
Supplementary materials 

1S. Solution of a Nonlinear Differential Equation for the Equivalent Circuit of a Membrane as a 
Viscoelastic Dielectric 

We write nonlinear equations for two half-cycles of a triangular voltage 

𝒅𝑼෩𝒖𝒑𝒅𝒕 (𝟏 + 𝜷𝑼෩𝒖𝒑𝟐 ) + 𝑼෩𝒖𝒑𝝉 = − 𝑼𝒎𝒂𝒙𝝉 + 𝒌𝒕𝝉 , 𝟎 ≤ 𝒕 ≤ 𝑻𝟐   (S1) 

𝒅𝑼෩𝒅𝒐𝒘𝒏𝒅𝒕ᇲ (𝟏 + 𝜷𝑼෩𝒅𝒐𝒘𝒏𝟐 ) + 𝑼෩𝒅𝒐𝒘𝒏𝝉 = 𝑼𝒎𝒂𝒙𝝉 − 𝒌𝒕ᇲ𝝉 , 𝟎 ≤ 𝒕′ ≤ 𝑻𝟐 ,  (S2) 

where 𝝉 = (𝟏 − 𝝒)𝒓𝑪𝟎. 

We will solve nonlinear equations (S1) and (S2) using the small parameter method. 
Let us introduce μ (𝟎 < 𝛍 ≪ 𝟏) – a positive small parameter and considering the 
coefficient of nonlinearity to be small and proportional to μ , we will look for the solution 
of equations (S1) and (S2) in the form of a series in powers of the small parameter: 𝑼෩𝒖𝒑 = 𝑼෩𝒖𝒑𝟎 + 𝝁𝑼෩𝒖𝒑𝟏 + ⋯                 (S3) 𝑼෩𝒅𝒐𝒘𝒏 = 𝑼෩𝒅𝒐𝒘𝒏𝟎 + 𝝁𝑼෩𝒅𝒐𝒘𝒏𝟏 + ⋯.                (S4) 

Substituting (S3), (S4) into equations (S1) and (S2) and equating terms with the same 
μ degree, we obtain two linear differential equations that determine the voltage 𝑈෩ for 
each half-cycle of the command voltage with accuracy up to the first order of smallness 

𝒅𝑼෩𝒖𝒑𝟎𝒅𝒕 + 𝑼෩𝒖𝒑𝟎𝝉 = − 𝑼𝒎𝒂𝒙𝝉 + 𝒌𝒕𝝉       (S5) 

𝒅𝑼෩𝒖𝒑𝟏𝒅𝒕 + 𝑼෩𝒖𝒑𝟏𝝉 = −𝜷𝑼෩𝒖𝒑𝟎𝟐 𝒅𝑼෩𝒖𝒑𝟎𝒅𝒕                (S6) 

𝒅𝑼෩𝒅𝒐𝒘𝒏𝟎𝒅𝒕ᇱ + 𝑼෩𝒅𝒐𝒘𝒏𝟎𝝉 = 𝑼𝒎𝒂𝒙𝝉 − 𝒌𝒕ᇱ𝝉      (S7) 

𝒅𝑼෩𝒅𝒐𝒘𝒏𝟏𝒅𝒕ᇱ + 𝑼෩𝒅𝒐𝒘𝒏𝟏𝝉 = −𝜷𝑼෩𝒅𝒐𝒘𝒏𝟎𝟐 𝒅𝑼෩𝒅𝒐𝒘𝒏𝟎𝒅𝒕ᇱ     (S8) 

Solving equations (S5) and (S7), we obtain zero approximations  𝑼෩𝒖𝒑𝟎(𝒕) = −𝑼𝒎𝒂𝒙 + 𝒌(𝒕 − 𝝉) + 𝑨𝒖𝒑𝒆𝒙𝒑 ቀ− 𝒕𝝉ቁ   (S9) 

𝑼෩𝒅𝒐𝒘𝒏𝟎(𝒕ᇱ) = 𝑼𝒎𝒂𝒙 − 𝒌(𝒕ᇱ − 𝝉) + 𝑨𝒅𝒐𝒘𝒏𝒆𝒙𝒑 ቀ− 𝒕ᇱ𝝉ቁ,  (S10) 



where 𝐴௨௣ = 2𝑘𝜏 and 𝐴ௗ௢௪௡ = −2𝑘𝜏 are constants of integration, the values of which are 

found from periodic initial conditions  𝑈෩௨௣଴(𝑡 = 0) = 𝑈෩ௗ௢௪௡଴ ቀ𝑡ᇱ = ଶ்ቁ , 𝑈෩ௗ௢௪௡଴(𝑡ᇱ = 0) =𝑈෩௨௣଴ ቀ𝑡 = ଶ்ቁ. 

Substituting (S9) and (S10) neglecting exponentials, into equations (S6) and (S8), we 
obtain two linear equations for the first approximation   

ௗ௎෩ೠ೛భௗ௧ + ௎෩ೠ೛భఛ = −𝛽𝑘ሾ(𝑈௠௔௫ + 𝑘𝜏)ଶ − 2𝑘𝑡(𝑈௠௔௫ + 𝑘𝜏) + (𝑘𝑡)ଶሿ                 (S11) 

ௗ௎෩೏೚ೢ೙భௗ௧ᇱ + ௎෩೏೚ೢ೙భఛ = 𝛽𝑘ሾ(𝑈௠௔௫ + 𝑘𝜏)ଶ − 2𝑘𝑡′(𝑈௠௔௫ + 𝑘𝜏) + (𝑘𝑡′)ଶሿ               (S12) 

Substituting (S9), (S10) and particular solutions of linear equations (S11), (S12) into 
equations (S3) and (S4), we obtain expressions for the voltage across the capacitance C1 
of the viscoelastic branch for the upward and downward half-cycles of the command 
triangular voltage 𝑈෩௨௣(𝑡) = (−𝑈௠௔௫ − 𝑘𝜏 + 𝑘𝑡) + 𝐴௨௣𝑒𝑥𝑝 ቀ− ௧ఛቁ − 𝛽𝑘𝜏ൣ𝑈௠௔௫ଶ + 4𝑈௠௔௫𝑘𝜏 + 5(𝑘𝜏)ଶ൧ +2𝛽𝑘𝜏(𝑈௠௔௫ + 2𝑘𝜏)𝑘𝑡 − 𝛽𝑘𝜏(𝑘𝑡)ଶ,                                                (S13) 𝑈෩ௗ௢௪௡(𝑡′) = (𝑈௠௔௫ + 𝑘𝜏 − 𝑘𝑡ᇱ) + 𝐴ௗ௢௪௡𝑒𝑥𝑝 ቀ− ௧ᇱఛ ቁ + 𝛽𝑘𝜏ൣ𝑈௠௔௫ଶ + 4𝑈௠௔௫𝑘𝜏 + 5(𝑘𝜏)ଶ൧ −2𝛽𝑘𝜏(𝑈௠௔௫ + 2𝑘𝜏)𝑘𝑡′ + 𝛽𝑘𝜏(𝑘𝑡′)ଶ.                                                            (S14)  

2S. Solution of the differential equation for a ferroelectric  

Nonlinear charge-voltage characteristics for a membrane 𝑞 = С଴𝑈 + ఉଷ С଴𝑈ଷ and a 

ferroelectric 𝑈 = ଵСబ 𝑞 + ଵСబ ఉଷ 𝑞ଷ  are inverse functions.  Let us find the nonlinear current 

response of the equivalent circuit with a ferroelectric to the upward half-cycle of the 
triangular command voltage and compare it with the expression (13) without taking into 
account the exponents. Differential equation for the charge in a non-linear circuit with 
delayed polarization: 𝑟 ௗ௤ௗ௧ + ଵСబ 𝑞 + ଵСబ ఉଷ 𝑞ଷ = −𝑈௠ + 𝑘𝑡, 0 ≤ 𝑡 ≤ ଶ்                                             (S15) 

we look for the solution of equation (S15) in the form of a series in powers of the small 
parameter: 𝑞(𝑈) =  𝑞଴ + 𝜇𝑞ଵ + ⋯                                                                                   (S16) 



Assuming in (S15)  ௗ௤ௗ௧ = 𝑘 ௗ௤ௗ௎;  𝑈 = −𝑈௠ + 𝑘𝑡 ;  𝜏 = 𝑟𝐶଴ we obtain two linear 

differential equations for describing processes in the nonlinear branch of the equivalent 
circuit for a ferroelectriс. 

 ௗ௤బௗ௎ + ௤బ௞ఛ = ௎஼బ௞ఛ                                                                                          (S17) 

ௗ௤భௗ௎ + ௤భ௞ఛ = − ଵ௞ఛ ఉଷ 𝑞଴ଷ                                                                                (S18) 

Substituting partial solutions of equations (S17) and (S18) into (S16), we obtain an 
expression for the charge 

𝑞 = 𝐶଴(𝑈 − 𝑘𝜏) − ఉଷ 𝐶଴ଷ𝑈ଷ + 2𝛽𝐶଴ଷ𝑈ଶ𝑘𝜏 − 5𝛽𝐶଴ଷ𝑈(𝑘𝜏)ଶ + ଵ଺ଷ 𝛽𝐶଴ଷ(𝑘𝜏)ଷ         (S19) 

The current response to the upward half-cycle of the triangular voltage without taking 
into account transients: 

𝐼଴௨௣ = 𝑘 ௗ௤ௗ௎ + 𝑔𝑈 == 𝑘С଴ ቀ1 − 𝛽௘௫௣С଴ଶ(𝑈ଶ + 5(𝑘𝜏)ଶ)ቁ + ൫𝑔 + 4𝛽௘௫௣𝑘С଴ଷ𝑘𝜏൯𝑈                        (S20)  

 

 

 
 


