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Abstract: The performance of a thermoacoustic system that is composed of a looped tube, an engine
stack, a cooler stack, and four heat exchangers, is numerically investigated. Each stack has narrow
flow channels, is sandwiched by two heat exchangers, and is located in the looped tube. In order
to provide a design guide, the performance of the system is numerically calculated by changing the
following three parameters: the radius of the flow channels in the engine stack, the radius of the flow
channels in the cooler stack, and the relative position of the cooler stack. It was found that when the
three parameters are optimized, the efficiency of the engine stack reaches 75% of Carnot’s efficiency
and the coefficient of the performance (COP) of the cooler stack is 53% of Carnot’s COP, whereas 33%
of the acoustic power generated by the engine stack is utilized in the cooler stack.

Keywords: performance; thermoacoustic engine, thermoacoustic cooler

1. Introduction

In 2001, Yazaki et al. constructed and tested a thermoacoustic cooling system that has no moving
parts and can be driven by various types of heat sources such as sunlight and waste heat [1]. As shown
schematically in Figure 1a, their system is composed of a looped tube, an engine stack, a cooler stack,
and four heat exchangers. The stacks include several narrow flow channels and are sandwiched by
two heat exchangers. Experimental results indicated that an increase in the temperature of the hot
heat exchanger (see Figure 1) spontaneously produces an acoustic wave due to the thermoacoustic
effect [2,3] and the wave travels in the looped tube. The acoustic wave causes a thermoacoustic
heat-pumping effect [2] in the cooler stack (see Figure 1), such that the temperature of the cold heat
exchanger decreases. Additionally, Yazaki et al. measured the acoustic pressure and velocity along the
looped tube and experimentally demonstrated that both the excitation of the acoustic wave and the
thermoacoustic heat pumping are performed through thermodynamic cycles in a manner similar to
Stirling and reversed Stirling cycles [4], respectively. These cycles are known to be inherently reversible,
and, thus, it is expected that the cooler becomes an efficient system.

The thermoacoustic cooling system constructed by Yazaki et al. includes the engine and cooler
stacks in the looped tube as previously mentioned. It is widely known that the design parameters
of a stack, such as the flow channel radius and the installation position, affect the efficiency of
thermoacoustic energy conversions [5–8]. Furthermore, there is a possibility that the parameters
interact with each other in the thermoacoustic cooling system. Thus, it is necessary to simultaneously
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optimize the parameters of the engine and cooler stacks to improve the performance of the system.
However, there is a paucity of extant studies in which the optimization of the previously mentioned
parameters is applied.

In this study, we have numerically investigated the performance of the thermoacoustic cooling
system shown in Figure 1 by using the thermoacoustic theory initially proposed by Rott [9,10]
and advanced by Swift [2] and Tominaga [3,11]. The efficiency of the engine stack, coefficient of
performance (COP) of the cooler stack, and acoustical transmission loss along the looped tube were
calculated by changing three parameters, namely the flow channel radius in the engine stack, the flow
channel radius in the cooler stack, and the relative position between the stacks. The results indicated
that the total efficiency that is defined as the ratio of the cooling power and input thermal power
became 0.40 when the three parameters were optimized. This value corresponds to 13% of the
thermodynamically ideal value and implies that the efficiency of the engine stack became 75% of
Carnot’s efficiency, the COP of the cooler stack became 53% of Carnot’s COP, and the efficiency of the
looped tube as an acoustical power transmission line became 33%.

The next section presents the model of the thermoacoustic cooling system. The following section
describes the definitions of the evaluated values showing the performance of the engine and cooler
stacks and the loss of the looped tube. Then, the numerical method to calculate the values is shown.
Finally, the calculation results and discussion are presented.
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Figure 1. A thermoacoustic system with engine and cooler stacks [1] in a looped tube.
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2. Calculation Model

Figure 1a shows a schematic calculation model, based on a figure in a previous study [1].
The values of design parameters, such as the length of the tubes, were set based on those of Yazaki’s
experimental set up [1]. The total length of the looped tube Lloop was set as 2.8 m, its inner diameter
was set as 40 mm, and the looped tube was filled with a 501 kPa helium gas. One of the stacks was
sandwiched by hot and ambient heat exchangers, and it worked as an engine stack. The other stack
was sandwiched by ambient and cold heat exchangers, and it worked as a cooler stack. The length
of both the stacks corresponded to 40 mm. The distance between the two stacks is denoted as L
(see Figure 1a) and was used as one of the parameters with respect to which the performance of the
system was varied. Both the stacks were modelled as an array of circular channels. The radius of the
circular channels in the engine stack is denoted as re, while the radius in the cooler stack is denoted
as rc.

The temperatures of the hot, ambient, and cold heat exchangers are denoted as TH , TA, and TC,
respectively. The values of TA and TC in the numerical calculation were fixed at 301 K and 251 K,
respectively. The temperatures (TA and TC) are close to the temperatures obtained by Yazaki et al. [1].
However, the value of TH was determined as one of the calculation results. Each heat exchanger was
modelled as a series of parallelly stacked flat plates, with the space between plates corresponding to
1.0 mm and the height corresponding to 10 mm. Two thermal buffer spaces existed along the looped
tube. One of the spaces was located at the vicinity of the hot heat exchanger and the temperature
changed from TH to TA. The other space was located at the vicinity of the cold heat exchanger and the
temperature changed from TC to TA (see Figure 1).

3. Evaluated Performance

In order to understand thermoacoustic devices, it is necessary to elucidate the power associated
with acoustic wave propagation [12]. This is because an acoustic wave causes pressure, density, and
temperature changes in thermoacoustic devices, and these are indispensable for energy conversion
between heat and work. Furthermore, an acoustic wave transports energy [2,13]. In this section,
the definition of the power is presented, and then the efficiency of the engine stack and the coefficient
of performance of the cooler stack are expressed by the power.

3.1. Acoustically Transported Power

The time-averaged rate of acoustically-transported mechanical energy is denoted as acoustic
power Ẇ [W], while the time-averaged rate of acoustically-transported thermal energy is denoted as
acoustical thermal power Q̇ [W] [12]. Acoustic power Ẇ and acoustical thermal power Q̇ are expressed
by oscillatory pressure P and the cross-sectional mean of oscillatory velocity, U, and they are given in
Equations (1) and (2) [2,13] as follows:

Ẇ =
A
2

Re[PŨ], (1)

Q̇ = A
2 Re

[
PŨ

(
χ̃ν−χα

(1+σ)(1−χ̃ν)

)]
− Aρmcp |U|2

2ω(1−σ2)|1−χν |2
Im [χα + σχ̃ν]

dTm
dx .

(2)

In the two equations, the tilde refers to complex conjugation, x denotes the axial coordinate along
the looped tube, A denotes cross-sectional area of the tube, Tm denotes time-averaged gas temperature,
and ρm, γ, cp, and σ denote mean density, specific heat ratio, specific heat at constant pressure, and
Prandtl number of the working gas, respectively. Additionally, χα and χν represent the thermoacoustic
functions that depend on the ratio of the radius r of the flow channel(s) and the penetration depth

δ [3], where δ is given by δ =
√

2κ/(cpρmω), in which ω denotes angular frequency of the acoustic
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wave, and κ denotes thermal conductivity of the working gas. In the study, it is assumed that the heat
capacity of the tube wall significantly exceeds that of the working gas. This assumption allows setting
the value of the tube-wall temperature constant.

3.2. Efficiency and Coefficient of Performance

In Figure 1b, the thermoacoustic cooler is schematically re-illustrated from a thermodynamical
point of view. The subscripts e, c A, H, and C denote engine stack, cooler stack, ambient end, hot end,
and cooler end, respectively. For example, Ẇe,A denotes acoustic power at the ambient end of the
engine stack. Yazaki et al. demonstrated [1] that, when the temperature TH exceeds a critical value,
the gas inside the looped tube including inside the stacks spontaneously oscillates. As a result,
the spontaneously generated acoustic wave travels along the looped tube and transports energy.
The acoustic power Ẇe,A of the generated acoustic wave is input from the ambient end of the engine
stack and is amplified in the engine stack. The amplified acoustic power Ẇe,H is emitted from the hot
end of the engine stack. Therefore, the gain in the acoustic power of the engine stack, ∆Ẇe, is expressed
as Equation (3) as follows:

∆Ẇe = Ẇe,H − Ẇe,A. (3)

In order to amplify the acoustic power, it is necessary for the hot heat exchanger to supply acoustical
thermal power Q̇H . Hence, the efficiency of the engine stack is expressed as Equation (4) as follows:

ηe =
∆Ẇe

Q̇H
. (4)

A part of acoustic power Ẇe,H is dissipated along the tube between the hot heat exchanger attached
to the engine stack and the ambient heat exchanger attached to the cooler stack. The remainder of Ẇe,H ,
denoted as Ẇc,A, enters the cooler stack from its ambient side. This is used to pump heat from the cold
to ambient heat exchangers along the cooler stack. Subsequently, Ẇc,C is output from the cold heat
exchanger. The acoustic power is also dissipated in the other part of the looped tube between the cold
heat exchanger of the cooler stack and the ambient heat exchanger of the engine stack. The thermal
power pumped from the cold heat exchanger is defined as Q̇C. Because the acoustic power used in the
cooler stack is ∆Ẇc = Ẇc,A − Ẇc,C, the coefficient of performance of the cooler stack is expressed as

COPc =
Q̇C

∆Ẇc
. (5)

Acoustic power Ẇc,C is delivered to the ambient end of the engine stack and is re-amplified.
The efficiency of the looped tube as a transmission line of acoustic power is defined as follows:

ηtube =
Ẇc,A − Ẇc,C

∆Ẇe
. (6)

When ηtube = 1, dissipation does not occur along the tube with the exception of the engine and
cooler stacks, and all of the generated acoustic power in the engine stack is utilized in the cooler stack.

The total coefficient of the performance of the total cooler system is expressed as follows:

COPtotal =
Q̇C

Q̇H
. (7)

It is also expressed by using ηe, COPc, and ηtube as follows:

COPtotal = ηe ·COPc · ηtube. (8)
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4. Numerical Method

This section describes the equations used in the numerical calculation and the method to calculate
the performance of the thermoacoustic cooling system.

4.1. Equations

As previously mentioned, Ẇ and Q̇ are expressed by P and U, and the efficiency of the energy
conversion that occurs in the stacks depends on the acoustic impedance Z = P/U. Hence, COPtotal , ηe,
COPc, and ηtube depend on the distributions of P and U. Therefore, P and U are calculated at a given
point along the looped tube.

The following two equations, derived in a study by Rott [9], are used to calculate P and U:

dP
dx

= − iωρm

1− χυ
U, (9)

dU
dx = − iω[1+(γ−1)χα]

γPm
P

+ χα−χυ

(1−χυ)(1−σ)
1

Tm
dTm
dx U.

(10)

The cooler is divided into the ten components and the two equations are computationally
integrated [14] along each component. The value of dTm/dx is important in performing the integration.
Two temperature conditions are used, namely that dTm/dx is assumed to be constant and that dTm/dx
is calculated based on the assumption that the tube is insulated from its surroundings. In order to
satisfy this insulation assumption in the calculation, it is necessary for the value of the enthalpy flow
Ḣ along an insulated tube to be constant [2]. According to Rott [10], Ḣ is expressed as

Ḣ = Ẇ − Q̇. (11)

Equations (1) and (2) are substituted in Equation (11) to obtain the following expression:

dTm

dx
=

Ḣ− A
2 Re

[
PŨ

(
1− χ̃ν−χα

(1+σ)(1−χ̃ν)

)]
Aρmcp|U|2

2ω(1−σ2)|1−χν|2
Im [χα + σχ̃ν]

. (12)

If the boundary conditions about P and U are given, then the temperature gradient along the
tube with dTm/dx 6= 0 is calculated by coupling Equations (9)–(12). It should be noted that the thermal
conduction along the x-axis and the acoustic streaming [2,15,16] were neglected for purposes of simplicity.

4.2. Calculation Procedure

The calculation flow chart is shown in Figure 2 and is described as follows:

1. The flow channel radii (re and rc) of the engine and cooler stacks and the relative position of
the cooler stack, L/Lloop, were set. It should be noted that the temperature of the hot end of the
engine stack, TH, was determined as a result of the calculation, while temperatures (TA and TC)
were fixed as follows: TA = 301 K and TC = 251 K.

2. The stability limit condition under which the spontaneous gas oscillation becomes neutral was
calculated by using the transfer matrix method [14] (This method is described in Appendix A in detail).
As a result of this calculation, TH, ω, Pe,A, and Ue,A were obtained. It should be noted that, in this step,
the values of the temperature gradient along the engine stack, the cooler stack, and the thermal buffer
tubes were assumed as linear.

3. By using the obtained values for TH , ω, Pe,A, Ue,A, and Equations (9)–(12), the pressure and velocity
at the ends of the stacks, namely (Pe,H , Ue,H), (Pc,A, Uc,A), and (Pc,C, Uc,C), were calculated.

4. The obtained combinations of pressure and velocity were used to calculate the acoustic power at
the ends of the engine and cooler stacks, (Ẇe,A, Ẇe,H , Ẇc,A, and Ẇc,C). Furthermore, the acoustical
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thermal power at the hot end of the engine stack and at the cold end of the cooler stack
(Q̇H and Q̇C) were calculated by using the calculated Ẇe,H and Ẇc,C and Equation (11). It should
be noted that the enthalpy flow along the engine stack and that along the cooler stack were
already obtained in the third step.

5. The calculated Ẇe,A, Ẇe,H , Ẇc,A, Ẇc,C, Q̇H , and Q̇C were substituted into Equations (3)–(7),
to evaluate ηe, ηtube, COPc, and COPtotal .

Given that all the equations used are linear, their solution includes integral constants.
Subsequently, it is not possible to determine the absolute values of P and U. However, their relative
values can be obtained. Therefore, the values of P and U were calculated with the boundary condition
of the looped tube (see Appendix A) and the condition |Pe,A| = 1.0 kPa. It should be noted that the
evaluated performance was determined as a dimensionless value, and, thus, the pressure amplitude
did not impact the results.

Set 𝑟𝑒, 𝑟𝑐 and 𝐿 𝐿𝑙𝑜𝑜𝑝  

Calculate stability limit condition of spontaneous gas 

oscillation with  

𝑑𝑇𝑚 𝑑𝑥 𝑒 = constant and 𝑑𝑇𝑚 𝑑𝑥 𝑐 = constant  

Output 𝑇𝐻, 𝜔, 𝑃𝑒,𝐴,  and 𝑈𝑒,𝐴 

Calculate 𝑃𝑒,𝐻, 𝑈𝑒,𝐻, 𝑃𝑐,𝐴, 𝑈𝑐,𝐴, 
𝑃𝑐,𝐶 , and 𝑈𝑐,𝐶  

with calculating 𝑑𝑇𝑚 𝑑𝑥 𝑒   and  𝑑𝑇𝑚 𝑑𝑥 𝑐 

Calculate 𝑊 𝑒,𝐴, 𝑊 𝑒,𝐻 

𝑊 𝑐,𝐴, 𝑊 𝑐,𝐶 , 𝑄 𝐻 and 𝑄 𝐶  

Evaluate 𝜂𝑒 , 𝜂𝑡𝑢𝑏𝑒 , 𝐶𝑂𝑃𝑐  and 𝐶𝑂𝑃𝑡𝑜𝑡𝑎𝑙  

Figure 2. Flow chart for evaluating ηe, COPc, ηtube, and COPtotal .

5. Result and Discussion

In this section, first the validation of the present numerical method is presented. Then,
the optimization of the distance between the two stacks is described and the physical reason of the
effect of the distance on the performance is discussed. Finally, the simultaneous optimization of the radii
of the engine and cooler stacks is shown.

5.1. Acoustic Field

Yazaki et al. provided the experimentally measured acoustic field in the looped tube but did not
demonstrate the performance such as COP [1]. Hence, in order to show the validation of the present
numerical method, we calculated pressure and velocity along the looped tube and compared them
with the experimental results obtained by Yazaki.



Appl. Sci. 2017, 7, 672 7 of 14

In Figure 3, the numerically obtained |P|, |U|, and argument of the acoustic impedance Z(= P/U),
φ, along the looped tube are denoted by solid lines with the experimental results (symbols). It should
be noted that, following the experimental conditions outlined by Yazaki, the second stack worked
as a load without ambient and cold heat exchangers, the working gas corresponded to atmospheric
air, and the pressure amplitude at the ambient end of the engine stack was set as 1.7 kPa in this
calculation. In addition to these, we should note that Yazaki et al. plotted the argument of U/P
in their article [1]. As shown in the figure, a good agreement was obtained between the numerical
and experimental results. Several extant studies [17,18] indicated that, when P and U are correctly
calculated, the calculated Ẇ and Q̇ are then in good agreement with the experiment. Hence, it is
considered that the present numerical method can be used to simulate the performance of the cooler.
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Figure 3. |P|, |U|, and φ as a function of x/Lloop. The symbols show the experimental results obtained
from the article [1].

5.2. Effect of the Relative Position of the Cooler Stack

Yazaki et al. reported that the position of the cooler stack influences the performance of the
system [1]. Therefore, the relative position L/Lloop was changed. The radius of the narrow channels
of the engine and cooler stacks was set as 0.27 mm, which corresponds to the same value as that in
Yazaki’s experimental setup [1]. Given this value, r/δ in the stacks approximately corresponds to 1.5
at TA = 301 K.
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The calculated results with one-wavelength mode (ω/(2π) ∼ 360 Hz) are shown in Figure 4.
The results indicated that the efficiency of the engine ηe and the coefficient of performance of the cooler
COPc depended on the relative position L/Lloop and that the maximum value of ηe and that of COPc

corresponded to 0.31 and 2.45 at L/Lloop = 0.54, respectively. These values are 1.9 and 105 times larger
than the values of ηe and COPhp at L/Lloop = 0.50, respectively. Given that Lloop corresponds to 2.8 m,
the difference between 0.54 and 0.50 times of Lloop corresponds to 0.11 m. Hence, it is considered that
the optimization of L/Lloop is significant in increasing the performance of the cooler. Conversely, ηtube
as shown in Figure 4c monotonically decreased from 0.46 to 0.21, when L/Lloop was increased from
0.50 to 0.56. This means that there is a tradeoff between the dependence of ηtube on L/Lloop and those
of ηe and COPc when 0.50 < L/Lloop < 0.54. As the dependence of ηtube was weak when compared
to that of the COPc, the COPtotal became maximum ( 0.21) at L/Lloop = 0.54, as shown in Figure 4d.
This result is consistent with that in the study by Yazaki et al. [1].

Additionally, P and U were calculated along the looped tube and the results revealed that the
distributions of P and U were not fixed but were influenced by L/Lloop. Figure 4e,f show |Z/(ρa)| and
φ at the ends of the engine and cooler stacks as a function of L/Lloop, where a is the adiabatic sound
speed and φ is the argument of |Z/(ρa)|. As indicated by the open triangles in Figure 4e, |Ze/(ρeae)|
in the engine stack corresponded to a maximum at L/Lloop = 0.54. This contributes to the maximum
ηe obtained at L/Lloop = 0.54 because high |Ze/(ρeae)| decreases the viscous loss. It is also found that
φes at both of the ends of the engine stack took negative values above L/Lloop = 0.54, as indicated by
open-circles and squares in Figure 4e. This means that φ was negative along the engine stack. This result
also contributes to the increase of ηe [19]. This is because the energy conversion caused by the standing
wave works positively only when φ < 0, whereas the energy conversion caused by the traveling
wave works positively when −π/2 < φ < π/2 (as shown in Equations (12) and (13) in the previous
study [3]). In the cooler stack, |Zc/(ρcac)| weakly depended on L/Lloop, whereas φc depended on
L/Lloop as shown in Figure 4f. At L/Lloop = 0.54, at which COPc became maximum, φc was not near
zero but close to 60◦. We consider the discrepancy between the optimum φc for the cooler stack and
that for the engine stack can be attributed to the difference of the temperature gradient along them:
the temperature gradient along the cooler stack was much lower than that along the engine stack.
The standing wave component works well in the cooler stack when compared with that in the engine
stack because the thermal power that is transported by the “Dream Pipe Effect” [3] and corresponds
to major loss sources in standing wave thermoacoustic coolers and engines, is proportional to the
temperature gradient (as shown in Equation (17) in the previous study [3]). Therefore, it is considered
that, given that the temperature gradient was small and |Zc/(ρcac)| depended weekly on L/Lloop,
COPc was maximum at L/Lloop = 0.54, where φc was not close to 0 ◦ but close to 60◦. It should
be noted that when φc is positive, the thermal power pumped by the standing wave component is
directed from the cold end to the ambient end of the cooler stack (as shown in Equation (16) in the
previous study [3]).

To consider the dependence of ηtube on L/Lloop, the ratio of Pmax and Pmin is shown as a function
of L/Lloop in Figure 4g. Here, Pmax and Pmin are the maximum and minimum values of the pressure
amplitude in the looped tube. As predicted by de Block [20], the traveling wave like field, in which
Pmax/Pmin is near unity, transports acoustic power more efficiently than the standing wave like field,
in which Pmax/Pmin is much larger than unity. As can be seen from Figure 4c,g, when Pmax/Pmin was
small, ηtube was large as expected. Therefore, it can be said that when L/Lloop was increased from 0.50
to 0.56, the acoustic field formed in the looped tube was changed from a traveling wave like field to
a standing wave like one, and then the efficiency of the tube, ηtube, was decreased.

Figure 4h shows the calculated temperature of the hot heat exchanger on the engine stack, TH .
The results indicate that TH reduced when L/Lloop decreased from 0.56 to 0.50. Nevertheless, this is
not a good design choice as COPtotal became close to zero at L/Lloop = 0.50 as mentioned above.
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Figure 4. ηe, COP c, ηtube, COPtotal , |Z|, φ, Pmax/Pmin and TH as a function of L/Lloop.

5.3. Optimization of Radii in Stacks

At L/Lloop = 0.54 where COPtotal corresponded to a maximum, TH corresponded to 674 K as
shown in Figure 4e. Given that TA and TC were set to 301 K and 251 K, respectively, the thermodynamic
upper limit of ηe, namely Carnot’s efficiency is as follows:

ηCarnot = 1− TA
TH

. (13)

Additionally, Carnot’s COP is as follows:

COPCarnot =
TC

TA − TC
. (14)

Hence, ηe and COPc corresponds to 0.55 and 5.0, respectively. This implies that the calculated
maximum ηe and COPc corresponds to 57% and 49% of the Carnot’s values, respectively. It was
considered that there was some scope for improvement with respect to these values.
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It is widely known that the radius of a stack influences the efficiency of the energy conversion
caused by an acoustic wave [8]. Hence, the calculation described in Section 4.2 was performed by
varying re and rc and keeping L/Lloop = 0.54 and TC = 251 K. In order to compare the obtained ηe,
COPc, and COPtotal with their thermodynamic upper limit values, the efficiencies are defined in the
following equations:

η2,e =
ηe

ηCarnot
, (15)

η2,c =
COPc

COPCarnot
, (16)

η2,total =
COPtotal

ηCarnotCOPCarnot
. (17)

As shown in the contour plot of Figure 5a, η2,e improved when re/δ and rc/δ were decreased
and increased, respectively. The plot also shows that η2,e exceeded 70% when re/δ and rc/δ were
determined as the values in the hatched area of Figure 5a. The value of η2,e was comparable to the
efficiency of the most efficient thermoacoustic and Stirling engines constructed to date [15,21,22].
Conversely, η2,c increased with increasing re/δ in the calculated ranges as shown in Figure 5b. This is
opposite to the dependence of η2,e on re/δ. Hence, it is difficult to simultaneously achieve high η2,c and
η2,e by controlling for re/δ and rc/δ. Furthermore, re/δ and rc/δ should be optimized simultaneously.
In order to consider the reason as to why the decrease of re/δ caused an improvement in η2,e and
the deterioration in η2,c, the acoustic impedance Z was re-calculated at the engine and cooler stacks.
The results indicated that a decrease in re/δ increased |Z| at the engine stack and decreased |Z| at
the cooler stack. This is caused by the fact that when re/δ was decreased, the sweet spot area was
narrowed, in which |Z| is high and the argument of Z is near zero [23], and, then, the position of the
cooler stack departed from the sweet spot area. This implied that the optimum relative position shifted
toward L/Lloop = 0.50. Hence, after considering the optimum values of re/δ and rc/δ, the relation
between η2,total and L/Lloop was re-calculated.

In Figure 5c, the contour plot of the calculated η2,total is shown as a function of re/δ and rc/δ.
It is possible to determine the optimum point to increase η2,total . With respect to the optimum point
(re/δ = 0.95, rc/δ = 1.06), η2,total was approximately 10%. As shown in Figure 5d, the temperature
TH increased when re/δ and rc/δ decreased. This means that, in the case where the value of TH is
determined as a given condition, such as in the case of the utilization of waste heat, the optimum re/δ

and rc/δ depend on the given TH value.
As described above, the results indicated that the optimum relative position L/Lloop changed

when re/δ decreased. The values of re/δ and rc/δ were set to the optimum values, namely 0.95
and 1.06, respectively, and η2,total was calculated as a function of L/Lloop. As shown in Figure 6,
the optimum L/Lloop corresponded to 0.53, and this indicates a slight shift from 0.54. At this point,
η2,total , η2,e, η2,c, and ηtube corresponded to 13 %, 75 %, 53 % and 33 %, respectively. This means that
η2,c increased when η2,e was retained as a relatively high value as expected. However, the value of
ηtube was still low when compared with the others. It is considered that it is important to determine
ways to improve ηtube for practically using the looped tube thermoacoustic system with two stacks.
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Figure 6. The total efficiency η2,total as a function of L/Lloop. The value of η2,total is calculated with the
optimum re/δ and rc/δ, which are determined based on the results shown in Figure 5c.
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6. Conclusions

In this study, the performance of a thermoacoustic system with an engine and cooler stacks
was numerically investigated by changing the radii of the two stacks and the relative position
between the stacks. The results indicated that the three parameters interact with each other, and
they must be simultaneously optimized to increase the performance. Three steps were performed
for the optimization. First, the relative position was optimized by keeping the values of the radii at
a constant value. Second, the radii were optimized by maintaining the optimum relative position at
a constant value. Finally, the relative position was re-optimized. The result of the optimization of the
parameters revealed that the total COP corresponds to 0.40, which is 13% of the thermodynamical
upper limit value.
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Appendix A. Transfer Matrix Method

In this Appendix, the method to calculate the stability limit is described [14]. Equations (9) and
(10) are modified in a matrix form as follows:

d
dx

(
P(x)
U(x)

)
= C(x)

(
P(x)
U(x)

)
, (A1)

C(x) ≡
(

0 − iωρm
1−χυ

− iω[1+(γ−1)χα ]
γPm

χα−χυ

(1−χυ)(1−NPr)
1

Tm
dTm
dx

)
.

A forward different scheme using the fourth-order Runge–Kutta method to Equation (A1) is
applied to obtain the following expressions:(

P(x + ∆x, t)
U(x + ∆x, t)

)
= (E + ∆xC′(x))

(
P(x)
U(x)

)
, (A2)

C′(x) =
1
6
(RKA + 2RKB + 2RKC + RKD) ,

RKA = C(x),

RKB = C(x + ∆x/2)
(

E +
∆x
2

RKA

)
,

RKC = C(x + ∆x/2)
(

E +
∆x
2

RKB

)
,

RKD = C(x + ∆x)
(

E + ∆xRKC

)
,

where E denotes a unit matrix. When the value of dTm
dx is known and a flow channel is uniform, we can

numerically integrate Equation (A2) and obtain the following expression:(
P(x)
U(x)

)
= MII(x, x0)

(
P0(x0)

U0(x0)

)
, (A3)
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MII(x, x0) ≡ (E + ∆xC′n−1)(E + ∆xC′n−2) . . . (E + ∆xC′1)(E + ∆xC′0).

Here, n denotes the number of partitions between x0 and x, ∆x is defined as (x− x0)/n, and C′j
represents C′ at x = x0 + j∆x.

The thermoacoustic cooler shown in Figure 1 was divided into the ten components. Their names
and numbers are defined as follows: (1) the engine stack, (2) the hot heat exchanger, (3) the thermal
buffer tube A, (4) the waveguide A, (5) the ambient heat exchanger A, (6) the cooler stack, (7) the
cold heat exchanger, (8) the thermal buffer tube B, (9) the waveguide B, and (10) the ambient heat
exchanger B. The numerical integration along each component was performed and their transfer
matrices were obtained. The total flow-path areas in the components are different from each other, and
thus the connecting matrix is as follows:

Ok,l =

(
1 0
0 Al/Ak

)
, (A4)

where A denotes the total-path area and the subscripts k and l denote the number of the components.
The transfer matrices of the components and the connecting matrices are used to express the transfer
matrix of the total system as follows:

Mall = M10O10,9M9O9,8M8O8,7M7O7,6M6O6,5M5O5,4M4O4,3M3O3,2M2O2,1M1. (A5)

Additionally, Mall was used such that the pressure Pe,A and velocity Ue,A at the ambient end of
the engine stack corresponds to the same as follows:

Mall

(
Pe,A
Ue,A

)
=

(
Pe,A
Ue,A

)
. (A6)

The solution (Pe,A, Ue,A) of Equation (A6) is nonzero if the determinant of the matrix (Mall − E) is
zero, i.e., if the following expression is applicable:

(m11 − 1)(m22 − 1)−m12m21 = 0, (A7)

where E denotes the unit matrix and mij denotes the element of Mall . Therefore, Equation (A7) was
numerically solved to achieve the condition of the stability limit of the spontaneous gas oscillation
induced in the thermoacoustic cooler.
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