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Abstract: The thermo-elastic fracture problem and equations are established for aluminium alloy
Metal Inert Gas (MIG) welding, which include a moving heat source and a thermoelasticity equation
with the initial and boundary conditions for a plate structure with a crack. The extended finite element
method (XFEM) is implemented to solve the thermo-elastic fracture problem of a plate structure with
a crack under the effect of a moving heat source. The combination of the experimental measurement
and simulation of the welding temperature field is done to verify the model and solution method.
The numerical cases of the thermomechanical parameters and stress intensity factors (SIFs) of the
plate structure in the welding heating and cooling processes are investigated. The research results
provide reference data and an approach for the analysis of the thermomechanical characteristics of
the welding process.
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1. Introduction

In welding applications, numerical simulation technology is a useful tool for quantitative
investigation of various parameters, such as welding temperature, stress, deformations and crack
effects. The mathematical model of the welding problem can be simplified as a heat conduction
process of a moving point heat source applied on a medium. Li [1] developed a three-dimensional
and transient model with a keyhole geometry-dependent heat source and arc pressure distribution
for the plasma arc welding process. The dynamic variation of the temperature field and fluid flow
in the weld pool were quantitatively analyzed as well as the keyhole shape and size. Zhang [2]
investigated the effects of solid-state phase transformation on the residual stress in the welding of
Q345 by numerical simulation. He [3] established the temperature field finite element numerical
simulation model of twin arc movement; the loading form of the twin arc with a double ellipsoid
heat source was discussed; and the laws of molten pool characteristics influenced by the welding
speed, current and voltage of the twin-arc submerged arc welding parameters were analyzed. Yaghi [4]
conducted finite element simulation of thermal and residual welding stresses in the specific heat
of a material. Das [5] developed a model of the heat transfer during welding by the Element Free
Galerkin (EFG) method, and demonstrated the effectiveness and utilities of the EFG method for
modeling and understanding the heat transfer processes in arc welding. Casalino [6] calculated the
temperature distribution and thermal cycle in the workpiece by finite element analysis in dissimilar
aluminum titanium laser welding, and he also carried out the finite element method (FEM) study
of full penetration keyhole laser welding of Ti6Al4V in butt configuration by varying the modeling
strategy of the thermal source [7]. Sheikhi [8] investigated the underlying mechanism involved in the
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solidification crack in pulsed laser welding of 2024 aluminum alloy experimentally and numerically.
He [9] established a three-dimensional welding thermal–mechanical coupling model of aluminum
alloy sheet, and analyzed the welding solidification crack tendency by calculation of the welding
temperature, stress and the crack driving force curves. The current numerical techniques of welding
mainly focus on the non-crack homogeneous or nonhomogeneous structure. In fact, the presence of
stress concentration in the material may result in the initiation and extension of a crack in the welding
seam zone, which can affect the quality of the structure. However, only few existing models take
into account the crack behavior under welding thermal loadings, which are critical to many welding
applications, such as automobile, fuel cells and computer components fabrication, etc.

In recent years, the extended finite element method (XFEM) has been the subject of considerable
research as a powerful numerical procedure for analysis of the crack problems. Within the framework
of thermo-elastic fracture by the XFEM, Duflot [10] investigated the static case of thermo-elastic fracture
by XFEM, which considered thermal boundary conditions with different crack faces in both the 2D
and 3D problems. Zamani [11] implemented the XFEM to model the effects of mechanical load and
thermal shocks on a body with a stationary crack. Bouhala [12] used the extended Element Free
Galerkin method (XEFG) to model the crack growth in elastic materials, and investigated the effect
of thermo-mechanical loading on the crack growth. Hosseini [13] studied isotropic and orthotropic
functionally graded materials (FGMs) under a combination of mechanical and thermal loadings using
the XFEM. These implementations of the XFEM for modeling thermo-elastic fracture were successful in
the analysis of the thermal crack mechanics, dynamic crack propagation and estimation of the dynamic
stress intensity factors (SIFs).

Therefore, the XFEM is implemented to model and solve the thermo-elastic fracture mechanics
problem under the welding thermal effect. The temperature, stress and SIFs of the plate structure
with a finite crack under a moving heating source are investigated. This paper is organized as follows.
In Section 2, we discuss the thermo-elastic fracture problem and equations of the plate with a crack
during aluminium alloy Metal Inert Gas (MIG) welding, which include a moving heat source and
a thermoelasticity equation with the initial and boundary conditions. In Section 3, the XFEM is
implemented to model and solve the thermo-elastic problem of the plate structure with a crack under
a moving point source. In Section 4, the SIFs of the thermal crack are introduced. We discuss the
calculated results in Section 5. The conclusions are summarized in Section 6.

2. Problem and Equations

2.1. The Moving Heat Source

In numerical modeling of the welding, the Gaussian model of the welding arc is often accepted [9].
The Gauss heat flux distribution function is adopted to achieve moving heat loading in the calculation
process, which is in Figure 1.
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The Gaussian distribution model is used to describe the power distribution of the moving heat
source of the welding arc, of which the form is as follows{

qs(r) = 3ηUI
πR2 exp(− 3r2

R2 )

r2 = (x− vt− x0)
2 + y2 + (z− z0)

2 (1)

In (1), qs is the inputting heat of the welding arc, η is the thermal efficiency of the welding arc,
r is the distance between the arbitrary point on the work pieces and the center of the arc, R is the
effective heating radius of the arc, U, I, t, v are the welding arc voltage, current, effecting time and
moving speed respectively. The Gauss heat flux distribution is shown in Figure 2.

Appl. Sci. 2017, 7, 69 3 of 21 

The Gaussian distribution model is used to describe the power distribution of the moving heat 
source of the welding arc, of which the form is as follows 

2

s 2 2

2 2 2 2
0 0

3η 3
q ( ) exp( )

π

(x x ) y (z z )

UI r
r

R R

r vt


= −


 = − − + + −

 (1) 

In (1), sq  is the inputting heat of the welding arc, η  is the thermal efficiency of the welding 
arc, r  is the distance between the arbitrary point on the work pieces and the center of the arc, R  
is the effective heating radius of the arc, , , ,U I t v  are the welding arc voltage, current, effecting time 
and moving speed respectively. The Gauss heat flux distribution is shown in Figure 2. 

2

3ηUI

Rπ

 

Figure 2. Gauss heat flux distribution (The colors represent the intensity of the heat flux distribution, 
the red represents the largest, the blue represents the smallest). 

In the practical calculation process [14], the heating flux density are calculated and loaded on 
the selected node by the Gauss heating source model according to the given welding parameters. The 
procedure is compiled by the calculation of the new selected node along x  as the arc moves  
as follows 

0x x vt= +  (2) (2) 

2.2. Equations 

The problem of instantaneous thermoelasticity of a plate with a crack during welding heating 
can be represented in Figure 3. 

TΓ

T

u  

Figure 3. The thermo-elastic model of the structure caused by a crack during welding heat. 

A cracked body with an open initial domain Ω ∈R3 and a piecewise smooth boundary Γ  is 
considered. u t c T qΓ Γ Γ Γ Γ = ΓΥ Υ Υ Υ . t  represents stress, u  represents displacement, q  

Figure 2. Gauss heat flux distribution (The colors represent the intensity of the heat flux distribution,
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In the practical calculation process [14], the heating flux density are calculated and loaded on
the selected node by the Gauss heating source model according to the given welding parameters.
The procedure is compiled by the calculation of the new selected node along x as the arc moves as follows

x = x0 + vt (2)

2.2. Equations

The problem of instantaneous thermoelasticity of a plate with a crack during welding heating can
be represented in Figure 3.
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Figure 3. The thermo-elastic model of the structure caused by a crack during welding heat.

A cracked body with an open initial domain Ω ∈ R3 and a piecewise smooth boundary Γ is
considered. Γu ∪ Γt ∪ Γc ∪ ΓT ∪ Γq = Γ. t represents stress, u represents displacement, q represents heat
flux, Γt represents the stress boundary, Γu represents the displacement boundary, Γq represents the
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heat flux boundary, ΓT represents the temperature boundary. T(X, t) is the transient temperature field
throughout the structure produced by the q. q contains a heating source qs and a heat flux toward the
element surface q f . The problem of instantaneous thermoelasticity consists in the governing equations
written by

∇ · σ− ρb = 0 (3)

k · ∇2T = ρcE
∂T
∂t
− qs (4)

ε = ∇su (5)

εT = α(T − T0)I (6)

σ = D : (ε− εT) (7)

where the symbol∇ is the spatial gradient operator, ρ is the total density, qs is the heat source externally
into the body per unit volume, T is the temperature, k is the thermal conductivity of the material.
The displacement u, the strain tensor ε, the stress tensor σ and the thermal expansion εT are defined
with respect to a reference temperature T0; the material properties are the expansion coefficient α
and the isotropic fourth-order Hooke tensor D, I is the identity second-order tensor, and ∇s is the
symmetric gradient operator on a vector field. cE is the specific heat at constant strain.

The temperature of the structure is T(X, t) at a given time, the prescribed displacements u are
imposed on Γu, the prescribed stresses t are imposed on Γt, q is imposed on Γq, T is imposed on ΓT .
The crack forms or propagates, Γc should be accounted as a propagation of the already existing Γc in
the body. For this case, the solution for the problem of instantaneous thermoelasticity of the governing
Equations (3)–(7) is subjected to the following boundary and initial conditions

Temperatureboundary condition ΓT : T = T (8)

Heat flux boundary condition Γq : q · n = q (9)

Adiabatic crack boundary condition Γc : q = 0 (10)

Isothermal crack boundary condition Γc : T = Tc (11)

Displacement boundary condition Γu : u = u (12)

Initial stress boundary condition Γt : σ · n = t : σ · n = t (13)

where q = ak(T− T0) + ϑ
[
(T − T′0)

4 − (T0 − T′0)
4
]
, ak is the coefficient of heat transfer, T0 is the sink

temperature, T′0 is the value of absolute zero of the temperature scale. ϑ is the radiation coefficient.

3. The XFEM Formulation of Governing Equations

The XFEM is employed to numerically model an elasticity medium with discontinuities by adding
appropriate enrichment functions to the standard finite element (FE) approximation. In order to derive
the weak form of the governing Equations (3) and (4), the trial functions u(X, t), T(X, t) and the
test functions δu(X, t), δT(X, t) are required to be smooth enough to satisfy all essential boundary
conditions. To obtain the weak form of the governing equations, the test functions δu(X, t) and δT(X, t)
are multiplied by Equations (3) and (4) respectively, and integrated over the domain Ω as∫

Ω

δu(∇ · σ+ ρb)dΩ = 0 (14)

∫
Ω

δT
(
ρcE

∂T
∂t
− k · ∇2T − qs

)
dΩ = 0 (15)
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Applying the Divergence theorem, the following weak form of the governing equations is obtained
by expanding the integral Equations (14) and (15).∫

Ω

∇δu : σdΩ−
∫
Ω

δu · ρbdΩ−
∫
Γt

δu ·
−
t dΓ = 0 (16)

∫
Ω

δT(ρcE
∂T
∂t

)dΩ +
∫
Ω

δT
(

k · ∇2T
)

dΩ−
∫
Γq

δTqdΓ−
∫
s

δTqsds = 0 (17)

It must be noted that the total stress σ in the integral (16) must be replaced by Equation (6), which
is written as follows. ∫

Ω

∇δu : σdΩ =
∫
Ω

∇δu : D : (ε− εT)dΩ (18)

The spatial and time domain discretization of the integral Equations (16) and (17) are derived
using the XFEM and generalized Newmark approaches.

3.1. Approximation of Displacement and Temperature Fields

The discrete form of the integral Equations (16) and (17) can be obtained in the XFEM using the
test and trial functions for the displacement and temperature fields. The trial functions u(X, t) are
defined as follows [15].

u(X, t) ≈ uh(X, t) = ∑
I∈N

NuI(X)uI(t) + ∑
J∈Ndix

NuJ(X)(H(X)− H(XJ))aJ(t)

+ ∑
K∈Ntip

4
∑

a=1
NuK(X)(Bua(X)− Bua(XK))baK(t)

(19)

The variables aJ , baK are the additional degree of freedom (DOF) according to enrichment functions.
Nu is the standard shape functions of displacement fields. B(X) is the additional asymptotic enrichment
functions depending on the tip singularity of the displacement or temperature field. H(x) is the
Heaviside step function.

The discretization of (17) in terms of the temperature is similar to Equation (16). The main
difference is the number of the branch functions. The other difference is the introduction of the
temperature as body forces [12]. The trial functions T(X, t) can be defined as follows.

T(X, t) ≈ Th(X, t) = ∑
I∈N

NTI(X)T I(t) + ∑
J∈Ndis

NTJ(X)(H(X)− H(XJ))eJ(t)

+ ∑
K∈Ntip

NTK(X)(BT(X)− BT(XK)) f K(t)
(20)

The variables eJ and f K are the additional DOF according to enrichment functions. NT are the
standard shape functions of displacement and temperature fields. It is noted that BT(X) is different in
the case of an adiabatic or an isothermal crack analysis.

(1) Adiabatic crack

The adiabatic crack is defined by a zero flux normal to the crack surface that causes a discontinuity
in the temperature field. Therefore, the signed distance function ψ(X) is used as an enrichment
function in this case [12], since it ensures the discontinuity of the temperature and the continuity of its
derivative through the crack. 

ψ(X) = sign[n · (X− XI)]

sign(x) =

{
1 if x > 0
−1 if x < 0

(21)
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The tip nodes are enriched by the branch function that is given by

BT(r, θ) =
√

r sin
(
θ

2

)
(22)

(2) Isothermal crack

The crack is considered as isothermal when the temperature has a constant value on the crack
surface, which causes a discontinuous heat flux with the continuous temperature field. The enrichment
function that can satisfy these conditions is the one proposed by Moës et al. [16]. ψ(X) = ∑

I
NTI | f1(X)| −

∣∣∣∣∑
I

NTI f1(X)

∣∣∣∣
f1(X) = sign[n · (X− XI)]min‖X− XΓ‖

(23)

The near tip nodes are enriched by

BT(r, θ) =
√

r cos
(
θ

2

)
(24)

The enriched FE approximation of the displacement (19) and temperature (20) can be symbolically
written in the following form.

uh(X, t) = Nstd
u (X)u(t) + NHev

u (X)a(t) + Ntip
u (X)b(t) (25)

Th(X, t) = Nstd
T (X)T(t) + NHev

T (X)e(t) + Ntip
T (X) f (t) (26)

Nstd
u (X) is the matrix of the standard displacement shape functions. NHev

u (X) and Ntip
u (X) are the

matrices of the enriched displacement shape functions associated with the Heaviside and asymptotic
tip functions. Nstd

T (X) is the matrix of the standard temperature shape functions, and NHev
T (X) and

Ntip
T (X) are the matrices of the enriched temperature shape functions associated with the Heaviside

and asymptotic tip functions.

3.2. The XFEM Spatial and Time Discretization

Applying the trial and the test functions, the discretized forms of integral Equations (16) and (17)
can be obtained according to the Bubnov–Galerkin technique as follows.

KÛ −WT̂ − f ext = 0

R
.

T̂ + CT̂ − gext = 0
(27)

where Û
T
=
〈

uT , aT , b
T
〉

and T̂
T
=
〈

TT , eT , f
T
〉

are the complete set of the standard and enriched
DOF of the displacement and temperature fields respectively. The matrices K, W, R, C and external
force vectors f and g are defined as follows.

Kαβ =
∫
Ω
(Bα

µ )
T DBβ

µdΩ

Wακ =
∫
Ω
(Bα

µ )
T D 1

3βmNγ
p dΩ

fext
α =

∫
Ω
(Nα

µ )
T
ρbdΩ +

∫
Γt

(Nα
µ )

T−t dΓ

(28)



Appl. Sci. 2017, 7, 69 7 of 20

and
Rλκ =

∫
Ω
(Nλ

T )
T
(ρcE)Nκ

T dΩ

Cλκ =
∫
Ω
(∇Nλ

T )
Tk∇Nκ

T dΩ

gext
λ =

∫
Ω
(Nλ

T )
TqsdΩ +

∫
Γq

(Nλ
T )

TqdΓ

(29)

where (α,β) ∈ (ustd, aHev, btip) denote the “standard”, “Heaviside”, and “asymptotic tip” functions of
the displacement field. (λ, κ) ∈ (Tstd, eHev, f tip) denote the “standard”, “Heaviside”, and “asymptotic
tip” functions of the temperature field. In these definitions, m is the vector of the delta Dirac function
defined as m = {110}T .

In order to complete the numerical solution of XFEM equations, it is necessary to integrate
the differential Equation (27) in time. The Newmark method is used for the elastic part of the
problem [15,17]. Meanwhile, in the numerical integration of the XFEM formulations, the crack
discontinuity must be properly taken into account when the integration is performed, or this may lead
to poor numerical results. So, the crack discontinuity must be taken as an internal boundary of the
domain of the element, and the integration must be carried out by dividing the domain of the element
into two sub-domains to perform the integration on these two sub-domains. The XFEM formulations
involve the discontinuity along the crack and the singularity at the crack tip. In order to implement
the standard integration method in the XFEM formulation, the element cut by the crack surface must
be first divided into several sub-polygons, and the numerical integration is then performed over each
sub-polygon. The numerical integration method of discontinuity is shown in Figure 4, in which the
crack does not coincide with the rectangular edges that cause some approximation in the numerical
simulation [15]. The discontinuity is divided into sub-triangles. It must be noted that more triangular
sub-divisions are necessary in the tip element.
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4. Stress Intensity Factors (SIFs)

The SIFs are extracted from the XFEM solution with the help of the crack tip path-independent
integrals, which have been extended to the thermal crack problems [10–12,15]. The interaction integral
method is applied to calculate the SIFs [18]. The J integral over a path ΓJ around the crack tip is defined
as (see Figure 5)

J =
∫

ΓJ

[
Wδ1i − σij

∂uj

∂x1

]
nidΓ (30)
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W is the mechanical strain energy density defined as

W =
1
2
σ : (ε− εT) (31)

σij denotes the stress tensor, uj is the displacement field, ni is the unit outward normal vector to the
contour integral ΓJ , δ is the Kronecker delta, and Ti = σijnj is the traction on the contour integral ΓJ .
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In order to establish a domain form of the integral that is suitable for the extraction of the SIFs
from a numerical solution, a second path Γe surrounding ΓJ is considered and the region A between Γe

and ΓJ is defined. The region A is bounded by ΓJ + Γ+ + Γe + Γ− where Γ+ and Γ− are paths located
on each of the crack faces. Equation (30) can be recast into

J =
∫

ΓJ+Γ++Γe+Γ−

[
σij

∂uj

∂x1
−Wδ1i

]
qmdΓ−

∫
Γ+−Γ−

σ2j
∂uj

∂x1
qdΓ (32)

where m is the outward normal to A. q is a weighting function defined over the domain of integration.
The crack faces are assumed to be traction free. Applying the divergence theorem to Equation (32) and
using the equilibrium and strain-displacement equations, the domain form of the J integral is then
obtained by

J =
∫

A

{[
σij

∂uj

∂x1
− (W)δ1i

]
∂q
∂xi

+

[
ασkk

∂T
∂x1

]
q
}

dA (33)

where α is the expansion coefficient. Two states of a cracked body are considered. The interaction
integral is formulated by superimposing the actual and auxiliary fields on the path independent
J-integral. State one corresponds to the actual fields. State two is an auxiliary field which will be chosen
as the asymptotic field for modes I, II or III. The J-integral for the sum of the two states can be written as

J(1,2) = J(1) + J(2) + M(1,2) (34)

where M(1,2)is called the interaction integral between states one and two.
The auxiliary fields are independent of the thermal loading, they are exactly the same as in

non-thermoelasticity. The interaction integral is obtained as

M(1,2) =
∫

A


σ(1)ij

∂u(2)
j

∂χ1
+ σ

(2)
ij −W(1,2)δ1i

 ∂q
∂xi

+

[
ασ

(2)
kk

∂T
∂x1

]
q
}

dA (35)

From the second term of the integrand of Equation (35), the thermal loading has a similar effect in
the interaction integrals between the actual fields and some auxiliary fields, which is suitable for the
extraction of the individual SIFs.
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For general mixed-mode loading, the part of the crack inside ΓJ is straight, it is independent of
the path, and the value of the J-integral related to SIFs is obtained as

J =
1

E∗
(

K2
I + K2

II

)
+

1
2µ

K2
III, E∗ =

{
E plane stress
E/
(
1− v2) plane strain

(36)

M(1,2) =
2

E∗
(K(1)

I K(2)
I + K(1)

II K(2)
II +

1
2µ

K(1)
III K(2)

III ) (37)

If the auxiliary state is assumed as the pure mode I asymptotic fields, that is, K(2)
I = 1 and

K(2)
II = K(2)

III = 0, the SIFs of mode I K(1)
I can be stated as

K(1)
I =

E∗

2
M(1, modeI) (38)

In a similar way, mode II and mode III SIFs can be obtained from the value of the interaction integral.

5. Numerical Results and Discussion

5.1. Simulation and Experimental Verification

In welding numerical simulation, the heat transfer in the workpiece and around the surrounding
environment should be considered, which is shown in Figure 6. The source of the arc inputs a large
amount of heat into the workpiece in the heating process, which rises temperature rapidly in the
welding seam zone. In the heating process, the heat transfers from the center zone of the workpiece to
the lower temperature zone, which inevitably causes changes within the metal microstructure due
to the thermal expansion effect. The heating effect from the source of the arc is over in the cooling
process, the heat transfer between the workpiece and the surrounding environment is continuing,
the temperature of the workpiece gradually becomes lower, with cooling contraction in the metal
microstructure. In both the processes, the thermal crack may initiate or change dynamically in the
welding seam zone over which the moving heat source moves. Therefore, the heating and cooling
processes are necessarily considered to calculate the temperature field, displacement field and the
dynamic response in the welding workpiece.
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The finite element model of the thin plate hardfacing welding is adopted to be simulated and analyzed.
The welding material is 2024 aluminum alloy, the welding geometry size is 80 mm × 60 mm × 2 mm,
the welding joint is located in the center line of the x–y plane and the arc center moves along the x axis
with a speed of v = 2 mm/s.

In numerical calculations, the heat source model (3) is used with the thermal efficiency η = 0.9,
the effective heating radius of the arc R = 3.0 mm, the welding voltage U = 20 V, the welding current
I = 160 A, the welding speed v = 2 mm/s. The calculation times of the heating and cooling processes
are 40 and 140 s respectively. The coefficient of the heat transfer ak = 50 W/(m2·K), ϑ = ε × Φ, ε is
the radiation coefficient with the value of 0.5; Φ is the Stefan Boltzmann constant with the value of
5.670373 × 10−8 kg·s−3·K−4.

Material properties’ parameters include the thermal conductivity coefficient λ (W/(m·◦C)), density
ρ (Kg/m3), specific heat c (J/(Kg·◦C)), coefficient of thermal expansion α (◦C−1) and elastic modulus
E (GPa). The material parameters can be treated as a function of temperature with isotropic property.
Initial temperature of aluminum alloy sheet is chosen by 20 ◦C; the material performance parameters at
different temperatures are shown in Table 1; the data that are more than 400 ◦C in Table 1 are obtained
by the extrapolation method.

Table 1. Material properties.

T (◦C) 20 100 200 300 400 500 600 700 800

λ (W/m·◦C) 233 232 230 228 224 221 217 213 209
ρ (Kg/m3) 2780 2762 2746 2720 2698 2676 2536 2484 2310
c (J/Kg·◦C) 875 921 1047 1130 1180 1238 1292 1436 1476
α (◦C−1) 21.4 22.7 23.8 24.9 25.7 26.6 27.4 28.4 29.3
E (GPa) 70 65 49.4 38.9 28.5 18.2 7.8 - -

The linear elastic stress–strain relation is not satisfied when the temperature of the material is
heated above the melt temperature. In the welding process, when the temperatures of the elements in
the XFEM model exceed the upper limit temperature value of the solid–liquid zone, the elements are
not involved in the calculation of the thermal stress in the welding process. When the temperatures of
the elements are lower than the upper limit temperature value of the solid–liquid zone, the elements
are involved in the calculation of the thermal stress in the welding process.

The first example is of a plate without an isothermal crack in the heating and cooling processes.
The distributions of the temperature at different times in the heating process are shown in Figure 7.
The distributions of the temperature at different times in the cooling process are shown in Figure 8.

Appl. Sci. 2017, 7, 69 11 of 21 

property. Initial temperature of aluminum alloy sheet is chosen by 20 °C; the material performance 
parameters at different temperatures are shown in Table 1; the data that are more than 400 °C in  
Table 1 are obtained by the extrapolation method. 

The linear elastic stress–strain relation is not satisfied when the temperature of the material is 
heated above the melt temperature. In the welding process, when the temperatures of the elements 
in the XFEM model exceed the upper limit temperature value of the solid–liquid zone, the elements 
are not involved in the calculation of the thermal stress in the welding process. When the 
temperatures of the elements are lower than the upper limit temperature value of the solid–liquid 
zone, the elements are involved in the calculation of the thermal stress in the welding process. 

Table 1. Material properties. 

T (°C) 20 100 200 300 400 500 600 700 800 
λ (W/m·°C) 233 232 230 228 224 221 217 213 209 
ρ (Kg/m3) 2780 2762 2746 2720 2698 2676 2536 2484 2310 
c (J/Kg·°C) 875 921 1047 1130 1180 1238 1292 1436 1476 
α (°C−1) 21.4 22.7 23.8 24.9 25.7 26.6 27.4 28.4 29.3 
E (GPa) 70 65 49.4 38.9 28.5 18.2 7.8 - - 

The first example is of a plate without an isothermal crack in the heating and cooling processes. 
The distributions of the temperature at different times in the heating process are shown in Figure 7. 
The distributions of the temperature at different times in the cooling process are shown in Figure 8. 

   
(a) (b) (c) 

Figure 7. Temperature contour of the plane without cracks in the heating process (0 < t < 40 s).  
(a) t = 5 s; (b) t = 10 s; (c) t = 18 s. 

 
(a) (b) (c) 

Figure 8. Temperature contour of the plane without cracks in the cooling process (40 < t < 180 s).  
(a) t = 50 s; (b) t = 80 s; (c) t = 100 s. 

Figures 7 and 8 represent the temperature distribution of aluminum alloy plate in the welding 
heating and cooling processes. It can be seen that the high temperature area mainly concentrates on 
the welding center area; the highest temperature zone moves as the heat source. The heating quantity 
diffuses to the heating affected zone, of which the temperature of the workpiece tends to be balanced. 
The calculated results are in good agreement with the existing ones. In addition, it can be seen that 
the heat conduction on the workpiece is continuous, and the temperature gradient is distributed in 
the welding heating and cooling processes. 

Figure 7. Temperature contour of the plane without cracks in the heating process (0 < t < 40 s). (a) t = 5 s;
(b) t = 10 s; (c) t = 18 s.



Appl. Sci. 2017, 7, 69 11 of 20

Appl. Sci. 2017, 7, 69 11 of 21 

property. Initial temperature of aluminum alloy sheet is chosen by 20 °C; the material performance 
parameters at different temperatures are shown in Table 1; the data that are more than 400 °C in  
Table 1 are obtained by the extrapolation method. 

The linear elastic stress–strain relation is not satisfied when the temperature of the material is 
heated above the melt temperature. In the welding process, when the temperatures of the elements 
in the XFEM model exceed the upper limit temperature value of the solid–liquid zone, the elements 
are not involved in the calculation of the thermal stress in the welding process. When the 
temperatures of the elements are lower than the upper limit temperature value of the solid–liquid 
zone, the elements are involved in the calculation of the thermal stress in the welding process. 

Table 1. Material properties. 

T (°C) 20 100 200 300 400 500 600 700 800 
λ (W/m·°C) 233 232 230 228 224 221 217 213 209 
ρ (Kg/m3) 2780 2762 2746 2720 2698 2676 2536 2484 2310 
c (J/Kg·°C) 875 921 1047 1130 1180 1238 1292 1436 1476 
α (°C−1) 21.4 22.7 23.8 24.9 25.7 26.6 27.4 28.4 29.3 
E (GPa) 70 65 49.4 38.9 28.5 18.2 7.8 - - 

The first example is of a plate without an isothermal crack in the heating and cooling processes. 
The distributions of the temperature at different times in the heating process are shown in Figure 7. 
The distributions of the temperature at different times in the cooling process are shown in Figure 8. 

   
(a) (b) (c) 

Figure 7. Temperature contour of the plane without cracks in the heating process (0 < t < 40 s).  
(a) t = 5 s; (b) t = 10 s; (c) t = 18 s. 

 
(a) (b) (c) 

Figure 8. Temperature contour of the plane without cracks in the cooling process (40 < t < 180 s).  
(a) t = 50 s; (b) t = 80 s; (c) t = 100 s. 

Figures 7 and 8 represent the temperature distribution of aluminum alloy plate in the welding 
heating and cooling processes. It can be seen that the high temperature area mainly concentrates on 
the welding center area; the highest temperature zone moves as the heat source. The heating quantity 
diffuses to the heating affected zone, of which the temperature of the workpiece tends to be balanced. 
The calculated results are in good agreement with the existing ones. In addition, it can be seen that 
the heat conduction on the workpiece is continuous, and the temperature gradient is distributed in 
the welding heating and cooling processes. 

Figure 8. Temperature contour of the plane without cracks in the cooling process (40 < t < 180 s).
(a) t = 50 s; (b) t = 80 s; (c) t = 100 s.

Figures 7 and 8 represent the temperature distribution of aluminum alloy plate in the welding
heating and cooling processes. It can be seen that the high temperature area mainly concentrates on
the welding center area; the highest temperature zone moves as the heat source. The heating quantity
diffuses to the heating affected zone, of which the temperature of the workpiece tends to be balanced.
The calculated results are in good agreement with the existing ones. In addition, it can be seen that the
heat conduction on the workpiece is continuous, and the temperature gradient is distributed in the
welding heating and cooling processes.

In order to validate the effectiveness of the proposed method, the real-time temperature curve of
the weldment surface is measured by the infrared thermal imager in the welding experiment [9,19],
which is shown in Figure 9.
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The plate surfacing MIG welding experiment of 2024 aluminum alloy sheet is done. The testing
is carried out by the infrared thermal imaging instrument. The size of the base material is
80 mm × 60 mm × 2 mm. The three measuring points of the welding plate surface are measured by
the infrared thermal imaging instrument, the layout of which is shown in Figure 10.

The thermal cycle curve of the three measuring points is obtained, which is shown in Figure 11.
It can be seen that the temperatures of the three measuring points rise rapidly as the welding heating
source moves along the center zone of the workpiece. It reaches the maximum value in a very
short time. Then, the temperature of each point descends slowly to be a value. The temperature
rising rate of each point is higher than the falling one in the cooling process. In the welding heating
process, the temperature of the welding seam zone is much greater than that of the heat affected zone.
The maximum temperature value of point one is higher than that of the other points. The temperature
of each point tends to be uniform as time goes on in the cooling process, which is consistent with the
welding temperature field characteristics.
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The effective heating radius of the Gauss heat source is adjusted to meet the agreement between
the simulation and experiments [9]. The effective heating radius of the Gauss heat source is determined
by an infrared thermal imaging temperature measurement experiment [9,19]. The appropriate radius is
4.0 mm corresponding to the welding parameters of I = 160 A, voltage U = 20 V and speed v = 2 mm/s.
Figure 12 is the comparison of thermal cycle curves of the calculation and experiment at point one.
The results show that the simulation results are close to the experimental results.
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5.2. The Welding Temperature and Stress Field of Aluminum Alloy Plate with an Isothermal Crack

The welding temperature and stress field of aluminum alloy plate with an isothermal crack are
calculated using the indirect coupling method. The stress field is obtained by loading a predefined
temperature field, which is divided into the heating and cooling processes. The heating process time is
40 s with 150 incremental steps. The cooling process time is 140 s with 200 incremental steps.

5.2.1. The Welding Temperature and Stress Field Distribution

The geometry and boundary conditions of the heating process are shown in Figure 13;
the geometry of the model is 80 mm × 60 mm × 2 mm. The crack is formed in the welding seam zone
where the moving heating source has moved at a moment in the welding process. The isothermal
crack is predefined with the length of 8 mm (the crack area is between x = 16 to x = 24 with y = 0).

The distributions of the temperature, heat flux and stress of the plate with an inclined isothermal
crack at time of 30 s in the heating process are shown in Figure 14.

The geometry and boundary conditions of the cooling process are shown in Figure 15.
The distributions of the temperature, heat flux and stress of the plate with an inclined isothermal crack
at a time of 40 s in the cooling process are shown in Figure 16.

It can be seen that the temperature and heat flux distribution are symmetrical along the welding
seam. The temperature value in the heat source is maximum, and the crack tip along the welding
direction appears heat flow concentration. The temperature of the crack in the heating and cooling
processes is much lower than those of other regions; the reason is that with the isothermal crack
with the initial temperature of a low constant value, the heat dissipation of the crack is fast with
high heat flux. The distributions of stress σx and σy on the area away from crack are symmetrical
along the welding seam; distribution of stress σxy is asymmetric. The two-crack tip appears as stress
concentration; the reason is that the welding area near the crack has great thermal stress in the heating
and cooling processes.

The calculation results of the welding temperature and heat flux field distribution are in good
agreement with the actual results. At the same time, it is found that the temperature and heat flux
distribution are disturbed by the discontinuity of the crack. The heating flow field near the crack tip is
obviously concentrated. In the welding heating and cooling processes, the stress gradient near the
crack tip is more obvious, and there is obvious stress concentration at the crack tip.Appl. Sci. 2017, 7, 69 14 of 21 
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Figure 16. A plate with an inclined isothermal crack at the cooling process: (a) the distribution of heat
flux; (b) the distribution of temperature; (c) the distribution of stress σx; (d) the distribution of stress σy;
(e) the distribution of stress σxy.

5.2.2. Stress and Strain Field near the Crack in the Welding Heating and Cooling Processes

The geometry and boundary conditions of the heating process are also shown in Figure 13.
The crack is formed in the welding seam zone at a time of 12 s in the welding process. The isothermal
crack is predefined with the length of 8 mm (the crack area is between x = 16 to x = 24 with y = 0).
The stress field near the crack tip is observed as beginning from a welding heating time of 12 s.
Figure 17 is the element distribution of the stress field near the crack tip for observation. Eight elements
near the crack tip stress are selected to be drawn as a curve. Figure 18 is the time history curve of the
stress of the eight elements that began from a welding heating time of 12 s. The values and general
trends of stress at different times can be mastered by observation of Figure 18.

Appl. Sci. 2017, 7, 69 16 of 21 

It can be seen that the temperature and heat flux distribution are symmetrical along the welding 
seam. The temperature value in the heat source is maximum, and the crack tip along the welding 
direction appears heat flow concentration. The temperature of the crack in the heating and cooling 
processes is much lower than those of other regions; the reason is that with the isothermal crack with 
the initial temperature of a low constant value, the heat dissipation of the crack is fast with high heat 
flux. The distributions of stress σx and σy on the area away from crack are symmetrical along the 
welding seam; distribution of stress σxy is asymmetric. The two-crack tip appears as stress 
concentration; the reason is that the welding area near the crack has great thermal stress in the heating 
and cooling processes. 

The calculation results of the welding temperature and heat flux field distribution are in good 
agreement with the actual results. At the same time, it is found that the temperature and heat flux 
distribution are disturbed by the discontinuity of the crack. The heating flow field near the crack tip 
is obviously concentrated. In the welding heating and cooling processes, the stress gradient near the 
crack tip is more obvious, and there is obvious stress concentration at the crack tip. 

5.2.2. Stress and Strain Field near the Crack in the Welding Heating and Cooling Processes 

The geometry and boundary conditions of the heating process are also shown in Figure 13. The 
crack is formed in the welding seam zone at a time of 12 s in the welding process. The isothermal 
crack is predefined with the length of 8 mm (the crack area is between x = 16 to x = 24 with y = 0). The 
stress field near the crack tip is observed as beginning from a welding heating time of 12 s. Figure 17 
is the element distribution of the stress field near the crack tip for observation. Eight elements near 
the crack tip stress are selected to be drawn as a curve. Figure 18 is the time history curve of the stress 
of the eight elements that began from a welding heating time of 12 s. The values and general trends 
of stress at different times can be mastered by observation of Figure 18. 

 

Figure 17. Element distribution of the stress field near the crack tip for observation (The colors 
represent the intensity of the stress field, the red represents the largest, the blue represents  
the smallest). 

(a) (b) 

15 20 25 30 35 40 45
-2.0x108

-1.5x108

-1.0x108

-5.0x107
 

S/
P

a

t/s

Max Principal Stress

15 20 25 30 35 40 45
-8.0x108

-6.0x108

-4.0x108

-2.0x108

 

S
/P

a

t/s

 Max Principal Stress

Figure 17. Element distribution of the stress field near the crack tip for observation (The colors represent
the intensity of the stress field, the red represents the largest, the blue represents the smallest).
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Figure 18. The stress curves of the elements near the crack tip in the heating process. (a) The stress
curve of element 1©; (b) The stress curve of element 2©; (c) The stress curve of element 3©; (d) The stress
curve of element 4©; (e) The stress curve of element 5©; (f) The stress curve of element 6©; (g) The stress
curve of element 7©; (h) The stress curve of element 8©.

It can be seen from Figure 18 that the stresses of elements 1©, 2©, 5© and 6© are all linear in growth
and obvious stress concentration. The reason is that the crack tip is affected by the thermal expansion
and hampered by the nearby area of metal. The crack tip affected by the temperature becomes weak
as the welding heat source moves far away from the crack. The stress values fall back at the end
of welding. The stress values of elements 3©, 4©, 7© and 8© fluctuate obviously compared to that of
elements 1©, 2©, 5© and 6©. The maximum principal stress values of elements 4©, 5©, 7© and 8© fluctuate
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significantly. The reason is that the heat flux distribution is interfered by the discontinuity of the crack,
which causes the fluctuations of the temperature and the stress value.

Figure 19 is the time history curves of stress of the eight elements in the welding cooling process.
The changing conditions of stress of the eight elements in the welding cooling process can be observed
in Figure 19.Appl. Sci. 2017, 7, 69 18 of 21 
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Figure 19. The stress curves of the elements near the crack tip in the cooling process. (a) The stress
curve of element one (b) The stress curve of element two; (c) The stress curve of element three;
(d) The stress curve of element four; (e) The stress curve of element five; (f) The stress curve of element
six; (g) The stress curve of element seven; (h) The stress curve of element eight.
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It can be seen from Figure 19 that the stress of the elements near the crack tip all decrease rapidly
as the cooling progresses. The reason is that the strong transient cooling effect is produced when the
welding heat source suddenly disappears at the beginning of cooling. The cooling rate of the welding
seam zone is the fastest. The stress value of the welding seam zone is changed rapidly. The decreasing
rate of stress becomes slow after cooling in a period of time. The cooling rate becomes lower as the
temperature difference becomes small. The welding stress value decreases slowly as the temperature
becomes low. The final stress value is not zero when the cooling is over, at which point the final
residual stress exists.

5.3. Calculation and Analysis of SIFs

The SIFs indicate the cracking tip state extent in the form of a numerical value, which can
characterize the strength of the stress and strain field near the crack tip. The SIFs are determined by
the size of the external force, loading mode, crack size and shape, and the geometry and size of the
work pieces. The SIFs in the heating and cooling processes are obtained by the XFEM. The SIFs of the
crack are shown in Figures 20 and 21.
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Figure 20. The stress intensity factors (SIFs) of the crack in the heating process. (a) KI; (b) KII; (c) KIII.

It can be seen from Figure 20 that the absolute value of KI is almost linear in growth in the welding
heating process. The KI value is negative because the obvious stress exists when the welding heating
expansion of the crack tip is hampered by the nearby area metal. The value of KII firstly has a small and
slow decrease, then appears to fluctuate and has a tendency to decrease after reaching the maximum.
The value of KIII is basic linear growth at the beginning of the welding; the value becomes larger as the
distance between the heating source and the crack tip becomes far. The value of KIII begins to decrease
when the welding is over.

It indicates that the SIFs are changed under the effect of the moving heating source. Three types of
SIFs reach the maximum and the minimum value in the heating process with different variation trends.
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Figure 21. The stress intensity factors (SIFs) of the crack in the cooling process. (a) KI; (b) KII; (c) KIII.



Appl. Sci. 2017, 7, 69 19 of 20

It can be seen from Figure 21 that the KI, KII and KIII all tend to be a certain value in the welding
cooling process. The reason is that the welding heating stress of the crack tip is reduced when the effect
of the moving heating source disappears. However, the three types of SIFs are not reduced to zero,
because there still exists a certain value of welding residual stress after the welding cooling. Due to
an obvious temperature gradient caused by the moving heating source, the values of KI, KII and KIII

do not form a very smooth curve, which is due to the slight fluctuation. The SIFs of the crack are all
gradually stabilized when the temperature of the workpiece tends to be balanced.

6. Conclusions

In this study, the thermo-elastic fracture problem and equations have been established aluminium
alloy MIG welding. The heating source is Gauss heat flux distribution. The XFEM is successfully
implemented to solve the thermo-elastic fracture problem of a plate structure with a crack during
the heating and cooling processes. The numerical cases of the temperature, stress and SIFs of the
plate structure with a finite crack under the welding heating and cooling processes are investigated
and discussed. The calculated welding temperature results are in good agreement with the existing
literature. The temperature, heat flux and stress distribution calculated by the XFEM are interfered
with by the crack with obvious concentration. The SIFs are changed by the effect of the temperature
field in the heating and cooling processes. The SIFs are all gradually stabilized when the temperature
of the workpiece tends to be balanced. This study provides an effective method to implement the
welding thermal elastic mechanics calculation of aluminum alloy plate with a crack. Further work
will focus on the following two aspects and provide reference for the suppression of a hot crack in
aluminum alloy MIG welding. The parameters and the effective heating radius of the Gauss heat
source model under different welding parameters are determined. Combined with a stress testing
experiment, the temperature and stress distribution under different welding parameters are calculated
and analyzed to master the changing rules and characteristics of aluminum alloy MIG welding. For the
SIFs of different crack locations, further analyses under different welding parameters are conducted to
master the dynamic behavior of the crack in aluminum alloy MIG welding.
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