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Abstract: Interference fit is an important contact mode used for torque transmission existing widely
in engineering design. To prevent trackslip, a certain magnitude of interference has to be ensured;
meanwhile, the interference needs to be controlled to avoid failure of the mechanical components
caused by high assembly stress. The finite element method (FEM) can be used to analyze the
stress, while the computational cost of FEM involving nonlinear contact algorithm is relatively
high, and likely to come across low precision and convergence problems. Therefore, a rapid and
accurate analytical method for estimation is of vital need, especially for the initial design stage when
the parameters vary in a large range. In this study, an analytical method to calculate the contact
pressure and stress between multi-layer thick-walled cylinders (MLTWC) with multi-contact pairs
and temperature-raising effect is proposed, and evaluated by FEM. The analytical solution of the
interference for tri-layer thick-walled cylinders is applied to the design of engine crankshaft bearing.
The results indicate that the analytical method presented in this study can reduce complexity of
MLTWC problems and improve the computational efficiency. It is well suited to be used for the
calculation model of parameter optimization in early design.

Keywords: interference; multi-layer thick-walled cylinders; contact pressure; analytical solution;
bearing design

1. Introduction

Key pins and spline are commonly used as the connect device to transmit torque from transmission
shaft to gear, pulley, belt pulley and the chain wheel. Besides, the torque can also be transferred by
interference fit [1,2] with lower costs, since no connecting devices, such as keyway, pin hole and spline
tooth, are in need. In addition, interference fit has the advantages of high bearing capacity, and able
to withstand composite loads [3,4], and has been widely applied in heavy machinery, ship engine,
general machinery and engines [1,5–7], such as the contacts between the main bearing seat and the
engine body, the engine bearing liner and the camshaft bearing seat, the cam and the hollow camshaft
and so on.

In interference fit, the assembly bore of gear or sprocket is smaller than the axle diameter, and
the transmission device is usually set on the shaft by compress fit or shrinkage fit [8,9]. Design of the
interference is the crux of the matter, which determines the mechanical state in the connection and
significantly affects the life of the fretting wear and connection [10,11]. The application of interference
fit on transferring torque involves complex fits among multi-coaxial components, the stress calculation
of which is relatively complicated [12]. FEM can be used to analyze the distribution and concentration
of stress [8,11,13–16], while the computational cost of FEM involving contact algorithm is relatively
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high [9,17], and likely to come across low precision and convergence problems [18]. Due to the
complexity and high cost of the modeling and optimization of the FEM [19,20], the early design of
mechanical products often relies on the experience of the designers to set some key parameters, such
as the interference in MLTWC problems, which is a simplification of the interference fit problems in
engineering machinery [5]. FEM is in most cases used for the later design to do finer optimization [9,21].
Some rapid but accurate analytical methods are in need for the early design.

Under the hypothesis of the same axial length for the multi-layer thick-walled cylinders, the
theoretical pressure are constant on the whole contacting surface; in contrast, if the shaft extends
beyond the hub there is a stress concentration occurring at the extremities of the contact zone [22],
which can be evaluated by performing numerical investigations, such as finite element analysis. The
above stress concentration phenomenon can be hardly presented by regular theoretical solution based
on Lamé’s solution for the thick-walled cylinders. Past theoretical studies also only concern the stress
distributions away from the region of stress concentration. For instant, Croccolo and Vincenzl [23]
provided a mathematical model that is applicable to a system of n axial symmetric elements, made
of different materials, eventually coupled together with a radial interference and that can rotate at a
given angular velocity.

In this study, a general analysis method for MLTWC with multi-contact pairs and
temperature-raising effect is developed according to the solution from elastic theory of axisymmetric
thick-walled cylinder [24]. A full set of analytical solution of the MLTWC problem, including the
contact pressure and stress analysis solutions is derived. Compared with previous research, this
study proposes interference solutions for MLTWC from a perspective closer to the engineering design,
and establishes the relations between dimensional tolerance and the reaction torque bearable for the
interference. Proceeding from bi-layer and tri-layer cylinders, the theoretical solutions are promoted to
a general form, taking temperature effect into account. A stiffness reduction factor is also introduced to
describe the geometric effects of irregular thick-walled cylinders. Its consistency with the results from
the sophisticated FEM is verified using the instances of bi-layer and tri-layer thick-walled cylinders.
The analytical solution of the MLTWC problem is finally applied to design a diesel engine crankshaft
bearing support system. The calculation and design is rapidly accomplished with comparable accuracy
to FEM. Compared with FEM, there is no complex modeling nor costly calculation is in need for
analytical method to get results with comparative accuracy. In addition, the analytic method is able to
avoid the loss of accuracy in FEM resulting from nonlinearity, and it is well suited for calculation model
of parameter optimization in early design. All the calculation in this study can be easily transformed
into executable computation procedure, providing great convenience for engineering application.

2. Analytical Solution of Multiple Contact Pairs for the MLTWC

2.1. Interference Quantity Design of MLTWC

Certain interference has to be assured to prevent interference surface skid in mechanical
transmission device. Meanwhile, the interference cannot be too big to avoid that the component
stress falls into plastic zone and lose efficacy. Therefore, the size and tolerance of components must
be designed in a reasonable range to realize a befitting interference quantity and thus the effective
torque transmission.

The designed transmission torque
Ñ

Mdesign can be determined according to design requirements,
which is the maximum torque that can be transmitted by the interference surfaces. The actual maximum
torque needs to be larger than the designed transmission torque by a rational interference quantity,

i.e.,
ˇ
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ˇ. There exists simple quantitative relationships between contact pressure

P and the actual maximum torque
Ñ

M, i.e.,
Ñ

M “ g pP, µ, S, Rq, here, µ, S, R represents static friction
coefficient, contact area and radius of the contact face, respectively. Thus, the relationship between the

interference δ and the maximum transmission torque
Ñ

M can be found if the quantitative description
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of δ and P is determined. The lower limit of the interference quantity δmin can be determined by the
designed torque.

Excessive interference leads to such high contact pressure that there will be stress concentration
inside the components. If the stress exceeds the plastic yield stress, i.e., σmax,i ą σs,i, the MLTWC loses
efficacy due to unrecoverable local deformation. Hence, there exists an upper limit δmax resulting from
the limit of the maximum stress. Figure 1 shows the calculation principle for interference.
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Figure 1. Calculation principle for interference: based on the minimun transmitted torque and
maximum internal stress in need, minimum and maximum interference are obtained by solving
inverse problems, and then the design interference as well as design tolerance can be derived.

2.2. Relationships between Interference and Tolerance

Suppose the axial diameter is D`ω1
´ω2

, and the bore diameter is D`ω3
´ω4

, where D is diameter, and
superscript `ω1 and ` ω3 represent ecart superieur, and subscript ´ω2 and ´ ω4 represent ecart
inferieur. There exists relationship between maximum interference δmax and the tolerance for a certain
pair of interference fit, as shown in Equation (1):

δmax “ 0.5¨ pω1 `ω4q (1)

The minimum interference δmin also has relationship with the tolerance, as in Equation (2):

δmin “ 0.5¨ p´ω2 ´ω3q (2)

The deviation value of axis and bore in the interference pair can be totally determined with the
given tolerance zone, i.e., the value of pω1 `ω2q and (ω3 `ω4q.

2.3. Relationships between Interference and Temperature

The interference fit for torque transmission often works within certain temperature range. The
contact pressure changes when the temperature changes if the coefficients of linear expansion of
the contacted pair disagree, and leads to sliding failure. Therefore, the temperature effect has to be
taken into account when designing the tolerance system of the MLTWC. Suppose the interference of
the contact surface is δ0, and the working temperature is ∆T higher than the design temperature. If
the linear expansion coefficient of inner cylinder wall is larger than that of outer cylinder wall, the
interference increases; otherwise, the interference decreases. The relationship between the interference
and the temperature rise is shown in Equation (3),

δ “ δ0 ` δT “ δ0 ` pαi ´ αoq ˆ Rˆ ∆T (3)

where δT is interference change resulting from temperature rise; αi and αo represent the coefficients of
inner and outer cylinder walls, respectively; and R is the radius at the contact surface.
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2.4. Analytical Solution of Bi-layer Thick-walled Cylinders

The left subgraph in Figure 2 describes the interference problem of bi-layer thick-walled
cylinders. Within small elastic deformation, such problems satisfy superposition principle, and
can be decomposed into two independent space axisymmetric problems of thick-walled cylinder,
as shown in right side of the equal sign in Figure 2. The overall calculation process of interference
algorithm for BTC is shown in the flow diagram, Figure 3.Appl. Sci. 2016, 6, 167  4 of 20 
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Figure 2. Superposition principle for interference problem of bi-layer thick-walled cylinders (BTC).
The inner and outer cylinders are represented by two different colors. E, v, and α represent Young
modulus, Poisson's ratio, and coefficient of thermal expansion, respectively, and the index 1 and 2
represent outer and inner cylinders, respectively. The pressure on the contact surface is pi. Before the
contacting, the inside radius of the outer cylinder is r2,out, and the outside radius of the inner cylinder
is r2,in. After the contacting, the radius of the contact surface is r2, and the inside radius of the inner
cylinder is r3, and the outside radius of the outer cylinder is r1.Appl. Sci. 2016, 6, 167  6 of 20 
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The thick-walled cylinder with inner and outer radius of r2,out and r1 respectively as shown
in Figure 2 is under uniform internal pressure Pi, and there is no external pressure. The Young
modulus of this cylinder is E1; its Poisson’s ratio is v1, and the thermal linear expansion coefficient is
α1. According to the theoretic solution of space axisymmetric problems of thick-walled cylinder, the
radial displacement at the inner surface of this cylinder can be expressed as:

ur, out|r“r2
“

r3
2,outPi p1´ v1q

E1

´

r2
1 ´ r2

2,out

¯ `
r2

1r2,outPi p1` v1q

E1

´

r2
1 ´ r2

2,out

¯ (4)

where the subscript r in ur, out|r“r2
represents radial direction, and the subscript out indicates outside

of the contact surface.
The thick-walled cylinder with inner and outer radius of r3 and r2,in respectively as shown in

Figure 2 is under uniform external pressure Pi, and there is no internal pressure. The Young modulus
of this cylinder is E2; its Poisson's ratio is v2, and the thermal linear expansion coefficient is α2.
According to the theoretic solution of space axisymmetric problems of thick-walled cylinder, the radial
displacement at the outer surface of this cylinder can be expressed as:

ur, in|r“r2
“ ´

r3
2,inPi p1´ v2q

E2

´

r2
2,in ´ r2

3

¯ ´
r2,inr2

3Pi p1` v2q

E2

´

r2
2,in ´ r2

3

¯ (5)

where the subscript r in ur, in|r“r2
represents radial direction, and the subscript in indicates inside of

the contact surface.
Assembling two concentric thick-walled cylinders together, r2,out is slightly smaller than r2,in, and

the difference between them is the interference δi as shown in Equation (6), which determines the
displacement coordination between the inner and outer cylinders on the contact surface.

δi “ ur,out|r“r2
´ ur,in|r“r2

(6)

The displacement along the radial direction is set to be positive, otherwise it is negative.
Derived from the displacement coordination in Equation (6), the contact pressure Pi can be

obtained as shown in Equation (7):

Pi “
δi

r2,outp´r2
2,outp´1`v1q`r2

1p1`v1qq

E1pr2
1´r2

2,outq
`

r2,in

´

r2
2,inp´1`v2q´r2

3p1`v2q
¯

E2

´

r2
3´r2

2,in

¯

(7)

Approximately regarding r2,out is equal to r2,in, and denoting both of them as r2, the simplified
pressure is expressed in Equation (8).

Pi “
δi

r2

ˆ

r2
2p´1`v1q

E1p´r2
1`r2

2q
`

r2
1p1`v1q

E1pr2
1´r2

2q
´

r2
2p´1`v2q

E2pr2
2´r2

3q
`

r2
3p1`v2q

E2pr2
2´r2

3q

˙ (8)

Few coaxial components in contact can be found in actual structure as flawless thick-walled
cylinders as in theoretical assumptions. Various local reinforced or lightened structures are added.
Therefore, the actual material stiffness needs to be discounted according to the volume fraction of
the material, which is defined as the percentage of the actual component volume to the volume
of an ideal thick-walled cylinder taking component outer contour as the boundary. Such volume
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fraction is regarded as the stiffness discount factor φ, so that the contact pressure between the bi-layer
thick-walled cylinders is:

P “
δ

r2

ˆ

r2
2p´1`v1q

E1 ϕ1p´r2
1`r2

2q
`

r2
1p1`v1q

E1 ϕ1pr2
1´r2

2q
´

r2
2p´1`v2q

E2 ϕ2pr2
2´r2

3q
`

r2
3p1`v2q

E2 ϕ2pr2
2´r2

3q

˙ (9)

Equations (8) and (9) indicate that the contact pressure is in direct proportion to the interference,
the proportionality coefficient of which depends on the geometrical characteristic and material property
of the contact pair. Material with larger Young modulus has larger proportionality coefficient, resulting
in higher contact pressure.

Given the contact pressure of the bi-layer cylinders Pi, the stress of the inner and outer cylinder
are shown in Equations (10) and (11), respectively, from the theoretic solution of space axisymmetric
problems of thick-walled cylinder.

Stress of the inner cylinder,

$

’

’

’

’

’

&

’

’

’

’

’

%

σr,in “
´Pir2

2
r2

2´r2
3
` 1

r2
r2

3r2
2Pi

r2
2´r2

3

σθ,in “
´Pir2

2
r2

2´r2
3
´ 1

r2
r2

3r2
2Pi

r2
2´r2

3

σz,out “ 0
τzr,out “ 0

(10)

Stress of the outer cylinder,

$

’

’

’

’

’

&

’

’

’

’

’

%

σr,out “
Pir2

2
r2

1´r2
2
´ 1

r2
r2

2r2
1Pi

r2
1´r2

2

σθ,out “
Pir2

2
r2

1´r2
2
` 1

r2
r2

2r2
1Pi

r2
1´r2

2

σz,out “ 0
τzr,out “ 0

(11)

2.5. Analytical Solution of Tri-layer Thick-walled Cylinders

Three nested thick-walled cylinders go with one another for interference. The calculation flow for
contact pressure and interference of tri-layer thick-walled cylinders with different assembly sequence
is shown in Figure 4. Figure 5 shows the superposition principle of tri-layer thick-walled cylinders
installed from inside to outside; while Figure 6 indicates the installation from outside to inside. Figure 7
presents the installation when the contact pairs are formed simultaneously. From Figure 5, Figure 6
and Figure 7, different colors represent different coaxial thick-walled cylinders with the material
parameters of E1, v1, α1; E2, v2, α2; and E3, v3, α3, respectively, wherein E is the Young's modulus,
v the Poisson ratio, and α the thermal linear expansion coefficient. The outer cylinder in light gray
and the medial cylinder in gray form a contact pair at radius r2, denoted as contact pair i, and the
variable relevant to this pair are represented with the subscript i. In the same manner, the contact pair
composed of the medial cylinder in gray and the inner cylinder in dark gray radius r3 is represent by ii.
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interference of outer contact pair i, the contact pressure of inner pair ii can be calculated by updating
the interference of inner contact pair ii.
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Figure 7. Superposition principle of tri-layer thick-walled cylinders without consideration of
assembly order.

2.5.1. Installation from Inside to Outside

The installation is split into two steps: the inner contact pair ii goes first, and then the outer
contact pair i is assembled. To calculate contact pressure, the two pairs are analyzed separately, and
then the results of them are superposed on the basis of superposition principle, as shown in Figure 5.

The interference of the inner contact pair δii can be solved by Equation (3). Using the simplified
Formula (8) to calculate the contact pressure between two thick-walled cylinders, the contact pressure
of the inner pair ii is derived as:

Pii “
δii

r3

ˆ

r2
3p´1`v2q

E2p´r2
2`r2

3q
`

r2
2p1`v2q

E2pr2
2´r2

3q
´

r2
3p´1`v3q

E3pr2
3´r2

4q
`

r2
4p1`v3q

E3pr2
3´r2

4q

˙ (12)

According to the solution of the thick-walled cylinder axisymmetric problem, the contact pair ii
will lead to a radial displacement at the exterior of the medial cylinder, as shown in Equation (13).

ur|r“r2 “
2Piir2r2

3
E2

`

r2
2 ´ r2

3
˘ (13)

Such radial displacement results in an increase of the interference of the outer contact pair
i. Denoting this increase as δc:iiÑi, the value of which is equal to ur|r“r2

. δc:iiÑi indicates the
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monodirectional effect from contact pair ii to i. Based on the Formula (3), the interference δi of
contact pair i should be expressed as:

δi “ δ0 ` δT ` δc:iiÑi (14)

Applying the simplified computational formula (8) to calculate the contact pressure Pi of the
contact pair i, Equation (15) can be derived:

Pi “

δ0 ` δT `
2r2r2

3
E2pr2

2´r2
3q

δii

r3

ˆ

r2
3p´1`v2q

E2p´r2
2`r2

3q
`

r2
2p1`v2q

E2pr2
2´r2

3q
´

r2
3p´1`v3q

E3pr2
3´r2

4q
`

r2
4p1`v3q

E3pr2
3´r2

4q

˙

r2

ˆ

r2
2p´1`v1q

E1p´r2
1`r2

2q
`

r2
1p1`v1q

E1pr2
1´r2

2q
´

r2
2p´1`v2q

E2pr2
2´r2

3q
`

r2
3p1`v2q

E2pr2
2´r2

3q

˙ (15)

Such calculation is in accordance with the component installation from inside to outside. The
calculated contact pressure of the inner contact pair ii is not the final result. The outer contact pair i
increases the material stiffness of the exterior of the inner contact pair, and thus increases the contact
pressure of the inner contact pair. The calculated contact pressure of the inner pair is smaller than the
actual value. Besides, the calculation of the contact pressure of the outer pair also does not consider
the impact of the innermost material stiffness, as a result, the calculated value is as well smaller than
the actual value.

2.5.2. Installation from Outside to Inside

This time, the outer contact pair i is assembled firstly, and then the inner contact pair i is fit.
Similar with the calculation in Section 2.5.1, the superposition principle of the contact pressure of the
two contact pairs is shown in Figure 6.

The interference of the outer contact pair δi can be solved by Equation (3). Using Formula (8) to
calculate the contact pressure between two thick-walled cylinders, the contact pressure of the outer
pair i is derived as:

Pi “
δi

r2

ˆ

r2
2p´1`v1q

E1p´r2
1`r2

2q
`

r2
1p1`v1q

E1pr2
1´r2

2q
´

r2
2p´1`v2q

E2pr2
2´r2

3q
`

r2
3p1`v2q

E2pr2
2´r2

3q

˙ (16)

The radial displacement at the interior of the medial cylinder resulting from the outer contact pair
i is:

ur|r“r3 “
´2Pir3r2

2
E2

`

r2
2 ´ r2

3
˘ (17)

This displacement leads to an interference increase of inner contact pair ii, denoted as δc:iÑii
with the value of ur|r“r3

. δc:iÑii indicates the monodirectional effect from contact pair i to ii, and the
interference δii of contact pair ii is:

δii “ δ0 ` δT ` δc:iÑii (18)

The contact pressure Pii of the contact pair ii is calculated by Formula (8):

Pii “

δ0 ` δT `
´2r3r2

2
E2pr2

2´r2
3q

δi

r2

ˆ

r2
2p´1`v1q

E1p´r2
1`r2

2q
`

r2
1p1`v1q

E1pr2
1´r2

2q
´

r2
2p´1`v2q

E2pr2
2´r2

3q
`

r2
3p1`v2q

E2pr2
2´r2

3q

˙

r3

ˆ

r2
3p´1`v2q

E2p´r2
2`r2

3q
`

r2
2p1`v2q

E2pr2
2´r2

3q
´

r2
3p´ 1`v3q

E3pr2
3´r2

4q
`

r2
4p1`v3q

E3pr2
3´r2

4q

˙ (19)

The calculation above is in accordance with the component installation from outside to inside.
The calculated contact pressure of the outer contact pair i is smaller than the actual value, since the
existence of the inner contact pair enlarges the interior material stiffness of the outer contact pair, and
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thus enlarges the contact pressure of the outer pair. The calculation of the contact pressure of the inner
pair also does not take the impact of the outermost material stiffness into account, and the calculated
value is thus smaller than the actual value too.

2.5.3. Holistic Coupling Analysis

Within a small elastic deformation range, the interference problems of tri-layer thick-walled
cylinders satisfy the principle of superposition, which can be divided into three separate thick-walled
cylinders problems of space axially symmetry. The calculated results of these separate parts are then
superposed based on the principle of superposition, as shown in Figure 7.

According to the theoretical solution of thick-walled cylinder axisymmetric problem, the radial
displacement at the interior surface of the outermost cylinder ur,out|r“r2

, the radial displacement at
the exterior surface of the medial cylinder ur,in|r“r2

, the radial displacement at the interior surface of
the medial cylinder ur,out|r“r3

, and the radial displacement at the exterior surface of the inner cylinder
ur,in|r“r3

can be derived, as shown in Equations (20)–(23).

ur,out|r“r2
“

Pir3
2 p1´ υ1q

E1
`

r2
1 ´ r2

2
˘ `

Pir2
1r2 p1` υ1q

E1
`

r2
1 ´ r2

2
˘ (20)

ur,in|r“r2
“

`

´Pir3
2 ` Piir2r2

3
˘

p1´ υ2q

E2
`

r2
2 ´ r2

3
˘ `

p´Pi ` Piiq r2r2
3 p1` υ2q

E2
`

r2
2 ´ r2

3
˘ (21)

ur,out|r“r3
“

`

´Pir2
2r3 ` Piir3

3
˘

p1´ υ2q

E2
`

r2
2 ´ r2

3
˘ `

p´Pi ` Piiq r2
2r3 p1` υ2q

E2
`

r2
2 ´ r2

3
˘ (22)

ur,in|r“r3
“ ´

Piir3
3 p1´ υ3q

E3
`

r2
3 ´ r2

4

˘ ´
Piir3r2

4 p1` υ3q

E3
`

r2
3 ´ r2

4

˘ (23)

The interference of the inner and outer contact pair of the nested thick-walled cylinders determines
the displacement coordination of the corresponding cylinders on the contact surface.

ur,out|r“r2
´ ur,in|r“r2

“ δi (24)

ur,out|r“r3
´ ur,in|r“r3

“ δii (25)

Substituting the radial displacement in Equations (20)–(23) into displacement coordination in
Equations (24) and (25), the contact pressure can be derived.

2.5.4. Stress Analysis

Given the contact pressure Pi and Pii of the tri-layer cylinders, the stress of the inner, medium
and outer cylinder are shown in Equations (26)–(28), respectively, from the theoretic solution of space
axisymmetric problems of thick-walled cylinder.

Stress of the inner cylinder,

$

’

’

’

’

’

&

’

’

’

’

’

%

σr,in “
´Piir2

3
r2

3´r2
4
` 1

r2
r2

4r2
3Pii

r2
3´r2

4

σθ,in “
´Piir2

3
r2

3´r2
4
´ 1

r2
r2

4r2
3Pii

r2
3´r2

4

σz,in “ 0
τzr,in “ 0

(26)
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Stress of the medium cylinder,

$

’

’

’

’

’

&

’

’

’

’

’

%

σr,medium “
Piir2

3´Pir2
2

r2
2´r2

3
` 1

r2
r2

3r2
2pPi´Piiq

r2
2´r2

3

σθ,medium “
Piir2

3´Pir2
2

r2
2´r2

3
´ 1

r2
r2

3r2
2pPi´Piiq

r2
2´r2

3

σz,medium “ 0
τzr,medium “ 0

(27)

Stress of the outer cylinder,

$

’

’

’

’

’

&

’

’

’

’

’

%

σr,out “
Pir2

2
r2

1´r2
2
´ 1

r2
r2

2r2
1Pi

r2
1´r2

2

σθ,out “
Pir2

2
r2

1´r2
2
` 1

r2
r2

2r2
1Pi

r2
1´r2

2

σz,out “ 0
τzr,out “ 0

(28)

2.6. General Analytical Solution of Multiple Contact Pairs for the MLTWC

Without loss of generality, the interference fit of a MLTWC system with n thick-walled cylinders
is studied, as shown in Figure 8. A holistic coupling method is developed to analyze the interference
of MLTWC. The calculation flow diagram for the interference algorithm without consideration of
assembly sequence is illustrated in Figure 9.
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Figure 8. Sketch of interference fit of MLTWC.

The interference fit between the ith layer and (i + 1)th layer of the MLTWC is shown in Figure 8,
which is composed of the outer surface of the ith thick-wall cylinder and the inner surface of the (i + 1)th

cylinder. The radial displacement u of these two surface needs to satisfy the displacement coordination
described in Equation (29), so that there is no gap or penetration between these two surfaces.

uin
i`1 ´ uout

i “ δi,i`1 pi “ 1, 2, . . . , n´ 1q (29)

where the superscript represents the inner and outer surface, respectively.
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(MTC) without consideration of assembly sequence.

Under the hypothesis of small elastic deformation, the interference fit of n MLTWC satisfies
superposition principle, which can be equivalent to n axisymmetric thick-wall cylinders with uniformly
distributed interior and exterior pressure. According to the elastic theory solution, the radial
displacement of the outer surface of the ith cylinder is shown in Equation (30).

uout
i “

Ri

”

Pi´1
`

Ri´1 ´ δi´1,i
˘2
´ PiR2

i

ı

p1´ υiq

Ei

´

R2
i ´

`

Ri´1 ´ δi´1,i
˘2
¯ `

pPi´1 ´ Piq
`

Ri´1 ´ δi´1,i
˘2 Ri p1` υiq

Ei

´

R2
i ´

`

Ri´1 ´ δi´1,i
˘2
¯ (30)

Since δi´1,i is small compared to Ri´1, Equation (30) can be simplified as in Equation (31).

uout
i “

Ri

”

Pi´1R2
i´1 ´ PiR2

i

ı

p1´ υiq

Ei

´

R2
i ´ R2

i´1

¯ `
pPi´1 ´ PiqR2

i´1Ri p1` υiq

Ei

´

R2
i ´ R2

i´1

¯ (31)

Similarly,

uin
i`1 “

Ri

´

PiR2
i ´ Pi`1R2

i`1

¯

p1´ υi`1q

Ei`1

´

R2
i`1 ´ R2

i

¯ `
pPi ´ Pi`1qRiR2

i`1 p1` υi`1q

Ei`1

´

R2
i`1 ´ R2

i

¯ (32)

Put Equations (31) and (32) into Equation (29), then

δi,i`1 “ Ri

˜

2Pi´1R2
i´1´Pip´R2

i p´1`υiq`R2
i´1p1`υiqq

Ei

´

R2
i´1´R2

i

¯ `
2Pi`1R2

i`1´PipR2
i`R2

i`1q`PipR2
i´R2

i`1qυi`1

Ei`1

´

R2
i´R2

i`1

¯

¸

(33)

Expand it and group terms, Equation (34) can be derived.
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δi,i`1 “
2R2

i´1Ri

Ei

´

R2
i´1´R2

i

¯Pi´1 ` r
RipR2

i`R2
i´1q

Ei

´

R2
i´R2

i´1

¯ ´
Riυi
Ei
`

RipR2
i`1`R2

i q

Ei`1

´

R2
i`1´R2

i

¯ `
Riυi`1
Ei`1

sPi `
2Ri R2

i`1

Ei`1

´

R2
i´R2

i`1

¯Pi`1 (34)

It can be seen from Equation (34) that Pi´1, Pi, and Pi`1 all have their own contributions to δi,i`1,
which is determined by the parameters of material and geometrical characteristics. Represent the
coefficients of Pi´1, Pi, and Pi`1 in Equation (34) by Si,i´1, Si,i, and Si,i`1, respectively, and Equation (34)
can be rewritten as:

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

δi,i`1 “ Si,i´1Pi´1 ` Si,iPi ` Si,i`1Pi`1

Si,i´1 “
2R2

i´1Ri

Ei

´

R2
i´1´R2

i

¯

Si,i “
RipR2

i`R2
i´1q

Ei

´

R2
i´R2

i´1

¯ ´
Riυi
Ei
`

RipR2
i`1`R2

i q

Ei`1

´

R2
i`1´R2

i

¯ `
Riυi`1
Ei`1

Si,i`1 “
2Ri R2

i`1

Ei`1

´

R2
i´R2

i`1

¯

pi “ 1, 2 . . . n´ 1q (35)

Combining n thick-wall cylinders together, there appears n ´ 1 pair of interference fit, and n ´ 1
Equations can be established as in Equation (36).

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

δ1,2 “ S1,0P0 ` S1,1P1 ` S1,2P2 , i “ 1
δ2,3 “ S2,1P1 ` S2,2P2 ` S2,3P3 , i “ 2

...
δn´2,n´1 “ Sn´2,n´3Pn´3 ` Sn´2,n´2Pn´2 ` Sn´2,n´1Pn´1 , i “ n´ 2

δn´1,n “ Sn´1,n´2Pn´2 ` Sn´1,n´1Pn´1 ` Sn´1,nPn , i “ n ´ 1

(36)

Rewrite Equation (36) to matrix form:

»

—

—

—

—

—

—

–

δ1,2

δ2,3
...

δn´2,n´1

δn´1,n

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“

»

—

—

—

—

—

—

–

S1,0 S1,1 S1,2

S2,1 S2,2 S2,3
. . .

Sn´2,n´3 Sn´2,n´2 Sn´2,n´1

Sn´1,n´2 Sn´1,n´1 Sn´1,n

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

»

—

—

—

—

—

—

–

P0

P1
...

Pn´1

Pn

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(37)

n ´ 1 values of P1, P2, . . . , Pn´1 can be derived from Equation (37) in total.
Based on the elastic theory solution of axisymmetric thick-wall cylinders under uniformly

distributed interior and exterior pressure, the principal stress of the ith thick-wall cylinder is shown in
Equation (38).
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(38)

when degenerated to a contact problem between two thick-walled cylinders, assuming P0 “ P2 “ 0,
Equation (39) can be derived from Equation (37):

P1 “
δ1,2

S1,1
“

δ1,2
R1pR2

1`R2
0q

E1pR2
1´R2

0q
´

R1v1
E1
`

R1pR2
2`R2

1q

E2pR2
2´R2

1q
`

R1v2
E2

(39)

After simplification, it can be found that Equation (39) accords with Equation (8).
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When degenerated to a contact problem of tri-layer thick-walled cylinders, assuming
P0 “ P3 “ 0, P1 and P2 can be derived from Equation (37), which accords with the results from
holistic coupling analysis.

The solution of Equation (37) is the contact pressure of n-layer thick-walled cylinders, substituting
which into Equation (38), the stress of the arbitrary ith layer cylinder can be derived.

3. Validation of Analytical Solution

When complicated MLTWC is degenerated to bi-layer or tri-layer thick-walled cylinders,
superposition principle of elastic mechanics can be used to obtain the relationship between contact
pressure and the magnitude of interference, as shown in Section 2.4 and Section 2.5.

Commercial finite element software ABAQUS (6.14, Dassault Systèmes, Boston, MA, USA,
2015) is adopted for FE modeling and analysis. Both of the bi-layer and tri-layer thick-walled
cylinders FE models use 3D FE model with 20-node hexahedral element (C3D20) to discrete, the
axial and circumferential degree of freedom (DOF) of the thick-walled cylinders is constrained, and
the mechanical behavior of materials is described by linear elastic constitutive relationship. Grid
convergence analysis was carried out before calculation.

3.1. Soluation of Bi-Layer Thick-Walled Cyliners

Taking single contact pair between bi-layer thick-walled cylinders as an example, the contact
radius is 33.5 mm with interference of 28.71 µm; the outer cylinder is made of aluminum alloy with
the maximum radius of 70 mm; and the inner cylinder is made of steel with the minimum radius of
31 mm.

The relative error between theoretical solution and finite element analysis solution is around 1%,
as shown in Table 1. The consistency of the results from FEM and theoretical method validates the
correctness of the form of the derived theoretical solution.

Table 1. Contact pressure and stress of bi-layer thick-walled cylinders by FEM and analytical method.

Contact Pressure
FEM Solution

(MPa)
Theoretical

Solution (MPa) Relative Error

9.8894 9.8498 0.40%

Stress *

Inner cylinder σr ´10.00 ˘ 0.51 ´9.85 1.52%

σθ ´127.55 ˘ 0.22 ´127.25 0.24%

Outer cylinder σr ´9.805 ˘ 0.032 ´9.85 ´0.46%

σθ 15.715 ˘ 0.013 15.70 0.10%

* Statistical analysis of 20 nodes selected randomly on the contact surface was conducted, with the expression of
mean ˘ STD; only the stress component on contact surface was concerned.

3.2. Soluation of Tri-Layer Thick-Walled Cyliners

For tri-layer thick-walled cylinders, the contact radius are 33.5 mm and 70 mm, respectively;
the interference of both contact pairs are 28.71 µm; the outer cylinder is made of gray iron with the
maximum radius of 115 mm; the medium cylinder is made of aluminum alloy; and the inner cylinder
is made of steel with the minimum radius of 31 mm.

By sequence analysis method, the contact pressure of the outer contact pair can be calculated
in the analysis order of inside to outside, while the contact pressure of the inner contact pair can be
calculated in the analysis order of outside to inside. Thus, two-way sequential coupling calculations
are needed to get the contact pressure of the two contact surfaces. It can be seen in Section 2.5.1
and Section 2.5.2 that these calculated contact pressure are the lower limits of the actual values. The
example in this section shows that the contact pressure calculated by sequence analysis is 10%–20%
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lower than the actual value, shown in Table 2. In contrast, the holistic coupling analysis is proved to be
a reliable method with high accuracy, the relative errors of which is less than ˘0.6%, shown in Table 2.

Table 2. Contact pressure and stress analysis for tri-layer thick-walled cylinders by FEM and
analytical method.

Mechanical Variables and Locations FEM Solution (MPa) Analytical Solution
(MPa) Relative Error

Contact
pressure #

Interior contact 14.5879
13.0753 (Sequence) ´10.37% (Sequence)

14.5441 (Coupling) ´0.30% (Coupling)

Exterior contact 10.9596
8.5253 (Sequence) ´22.21% (Sequence)

11.0214 (Coupling) 0.56% (Coupling)

Stress *

inner cylinder σr ´14.88 ˘ 0.64 ´14.5876 2.00%

σθ ´188.05 ˘ 0.58 ´188.4664 ´0.22%

medium cylinder

σr(in) ´14.503 ˘ 0.029 ´14.5879 ´0.58%

σθ(in) ´5.355 ˘ 0.016 ´5.1756 3.47%

σr(out) ´10.986 ˘ 0.055 ´10.9596 0.24%

σθ(out) ´8.895 ˘ 0.021 ´8.8039 1.03%

outer cylinder σr ´10.965 ˘ 0.055 ´10.9596 0.05%

σθ 23.945 ˘ 0.027 23.8610 0.35%

# “Sequence” and “Coupling” represent sequential analysis and holistic coupling analysis, respectively;
* Statistical analysis of 20 nodes selected randomly on the contact surface was conducted, with the expression of
mean ˘ STD; only the stress component on contact surface was concerned; for medium cylinder, the “in” and
“out” represent the interior and exterior contact pair, respectively.

The analytical method educes results consistent with FEM for both the examples of bi-layer and
tri-layer thick-walled cylinders with high accuracy, as shown in Table 1 and Table 2, and which verifies
the correctness of the analytical solutions. Besides, the stress on the interference contact surface derived
from FEM tends to perform circumferential fluctuation, especially for the inner cylinder. In our simple
example, the stress component of the nodes selected randomly on the contact surface of the inner
cylinder disperses distinctly. Further numerical analysis indicates that such dispersion depends on the
mesh scale, and it is caused by the numerical error in finite element discretization, which is difficult to
avoid. There are no such problems with the analytical method.

4. Application in Crankshaft Bearing Design

4.1. Interference Assembly Problem of Crankshaft Bearing

The method proposed in this study is applied to the structural design of a new electronically
controlled single-cylinder diesel engine. The crankshaft bearing support of this new designed engine
adopts sliding mode, the support system of which is shown in Figure 10. At operating temperature,
bearing sleeve, bearing block and cylinder expand freely. Interference fit is formed between the
bearing sleeve and block, as well as between bearing block and cylinder bearing hole. Therefore,
only appropriate assembly interference can ensure that the contact pair is able to resist certain friction
torque without causing excessive assembly stress.

The material property of the components of crankshaft bearing support system is shown in Table 3.
The initial design at normal temperature (25 ˝C) indicates that the interference between bearing

sleeve and the bearing block is 0.0825 mm, and the gap between bearing block and cylinder bearing
bore is 0.025 mm. Iterative calculations around the initial design are needed to determine the allowable
range of the interference, and then determine the tolerances of components. Minimum interference
(i.e., the assembly interference between bearing sleeve and bearing block is minimum, and the gap
between bearing block and cylinder bearing bore is maximum) corresponds to the minimum contact
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pressure, when it needs to be ensured that no relative rotation occurs between the contact components.
Maximum interference (i.e., the assembly interference between bearing sleeve and bearing block is
maximum, and the gap between bearing block and cylinder bearing bore is minimum) corresponds
to the maximum contact pressure, when it needs to be ensured that no plastic yielding occurs for the
contact components.
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Table 3. Material property of the components of crankshaft bearing support system.

Component Material Elasticity
Modulus (GPa) Poisson Ratio Expansion

Coefficient

Cylinder Grey iron 140 0.25 1.039 ˆ 10´5

Front bearing block Aluminum alloy 74.5 0.3 2.05 ˆ 10´5

Back bearing block

Bearing sleeve Steel 210 0.33 1.112 ˆ 10´5

4.2. Analytic Solution Procedure

The interference between bearing sleeve and block calculated by Equation (3) at operating
temperature (100 ˝C) is 0.0614 mm; the interference between front bearing block and cylinder bearing
bore is 0.028 mm; and that between back bearing block and cylinder bearing bore is 0.037 mm.

The modulus reduction coefficients of this problem are all set to be 70% with the definition in
Section 2.4. Taking the height of the cylinder as its characteristic length, the value is assigned as the
diameter of the outer cylinder in tri-layer thick-walled cylinder model.

The interference fit in sliding crankshaft bearing is equivalent to a tri-layer thick-walled cylinder
problem, the contact pressure of which is solved by Equations (14) and (24). The results are then
substituted into Equations (26)–(28) to get the stress of each component.
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4.3. FE Modeling Process

FEM software, ABAQUS, is used to model a filmatic bearing support system. The model simulates
interference and thermal expansion process in sequence. The interference is realized by setting up the
amount of interference in surface-to-surface contact; while the thermal expansion is implemented by
assigning the expansion coefficient in material constitutive relation and setting the temperature field
as predefined field.

The type and size of the element in FE model greatly affects the accuracy of the simulation.
The first-order linear complete integral element is adopted instead of reduced integration to prevent
hour-glassing numerical problem. The avoidance of quadratic element results from that no obvious
bend condition is observed in the components and thus shear locking is less likely to occur. In order to
reduce calculation error of the contact stress, regular hexahedral elements are used to discretize the
area around both sides of the contact pair. Due to the irregular geometry of other regions, they are
discretized by tetrahedral meshes with strong border adaptability. The element type and quantity of
the components in FE model is shown in Table 4.

Table 4. Element type and quantity of the components in FE model.

Components Element Type Element Quantity

Cylinder C3D4 1,240,988

Bearing sleeves (2 pieces) C3D8 15,548

Front bearing block C3D4 124,290

C3D8 17,908

Back bearing block C3D4 198,250

C3D8 14,216

4.4. Comparison between Analytical Method and FEM

4.4.1. Contact Pressure

The contact pressure derived from the analytical method and FEM are compared in Table 5. As
the actual structure is not a completely regular cylinder nested structure geometrically, there still exist
certain errors in the computed results even though the modulus of the cylinders have been reduced.
Although some differences are found comparing the two methods, they are basically at the same level,
and both of them present that the contact pressure between bearing sleeve and bearing block is larger
than that between bearing block and cylinder bearing bore.

Table 5. Comparison of contact pressure between analytical method and FEM.

Contact Pair FEM Solution (MPa) Analytical Solution (MPa)

Between bearing sleeve and front bearing block 23.94 25.68
Between front bearing block and cylinder bearing bore 15.91 12.61

Between bearing sleeve and back bearing block 24.05 28.19
Between back bearing block and cylinder bearing bore 15.41 17.09

4.4.2. Von Mises Stress

The von Mises stress magnitude and distribution of the interference in sliding crankshaft bearing
support system under temperature loading is solved by FE method, as shown in Figure 11.

As for the FE calculation results, the non-uniform distribution of the stress on contact surface
differs from analytical solutions, in which both the circumferential and axial stress of the contact
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surface distributes evenly. Such characteristics of the FE solution relates to the local structural features
of the components in support system.

The von Mises stress distribution resulting from FE analysis indicates that for all layers of
the cylinders, the von Mises stress of the inner circle is higher than that of the outer circle. This
rule is also demonstrated by the analytical solution. Therefore, the von Mises stress of the inner
circle of each component is paid particular attention, as shown in Table 6. For analytical solution,
the obtained σr and σθ are principal stress components, so that the von Mises stress is equal to
c

0.5r
´

pσr ´ σθq
2
` σr2 ` σθ

2
¯

.
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Table 6. Comparison of the von Mises stress on contact surface between analytical method and FEM.

Components the Contact
Belongs to

Contact Pair the Contact
Surface Belongs to

FEM Solution
(MPa)

Analytical Solution
(MPa)

Cylinder(free end)
Between front bearing
block and cylinder
bearing bore

30–52 28.1

Bearing block (free end) Between bearing sleeve
and front bearing block 30–50 30.6

Bearing sleeve (free end) Between bearing sleeve
and front bearing block 310–370 357.5

Cylinder (flywheel end)
Between back bearing
block and cylinder
bearing bore

37–60 42.9

Bearing block (flywheel end) Between bearing sleeve
and back bearing block 21–31 27.5

Bearing sleeve (flywheel end) Between bearing sleeve
and back bearing block 300–371 392.4

Table 6 shows that on a certain contact surface, the von Mises stress obtained by FE analysis is not
evenly distributed, but varies within a range, as in Figure 11. Such non-uniformity of stress distribution
results from the non axial-symmetry of the actual geometry as well as the boundary conditions, and
partly due to the numerical error; while the stress on contact surface derived from analytical solution
is uniformly distributed, which makes the assessment of the maximum reaction torque afforded by the
contact more convenient. In addition, both the FE analysis and analytical solution indicate that the
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radial stress on both sides of a contact is continuous, but the circumferential stress is not, nor the von
Mises stress.

Based on the data in Table 6, the analytic solution of stress in different components basically falls
into the scope of the FE element solution or approaches the boundary of the FE solution. After all, the
analytical solution is based on ideal multi-layer cylinders interference model, which highly abstracts the
real mechanical problems, especially in structural characteristics and mechanical boundary conditions.
FEM is able to simulate the real mechanical model more completely. Therefore, that the FE solution can
be regarded as a reference for analytical solution. Such a close approximation of the analytical solution
to FE solution verifies the applicability and reliability of the analytical solutions from multi-layer
cylinder interference mechanical model.

4.4.3. Computing Cost

Both the FE and analytic solutions in this study are obtained from a micro computing server with
Xeon processors of 8 cores, 32 threads and 3.1 GHz main frequency, 127 GB of RAM.

It takes 1 h to complete the calculation by FE method, and the analytical method proposed in this
study costs far less than 1 s. The computational resources cost by FEM is several orders of magnitude
higher than that of analytical method. Thus, analytical method takes minimal computational cost to
obtain an approximate result from time-consuming FEM.

5. Conclusions

The multi-layer thick-walled cylinders (MLTWC) problem is a significant class in engineering
design, which mainly relies on FEM in previous studies and applications. This study starts from
interference fit of bi-layer thick-walled cylinders, analyzes tri-layer cylinders, and then generalizes
it to MLTWC with arbitrary layers. The analytical solution of contact pressure as well as the stress
in arbitrary layer of cylinders is derived, and the systematic solution of MLTWC is also provided.
Compared with FEM, the analytical method proposed in this study avoids complex modeling and
time-consuming calculation with equivalent accurate results. In addition, it overcomes the difficulties
caused by non-linearity. In early phase of engineering design, experiences of designers are often
used to set up some key parameters, such as the interference in MLTWC, instead of FEM due to its
complexity and expensive calculation. The analytical method proposed in this study is capable of
reducing the complexity of MLTWC problems and enhancing the computational efficiency, thus it is
well suited for parameter optimization in early design.
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