defined as:

TvPFStSMY(Ty,To) =
mr,L(xe)mrr (x¢) + iy (X )T, (%) + nryp (xe)n,n (xr) + mryu () mryu (xe)
1 i i _ 2+iT1u(xt)i2Tgu(xt) +nT;U(xt)nTzlé(xt) ] ] (24)
=1 mi () iz () + g () +mp () om ) () g (xe) +n (xe) +mg (x)+ ]
—&—i%lu(xt) + nzrlu(xt) ’ i%zu(xt) + n%zu(xt)
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Theorem 8. For any three [vPFNs Tq = (mTl,iTl,nT1 ), T, = (mTz,iTQ,nTz) and Tz = (mT3/iT3rnT3)/ the
IvPFStSM satisfies the following properties:

i 0 < IvPFStSM!(Ty,T,) < 1.

ii. [vPFStSM' (T, T) = IvPFStSM' (T, T)

iti.  For Ty = Ty, [oPFStSM'(Ty,T,) = 1.

iv. Consider Ty C To C T3, then I[vPFStSM*(Ty, T3) < IvPFStSM' (T4, Ty) and TvPFStSM* (T, T3) <
IvPFStSM' (T, T3)

Proof.

(i). As membership, abstinence and non-membership of both IvPFNs belong to [0, 1], so it is obvious
that I[oPFStSM' (Ty, T,) belongs to [0, 1].
(ii). Holds trivially.

(iii). If Ty = To thenmy,; = mr,, mr,u = MU, iT,L = IT,L, iT,U = iT,u, NTyL = NT,L and ny,y = nr,y.

and then
komd () +i2 | (x)+n ()+m2 (xt)+i2.  (x)+n2 4 (xr)
1 PF 1 T T — 1 T1L TlL T1u 'Tlu U
v SfSM( 1/ 2) ktzl mTlL( xt)+i (Xt) ( )+m%lu(xt)Jrl%lu(xt)Jrn%lu(xt)
k
=i L1
!
= %k =1

O

Definition 15. For any two I[vPFNs T = (mTl, iy, nTl) and Ty = (mTZ, iTz,nTz), an interval-valued picture
fuzzy weighted set-theoretic similarity measure (lvPFWStSM) between these [vPFNs is defined as:

TvPFWStSM! (T, T>)
ey, (xe)mT,r (X)) 4 i1y L (%) i,L (X¢) 4 nry L (xe) i, (xr) + myyu () mru ()

_ i o +iT1u(Xt)iT2u(xt) + nryu(xe)nr,u () (25)
=1 ] mi (%) + ZTlL(xt) +ng, L(xf) +mg, u(xf)+ iy () + i, () + 7 () +m () + ]
u(xt) +n2 2u(x) iszu(xf) + n%zu(xt)
where weight vector v = (w1, ......... , a)k)T is with the condition that fort =1,2,......... Jkwy €[0,1] and
k
Z wt = 1.
t=1

Theorem 9. For any three [IvPFNs Ty = (mTl,iTl,nTl ), T, = (mTz,iT2,nT2) and Tz = (mT3,iT3,nT3), the
IvPFWStSM satisfies the following properties:

i. 0 < [vPFWStSM' (T4, T,) < 1.

ii. IvPFWStSM' (T4, T,) = IvPFWStSM* (T, Ty).

iti.  For Ty = T, [IoPFWStSM!(Ty,T,) = 1.

iv. Consider Ty C T, C Tz then IvPFWStSM'(Ty,T3) < IoPFWStSM'(Ty,T,) and
IvPFWStSM? (T4, T3) < [vPFWStSM! (T, T).

Proof. The proof is similar as in Theorem 2. O
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Definition 16. For any two I[vPFNs T = (mTl, iy, nTl) and Ty = (mTZ, iTz,nTz), an interval-valued picture
fuzzy grey similarity measure (IvPFGSM) between these IvPFNSs is defined as:

IvPFGSM(T1, Ty)
_ 1 i AmL (min) +AmU(mm)+AmL(max)+Amu(mm)
3k = AmpA+Amy+Amy gy +AMy (ax) 2%
AlL(mm)+A1U(mm)+A1L(mm:)+AiU(mux) ( )
AiL"'AiU""AZ‘L(max)""Aill(max)
AnL(min) +Anu(min) +AnL(maJ() +Anu(mux)
A”L+AHU+A”L(n1ax) +Anu(1mx)
where Ay (i) = min{|mTlL— }, AMyuiny = min{ }, Amp = |mT1L—mT2L(,
Amy = e = max{fmr,p —mre |}, Ay (e = max| b At iy =
min(|i b Aiygminy = min{linu —inul}, ML = line—in| Ay = |inu = inul, Mg =
N S e A e S o S
min }, Anp = |1’lT1L— , Any = , AnL(max) = maX{‘I’lTlL—TszL‘},

Anu(max) = max{lnTlu - Tszu|}.

Theorem 10. For any three [vPFNs Ty = (mTl,iTl,nTl ), T, = (mTz,iTz,nTz) and T3 = (mT3,iT3,nT3), the
IvPFGSM satisfies the following properties:

i. 0 < IWPFGSM!(Ty,T) < 1.

ii. IvPFGSM! (T4, T;) = IvPFGSM' (T, T1)

iii. For Ty = T,, [nPFGSM' (T4, T;) = 1.

iv. Consider Ty C Ty C Ts, then [oPFGSM'(Ty,T3) < [vPFGSM! (T4, T;) and [vPFGSM* (T4, T3) <
IvPFGSM (T, T3).

Definition 17. For any two [vPFNs Ty = (mTl, iT,, nTl) and T, = (mTz, iT,, nT, ), an interval-valued picture
fuzzy weighted grey similarity measure (IvPFWGSM) between these IvPFNSs is defined as:

IvPFWGSM (T, T,)

_1 Z, AmL (min) +Amu(mm)‘FAmL(mm()‘i’Aml,I(mmc)
=3 = AmL+AmU+AmL(max)+Amu(mnx)

AlL(mm) +AlLI(mm) +A1L(max) +AiLI(max) (27)

AiL“‘Aiu""AZ'L(mnx) +Aiu(nmx)
AnL(min) +AnU(min) +AnL(nmx) +Anu(mﬂx)
A7”L4‘Anll+AnL(max) +Anu(mux)

where weight vector 0 = (w1,......... ,wk)T is with a condition that for t = 1,2,......... L,k wr € [0,1]
}, Amp =
, Ay = |iT1u—iT2u(,
}/ Anu(min) =
;BN ey = max{(nTlL—nTZL },

k
and ; wy = 1 and Amy iy = min{|mT1L—mT2L’}, Amyy(iny = min{

(max) = max{|mTlL - }, AMY(nax) = max{|mTlu —mr,u
L Aigyginy = min|ir,u —inul}, Al = i, -
}, Aiy(max) = max{|iT1u - iTzu'}, AN (min) = min{|nT1L -
}, An; = |nT1L - , Any =

Anu(mux) = max{|nT1u - 7’ZT2u|}.

’mTlL -

AiL(min) = min{'

Alp (inax) = max{ ]

min{

Theorem 11. For any three [vPFNs T = (mTl,iTl,nTl ), Ty, = (mTz,iTZ,nTz) and T3 = (st,iTa,nTs), the
IvPFWGSM satisfies the following properties:

i. 0 < [oPFWGSM! (T4, T>) < 1.
ii. TIwPFWGSM(Ty, T2) = [oPFWGSM (T, Ty).
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iii.  For Ty = Ty, [oPFWGSM* (T4, T,) = 1.
iv. Consider Ty C T, C Ts, then IvPFWGSM'(Ty,T3) < IvPFWGSMY(Ty,T,) and

IoPFWGSM(T1,T3) < [IoPFWGSM! (T3, T3).

3.5. Some Dice Similarity Measures for [vPFSs

In this subsection, some dice SMs and weighted dice SMs for IvPFSs are defined. Some basic
properties of these SMs are discussed.

Definition 18. For any two I[vPFNs T1 = (mTl,iTl,nn) and T, = (mTz,iTz,nTz), some dice similarity
measures for these [vPFNs is defined as:

IvPFDSM(Ty, T>)
2[ mr, 1 (xe)mr,n (x¢) + i1, L (xp)iTor (X¢) 4+ nry L (), (xr) + mryu () mru (xr) + iy () iryu () ]
i +nr,u(xe)nryu(xe)
=1 [ m%lL(xt) + i%lL(xt) + n%lL(xt) + m%lu(xt)—k +[ m%zL(xf) + i%zL(xf) + nZTZL(x;) + m%zu(xt)—i— ]
i%lu(xf) + ”2T1u(xf) i%zu(xf) + ”2T2u(xf)

(28)

IwPEFDSM?(Ty, T;)
2[ mr,L(xe)mr,L(xe) + ity (X¢)iT, L (xe) + nry L (xe)n,n (%) + royr () rr,n (xe) + myu () mryu(xe) J
i +iru(xe)iru(xe) + nryu () nru () + royu () rru (%)
5 [ m () + % () +nd ) () + 7% () ]+
+m2T1u(xt) + i%lu(xf) + nleu(xt) + r%lu(xf)

(29)

i

£ m%.zL(xt) + i%.zL(xt) + n%.zL(xt) + V%ZL(xt) + m%.zu(xt)-i-

i%zu(xt) + n%zu(xt) + F%Zu(xt)

IvPFDSM?3(Ty, T,)
o 2[ mr,L(xe)mr,r (x¢) + i1y L (xe)iT,n (x¢) + nry (), (xr) 4 myyu () mryu () + iryu (xe)iryu () ]
. +nr,u(xe)nru(x)
Zfl{ szlL(xt) + iszlL(Xt) + n%lZL(xt) + m%u(xf)"' ]+Zf1{ mZTZL(xt) + iZTzL(xt) + n%zL(xt) + m%zu(xt)+ ]
leu(xt) + ”Tlu(xf) z%zu(xt) + n%zu(xt)

(30)

[WPFDSM*(Ty, T»)
22521[ mry L (%) mr, (X)) + i‘TlL(xt)iTzL(xt) +nry (X)), (xr) + 11y L (%) rTor (xr) + mryu () mryu (xe) ]
iy u () iTyu (xe) + np () nru () + rryu () rru ()
zfl[ nglL(xt) + %L(xt) + n%iL(xt) + r%lZL(xtH ] fl[ TZ%ZL(xt) + }'ZszL(xt) + nizL(xt) + r%sz () + ]
mTlu(xt) + leu(xt) + ”Tlu(xf) + rTlu(xt) mTZU(xt) + szu(xf) + nTzu(xt) + +rT2u(xt)

(31)

Theorem 12. For any three [vPFNs T1 = (mTl,iTl,nTl), T, = (mT2,iT2,nT2) and T3 = (mTS,iT3,nT3), all
IvPFDSMs satisfy the following properties forp = 1,2,3,4 :

i 0 < IoPFDSMP(Ty, T2) < 1.

ii.  IvPFDSMP(Ty,T,) = [oPEDSMF (T, Ty)

iii.  For Ty = Ty, IoPFDSM?(Ty,T2) = 1.

iv. Consider T C Tp C T3, then [IvPFDSMP (T1,T3) < I[vPFDSMP (T1, T2) and ToPFDSMP (T4, T3) <
[PEDSM? (T, T)

Proof.

(i) As membership, abstinence and non-membership of both IvPFNs belong to [0, 1], so it is obvious
that [vPFDSM! (T, T;) belongs to [0, 1].
(ii). Holds trivially.

(iii). If Ty = Ty thenmr,1 = mr,1, m,u = MU, iT,L. = IT,L, IT,U = IT,U, NT,L = NT,L and nr,u = nT,u
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and then

[wPFDSM (T4, T3)
f Z(m%lL(xt)Jri%lL(xt)+n%1L(x[)+m%1u(xt)Jri%lu(xt)JrnZTlu(xt))
tl[ my () + i3 () +nd () + ] [ m7 () + i3, (x) +nd () + ]
m%lu(xt) + i%lu(xt) + n%lu(xt) m%lu(xt) + i%lu(xt) + n%lu(xt)
k 2 m%.lL(xt)-‘ri%.lL(xt)-‘rn%.]L(xt)—Fm%]u(Xf)-i-i%.lu(Xf)-i-n%]u(xt)
=1 2[ mzﬁlL("f) +ig p (xe) + 07 (x)+ ]
mTlu(xt) + ileu(xt) + n%lu(Xt)
k
1
_:fktg_‘li
=lk=1.

==

=1
G

O

Definition 19. For any two [vPFNs T1 = (mTl,iTl,nTl) and T, = (mTz,iTz,nTz), some weighted dice
similarity measures between these [vPFNs are defined as:

IwPFWDSM! (T1, T2)
o[ L (e )mryn () + iy (%e)imn (%) + g (%) nrn () + ey (e ) mryur (xe) + iryu () imyu (%) ]
_ i o +nr,u(xe)nryu(xe)
t=1 [ szlL(xt) + ileL(xt) + nleL(xt) + m%lu(xtH— ]+[ m%ZL(Xt) + i%ZL(Xt) + ﬂ%-zL(xt) + m%zu(xt)Jr ]

i%lu(xf) +”ZTIU(xf) iszu(xt) + nszu(xt)

(32)

TwPFWDSM?(T1,T>)
2[ me,p(xe)my,p(xe) + iryL (X2 )i, (xr) + npy L (x) g, (xr) + rryn (x8)rryn (xr) + myyu (x) mryu () ]
_ f © +iryu(x)iryu (xe) + nryu () nr,u () + rryu () rryu ()
- . : :
=1 H%L(X:) + Z%L(xt) + n%}L(X[) + 17 (x) ]+ mip (xe) + lizL(xt) + n%ﬁL(xt) + rzTZZL(xt) +m () +
+mT1u(xt) + lTlu(xt) + nTlu(xt) + r%lu( ) szu(xt) + nrzu(xt) + T’Tzu(Xg)

(33)

TwPFWDSM?3(Ty, Ty)
25t wz[ L (x¢)mr,r (x¢) 4 iyp (%) i,r (x¢) + npyr () nryr (x2) + meyu () mrpur () 4 imyu () ir,u (x:) ]
+nru(x)nru(x:)

Zf:] “75[ m%L(Xf) i i%z]L(xt) 4 n%]2L (Xt) N m%1U(Xt)+ N
leu(xt) + ng. u(xf)

(34)

Y TzL(xf) + ZT L () + nT L (%) + mT u(xe)
szu(xf) +nT2u(xt)

IvPFWDSM?*(T1, T2)
= wf( mr, 1, (xe)mr,r (x;) + {TlL(xf)iTZL(xt) + ngyp () gy () + vy () o (xe) + mryu (xe) mryu () ]
i u () ityu (xr) + nru (X)) nru () + rru () rru (i)
m , (xr) +i2T1L(xt) +n2TlL(xt) + rleL(xt)—Q— ] s 2[ mZT L (xe) + z'T L(xe) + nT L () + rT L () + ]
t

):k: w? 1 K W
- t[ m%"lu(xt) +Z%lu(xt)+n%"1u(xf)+r%"lu(xt) ' m%"zu( )+ZT2u( )+nT2u( )++rT2u( )

(35)

where weight vector = (w1, ... ..... , a)k)T is with a condition that fort =1,2,......... Jkwy €0,1] and

k
Z wy = 1.
t=1
Theorem 13. For any three [vPFNs T1 = (mTl,iTl,nTl), T, = (mT2,iT2,nT2) and T3 = (ng,iTynTS), all
IvPFWDSMs satisfy the following properties forp = 1,2,3,4:

i 0 < [oPFWDSMP (T3, T>) < 1.

ii.  IoPFWDSMP(Ty,T,) = [oPFWDSMP(T,, T:)

iii. For T1 = T, WPFWDSMP(Ty, T,) = 1.

iv. Consider Ty C T, C Ts, then IwvPFWDSMP(T1,T3) < I[oPFWDSMF(Ty,Ty) and
[WPFWDSMP (T4, T3) < [oPFWDSMP (T, T5)
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Proof.

(i). As membership, abstinence and non-membership of both IvPFNs belong to [0, 1], so it is obvious
that [oPFGDSM? (T4, T ) belongs to [0, 1].
(ii). Holds trivially.

(iii). If Ty = To thenmy,; = mr,, mr,u = Mr,u, it,L = IT,L, iT,u = iT,u, NTyL = NT,L and ny,y = nr,y.

Then:
[wPFGDSM* (Ty, T2)
& 2 )+, (x0) -+ L(xf>+m2T1 ( DB )+ ()
= @
) f[ %L(xt>+z”<xt)+n“ xe)+ ] [ L (x +z“(xt>+nn<xt>+ ]
Tlu(xf) +’T u(xe) +”T u(xe) T1U (xr) + ZT u(xe) +”T u(xt)
k Z(mT L(Xt)+lT1L(Xt)+VlT Lx t)+m2T (xt)—i-zT ()12 u(xt))
= a)t
t=1 2[ TL(xt)+ZT L( )+nT L(xf)+ ]
U uxe) + (xt)+”T uxe)
k
= Z Wt = 1.
t=1

Similarly we can prove the others forp = 2,3,4. O

Definition 20. For any two IvPFNs T, = (mTlrilenTl) and Ty = (mTZ,iTZ,nTZ), some generalized dice
similarity measures between these [vPFNs are defined as:

IvPFGDSM (T, T5)
[ e, (xe)mr,r (x¢) + i1, (%) iTyr (%) + nryn (), (xe) + mryu (X)) mryu(xe) + iy u () imyu (x) ]
1 f +nryu(x)nryu(x)
kA2 A[ m%lL(xt) +i%1L(xt) +nT L (x1) +m2Tlu(xf)+ ]+(1_/\)[ m%zL(xt) +i%2L(xt) +7[%2L(Xt)+ ]
ZZTlu( xt) + ”Tlu( xt) m%zu(x;) + zZTZU(xt) + n%zu(xt)

(36)

[vPFGDSM2 (T4, T)
[ me, L (xe)mr,n(xe) + iryr (¢ )i, (x¢) + nry () n,n (%) + rryn () (%) + myu () mryu () ]
N f i u (xe)ir,u () + nru (o) nr,u () 4+ reyu(xe)rru ()
kf:l A[ TlL( )+1T1L( )+nT1L( )+rT1L( ) ]+(1_/\) mggzL(xt)+i%22L(xt)+”%"§L(xt)+r%22L(xt) ]
+mT u(xe) + zT u(xe) + nT u(xe) + rT ux) g () g (x) +ng () + 77, (x)

(37)

IwPEGDSM? (T, T) =
Zle[ m, L (xe)mryr (x¢) + iy () inyn () + gL () () + meyu () mryu () + iryu (e iryu () ]
+nru(xe)nryu(xe)
szlL(xt) + ileL(xt) +n2T1L(xt)+ ] gk [ m%zL(xt) + i%zL(xt) + n%ZL(xt)Jr ]
m%lu(xf) + i%lu(xf) + ”ZTlu(xf) m%zu(xf) + iZTzu(xf) + ”%zu(xt)

(38)

A Z{‘(l[

TIvPEGDSM*(T1, T2)
sk [ mry L (xe)mr,r () + i, (%) ir, (%) + nr,L(x)nr, () + rryn (o) e (%) + mryu () mr,u (x) J
= Firu(x)iru(xe) + nryu(xd)nru () + royu () rru (xe)
m2 | (x) +i%~1L(X[) +n§1L(xf) +r%lL(xt)+ ]+( - ][ m%2L(xt) +i%2L(xt) +n%2L(xt) +r%2L(x,)+ ]
=
m

axk f T ! )
t 1[ m%]u(xf) + 1%]u(xf) + ”%]u(xf) + r%lu(xf) %zu(xf) + lgzu(xf) + "%zu(xf) + Jrrszu(xf)

(39)

where0 < A < 1.

Theorem 14. For any three [vPFNs T1 = (mTl, iT,, N1, ) T, = (mTz, iT,, nTz) and T3 = (mTS, iT3,nT3) then
all [IvPFDSMs satisfy the following properties for t = 1,2,3,4 :

i. 0 < IvPEGDSM!(Ty, T») < 1.
ii.  [wPFGDSM!(Ty,T,) = [vPEGDSM!(T,, Ty).



Information 2019, 10, 369 16 of 23

iii.  For Ty = Ty, IoPFGDSM!(T;, T2) = 1.
iv. Consider Ty C T, C Ti, then IvPFGDSM!(T,,T3) < IvPFGDSM!(Ty,T,) and
[WPFGDSM! (T4, T3) < [oPFGDSM! (T, T5).

Definition 21. For any two [vPFNs T1 = (mTl,iTl,nTl) and T, = (mTZ,iTz,nTz), some weighted dice
similarity measures between IvPFNs are defined as:

[wPFWGDSM' (T, T>)
1

[ mr,r(x¢)mr,r (x¢) + i1, 0 (Xe)iTyn (x¢) + nryr (X)) nr,n (xe) + mryu (xp) mru (xe) ]
Kk w i, (xe)iTyu (xe) + nryu () nryu ()
p— t K o

=1 m2 o (x) + 1% (xp) + 2 (x)+ m2 | (xp) + 2, (xp) +nd () +

AL 2 5 a-n 5 3 5
mTlu(xf) + leu(xt) + ”Tlu(xf) mTZU(xt) + szu(xf) + nTzu(xt)

(40)

[oPFWGDSM2(Ty, T2)
[ mey, 1 (xe)mr,n(x¢) + ity r ()i, (x¢) + nry () n,n () + vy () rryn (%) + meryu (xe) mryu () ]
k o +iryu(x)ir,u (%) + nryu(x)nmu(xe) + rryu () rryu ()
=1 A[ m%lL(xt) + i%lL(Xt) +n%1L(xt) + r%lL(xt) ]+( n
+m%1u(xt) + Z‘%lu(Xf) +n%1u(xt) + r%lu(xt)

(41)

m%“zL(xt) + i%zL(xt) + ”%ZL(xf) + r%"ZL(xt)
+m%2u(xt) + i%zu(Xf) + n%zu(xt) + r%zu(xt)

IvPFWGDSM?3 (T4, Ty)
£ mf[ ey (xe)mr, (x) + iTlL(xt)iT’zL(xt) + nyy (), (xr) + myyu (xe) mryu(xe) ]
+iryu(xe)ityu(xe) + nryu () nryu ()
[ m%lL(xf) + i%lL(Xt) +n%1L(xt)
+m%1u(xt) + iZTlu(xf) + nleu(xt)

(42)

2 ) 2
ALK @} mig,p (%) + iz (%) + 7 p (xt) ]

+(1-7) Zk: w? .
] T ey () i () g ()

IWPFWGDSM*(Ty,T>) =
£ w,l[ mry(xe)mr,L(xe) + {TIL(xt)i‘TzL(xt) + iy, (xe) T, (xr) + oy () o () + myyu () mryu () ]
it u(xe)ityu(xe) + nru(x)nru () + royu () rru (x:)
o (xe) + i3 () + 03 () + 17, () +

m

T\L
AZL](‘)[Z[ mz] (x) + 2, (x0) + 12 (xe) + 72 (x1)

Tu\tt Tu\M Tu\M U\t

(43)

o) T a2 m%zL(xf) + iZTzL(xf) + ”ZTZL(xf) + r%zL(xf%L
=1 szzu(xf) + i%zu(xt) + nszu(xt) + +r%2u(xt)

where weight vector = (w1, ......... , a)k)T have a condition that for t = 1,2,......... Jk wp € 10,1] and

k
Z W = 1.
t=1

Theorem 15. For any three [vPFNs Ty = (mTl,iTl,nTl), T, = (mTz,iTZ,nTz) and T3 = (mT3,iT3,nT3), all
IvPFWDSMs satisfy the following properties fort = 1,2,3,4 :

i. 0 < IoPFWGDSM!(Ty, T») < 1.

ii.  IwPFWGDSM!(Ty,T») = [vPEWGDSM!(T,, T1)

iii.  For T = To, WPFWGDSM! (T4, T>) = 1.

iv.  Conmsider Ty € T» C Ts, then IvPEWGDSM!(Ty,T3) < IvPEWGDSM!(Ty,T,) and
[vPFWGDSM! (T4, T3) < [oPFWGDSM! (T, T3).

4. Applications for Strategy Decision Making and Mineral Fields Recognition

In this section, applications for strategy decision making and mineral field recognition are
developed with the help of numerical examples that show the reliability of proposed SMs.

4.1. Numerical Example for Strategy Decision Making

A company wants to launch a new product and board of governors have to decide one strategy.
For this purpose, there are three strategies to be selected shown as follows:
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1. g1: Make a product for rich persons
2. g»: Make a product for every persons
3. g3: Make a product for poor persons

In order to do the best selection, it is necessary to compare these three strategies with popular
product in the existing market, so we give a best strategy ¢: a popular product in the existing market.

In addition, in order to evaluate these strategies, there are the following five attributes (which
weight vector = (0.25,0.2,0.15,0.18, 0.22)T) to be used:

S1: Risk of loss

Sy: Barriers in the development of business
S3: Impact on society

S4: Impact on environment

O i o

Se: Growth analysis

The decision maker gives the evaluation values for strategies according to attributes which are
shown in Table 1.

Table 1. Decision values for strategy decision making.

g1 82 83 &g

[0.26,0.31], 0.32,0.37], [0.23,0.46], 0.05,0.1],

S1 [0.12,0.24], [0.15,0.28], [0.1,0.15], [0.18,0.29],
0.21,0.39] [0.05,0.12] 0.31,0.36] 0.43,0.57]

[0.25,0.46], 0.24,0.35], [0.41,0.56], [0.45,0.53],

S [0.03,0.13], 0.09,0.17], 0.03,0.09], 0.1,0.17],
0.17,0.23] 0.37,0.47] [0.14,0.27] 0.01,0.13]

[0.08,0.26], 0.25,0.31], [0.07,0.16], 0.23,0.41],

S [0.16,0.37], 0.21,0.29], [0.24,0.32], 0.07,0.17],
[0.02,0.29] [0.3,0.39] 0.47,0.51] [0.11,0.26]

0.2,0.4], 0.14,0.25), [0.17,0.21], 0.14,0.28],

Sq 0.1,0.3], 0.13,0.19], [0.07,0.14], [0.12,0.24],
[0.1,0.2] 0.41,0.53] 0.51,0.61] [0.06,0.36]

[0.48,0.57], 0.31,0.41], [0.35,0.39], 0.19,0.31],

Ss [0.22,0.3], [0.02,0.09], [0.11,0.23], [0.04,0.08],
[0.0,0.07] 0.39,0.47] [0.06,0.21] [0.49,0.59]

The similarity measure of three alternatives g1, g2 and g3 with g with respect to weight vector
w = (0.25,0.2,0.15,0.18, O.ZZ)T are calculated by using the formulas of similarity measures, which are
shown in Table 2.

From Table 2, we can know the different similarity definitions can get the different similarity
measures, however, in 18 similarity measures, there are 13 similarity measures in which (g1, g) is the
biggest, there are one similarity measure in which (g2, g) is the biggest, and there are 4 similarity
measures in which (g3, ) is the largest.

So we can get g is best option for company is to launch product for rich persons.
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Table 2. Similarity measures for strategy decision making.

SM’s (81,8 (828 83,8
TvPFWCSM! 0.7961 0.7794 0.7898
TvPFWCSM? 0.8341 0.7811 0.7758
ToPEWCsSM! 0.8931 0.8720 0.8416
ToPFWCsSM?2 0.6643 0.7347 0.6754
TvPFWCsSM3 0.8931 0.8551 0.8404
ToPFWCsSM* 0.6101 0.5558 0.4932
ToPFWCtSM?! 0.6574 0.6195 0.5695
TvPFWCtSM?2 0.6254 0.5909 0.5679
ToPFWStSM! 0.7111 0.6576 0.6405
ToPFWGSM! 0.7843 0.7937 0.8168
TvPFWDSM! 0.7886 0.7621 0.7625
TvPFWDSM? 0.8317 0.7791 0.7744
IvPFWDSM? 0.7396 0.7592 0.7677
IoPFWDSM* 0.2772 0.2166 0.2738

TvPFWGDSM! 0.7537 0.7948 0.8021
IvPFWGDSM? 0.8187 0.7477 0.7578
TvPFWGDSM3 0.6997 0.7457 0.7665
IoPFWGDSM* 0.2716 0.2078 0.2668

4.2. Numerical Example for Mineral Fields Recognition

Let us consider three kinds of mineral fields g1, g» and g3. Each of them is featured by five minerals
{s1,52, 53,54, 55} and the weight vector of minerals is = (0.25,0.2,0.15,0.18,0.22) T The evaluation values
for three kinds of mineral fields under the five minerals are shown in Table 3.

Table 3. Decision values for mineral fields recognition.

81 82 83 g
[0.37,0.49], [0.23,0.33], [0.12,0.35], [0.20,0.28],
s1 [0.03,0.11], 0.13,0.20], [0.07,0.18], 0.07,0.15],
[0.34,0.40] [0.11,0.19] [0.22,0.32] [0.31,0.50]
[0.07,0.23], [0.13,0.31], [0.26,0.44], [0.33,0.51],
s [0.11,0.29], 0.02,0.13], [0.02,0.08], 0.02,0.17],
[0.21,0.33] [0.22,0.44] [0.16,0.27] [0.20,0.21]
[0.27,0.36], 0.09,0.19), [0.14,0.19], 0.17,0.37],
s3 [0.09,0.19], 0.17,0.31], [0.21,0.32], 0.04,0.14],
[0.13,0.18] [0.22,0.36] [0.36,0.41] [0.22,0.36]
[0.09,0.43], 0.12,0.21], [0.13,0.19], 0.12,0.24],
s4 [0.12,0.21], 0.08,0.13], [0.08,0.22], 0.11,0.21],
[0.14,0.35] [0.24,0.49] [0.48,0.58] [0.36,0.49]
[0.16,0.48], [0.13,0.34], [0.28,0.38], [0.15,0.26],
s5 [0.14,0.30], 0.01,0.23], [0.10,0.20], 0.09,0.17],
[0.01,0.11] [0.31,0.42] [0.14, 0.40] [0.43,0.56]

Now consider an existing best mineral field g and we have to check that which field is most
similar to g. Experts evaluate each field under the consideration of five minerals.

The similarity measures of three alternatives with ¢ with respect to weight vector w =
(0.25, 0.2,0.15,0.18,0.22)T are calculated by using the formulas of similarity measures, which are
shown in Table 4.

From Table 4, we can obtain that the g3 is most similar to g, so we can select the gs3.
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Table 4. Similarity measures for mineral field recognition.

SM’s (81,8 (828 83,8
TvPFWCSM! 0.8154 0.9028 0.9382
TvPFWCSM? 0.8413 0.9100 0.9255
TvPFWCsSM? 0.8983 0.9436 0.9565
ToPFWCsSM?2 0.7963 0.8998 0.9112
TvPFWCsSM3 0.8963 0.9342 0.9472
TvPFWCsSM* 0.6449 0.8118 0.8305
ToPFWCtSM?! 0.6468 0.7273 0.7607
TvPFWCtSM?2 0.6093 0.6986 0.7379
ToPFWStSM! 0.6911 0.7701 0.7952
IvPFWGSM! 0.7426 0.7702 0.8132
TvPFWDSM! 0.8030 0.8877 0.9252
TvPFWDSM? 0.8396 0.9092 0.9244
IvPFWDSM? 0.8010 0.8902 0.9252
IoPFWDSM* 0.3039 0.2822 0.3195

TvPFWGDSM! 0.7736 0.8122 0.8990
IvPFWGDSM? 0.8584 0.9129 0.9260
TvPFWGDSM3 0.7702 0.8067 0.8851
IoPFWGDSM* 0.3122 0.2832 0.3200

5. Advantages

In this section, we explain the advantages of the proposed SMs.

5.1. Some Special Cases

We prove the generalization of proposed works. For this, we consider two IvPFNs T; =
(mT1, iy, ”Tl) and Tp = (mTZ, iTz,Tsz)

TvPFCSM*(T1, T>)
mr,L(x¢)mryr (x¢) + iryr (Xe)iryr (x¢) + nry L (xe) n, (xe) + mryu () mryu (xe)
i it u () imyu () + nyu (xe)nr,u(xe)
=1 m%lL(xt) + izTZIL(xt) + n%lzL(xt) + m%lu(xt) m%zL(xt) + iZTzzL(xt) + n%zzL(xt) + szzu(xf)+
+1T1U(xt) + nTlu(xt) szu(xt) + Vszu(xt)

==

1. When lower and upper value of intervals becomes equal, then the above equation becomes SM
for PFSs:

: i, (x)mr, (%) + iry ()i, (x¢) + iy (x)n, (x)

PFCSM! (Tq, T2) _1
1, 2 - 7 ’
Tk = \/m (x;) + i3 (Xt) +n2 xt \/m )+ 12 ,(xt) +”%2(xt)

2. Forir, = [0,0] the above equation becomes SM for interval valued intuitionistic fuzzy number:

mr,r(x¢)mryr (x¢) + n, () nryr () 4+ mryu (xe) mryu (xe)

[IFCSMY(T;, T,) = 1 f +nru(x)nr,u(x)
1,12) = % .
=1 m%"lL(xt) + n%%L(xt) + m%lu(m) my; (xe) + n%%L(xt) +md ()
gy (%) +ng (%)
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3. Forir, = [0,0] and the upper and lower values of membership and non-membership intervals
become equal, then the above equation becomes SM for intuitionistic fuzzy number:

IFCSMY (T3, T) = Ek iy (Xt (xt) & iy () ()
1,12) = 7
o= \/m%l (x¢) + 17, (x) \/szz (x¢) + 17, (x)

4. Forir, =1[0,0], nt, = [0,0] and i1, = [0,0], nt, = [0,0], the above equation becomes SM for IvFN:

mr,r (xe)mr,r(x¢) + mru (X)) mr,u (xe)

k

1
[WFCSMY(T1, T,) = = Z
k \/ T L (x) +mT u (x¢ \/mT L () + mT u(xf)

5. Forir, = [0,0], ny, = [0,0] and ir, = [0,0], n, = [0,0] and the upper and lower values of
membership intervals become equal, then the above equation becomes SM for FN:

k
m X
FCSM(Ty, T») = %Z 1 (5t (1)

2
=1 \/m % xt)+mT2(xt)

Similarly, we can reduce all other similarities in interval-valued intuitionistic, intuitionistic and picture
fuzzy environment.

Thus, we can know the proposed SMs are more general than some existing SMs.

5.2. Comparative Study

The main advantage of proposed works is that the existing SMs cannot handle the information given
in IvPENSs, but they can handle the information given in intuitionistic, interval-valued intuitionistic and
picture fuzzy environment. Hence, the proposed SMs are more generalized than those of existing SMs.

Example 1. Here, an example for interval-valued intuitionistic fuzzy information has been taken from [15]
and solved by the proposed SMs. An investment company wants to invest its money in some business and
they have four alternatives {g1, ¢2, g3, 4} and must select one from these alternatives. Thus, they evaluate
these alternatives on the base of three attributes {s1, s, s3} with a weight vector (0.35,0.25,0.40), the evaluation
values are shown in Table 5.

Table 5. Decision makers for comparative study.

S1 Sy S3
[0.4,0.5], [0.4,0.6], [0.1,0.3],
g1 [0.0,0.0] [0.0,0.0] [0.0,0.0]
[0.3,0.4] [0.2,0.4] [0.5,0.6]
[0.6,0.7], [0.6,0.7], [0.4,0.7],
0 [0.0,0.0] [0.0,0.0] [0.0,0.0]
[0.2,0.3] [0.2,0.3] [0.1,0.2]
[0.3,0.6], [0.5,0.6], [0.5,0.6],
93 [0.0,0.0] [0.0,0.0] [0.0,0.0]
[0.3,0.4] [0.3,0.4] [0.1,0.3]
[0.7,0.8], [0.6,0.7], [0.3,0.4],
94 [0.0,0.0] [0.0,0.0] [0.0,0.0]
[0.1,0.2] [0.1,0.3] [0.1,0.2]
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Now we can use the similarity measure of each alternative with the ideal alternative to select the
best one.

By using the above information, the interval-valued intuitionistic fuzzy cosine similarity measure
(IVIFCSM) can be found as given:

[vIFCSM* (g1, g) = 0.5645,
[DIFCSM! (g2, g) = 0.8637,
[wIFCSM' (g3, ) = 0.7768,
[vIFCSM* (g4, g) = 0.7801.

These results are similar as in [15]. Thus, this proves the effectiveness of the proposed works.

6. Conclusions

In this paper, the existing SMs in picture fuzzy environment are discussed and their limitations
are discussed that the existing SMs cannot handle the information given in IvPENs. To overcome this
problem, the SMs for interval-valued picture fuzzy information are proposed, include cosine SMs, SMs
using cosine function, SMs using cotangent function, set-theoretic SM, grey SM, dice and generalized
dice SMs for IvPFSs, and some basic properties of all these SMs are also discussed, then the proposed
SMs are applied to decision making problems with the help of numerical examples. In addition,
advantages of proposed works are also discussed. In future, some other tools of correlation coefficient
and distance measure could also be developed. Further, to improve this work, such SMs can be defined
in T-spherical fuzzy environments [45,46] and interval valued T-spherical fuzzy environment [47] where
one has a variety of choices for the selection of membership, abstinence and non-membership grades.
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