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Abstract: A sound field control approach is investigated for recording a primary sound field and
synthesizing it at a secondary field without exterior radiation using circular double-layer arrays
of microphones and loudspeakers. Although the conventional least-squares (LS) and generalized
singular value decomposition (GSVD) approaches are based on numerical solutions and control
the discretized interior and exterior sound pressures, this paper provides a mode-matching-based
analytical method with circular double-layer receiver and source. The primary sound field cylindrical
harmonic spectrum is analytically estimated from the recorded sound pressures without forbidden
frequencies, and the driving signals of the loudspeakers for synthesizing it are analytically derived
without interior and exterior control points. Computer simulations demonstrate the effectiveness
of the proposed analytical formulation with circular double-layer arrays of microphones and
loudspeakers. Compared to the conventional numerical LS and GSVD approaches, the interior
sound field synthesis is more accurate and the exterior sound propagation is more effective in the
proposed method under both free-field and reverberant conditions.

Keywords: sound field synthesis; sound field recording; loudspeaker array; cylindrical harmonic
expansion; Ambisonics

1. Introduction

Generating acoustically bright and dark zones is an important and attractive problem for acoustic
communication technology, and many approaches are being investigated [1–15]. Although these
methods only control the acoustic contrast or energy between the bright and dark zones, multizone
sound field synthesis methods also simultaneously control not only the sound pressures but also
multiple sound fields in multiple regions [16–25].

Most sound field synthesis approaches assume that the synthesis environment is a free-field
and the synthesis target area is inside the loudspeaker array [26–30]. Figure 1a shows an example
of a two-dimensional interior sound field synthesis based on higher-order Ambisonics [29] with a
circular loudspeaker array in a free-field. Although a plane wave is synthesized inside the array,
undesired sound pressures propagate outside the array. In addition, the actual synthesis environment
is not a free-field, and reverberation occurs by undesired sound pressures propagating outside the
array. Consequently, reverberation degrades the synthesis accuracy in the target area (Figure 1b).
Therefore, considering the sound pressures propagating outside the array is important both to reduce
the undesired sound propagation and to maintain the synthesis accuracy in the target area in the actual
reverberant conditions.

Considering the reverberant conditions, exterior propagation-free sound field synthesis
approaches have been proposed [31–34]. These approaches can synthesize a sound field inside
an array without propagating undesired sound pressures outside the array (Figure 1c). As a result,
reverberations do not occur, and the synthesis accuracy inside the array remains high in actual
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reverberant conditions. These methods are categorized as multizone sound field control approaches
where the synthesized and acoustically dark zones are simultaneously set inside and outside the
array. In these methods, the synthesized sound field is assumed to be a simple plane wave. To extend
exterior propagation-free sound field synthesis for reproducing a primary sound field recorded by a
microphone array [35], this paper focuses on sound field recording and synthesis methods without
exterior propagation using arrays of microphones and loudspeakers.

(a)
<latexit sha1_base64="vGOwjxBApOmqCTyDaBoUA33uoag="></latexit><latexit sha1_base64="vGOwjxBApOmqCTyDaBoUA33uoag="></latexit><latexit sha1_base64="vGOwjxBApOmqCTyDaBoUA33uoag="></latexit><latexit sha1_base64="vGOwjxBApOmqCTyDaBoUA33uoag="></latexit>

(b)
<latexit sha1_base64="zmYnSv379jDDyHKVuHyCHJC7PiU="></latexit><latexit sha1_base64="zmYnSv379jDDyHKVuHyCHJC7PiU="></latexit><latexit sha1_base64="zmYnSv379jDDyHKVuHyCHJC7PiU="></latexit><latexit sha1_base64="zmYnSv379jDDyHKVuHyCHJC7PiU="></latexit>

(c)
<latexit sha1_base64="ak9539qy+C1YV//D9OTymN7ugBM="></latexit><latexit sha1_base64="ak9539qy+C1YV//D9OTymN7ugBM="></latexit><latexit sha1_base64="ak9539qy+C1YV//D9OTymN7ugBM="></latexit><latexit sha1_base64="ak9539qy+C1YV//D9OTymN7ugBM="></latexit>

Figure 1. Comparison of two-dimensional sound field syntheses with a circular array: (a) typical
interior sound field synthesis in a free-field; (b) typical interior sound field synthesis in a reverberant
environment; and (c) undesired propagation-free sound field synthesis in a reverberant environment.

To achieve such a sound field recording and synthesis approach, pressure matching-based
least-squares (LS) [36,37] and generalized singular value decomposition (GSVD) [38] methods [39]
are directly introduced. The LS and GSVD methods are based on the Kirchhoff–Helmholtz (KH)
integral [40] and introduce double-layer arrays of microphones and loudspeakers. The LS method
is, however, based on numerical inversion and requires repeated calculations to select the optimal
regularization parameters. In the GSVD approach, iterative calculations are also required for finding
the optimal threshold to automatically decide the singular value truncation parameters [40].

In previous works [14,34,41,42], the spatial Fourier transform-based analytical approaches to
sound field control without repeated calculations outperformed the conventional LS methods in terms
of control accuracy.

For more accurate interior sound field synthesis without exterior sound propagation than the
conventional LS and GSVD approaches without iterative computations, this paper proposes an
analytical approach with continuous circular double-layer source and receiver. The continuous circular
double-layer source and receiver are finally discretized to circular double-layer arrays of microphones
and loudspeakers. The proposed method is based on cylindrical harmonic expansion, which is a
spatial Fourier transformation in cylindrical coordinates that is categorized as a mode-matching
scheme. Although the conventional LS and GSVD methods require interior and exterior discretized
control points, the proposed method does not, since a mode matching-based method controls the
cylindrical harmonic spectrums of the interior and exterior sound fields as control points instead of
the sound pressures.

As in the GSVD method [39], the proposed method is also formulated in a two-dimensional
height-invariant sound field with a two-dimensional Green’s function, circular double-layer
arrays, and cylindrical harmonic expansion. The proposed analytical method can also be easily
extended for three-dimensional sound fields by introducing the three-dimensional Green’s function,
spherical double-layer arrays, and spherical harmonic expansion.

The rest of this paper is organized as follows. Section 2 briefly introduces the conventional LS and
GSVD methods. The proposed formulation for circular double-layer source and receiver is analytically
derived in Section 3. In Section 4, computer simulations compare the proposal with the conventional
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LS and GSCD methods in both the free-field and reverberant conditions. Section 5 finally concludes
this paper.

2. Pressure Matching-Based Sound Field Recording and Synthesis without Exterior Propagation
with Double-Layer Arrays

The conventional LS- and GSVD-based sound field recording and synthesis methods are briefly
introduced here for comparison with the proposed approach.

2.1. Kirchhoff–Helmholtz Integral

Let S be a two-dimensional volume without sound sources, bounded by surface δS.
Sound pressure P(r, k) at point r for wavenumber k = 2π f /c is uniquely defined from sound
pressures P(r0, k) and particle velocities ∂P(r0, k)/∂n at boundary δS by the KH integral [40]:

αP(r, k) =
∫

S

{
∂P(r0, k)

∂n
G(r, r0, k)− P(r0, k)

∂G(r, r0, k)
∂n

}
dr0, (1)

where α = 1 if r is inside S, α = 1/2 if r is on δS and α = 0 if r is outside S. f and c are the temporal
frequency and the speed of sound, respectively. The two-dimensional free-field Green’s function
is given:

G(r, r0, k) =
j
4

H0(k|r− r0|), (2)

where j =
√
−1 and Hm is the m-th order Hankel function of the first kind. In the conventional LS and

GSVD methods for recording a primary sound field and synthesizing it without exterior propagation,
double-layer receivers and secondary sources are, respectively, introduced to achieve monopole and
approximated dipole distributions on δS and simultaneously control both the sound pressures and
their derivatives based on the KH integral.

2.2. Least-Squares Approach

In the recording stage, a primary sound field is first recorded by using a double-layer array of Iint

microphones (Figure 2a).
In the synthesis stage, two double-layer arrays of Iint and Iext control points are arranged

for simultaneously controlling both the interior and exterior sound fields. In pressure matching
approaches, the arrangement of the interior control points is just the same as that of the microphone
array in the primary sound field. A secondary sound field is then controlled by a double-layer array
of L loudspeakers located between the interior and exterior control points with driving signals of
L× 1 vector D(k) (Figure 2b). The secondary sound pressures at the control points are defined as
I(=Iint + Iext)× 1 vectors P(k) and given:

P(k) = G(k)D(k), (3)

where G(k) is the I × L transfer function matrix between the receivers and the sources whose
coefficients are given:

Gil(k) =
j
4

H0(k|ri − rl |). (4)
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To achieve interior sound field synthesis without exterior sound propagation, the target secondary
sound pressures are set:

P(k) =

{
0, outside the loudspeaker array
Porg(k), inside the loudspeaker array

, (5)

where Porg(k) is the Iint × 1 vector of the primary sound pressures captured by the microphone array.
The optimal driving signals are then derived based on the least-squares solution:

DLS(k) = (GH(k)G(k))−1GH(k)P(k), (6)

where DLS(k) is the driving signal for the LS method and GH(k) is the Hermitian transpose
of G(k). With the derived driving signals, both the interior and exterior sound fields are
simultaneously controlled.

(a) Recording stage
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Figure 2. Arrangements: (a) double-layer microphone array for recording a primary sound field;
and (b) double-layer arrays of loudspeakers and control points for synthesizing recorded primary
sound field at a secondary field.

2.3. Generalized Singular Value Decomposition Approach

In the GSVD approach [39], G(k) is also decomposed into interior component Gint(k) and exterior
component Gext(k):

G(k) =

[
Gext(k)
Gint(k)

]
. (7)

GSVD is applied to Equation (7). Gint(k) and Gext(k) are then decomposed:

Gext(k) = U(k)C(k)X H(k), (8)

Gint(k) = V(k)S(k)X H(k), (9)

where U and V are complex unitary matrices, X is a complex square invertible matrix, and C and S
are pseudo-diagonal matrices containing singular values:

CH(k)C(k) + SH(k)S(k) = I, (10)
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where I is the L× L identity matrix. The optimal driving signals of the GSVD method are obtained:

DGSVD(k) = (X H)−1(k)S+
K (k)V

H(k)Porg(k), (11)

where SK(k) retains the first K largest coefficients of S(k) along the diagonal and S+
K (k) is the

generalized inverse of SK(k). The tradeoff between the interior field synthesis accuracy and the
exterior field propagation reduction can be controlled by singular value truncation parameter K. As in
a previous work [39], K was automatically chosen to satisfy that all diagonal terms of CK(k) are
smaller than 0.01 where CK(k) also retains the first K smallest coefficients of C(k) along the diagonal.
When K = L, the GSVD method just corresponds to the LS approach. The detailed derivation of the
GSVD approach was previously described [39].

3. Proposed Analytical Formulation

In the LS and GSVD methods, the discretized primary interior sound pressures recorded by a
double-layer microphone array are directly controlled. The proposed approach, on the other hand,
controls the cylindrical harmonic spectrum of the estimated primary interior sound field rather than
the discretized sound pressures. As a result, the proposal does not require interior and exterior
control points.

3.1. Cylindrical Harmonic Expansion of Two-Dimensional Sound Field

The cylindrical harmonic expansion of a two-dimensional sound field is briefly introduced here.
Spherical coordinates relative to Cartesian coordinates are defined in Figure 3. In two-dimensional
sound field, z = 0 and θ = π/2.

y

x

z
r = [r, ✓, �]T

�

✓

r

r =
p

x2 + y2 + z2

✓ = tan�1

p
x2 + y2

z

� = tan�1 y

x

Figure 3. Definition of spherical coordinates relative to Cartesian coordinates.

Its interior expansion in a region, which is homogeneous and free of sources, is given:

P(r, φ, k) =
∞

∑
m=−∞

Åm(k)Jm(kr)ejmφ, (12)

where Åm(k) and Jm are the interior sound field cylindrical harmonic spectrum and the m-th order
Bessel function. The corresponding expansion for regions exterior to any sound sources is given:

P(r, φ, k) =
∞

∑
m=−∞

B̊m(k)Hm(kr)ejmφ, (13)

where B̊m(k) is the exterior sound field cylindrical harmonic spectrum.

3.2. Interior and Exterior Sound Field Control with Circular Double-Layer Monopole Source and Receiver

A sound field recorded by a continuous circular monopole receiver distribution that is centered at
the origin with radius R0 is converted into the cylindrical harmonic domain [40]:
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P̊m(R0, k) =
1

2π

∫ 2π

0
P(R0, φ, k)e−jmφdφ. (14)

The cylindrical harmonic spectrum of the interior sound field is then obtained:

Åm(k) =
P̊m(R0)

Jm(kR0)
. (15)

Equation (15), however, has a forbidden frequency (Bessel-zero) problem where Jm(kR0) = 0 and
is dependent on receiver radius R0 and wavenumber k [40].

To avoid the forbidden frequency problem for open circular monopole receivers, a circular
double-layer monopole receiver centered on the origin with radii R1 and R2 is introduced (Figure 4a).
Sound fields recorded by both layers are converted into the cylindrical harmonic domain by
Equation (14) as P̊m(R1, k) and P̊m(R2, k). By applying a method with spherical double-layer monopole
receivers [43] into circular double-layer monopole receivers in the proposed method, the cylindrical
harmonic spectrum is calculated:

Åm(k) =
(1− βm(R1, R2, k))P̊m(R1, k) + βm(R1, R2, k)P̊m(R2, k)
(1− βm(R1, R2, k))Jm(kR1) + βm(R1, R2, k)Jm(kR2)

, (16)

where

βm(R1, R2, k) =

{
0, |Jm(kR1)| ≥ |Jm(kR2)|
1, |Jm(kR1)| < |Jm(kR2)|

. (17)

Equation (16) indicates that Åm(k) is obtained from a single layer of Jm(kR1) or Jm(kR2) with
a large absolute value based on the assumption that Jm(kR1) and Jm(kR2) do not simultaneously
become zero. In the proposal, therefore, the absence of mutual zeros needs to hold for all cylindrical
harmonic orders.
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Figure 4. Arrangements: (a) circular double-layer monopole receiver for recording a primary sound
field; and (b) circular double-layer monopole source for synthesizing recorded primary sound field at a
secondary field.
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Alternatively, two methods with circular single-layer receivers have been proposed. The first
one introduces an open circular single-layer directional receiver with radius R0 and the cylindrical
harmonic spectrum is obtained [44]:

Åm(k) =
Q̊m(R0)

δJm(kR0)− j(1− δ)J′m(kR0)
, (18)

where J′m is the radial derivative of Jm, δ is the dipole weighting factor and Q̊m(R0) is the cylindrical
harmonic spectrum of the sound pressure and its radial derivative received by the circular directional
receiver with radius R0.

The other method employs a circular single-layer receiver mounted on a rigid baffle with radius
R0, and the cylindrical harmonic spectrum is obtained [45]:

Åm(k) =
P̊m(R0)

Jm(kR0)− J′m(kR0)
H′m(kR0)

Hm(kR0)
, (19)

where H′m is the radial derivative of Hm. Compared with the method involving double-layer receivers,
these methods can be realized using half the number of microphones in actual implementations.
However, they cannot be directly compared with the pressure matching-based LS and GSVD methods.
To directly compare the proposed mode-matching method with conventional pressure matching-based
approaches, a circular double-layer array of microphones is introduced in the computer simulations
conducted in the next section.

For simultaneously controlling both the interior and exterior sound fields, a circular double-layer
monopole source centered the origin with radii r1, and r2 is introduced (Figure 4b). A sound field
produced by the double-layer circular monopole secondary source is then given:

P(r, φ, k) =
∫ 2π

0
D(r1, φ0, k)G(r, r1, k) + D(r2, φ0, k)G(r, r2, k)dφ0

=
j
4

∫ 2π

0
D(r1, φ0, k)H0(k|r− r1|) + D(r2, φ0, k)H0(k|r− r2|)dφ0, (20)

where D is the driving function of the secondary sources, r1 = [r1, φ0]
T and r2 = [r2, φ0]

T.
When the cylindrical harmonic expansion is applied to Equation (20), the circular convolution

theorem holds [29] and Equation (20) for interior and exterior fields is represented [34,46]:

P̊(r<, r1, k)= 2π
{

D̊m(r1, k)G̊(r<, r1, k) + D̊m(r2, k)G̊(r<, r2, k)
}

(21)

= 2π
j
4

Jm(kr)
{

D̊m(r1, k)Hm(kr1) +D̊m(r2, k)Hm(kr2)
}

, (22)

and

P̊(r>, r2, k)= 2π
{

D̊m(r1, k)G̊(r>, r1, k) + D̊m(r2, k)G̊(r>, r2, k)
}

(23)

= 2π
j
4

Hm(kr)
{

D̊m(r1, k)Jm(kr1) +D̊m(r2, k)Jm(kr2)
}

, (24)

where r<, r1,2 and r>, r1,2 denote P̊(r, r1,2, k) and G̊(r, r1,2, k) for r < r1,2 and r > r1,2 employed
in [40] and

G̊(r<, r1,2, k) =
j
4

Jm(kr)Hm(kr1,2), (25)

G̊(r>, r1,2, k) =
j
4

Jm(kr1,2)Hm(kr). (26)
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To synthesize the interior sound field recorded by the circular double-layer monopole receiver
without exterior propagation, P̊(r<, r1, k) and P̊(r>, r2, k) are set to

P̊(r<, r1, k) = Åm(k)Jm(kr), (27)

P̊(r>, r2, k) = 0. (28)

Equations (27) and (28) are then represented in matrix form as in [31,34]:

2π · j
4

[
Hm(kr1) Hm(kr2)

Jm(kr1) Jm(kr2)

] [
D̊m(r1, k)
D̊m(r2, k)

]
=

[
Åm(k)

0

]
, (29)

and the driving function of the circular double-layer monopole source is analytically derived:

D̊m(r1, k) =
−2jJm(kr2)Åm(k)

π {Hm(kr1)Jm(kr2)− Hm(kr2)Jm(kr1)}
, (30)

D̊m(r2, k) =
2jJm(kr1)Åm(k)

π {Hm(kr1)Jm(kr2)− Hm(kr2)Jm(kr1)}
. (31)

Although the driving signals of the LS and GSVD methods derived in Equations (6) and (11)
include the control point locations, those of the proposed method derived in Equations (30) and (31) are
independent of the control point locations. The driving signals only depend on estimated cylindrical
harmonic spectrum Åm(k) and circular source radii r1 and r2 since Jm(kr) and Hm(kr) are completely
cancelled in Equations (30) and (31). Unlike the LS and GSVD methods, the proposed method, therefore,
does not require interior and exterior control points.

Continuous circular double-layer receiver and source are finally discretized into circular
double-layer arrays of loudspeakers and microphones. When the number of microphones of each layer
is Iint/2 with equiangular sampling, the recorded sound fields for radii R1 and R2 in the cylindrical
harmonic domain are calculated:

P̊m(R1,2, k) ≈ 2π

Iint/2
· 1

2π

Iint/2

∑
i=1

P(R1,2, φi, k)e−jmφi

=
2

Iint

Iint/2

∑
i=1

P(R1,2, φi, k)e−jmφi . (32)

When the number of loudspeakers of each layer is L/2 with equiangular sampling, order m of the
cylindrical harmonic spectrum in Equations (30) and (31) can be calculated up to M = b(L/2− 1)/2c,
where b·c is the floor function. However, the cylindrical harmonic spectrum at |n| > |kr1,2| is the
evanescent component and is quite large because of the inverse propagation when r > r1,2 [40].
To calculate a stable filter as in [42], m is up to M = b|kr1,2|c if b|kr1,2|c < b(L/2− 1)/2c since using
only the propagation component for |n| ≤ |kr1,2| is sufficient to control the target interior sound field.
The driving signal of each loudspeaker at φl for r1 and r2 in the frequency domain is obtained:

D(r1,2, φl , k) =
M

∑
m=−M

D̊m(r1,2, k)ejmφl , l = 1, 2, · · · L/2. (33)

The purpose of introducing circular double-layer arrays of microphones and loudspeakers in
the LS and GSVD methods differs from that in the proposed method. In the LS and GSVD methods,
the circular double-layer arrays are introduced to satisfy the KH integral. Hence, an approximated
dipole distribution is required. On the other hand, the approximated dipole distribution is not required
because the proposed method is not based on the KH integral. Circular double-layer arrays are
introduced in the proposed method to avoid the forbidden frequencies in the recording stage and to
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simultaneously control both the interior and exterior sound field cylindrical harmonic spectrums in
the synthesis stage.

In addition, the proposal can also be used when the radii of a circular double-layer array of
microphones are larger than those of a circular double-layer array of loudspeakers.

The proposed analytical method can also be easily extended for three-dimensional sound fields
by introducing the three-dimensional Green’s function, spherical double-layer arrays and spherical
harmonic expansion with the spherical convolution theorem [29] instead of the two-dimensional
one in Equation (20), circular arrays shown in Figure 4, and circular harmonic expansion in
Equations (12) and (13) with the circular convolution theorem for Equations (21) and (23).

4. Computer Simulations

To evaluate the proposed analytical approach with circular double-layer arrays of microphones
and loudspeakers, computer simulations based on the proposed method were performed and
compared with the conventional numerical LS and GSVD methods.

4.1. Simulation Conditions

In all the simulations, two-dimensional sound fields were assumed and both free-field and
reverberant conditions were evaluated. The speed of sound c was 343.36 m/s. In the reverberant
condition, the two-dimensional room size was 15 m× 12 m and the room center was centered at the
origin. The transfer functions in the reverberant condition were calculated by the image method [47]
in the frequency domain with reflection coefficient 0.3 and reflection order 10. The primary sound field
was calculated as a cylindrical wave propagating in a free-field from a point at x = [5, 3]T.

Both the amounts of microphones, interior and exterior control points for the LS and GSVD
methods, and loudspeakers for each layer were Iint/2 = L/2 = 24, and their total numbers were
Iint = L = 48. Then, each layer had 24 elements with equiangular sampling. The central radii of
the circular double-layer arrays of microphones and loudspeakers were (R1 + R2)/2 = 1.0 m and
(r1 + r2)/2 = 2.0 m. Two circular double-layer arrays of control points with radii R1, R2, R3 and R4

were introduced for the LS and GSVD methods and their central radii were (R1 + R2)/2 = 1.0 m and
(R3 + R4)/2 = 3.0 m. Three types of layer intervals ∆ = R2 − R1 = R4 − R3 = r2 − r1 = 0.05, 0.25,
and 0.5 m were evaluated. The arrangements of microphones, loudspeakers and control points are
illustrated in Figure 5. The case with ∆ = 0.05 m is the same condition with previous simulations for the
LS and GSVD [38]. The spatial Nyquist frequency of the circular secondary source was approximately
derived as [31,39]:

fNyq ≈
c(L/2)
4πr2

. (34)

In the simulations, the fNyq values were about 324, 309, and 291 Hz for ∆ = 0.05, 0.25, and 0.50 m,
respectively.

To evaluate the synthesized sound field, the synthesis error and exterior acoustic contrast at
position r were defined as

E(r) = 10 log10
|Porg(r)− Psyn(r)|2

|Porg(r)|2
, (35)

C(r) = 10 log10
|Psyn(r)|2

|Porg(r)|2
, (36)

where Porg(r) and Psyn(r) are, respectively, the primary and synthesized sound pressures at
position r. To evaluate the interior sound field synthesis accuracy and exterior acoustic contrast,
the spatially-averaged synthesis error within r ≤ 1.5 m and exterior acoustic contrast with
2.5 m ≤ r ≤ 4.5 m were, respectively, calculated for 10 Hz ≤ f ≤ 500 Hz.
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In the GSVD method, singular value truncation parameter K in Equation (11) was also
automatically chosen to satisfy that all the diagonal terms of CK(k) are smaller than 0.01 [39].
The maximum cylindrical harmonic order was M = b(L/2− 1)/2c = 11 in the proposed approach.
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Figure 5. Computer simulations conditions: (a) double-layer microphone array; and (b) double-layer
arrays of loudspeakers and control points. Each layer has 24 elements with equiangular sampling.

4.2. Interior Synthesis Accuracy and Exterior Acoustic Contrast

Figures 6 and 7, respectively, show the results of the primary sound field, synthesized sound field,
interior sound field synthesis accuracy, and exterior acoustic contrast by the LS, GSVD, and proposed
mode-matching methods with ∆ = 0.25 m in both the free-field and reverberant conditions for f = 200.
The results in Figure 6 indicate that the LS and proposed methods realize a higher interior control
accuracy than the GSVD method. This is because the conventional GSVD method reduces the exterior
propagation above the spatial Nyquist frequency at the expense of the interior synthesis accuracy [39].
The results in Figure 6 also suggest that the proposed method can achieve the highest exterior acoustic
contrast. As a result, the interior synthesis accuracies of the LS and GSVD methods are degraded by
the reverberations caused by exterior propagations (Figure 7). On the other hand, only the proposed
method can successfully control both the interior and exterior sound fields in the reverberant condition
(Figure 7).

Figures 8 and 9, respectively, plot the results of the spatially-averaged interior synthesis error and
exterior acoustic contrast defined in Equations (35) and (36).

As described above, the conventional GSVD approach reduces the exterior propagation beyond
the spatial Nyquist frequency at the expense of the interior synthesis accuracy [39]. The results in
Figure 9 show that the GSVD method successfully reduces the exterior propagation over the spatial
Nyquist frequency compared with the LS and proposed methods. However, the interior field is no
longer synthesized by the GSVD method at higher frequencies (Figure 8).

The results in Figures 6–9 demonstrate the main impact of this paper; compared to conventional
numerical approaches, the proposed method can more accurately synthesize the interior field while
reducing the exterior propagation below the spatial Nyquist frequency in both the free-field and
reverberant conditions. As described above, this is because the proposed method realizes the
highest exterior acoustic contrast and successfully controls both the interior and exterior sound
fields in the reverberant condition. These results also suggest the effectiveness of the spatial Fourier
transform-based approach compared with the LS method [14,34,41,42].
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Unlike the LS and GSVD methods, which depend on layer intervals ∆, the proposed method’s
interior field synthesis accuracy is independent of ∆ (Figure 8) because the proposed method
can successfully estimate the interior sound field cylindrical harmonic spectrum from the circular
double-layer microphone array using Equation (16) without the forbidden frequencies. The proposed
method does not control the discretized sound pressures. Instead, it controls the estimated sound
field in the cylindrical harmonic domain, as derived in Equations (30) and (31). However, the driving
signals of the LS and GSVD methods obviously include the control point and loudspeaker locations,
as described in Equations (6) and (11).
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Figure 6. Results of primary sound field, synthesized sound field, interior sound field synthesis
accuracy and exterior acoustic contrast by LS, GSDV, and proposed mode-matching methods with
∆ = 0.25 m in free-field condition for f = 200 Hz. Blue ◦,4 and + are microphones, loudspeakers and
control points, respectively.
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Figure 7. Results of primary sound field, synthesized sound field, interior sound field synthesis
accuracy and exterior acoustic contrast by LS, GSDV, and proposed mode-matching methods
with ∆ = 0.25 m in reverberant condition for f = 200 Hz. Blue ◦, 4 and + are microphones,
loudspeakers and control points, respectively.
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Figure 8. Results of spatially-averaged synthesis error for interior sound field within r ≤ 1.5 m.
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Figure 9. Results of spatially-averaged acoustic contrast for exterior sound field with 2.5 m≤ r ≤ 4.5 m.
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4.3. Driving Signal Stability

To evaluate the driving signal stability, Figure 10 plots maximum and minimum driving signal
powers 10 log10

{
max(|D(r1,2, φl)|2)

}
and 10 log10

{
min(|D(r1,2, φl)|2)

}
. The driving signals of the

proposed method for all the layer intervals below the spatial Nyquist frequency are stable, similar
to those of the LS method. These results suggest that the forbidden frequencies for Jm(kr1), Jm(kr2),
Jm(kR1) and Jm(kR2) in Equations (16), (30) and (31) were effectively avoided by the proposed method
in these array configurations.

The driving signal dynamic ranges of the GSVD method for all layer intervals were larger than
the others, although the driving signal stability was not evaluated in a previous work [38].
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Figure 10. Results of maximum and minimum driving signal power.

4.4. Limitations

The proposed method has two limitations. One is that it cannot control the exterior field above
the spatial Nyquist frequency because it is based on the spatial Fourier transformation in cylindrical
coordinates [40] (Figure 9). The other is that circular and spherical double-layer array configurations
with equiangular sampling are required for the proposed method to derive analytical formulations.
In contrast, the conventional LS and GSVD methods can manage other configurations such as the
rectangular and quadrate double-layer array employed in [39].

Consequently, the effectiveness of the proposed analytical approach using circular double-layer
arrays of microphones and loudspeakers was confirmed in terms of its interior sound field synthesis
accuracy and exterior propagation reduction within the spatial Nyquist frequency compared with the
conventional numerical LS and GSVD methods in both the free-field and reverberant conditions.

5. Conclusions

This study proposed a sound field control approach to recording a primary sound field and
synthesizing it at a secondary field without exterior radiation using circular double-layer arrays of
microphones and loudspeakers. Although the conventional LS and GSVD methods are based on a
numerical approach and control the discretized sound pressures at the interior and exterior control
points, a mode-matching-based analytical method with circular double-layer receiver and source was
proposed. The primary sound field cylindrical harmonic spectrum was analytically obtained from the
recorded sound pressures without forbidden frequencies, and the driving signals of the loudspeakers
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for synthesizing it were analytically derived without interior and exterior control points. The proposed
analytical approach’s better effectiveness with circular double-layer arrays of microphones and
loudspeakers was confirmed by computer simulations in terms of the interior sound field synthesis
accuracy and exterior propagation reduction within the spatial Nyquist frequency compared with
the conventional numerical LS and GSVD methods in both the free-field and reverberant conditions.
The proposal can also be easily extended for three-dimensional sound fields by introducing the
three-dimensional Green’s function, spherical double-layer arrays, and spherical harmonic expansion.

Funding: This study was partly supported by JSPS KAKENHI Grant Numbers JP15K21674 and JP18K11387.
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