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Abstract:



In this paper, a backstepping-based formation control of quadrotors with the state transformation technique is proposed. First, the dynamics of a quadrotor is derived by using the Newton–Euler formulation. Next, a backstepping-based formation control for quadrotors using a state transformation technique is presented. In the position control, which is the basis of formation control, it is possible to derive the reference attitude angles employing a state transformation technique without the small angle assumption or the simplified dynamics usually used. Stability analysis based on the Lyapunov theorem shows that the proposed formation controller can provide a quadrotor formation error system that is asymptotically stabilized. Finally, we verify the performance of the proposed formation control method through comparison simulations.
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1. Introduction


Unmanned aerial vehicles (UAVs) have received much attention in the past few years due to their great potential applications in exploration, transportation, reconnaissance and surveillance. Among all the UAVs, the quadrotor is the most widely used because of its easy implementation compared to other aerial vehicles, its vertical take-off and landing (VTOL) ability and its high agility and maneuverability.



Recently, there has been significant research interest in quadrotor applications especially those using multiple quadrotors. By operating multiple quadrotors, tasks that are impossible with a single quadrotor can be performed, and single quadrotor tasks can be performed faster and more efficiently. Therefore, there has been considerable attention on studies focusing on quadrotor formation control [1,2,3,4,5,6,7,8,9,10,11,12,13,14]. There are several quadrotor formation control methodologies including behavior based [1], leader-follower [2,3,4,5,6,7,8], virtual structures [9,10] and graph theory [11,12,13,14]. Among these methodologies for the formation control, the leader-follower approach is well recognized as the most popular and intuitive approach [15]. In the leader-follower approach, one of the agents in the formation is designated as a leader, and the other members are defined as the followers. The leader transmits its state information to the followers, but it does not receiving any information from the followers. However, the followers can transmit and receive information.



The formation control methodologies mentioned above commonly require precise position control of each quadrotor for precise formation control of multiple quadrotors. However, since the quadrotor system is an underactuated system in which the number of outputs is greater than the number of inputs, the precise position control of a quadrotor is not easy to achieve since the [image: ] and z position system of a quadrotor is connected to only one altitude input unlike the attitude system of a quadrotor. Therefore, the x and y positions of the quadrotor are not directly controlled by the inputs. This is why the precise position control of a quadrotor is not easy.



Position control based on linear control methods such as proportional-integral-differential (PID) and the linear quadratic regulator (LQR) has been proposed [2,3,5,16,17], but it has limited performance because it was only focused on the local behavior of the system. Considering the nonlinear dynamics of a quadrotor, various nonlinear control methods have been proposed. Many researchers applied the backstepping control method to solve the problem of the position control mentioned above [4,8,18,19,20,21,22,23,24,25,26,27,28]. The position control of a quadrotor using the backstepping method can be roughly classified in two ways. The first one is to derive the reference attitude angles for the position control and formation control [4,18,20,21,22,23,24,27,28]. The other one is to derive the final inputs of a quadrotor by connecting the position to the attitude dynamics of the quadrotor without the use of reference attitude angles [19,25,26]. However, this approach has the disadvantage that it is difficult to actually implement because the final input formula is complicated and there is much computational burden with respect to the input. Therefore, most researchers commonly use the method to derive the reference attitude angles for the position and formation controls and the position and formation controls achieved through attitude tracking control of the reference attitude angles [29,30]. However, it is not easy to derive the reference attitude angles from the position dynamics of a quadrotor consisting of several coupled trigonometric functions. Therefore, in most studies, the reference attitude angles for the backstepping-based position control are obtained through simplified quadrotor dynamics or linearization methods such as the small angle assumption (SAA) [4,18,21,22,23,28]. The SAA assumes that the ranges of the quadrotor attitude angles are small or zero, which works well when a quadrotor operates with small attitude angles. However, a quadrotor cannot maintain good tracking performance when the attitude angles vary in a broad range.



In this paper, we present the backstepping-based quadrotor formation control with the state transformation technique. We can derive the reference attitude angles for the formation control without the use of simple position quadrotor dynamics and the special assumption such as SAA. By using the state transformation technique for both small and large variations in attitude angles, improved performance is expected not only in the position control of a single quadrotor, but also in the formation control of multiple quadrotors.



We first derive the quadrotor dynamics using the Newton–Euler formulation. Next, we formulate the formation control problem based on the leader-follower method of quadrotors. Then, we present the backstepping-based quadrotor formation control with the state transformation technique. Stability analysis based on the Lyapunov theorem shows that the proposed formation control method results in a quadrotor formation error system that is asymptotically stabilized. Finally, using comparison simulations with other control methods, we verify the effectiveness of the proposed formation control method.



The remainder of this paper is as follows: In Section 2, we describe the dynamics of a quadrotor. In Section 3, we formulate the leader-follower formation control problem and present the backstepping-based quadrotor formation control using the state transformation technique. We also show the stability of the proposed quadrotor formation control. In Section 4, we present the simulation results and conclude the paper in Section 5.




2. Dynamic Model of a Quadrotor


First of all, to derive the equations for the movement of a quadrotor, we have to define the coordinates of a quadrotor system. The generalized coordinates and each thrust of a quadrotor system are shown in Figure 1, where B and E denote the body-fixed and Earth inertial frames, respectively.


Figure 1. The generalized coordinates and thrusts of a quadrotor.



[image: Applsci 07 01170 g001]






The kinematics of a generic six-DOF rigid-body is described as follows:


[image: ]



(1)




where [image: ] and [image: ] are the velocity vectors with respect to the Earth inertial and body-fixed frames, respectively. Here, [image: ], [image: ], [image: ] and [image: ]. Additionally, [image: ] is a three by three submatrix filled with all zeros; the coordinate transformation matrix from the body-fixed frame to the Earth inertial frame R, the angle-rates transformation matrix from the body-fixed frame to the Earth-inertial frame T are defined, respectively, as follows:


[image: ]



(2)






[image: ]



(3)




where [image: ], [image: ] and [image: ].



To describe the quadrotor dynamic model, we use the Newton–Euler formalism. The dynamics of a generic six-DOF rigid-body takes into account the mass of the body and its inertia. The dynamics is described by:


[image: ]



(4)




where m is the mass of a quadrotor and [image: ] denotes a three by three identity matrix. The matrix, [image: ], is the force vector; [image: ] is the torque vector of the body-fixed frame. Finally, the dynamics of a quadrotor represented by (4) can be rewritten as follows:


[image: ]



(5)




where J is the rotor inertia, [image: ] (for [image: ]) is the total inertia moment of each axis of a quadrotor, g is the gravitational acceleration and [image: ] are the altitude, the roll, the pitch and the yaw control inputs represented by:


[image: ]



(6)







Here, [image: ] is the propeller speed of the i-th rotor, l is the distance between the center of a quadrotor and the center of a propeller and b and d are the thrust and drag factors of a quadrotor.



The dynamics of a quadrotor represented by (5) can be expressed in state-space form (7) using the following states:


[image: ]










[image: ]



(7)







In this paper, to design the leader-follower formation controller, we use the following assumption:



Assumption 1.

In the quadrotor formation control, the followers can estimate perfectly the states of the leader such as position, velocity, and so on.






3. Backstepping-Based Quadrotor Formation Control


In this section, we design the leader-follower quadrotor formation controller based on the backstepping control method. We use the state transformation technique to derive the reference attitude angles for the formation control without any special assumption such as SAA.



3.1. Leader-Follower Formation Control


The formation control strategy used in this paper is as follows: first, the leader tracks the predefined trajectory, and the followers follow the leader with a certain distance from the leader. In the altitude controller of the leader, an altitude control input is created to track the reference altitude. Next, in the [image: ] position controller, using the designed altitude control input, the reference roll and pitch angles are calculated for the leader to track the predefined [image: ] position trajectory. The leader can track the predefined trajectory through the attitude tracking control with the previously calculated reference roll and pitch angles. On the other hand, the followers have a control scheme similar to the leader’s trajectory tracking control. Instead of the predefined trajectory given to the leader, the x, y and z positions of the leader and the set relative distance [image: ] between the followers and leader are used for the formation control of the followers. The overall proposed formation control system block diagram is shown in Figure 2. In this paper, the same backstepping-based control strategy can be used for both the leader and the followers.


Figure 2. The proposed formation control system block diagram.
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A leader-follower structure example consisting of three quadrotors is shown in Figure 3. Here, the position and attitude angles of each quadrotor are represented by [image: ], where the subscript l denotes the leader and f denotes a follower. The formation configuration is specified by the desired vector [image: ] between the leader and a follower. As shown in Figure 3, each follower maintains the formation separated by the relative distance [image: ], [image: ] from the leader quadrotor.


Figure 3. Leader follower structure for the formation of quadrotors.
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3.2. Altitude Control of a Quadrotor


In this subsection, we derive the altitude control input for the formation control on the z-axis using the state transformation technique. This altitude control input is used for the position control in the next subsection. In this paper, we derive the controller by assuming that both the leader and the follower quadrotors have the same dynamics.



First, the altitude dynamics of the i-th follower can be expressed using quadrotor dynamics in (7) as follows:


[image: ]



(8)




where [image: ] is the pseudo altitude control input of the i-th follower defined by:


[image: ]



(9)




and [image: ] is the first state transformation variable of the i-th follower given by:


[image: ]



(10)







To design the pseudo control input of the i-th follower using the backstepping technique, the first formation error related to the altitude of the i-th follower [image: ] is the difference between the z-axis distance that the leader and follower must maintain and the actual z-axis distance, and the definition is as follows:


[image: ]








where [image: ] is the relative z-axis distance between the leader and the i-th follower and [image: ] is the desired relative z-axis distance between the leader and the i-th follower.



Differentiating the first formation error related to the altitude of the i-th follower [image: ] with respect to time, we obtain:


[image: ]



(11)




where [image: ] is the derivative of the relative z-axis distance between the leader and the i-th follower.



Assuming [image: ] is given as [image: ], (11) can be rewritten as follows:


[image: ]











If [image: ], the above error dynamics becomes stable system, then the error [image: ] converges to zero. Therefore, supposing [image: ] as a virtual altitude control input and defining it as [image: ], the virtual altitude control input of the i-th follower [image: ] to converge the first formation error related to the altitude of the i-th follower [image: ] to zero is given by:


[image: ]



(12)




where [image: ] is a positive constant.



Next, the second formation error related to the altitude of the i-th follower [image: ] is the difference in velocity between the leader and follower on the z-axis, and the definition is as follows:


[image: ]











Differentiating the second formation error related to the altitude of the i-th follower [image: ] with respect to time and substituting (8), we obtain:


[image: ]



(13)







The pseudo altitude control input of the i-th follower [image: ] to converge the second formation error related to the altitude of the i-th follower [image: ] to zero is given by:


[image: ]



(14)




where [image: ] is a positive constant.



In this paper, we use the following assumption.



Assumption 2.

The attitude angles of the i-th follower [image: ], [image: ] and [image: ] satisfy the following conditions:


[image: ]













Therefore, based on the definition of [image: ] in (8) and (9), we can derive the actual altitude control input of the i-th follower as follows:


[image: ]



(15)







Theorem 1.

Consider the altitude system of the i-th follower in (8) controlled by the virtual and pseudo altitude control inputs of the i-th follower in (12) and (14), respectively. Then, there exist the design parameters [image: ] and [image: ] such that the actual altitude control input of the i-th follower in (15) asymptotically stabilizes the formation error system related to the altitude of the i-th follower in (11) and (13).





Proof. 

Let us consider the following Lyapunov function candidate:


[image: ]



(16)







Differentiating [image: ]([image: ]) with respect to the time and substituting (11) and (13), we obtain:


[image: ]



(17)







Using (12), (14) and (17) can be rewritten as follows:


[image: ]



(18)







Therefore, by the Lyapunov stability theorem [31], the formation error system related to the altitude of the i-th follower in (11) and (13) is asymptotically stable with the actual altitude control input of the i-th follower in (15). Finally, the follower maintains the formation that is separated by the relative distance on the z-axis [image: ] from the leader. ☐






3.3. Position Control of a Quadrotor with the State Transformation Technique


To realize the [image: ] position control for the quadrotor formation control on the [image: ]-axis, we define the variable [image: ], using the actual altitude control input of the i-th follower [image: ], as follows:


[image: ]



(19)







The [image: ] position dynamics of the i-th follower can be expressed using quadrotor dynamics in (7) as follows:


[image: ]



(20)







Rearranging these equations, we finally obtain the [image: ] position dynamics of the i-th follower as follows:


[image: ]



(21)




where [image: ] and [image: ] are defined as [image: ]: [image: ] and [image: ]: [image: ], respectively, and [image: ] and [image: ] are the effective [image: ] position control inputs of the i-th follower defined as:


[image: ]



(22)







Substituting the actual altitude input of the i-th follower in (19) into the [image: ] position dynamics of the i-th follower in (21), and using the state transformation matrix of the i-th follower [image: ] given by:


[image: ]



(23)




we obtain the matrix-type position dynamics of the i-th follower quadrotor as follows:


[image: ]



(24)




where [image: ] is the [image: ] position control input vectors of the i-th follower given by:


[image: ]



(25)







To design the [image: ] position control input vectors of the i-th follower using the backstepping technique, the first formation error vector related to the [image: ] position of the i-th follower [image: ] is the difference between the [image: ]-axis distance that the leader and follower must maintain and the actual [image: ]-axis distance, and the definition is as follows:


[image: ]








where [image: ]: [image: ] is the relative [image: ]-axis distance between the leader and the i-th follower and [image: ] and [image: ] are the desired relative distance on the x and y each axis between the leader and the i-th follower, respectively.



Differentiating the first formation error vector related to the [image: ] position of the i-th follower [image: ] with respect to time, we obtain:


[image: ]



(26)




where [image: ] is the derivative of the relative x- and y-axis distance between the leader and the i-th follower.



Assuming [image: ] is given as [image: ], (26) can be rewritten as follows:


[image: ]











If [image: ], the above error dynamics becomes a stable system, then the error [image: ] converges to zero. Therefore, supposing [image: ] as a virtual [image: ] position control input vector and defining it as [image: ], the virtual [image: ] position control input vector of the i-th follower [image: ] to converge the first formation error vector related to the [image: ] position of the i-th follower [image: ] to zero is given by:


[image: ]



(27)




where [image: ] is a positive constant.



The second formation error vector related to the [image: ] position of the i-th follower quadrotor [image: ] is the difference in velocity between the leader and follower on the x and y each axis, and the definition is as follows:


[image: ]











Differentiating the second formation error vector related to the [image: ] position of the i-th follower [image: ] with respect to time and substituting (24), we obtain:


[image: ]



(28)







The actual [image: ] position control input vector of the i-th follower [image: ] to converge the second formation error vector related to the [image: ] position of the i-th follower [image: ] to zero is given by:


[image: ]



(29)




where [image: ] is a positive constant.



Theorem 2.

Consider the [image: ] position of the i-th follower in (20) controlled by the actual [image: ] position control input of the i-th follower in (29). Then, there exist the design parameters [image: ] and [image: ] such that the actual [image: ] position control input of the i-th follower in (29) asymptotically stabilizes the formation error systems related to the [image: ] position of the i-th follower in (26) and (28).





Proof. 

Let us consider the following Lyapunov function candidate:


[image: ]



(30)







Differentiating [image: ] with respect to the time and substituting (26) and (28), we obtain:


[image: ]



(31)







Using (27), (29) and (31) can be rewritten as follows:


[image: ]



(32)







Therefore, by the Lyapunov stability theorem [31], the formation error systems related to the [image: ] position of the i-th follower in (26) and (28) are asymptotically stable with the actual altitude control input of the i-th follower in (29). Finally, the follower maintains the formation separated by the relative distance on the [image: ]-axis [image: ] from the leader. ☐





Using the [image: ] position dynamics of the i-th follower in (21), which is expressed in terms of [image: ], [image: ] and [image: ] given by (23), we can consider the [image: ] position control input of the i-th follower defined as:


[image: ]



(33)







The motion along the x- and y-axis is related to the pitch and roll angles, respectively. The reference roll([image: ]) and pitch([image: ]) are the attitude angles of the i-th follower, which allow the i-th follower to maintain the desired relative distance to the leader and are derived by the [image: ] position control input of the i-th follower in (33) as follows:


[image: ]



(34)






[image: ]



(35)







If the quadrotor completely tracks the derived reference attitude angles, the formation control can be done well. In other words, the formation control is achieved through the attitude tracking control of quadrotors under the assumption that quadrotors tracks the reference attitude (trajectory) perfectly.



Assumption 3.

To derive the reference attitude angles for the formation control, the attitude of the quadrotor is assumed to track perfectly.






3.4. Attitude Control of a Quadrotor


The attitude dynamics related to the roll movement of the i-th follower can be expressed using quadrotor dynamics in (7) as follows:


[image: ]



(36)




where [image: ].



As in the previous altitude, the [image: ] position cases, to design the attitude control input related to the roll movement of the i-th follower using the backstepping technique, the first error related to the roll [image: ] is defined as follows:


[image: ]











Differentiating the first error related to the roll [image: ] with respect to time, we obtain:


[image: ]



(37)







To converge the first error related to the roll [image: ] to zero, the virtual attitude control input related to the roll movement for [image: ] of the i-th follower is defined by:


[image: ]



(38)




where [image: ] is a positive constant.



The second error related to the roll [image: ] is defined as follows:


[image: ]











Differentiating the second error related to the roll [image: ] with respect to time and substituting (36), we obtain:


[image: ]



(39)







To converge the second error related to the roll [image: ] to zero, the actual attitude control input related to the roll movement of the i-th follower [image: ] is defined as:


[image: ]



(40)




where [image: ] is a positive constant.



Similarly, the actual attitude control inputs related to the pitch and yaw movement of the i-th follower [image: ] and [image: ] are defined as:


[image: ]



(41)




where [image: ] and [image: ] are positive constants, [image: ], [image: ], and the virtual attitude control inputs related to the pitch and yaw movement for [image: ] and [image: ] of the i-th follower are defined by:


[image: ]



(42)







Here, [image: ], [image: ] are the reference pitch and yaw angles of the i-th follower, respectively, and [image: ], [image: ] are positive constants. The errors related to the pitch and yaw movements [image: ] are defined as:


[image: ]



(43)






[image: ]



(44)







The proof of the attitude dynamics of the i-th follower in (7) controlled by the backstepping based attitude control inputs of the i-th follower in (40) and (41) is the same as the Theorem 1.



The Lyapunov function candidate is as follows:


[image: ]



(45)







Differentiating [image: ], [image: ] with respect to the time and substituting (37)–(44), we finally obtain:


[image: ]



(46)







Therefore, by the Lyapunov stability theorem [31], the formation error systems related to the attitude of the i-th follower in (37), (39), (43) and (44) are asymptotically stable with the actual attitude control inputs of the i-th follower in (40) and (41).





4. Simulation Results and Analysis


4.1. Simulation Environment Settings


We perform simulations to verify the effectiveness of the proposed backstepping-based formation controller of the quadrotor system using the state transformation technique. In these simulations, the quadrotor dynamics in (5) is employed. In addition, we do not consider the rotor dynamics of a quadrotor. Instead, as defined in (6), the control inputs of the i-th follower quadrotor [image: ], [image: ], derived as in (15), (40) and (41), are used. The simulations gain parameters are chosen as follows: [image: ], [image: ], [image: ], [image: ], [image: ], [image: ]. In this paper, these gains are selected by changing slightly based on gains of the controller used in [20], and these gains are tuned to ensure acceptable tracking performance with minimizing the overshoot and the undershoot error signals. In addition, the simulations are performed with the model parameters presented in Table 1.



Table 1. The model parameters for the dynamics of a quadrotor.







	
Parameters

	
Value (Unit)






	
m

	
1.0 (kg)




	
g

	
9.806 (m/s[image: ])




	
[image: ]

	
2.3 × 10[image: ] (kg · m[image: ])




	
[image: ]

	
2.3 × 10[image: ] (kg · m[image: ])




	
[image: ]

	
5.09 × 10[image: ] (kg · m[image: ])




	
J

	
6.5 × 10[image: ] (kg · m[image: ])










In this simulation, a total of three quadrotors is considered to verify the proposed quadrotor formation controller. That is, we consider a formation consisting of one leader and two follower quadrotors. First, the leader tracks the predefined trajectory. In this simulation, the ascending circular trajectory is set as the reference trajectory. Since the circular trajectory is a complex trajectory used to move the quadrotors, it is appropriate to verify the validity of the controller proposed in this paper.



Next, each follower quadrotor keeps constant distance [image: ] and tracks the leader. In this simulation, the relative distances [image: ], [image: ] and [image: ] between the leader and the i-th follower are set as follows:


[image: ]











In Section 4.2, the results and analysis of two kinds of simulations are covered. First, the formation control simulation for the ascending circular trajectory using the formation controller applying the state transformation technique proposed in this paper is performed. Second, is the performance comparison simulation comparing the proposed formation controller and PID, a backstepping control technique not applying the state transformation technique. We verify the superiority and effectiveness of the proposed formation control method using the state transformation technique especially when the attitude angles change is large and sudden disturbance occurs.




4.2. Simulation Results and Analysis


Figure 4 and Figure 5 show the simulation results obtained by applying the backstepping-based quadrotor formation control using the state transformation technique. As shown in Figure 4 and Figure 5, the initial position of the leader and follower quadrotors is [image: ] = (0,1,0) (m), and the reference trajectory is set to the ascending 720-degree circular trajectory. From the simulation results, we can see that the leader tracks the predefined trajectory well, and the follower quadrotors maintain a constant distance from the leader quadrotor, as well as the formation shape.


Figure 4. The simulation result for the formation control of quadrotors in three dimensions.



[image: Applsci 07 01170 g004]





Figure 5. The simulation result for the formation control of quadrotors in each of the three axis: The solid line indicates the trajectory of leader quadrotor, and the dashed lines are the trajectories of each follower quadrotor.



[image: Applsci 07 01170 g005]






Figure 6 and Figure 7 show the simulation results for the attitude control of Followers 1 and 2, respectively. The initial state of the follower quadrotors is [image: ] (rad), the current follower attitude angles track the reference attitude angles enabling the follower quadrotors to follow and maintain the set distance from the leader.


Figure 6. The reference angles of the first follower quadrotor for the proposed formation control: the dashed line indicates the reference attitude angles that enable the quadrotor to converge to the desired formation, and the solid line is the result of the simulation about attitude responses of the first follower quadrotor.



[image: Applsci 07 01170 g006]





Figure 7. The reference angles of the second follower quadrotor for the proposed formation control: the meanings of the dashed line and the solid line are the same as in Figure 6.



[image: Applsci 07 01170 g007]






Figure 8 and Figure 9 show the altitude and attitude control inputs of the leader and follower quadrotors, respectively. As shown in the simulation result, the altitude control input [image: ] is a positive value and close to about 9.8 N, which is the magnitude of gravity force. Furthermore, we can see that the size changes of inputs [image: ], [image: ] and [image: ] are within a reasonable range.


Figure 8. The control input for the altitude of the leader and follower quadrotors.



[image: Applsci 07 01170 g008]





Figure 9. The control inputs for the attitude of the leader and follower quadrotors.



[image: Applsci 07 01170 g009]






Figure 10, Figure 11, Figure 12 and Figure 13 show performance comparison simulations for tracking a circular trajectory at low speed ([image: ] s) and tracking a circular trajectory at high speed ([image: ] s) using the proposed control method and PID control method with the small angle assumption. In this simulation, we set the same ascending circular trajectory as before. We set the initial position of each follower and the leader to be equal to [image: ] = (0,1,0) (m) and the desired relative distances between the follower and the leader to [image: ] = (1,1,0.4) (m). In addition, for fair performance comparison, the feedback gain of PID controllers used in this simulation is selected by changing slightly based on the gain of PID controller used in [32]: these gains were tuned to ensure acceptable tracking performance considering reality with minimizing the overshoot and undershoot error signals.


Figure 10. The results of the comparison simulation for the formation control of quadrotors about the 4[image: ] circular trajectory: The red dashed line is the result of the formation control using the PID control method, and the green dashed line is the result of the formation control using the proposed formation control method with the state transformation technique (STT).



[image: Applsci 07 01170 g010]





Figure 11. The formation errors for each of the three axis about the 4[image: ] circular trajectory: (a) PID control method; (b) formation control method proposed in this paper.



[image: Applsci 07 01170 g011]





Figure 12. The results of the comparison simulation for the formation control of quadrotors about the 8[image: ] circular trajectory: the red dashed line is the result of the formation control using the PID control method, and the green dashed line is the result of the formation control using the proposed formation control method with the state transformation technique (STT).



[image: Applsci 07 01170 g012]





Figure 13. The formation errors for each of the three axis about the 8[image: ] circular trajectory: (a) PID control method; (b) proposed formation control method in this paper.



[image: Applsci 07 01170 g013]






Figure 10 and Figure 11 show the simulation results for quadrotor to track a circular trajectory two times in 30 s. As shown in Figure 10 and Figure 11, there is no significant difference between two cases when the reference angles for the formation control are small. In this case, both the PID control method and the formation control method proposed in this paper show good performance of the formation control.



Figure 12 and Figure 13 show the simulation results for the quadrotor tracking the circular trajectory four times in 30 s. In this case, unlike the previous case, larger reference angles are required to track the circle trajectory faster. When the change of the attitude angle is large, in the case of deriving the reference angle using the PID control method applied to simplified dynamics with SAA, the formation control performance is degraded as shown in Figure 13a. As shown in Figure 13a, the formation errors for the x-, y- and z-axes do not converge completely to zero. On the other hand, when the reference angles for formation control are derived using the proposed state transformation technique, the formation errors for the x-, y- and z-axes converge completely to zero as shown in Figure 13b. The simulation results are shown in Figure 10, Figure 11, Figure 12 and Figure 13. Furthermore, if we set up more rotating trajectories within the same time, the formation cannot be maintained, and the states of follower quadrotors diverge when using the PID control method applied to the simplified dynamics with SAA.



Figure 14, Figure 15, Figure 16, Figure 17 and Figure 18 show performance comparison simulations for tracking a circular trajectory at low speed ([image: ] s) and tracking a circular trajectory at high speed ([image: ] s) using the proposed formation control method with the state transformation technique and backstepping-based formation control with SAA. The formation control problem covered in this simulation is the same as before, with the leader tracking the ascending circular trajectory followed by two follower quadrotors. For fair performance comparison, the conditions of each follower were the same. We set the initial position of each follower to [image: ] = (0,1,0) (m) and the desired relative distances between the follower quadrotor and the leader to [image: ] = (1,1,0.4) (m). Furthermore, the same backstepping control method was used to control the altitude, [image: ] position and attitude of each follower, and the same feedback gain values were also used.


Figure 14. The results of the comparison simulation for the formation control of quadrotors about the 4[image: ] circular trajectory: the red dashed line is the result of the backstepping-based formation control with small angle assumption (SAA), and the green dashed line is the result of the proposed formation control with the state transformation technique (STT).



[image: Applsci 07 01170 g014]





Figure 15. The formation errors for each of the three axis about the 4[image: ] circular trajectory: (a) backstepping-based formation control with SAA; (b) proposed formation control with the state transformation technique (STT).



[image: Applsci 07 01170 g015]





Figure 16. The reference angles of the follower quadrotors for the formation control about the 4[image: ] circular trajectory: the dashed line indicates the reference attitude angles that enable the quadrotor to converge to the desired formation, and the solid line is the result of the simulation about attitude responses of the follower quadrotors. (a) Backstepping-based formation control with SAA; (b) proposed formation control with the state transformation technique (STT).
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Figure 17. The results of the comparison simulation for the formation control of the second follower quadrotors about the 6[image: ] circular trajectory: the solid line indicates the results of leader quadrotor; the green dashed line is the result of the proposed formation control with the state transformation technique (STT).
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Figure 18. The reference angles of the second follower quadrotors for the formation control about the 6[image: ] circular trajectory: the dashed line indicates the reference attitude angles that enable the second follower quadrotor to converge to the desired formation, and the solid line is the result of the simulation about attitude responses of the second follower quadrotors.
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Figure 14 shows the result of the formation control using the state transformation technique proposed in this paper and the formation control using SAA. Simulation results for the x-, y- and z-axis errors in each case are shown in Figure 15a,b, respectively. As shown in Figure 14, Figure 15 and Figure 16, when the leader flies a 4[image: ] circular trajectory in 10 s, the large reference attitude angles are not required, and the follower quadrotors trail the leader in a circular motion pattern with small attitude angles (as shown in Figure 16). In this case, the proposed formation control using the state transformation technique and the conventional formation control using SAA show similar formation control performance.



Next, we set the trajectory so that the quadrotor rotates three times in 10 s as shown in Figure 17, Figure 18, Figure 19 and Figure 20. In this case, as shown in Figure 18, larger reference attitude angles are required for faster rotation. As shown in Figure 17 and Figure 18, we can confirm that the proposed formation control using the state transformation technique allows the follower quadrotor to properly trail the leader.


Figure 19. The results of the comparison simulation for the formation control of the first follower quadrotors about the 6[image: ] circular trajectory: the solid line indicates the results of the leader quadrotor; the red dashed line is the result of the backstepping-based formation control with SAA.
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Figure 20. The reference angles of the first follower quadrotors for the formation control about the 6[image: ] circular trajectory: The dashed line indicates the reference attitude angles that enable the first follower quadrotor to converge to the desired formation, and the solid line is the result of the simulation about attitude responses of the first follower quadrotors.
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However, as shown in Figure 19 and Figure 20, the general formation control using SAA does not. A fact, if we set the values of gain small, the quadrotor system does not diverge. However, if we set up more rotating trajectories within the same time, we can confirm that the follower quadrotor diverges like in Figure 19 and Figure 20 when we use the formation control with SAA.



We have carried out further simulations considering disturbance in order to demonstrate the superiority and effectiveness of the controller proposed in this paper. Quadrotors can experience disturbances such as wind during a flight. So, through the simulation considering disturbance, we can deal with the more practical environment. We can verify the effectiveness of the controller by looking at whether the proposed controller maintains good performance even with disturbance.



We compared the performance between the proposed formation control using the state transformation technique to derive the reference attitude angles and the method using SAA to derive the reference attitude angles in the same simulation conditions as Figure 17 and Figure 18. We set the disturbance environment that each follower quadrotor receives a force in each direction of x and y axis at 3 s as shown in Figure 21.


Figure 21. The formation errors with disturbance: (a) backstepping-based formation control with SAA; (b) proposed formation control with the state transformation technique.
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For disturbances below a certain size, both the case of using the small angle assumption and the case of using the state transformation technique show good tracking performance. However, if there is disturbance greater than a certain magnitude, in the case of using the small angle assumption, to maintain the formation, too large reference attitude angles are required, and as a result, the quadrotor system diverges. On the other hand, in the case of using the proposed backstepping formation controller with the state transformation technique, not too large reference attitude angles are required, and it can be confirmed that the original formation is maintained within about 2 s despite the presence of disturbance (see Figure 21 and Figure 22).


Figure 22. The reference attitude angles with disturbance: (a) backstepping-based formation control with SAA; (b) proposed formation control with the state transformation technique.
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5. Conclusions


In this paper, we dealt with a backstepping-based quadrotor formation control using the state transformation technique. First, we derived the quadrotor dynamics using the Newton–Euler formulation. Then, we presented a backstepping-based quadrotor formation control using the state transformation technique. Furthermore, we derived the reference attitude angles for the formation control using the designed formation controller. Using the state transformation technique, it is possible to derive the reference attitude angles without the small angle assumption or simplified dynamics usually used. The stability analysis based on the Lyapunov theorem showed that the proposed formation control can realize a quadrotor formation error system that is asymptotically stabilized. Finally, from the simulation results, we verified that the proposed backstepping-based quadrotor formation control method using the state transformation technique has better performance than those of other formation control methods even with large angular variations and sudden disturbance.
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