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Abstract: Simulative methods are nowadays frequently used in metrology for the simulation
of measurement uncertainty and the prediction of errors that may occur during measurements.
In coordinate metrology, such methods are primarily used with the typical three-axis Coordinate
Measuring Machines (CMMs), and lately, also with mobile measuring systems. However, no similar
simulative models have been developed for five-axis systems in spite of their growing popularity
in recent years. This paper presents the numerical model of probe head errors for probe heads
that are used in five-axis coordinate systems. The model is based on measurements of material
standards (standard ring) and the use of the Monte Carlo method combined with select interpolation
methods. The developed model may be used in conjunction with one of the known models of CMM
kinematic errors to form a virtual model of a five-axis coordinate system. In addition, the developed
methodology allows for the correction of identified probe head errors, thus improving measurement
accuracy. Subsequent verification tests prove the correct functioning of the presented model.

Keywords: Coordinate Measuring Machines (CMM); five-axis system; accuracy modeling;
Monte Carlo method; probe head; virtual model

1. Introduction

The development of production engineering and the demand for high quality manufacturing
brings about new challenges in the coordinate metrology, which serves as the key tool for quality
assurance systems in many branches of industry (automotive, aerospace, machine, etc.) [1–3]. With the
increase in manufacturing accuracy, the measurements and methods used for assessing measurement
uncertainty have to be more precise. The time spent on performing measurements and evaluations also
plays a crucial role, as it has a fairly significant impact on the total costs of manufacturing. Therefore,
new solutions are being introduced in regards to both the construction of measuring systems, and the
methods for the assessment of coordinate measurement accuracy [4,5].

Simulative models constitute one of the newest developments in accuracy estimation. In practice,
such models are based on developing virtual models of measuring systems. Their main advantage
is the possibility to obtain measurement uncertainty following only a single measurement, whereas
the common methods of uncertainty estimation (such as the calibrated workpiece method [6,7], or
multiple measurement strategy [8,9]) would require multiple measurements. In some instances,
simulative models may also be used for error compensation, and consequently, for improving
measurement accuracy.

The virtual Coordinate Measuring Machine (CMM) model was first developed in the 1990s
at Physikalisch-Technische Bundesanstalt in Germany [10,11]. The original model was based on
the determination of all possible error causes in the entire measuring volume of the CMM, and
the evaluation of their impact on measurement results. Thanks to this, the mathematical model of
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ideal measurement was supplemented by the influence of possible errors that may occur during
measurements, and used for performing multiple simulations of the considered measurement.
Measurement uncertainty was then determined based on the variability of simulated results and
simple statistical operations.

So far, several models have been developed for typical three-axis CMMs. All of those models
utilize a similar working principle as the PTB model, and were presented in detail in [12–17]. Lately,
a virtual model of measurements performed on the Articulated Arm CMM was also developed [18].
Further works focused on the construction of a virtual model for the Laser Tracker system are currently
in progress both in Germany and the UK.

In the last years, it has been possible to observe an increase in the popularity of the so-called
five-axis coordinate systems. The five-axis system is created by adding two rotations of a probe head
to the standard movements of the machine. Thanks to this solution, it is possible to speed up the
measuring process, especially for solids of revolution such as rings, cylinders, spheres, etc., without
accuracy loss. Workpieces of this type may be measured using mainly movements of the probe head
kinematic pairs. Unlike the three-axis CMM, there is no need to move the whole body of the machine
during measurements of all points. The reduction in measurement time is clearly visible, and because
of that, the number of installations or retrofits for five-axis systems is becoming a fairly common trend
in the industry. Nevertheless, hardly any literature can be found on this subject, and few scientists pay
sufficient attention to this type of system. For this reason, the authors decided to investigate the field
of errors of probe heads used in five-axis systems, and to attempt to develop a model of this type.

The main sources of errors occurring during coordinate measurements performed on a CMM are
kinematic system errors and probe head errors [19–22]. These types of errors are included in all virtual
models of CMMs. The models of probe head errors are usually based on error identification with the
use of material standards, such as spherical standards and standard rings. Some currently used probe
head error simulation models are described below.

A probe head error model utilizing an artificial neural network was developed at the Laboratory
of Coordinate Metrology (LCM) of the Cracow University of Technology as part of a Virtual CMM
based on assumptions of the matrix method [16]. The model utilizes the Probing Error Function (PEF)
described in [13,16]. Probing Error (PE) depends on a number of factors, among them: deformation of
the measuring ball during contact, deflection of the stylus under the force of the measurement, probe
pretravel, the form error of the measuring ball, non-linearity and differentiation of the transducer
characteristics in different directions of deflection, i.e., the directions of probe head movements
(u, v, w), reaction to uneven load of the probe head, etc. The PE can be defined as a sum of a number
of contributing factors. The value of PE changes significantly for different probing directions, so the
PEF may be obtained in relation to the probe deflection angle (α). Values of PEF can be determined
through measurements of calibrated material standards with known form deviations. The value of
the PE at a certain measured point, measured at a specified angle, may be expressed as a radial error
obtained during point measurement [16].

The model is divided into two modules: one responsible for systematic error simulation and
the second for random error modeling. The ring gauge of a 25 mm diameter has to be measured
32 times, in 64 evenly distributed points, to gather data for model preparation. It was assumed that
the 64 measured points are sufficient to model the probe head functioning for any probing direction.
On the basis of obtained results, the mean value of the PEF should be attributed to each measured
point. These values are treated as a systematic part of the probing system error. The obtained data
is used as a learning data set for the constructed artificial neural network, which links the probe
head deflection angle and systematic error. The network consists of three layers, and utilizes back
propagation and different activation functions (Figure 1). The module was prepared both for inner
dimensions—using the gauge ring as a reference—and outer dimensions. In the case of the latter, the
entire procedure should be repeated, except that instead of a ring, the spherical standard of a 25 mm
diameter should be measured at the reference sphere equator.
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The second module is responsible for a simulation of probe head random errors. The chi-squared
test should be used to check the distribution of results obtained during the gauge ring measurement.
Tests performed previously indicated that the resulting distributions are mostly similar to a normal
distribution. In this case, the random error of the probe head connected with a certain probing
direction could be modeled using the standard deviation obtained for the considered point. In order to
interpolate the values of standard deviation between measured points, the artificial neural network
with identical construction to the one in the previous case was used. Finally, a normal distribution
generator based on the Monte Carlo method may be used in order to simulate the random error.
More details regarding this model may be found in [16].
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Figure 1. Construction of the neural network used for probe error modeling. α: probe deflection angle;
PEF: Probe Error Function.

Another probe head error model developed at LCM is based on the Monte Carlo method. The main
idea of the model is the same as in the previously discussed model, namely to link probe head errors
with the probing direction; however, this model was adapted to describe the probe spatial approach to
the measured surface. In such a situation at least two angles defining tip deflection should be used to
sufficiently describe the probe head behavior. Assuming that deflection can be described similarly to
the definition of coordinates in a spherical coordinate system, the final probe head error function (PEF)
can be written in the following form in Equation (1) [13]:

PEF “ pα, β, PEq (1)

The standard used during the model preparation stage is the calibration sphere which fulfills the
requirements formulated in [13]. The sphere is measured in evenly distributed points on the upper
hemisphere of the standard. These points define the nodes of the reference grid of the model, in which
probe head errors are determined empirically through measurements. The arrangement of the points
can be described using angles (α, β). The sphere is measured at least 10 times, and on the basis of the
acquired results the mean value of the PEF at each point is calculated, as well as standard deviation
associated with it. Then, a t-distribution described by x, s, ν parameters is assigned to each grid node,
where x is the mean value of the distribution, equal to the mean value of the PEF, s is the dispersion
equal to the calculated standard deviation, and ν is the number of degrees of freedom equal to the
number of measurements minus one. When the direction is different than the one for which errors
were determined experimentally, the bilinear interpolation adapted for the spherical system must be
used in order to determine the values describing the probability distribution.

The value of the PE for the chosen probing direction is simulated using the Monte Carlo method.
Since the PE can be treated as a vector with the same direction as a probing direction, it is possible
to calculate its effect on the coordinates of measured points. The probing errors along axes x, y, z of
a machine’s datum system (PEx, PEy, PEz) can be expressed as follows:

PEx “ PEFˆnx (2)

PEy “ PEFˆny (3)

PEz “ PEFˆnz (4)
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where:

nx, ny, nz—approach direction cosines
PEF—value of probe head error function

The experiment described in [23] was conducted to check the number of points that should be
included in the reference grid. As a result, it was found that the model based on 46 points accurately
describes the probe errors. More details regarding this model can be found in [13].

The modules presented above served as a starting point for adapting the probe error function to
describe the field of errors of the probe heads utilized on five-axis coordinate systems.

2. Developed Simulative Model and Steps to Its Implementation

This section describes the concept of the developed simulative model, and the experiments that
were designed and performed in order to implement this model and verify its reliability.

2.1. Description of Simulative Model

The developed simulative model is based on the concept of PEF described in Section 1. In this
case, the number of input quantities that has to be specified in order to obtain the probe error (PE) is
equal to three. The PEF may be written as presented in Equation (5):

PEF “ pA, B, α, PEq (5)

where:

A—rotation angle along the horizontal axis of the probe head,
B—rotation angle along the vertical axis of the probe head,
α—angle in which the touch-trigger module is working,
PE—probe error given as a result of PEF usage for considered angles.

The A and B angles were presented in Figure 2. They have their zero positions when the probe
is oriented vertically. The α angle is dependent on the A and B angles. It is defined on the plane
perpendicular to the probe when it is oriented using A and B angular positions, and has its zero
indication in the direction in which the probe rotates along the A axis in the positive direction.
The angle increases in the counterclockwise direction.
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Figure 2. Articulated probe head used in five-axis coordinate systems with revolution axes marked.
A: rotation angle along the horizontal axis of the probe head; B: rotation angle along the vertical axis of
the probe head.

Depending on those three input parameters, the model provides the output value, which is
the simulated value of the PE. The simulation is based on the Monte Carlo method and trilinear
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interpolation adapted for usage in polar systems. It uses the values of PE identified experimentally for
selected A, B and α angles (experiments aimed at determining these values are presented in Section 2.2).
The points determined using these angles for the chosen stylus used during measurements may be
treated as nodes of the reference point grid. Let As, Bs and αs denote the values of angles for which
the simulation of errors has to be performed. As´1, Bs´1 and αs´1 are the values of angles for the
nearest node with angles lower than As, Bs and αs, respectively, and As+1, Bs+1 and αs+1 are the values
of angles for the nearest node with corresponding angles higher than As, Bs and αs. The values of
PEs in nodes surrounding the point defined using As, Bs and αs have to be used. In order to simulate
the PE value for the point defined using As, Bs and αs, the values of PEs in nodes surrounding this
point have to be simulated using the Monte Carlo method. For all of the simulations presented here,
the Monte Carlo method uses the scaled and shifted t-distributions with parameters (x, s, ν), where x
denotes the mean radial PE, s is the standard deviation associated with x and ν is the number of degrees
of freedom. The parameters of these distributions are determined using the experiment presented in
Section 2.2. Hence, the simulation should be performed for nodes (As´1, Bs´1, αs´1), (As´1, Bs´1, αs+1),
(As´1, Bs+1, αs´1), (As´1, Bs+1, αs+1), (As+1, Bs´1, αs´1), (As+1, Bs´1, αs+1), (As+1, Bs+1, αs´1) and (As+1,
Bs+1, αs+1). Then, a trilinear interpolation according to Formula (6) should be performed in order to
obtain the PE value for the simulated point.

PEFpAs, Bs, αsq “ ppAs+1´Asq{pAs+1´As´1qˆ ppBs+1´Bsq{pBs+1´Bs´1qˆ P2`
pBs´Bs´1q{pBs+1´Bs´1qˆ P4qq ` ppAs´As´1q{pAs+1´As´1qˆ ppBs+1´Bsq{pBs+1´Bs-1qˆ P1`

pBs´Bs´1q{pBs+1´Bs´1qˆ P3qq
(6)

where:

P1 = (((αs+1 ´ αs)/(αs+1 ´ αs´1)) ˆ PEF(As+1, Bs´1, αs´1)) + (((αs ´ αs´1)/(αs+1 ´ αs´1)) ˆ PEF(As+1, Bs´1, αs+1))
P2 = (((αs+1 ´ αs)/(αs+1 ´ αs´1)) ˆ PEF(As´1, Bs´1, αs´1)) + (((αs ´ αs´1)/(αs+1 ´ αs´1)) ˆ PEF(As´1, Bs´1, αs+1))
P3 = (((αs+1 ´ αs)/(αs+1 ´ αs´1)) ˆ PEF(As+1, Bs+1, αs´1)) + (((αs ´ αs´1)/(αs+1 ´ αs´1)) ˆ PEF(As+1, Bs+1, αs+1))
P4 = (((αs+1 ´ αs)/(αs+1 ´ αs´1)) ˆ PEF(As´1, Bs+1, αs´1)) + (((αs ´ αs´1)/(αs+1 ´ αs´1)) ˆ PEF(As´1, Bs+1, αs+1))

The presented model may serve two primary purposes. The first involves its use as part of
virtual model of a five-axis coordinate system. In this application, it should be connected with
one of the modules responsible for the simulation of the CMM's kinematic system errors (presented
in [10,12,13,16]). For all of the points considered in a simulated measurement, the kinematic errors
should first be simulated, and then the probe head errors should be simulated using the presented
model. A single simulation of the probe head error for the considered point is done using the
methodology presented above. For proper functioning of the virtual model, the simulation should be
repeated n times, where n is the number of Monte Carlo trials set by the user or manufacturer of the
virtual CMM software.

The second possible usage of the developed model is to utilize it for simulation and correction of
probe head errors during the measurements performed in five-axis mode. A detailed description of
this process is presented in Section 2.4.

2.2. Implementation Measurements

In order to gather the input data set for model, the reference ring was measured with different
angular orientations of the probe head. The reference rings used during experiments were attached
to a solid block which was installed in a swivel and tilting vise. A ring with a 20 mm diameter was
chosen for the measurements, while other rings were used during datum definition and in further
experiments (Section 3.3). In each ring arrangement, the standard was measured 15 times in 64 evenly
distributed measured points. For the datum system definition, the CMM works in standard three-axis
mode while all reference ring measurements were done using only rotational moves of the probe head.
Therefore, the possible influences of machine kinematics are minimized. The positions were selected
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in a manner that allows covering the majority of the probe head working range. The orientation of the
reference ring was changed together with the angular orientation of the probe. The utilized vise allows
us to rotate the installed object around two perpendicular axes of revolution, and thus it is possible to
set the ring so its axis will be oriented parallel to the stylus in A, B orientation. The authors decided
to base the model on measurements carried out in 24 positions defined using B and A probe angles.
Angle B changes at 60˝ in the range between ´120˝ and 180˝, while angle A changes at 30˝ in the
range between 0˝ and 90˝. Measurements for one of the described positions are presented in Figure 3.Appl. Sci. 2016, 6, 144  6 of 12 
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2.3. Verification Measurements

After the preparation measurements, the ring was measured in further positions to create the
verifying data set. The 84 additional positions were selected with B changing at 20˝ between (´160˝;
180˝), and A changing at 15˝ between (0˝, 90˝). The same measuring procedure was used. The results
obtained during these measurements are used to check the difference between the simulated values
and the empirically gathered data. The authors assumed that the PE value may be considered as
simulated correctly if it differs from the corresponding value obtained experimentally not more than
˘3 * standard deviation assigned to the considered point.

2.4. Correction of Probe Head Errors Using the Developed Model

To perform a simulation and correction of probe head errors during the measurements performed
in five-axis mode, the A, B and α angles of all points that were measured have to be recorded. Then the
simulations according to the presented methodology have to be performed n times for all of these
points. The mean from n simulated values is taken as the probe head error (PE) for the considered
point (depending on α). To perform the correction of this error, the PEx, PEy and PEz components have
to be calculated using Equations (2)–(4). Then, the values of these components should be subtracted
from the actual values of point coordinates x, y, z, giving the corrected point coordinates xcorr, ycorr

and zcorr from Equations (7)–(9).
xcorr “ x´PEx (7)

ycorr “ y´PEy (8)

zcorr “ z´PEz (9)

All measured features and relations should be calculated once again using the corrected point
coordinates xcorr, ycorr and zcorr. In the presented research, the process of correction of the probe
head errors was assisted by a script written in the Python programming language cooperating with
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macro prepared in Modus software. The raw measurement data including point coordinates, approach
vectors and stylus orientation angles was sent to the Python script, which performed the correction of
probe head errors and sent back corrected point coordinates to the metrological software, in which the
calculation of measured features was done once again.

3. Results

Results presented in this section are the results of experiments described in Section 2.
All experiments were performed at the Laboratory of Coordinate Metrology on a Zeiss WMM 850S
machine (Carl Zeiss, Jena, Germany) equipped with a Renishaw PH20 probe head and a TP20 standard
force module and a stylus with a 4 mm ball and a length of 10 mm. The machine is placed in an
air-conditioned room with thermal stability at the level of 20 ˘ 0.5 ˝C. Modus metrological software
was used on the machine.

3.1. Results of Identification of Errors

Figure 4 presents the results for a B angle equal to 120˝ and A changing in the range 0–90˝.
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The results of probe head error identification are used as an input data for the presented simulative
model. They are given in tabular form. The example of such a table is presented in Table 1.

The mean absolute radial error for all positions of the standard ring was equal to 0.0002 mm.
The mean value of the standard deviation was equal to 0.0002 mm. The rest of the results of the error
identification may be found in the supplementary materials added to this paper (Table S1).
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Table 1. Example of input data for simulative model for A = 30˝ and B = ´120˝. A, B, α given in
degrees; x, s in mm.

A B α x s A B α x s

30 ´120 0.000 ´0.00072 0.00048 30 ´120 180.000 ´0.00017 0.00016
30 ´120 5.625 0.00007 0.00019 30 ´120 185.625 ´0.00034 0.00019
30 ´120 11.250 0.00007 0.00020 30 ´120 191.250 ´0.00024 0.00020
30 ´120 16.875 0.00015 0.00019 30 ´120 196.875 ´0.00034 0.00017
30 ´120 22.500 0.00022 0.00013 30 ´120 202.500 ´0.00010 0.00019
30 ´120 28.125 0.00029 0.00016 30 ´120 208.125 0.00005 0.00029
30 ´120 33.750 0.00015 0.00016 30 ´120 213.750 0.00016 0.00027
30 ´120 39.375 0.00010 0.00017 30 ´120 219.375 0.00032 0.00019
30 ´120 45.000 0.00020 0.00023 30 ´120 225.000 0.00018 0.00019
30 ´120 50.625 0.00019 0.00016 30 ´120 230.625 0.00010 0.00012
30 ´120 56.250 0.00029 0.00017 30 ´120 236.250 0.00012 0.00018
30 ´120 61.875 0.00009 0.00021 30 ´120 241.875 0.00039 0.00022
30 ´120 67.500 0.00010 0.00018 30 ´120 247.500 0.00035 0.00020
30 ´120 73.125 0.00012 0.00020 30 ´120 253.125 0.00026 0.00016
30 ´120 78.750 0.00012 0.00016 30 ´120 258.750 0.00036 0.00015
30 ´120 84.375 0.00016 0.00014 30 ´120 264.375 0.00027 0.00019
30 ´120 90.000 0.00014 0.00011 30 ´120 270.000 0.00009 0.00014
30 ´120 95.625 0.00004 0.00010 30 ´120 275.625 0.00012 0.00020
30 ´120 101.250 ´0.00001 0.00023 30 ´120 281.250 ´0.00003 0.00018
30 ´120 106.875 0.00000 0.00012 30 ´120 286.875 0.00003 0.00018
30 ´120 112.500 ´0.00003 0.00015 30 ´120 292.500 ´0.00001 0.00024
30 ´120 118.125 ´0.00007 0.00013 30 ´120 298.125 ´0.00004 0.00016
30 ´120 123.750 0.00019 0.00011 30 ´120 303.750 ´0.00037 0.00024
30 ´120 129.375 0.00004 0.00017 30 ´120 309.375 ´0.00020 0.00018
30 ´120 135.000 ´0.00004 0.00017 30 ´120 315.000 ´0.00016 0.00014
30 ´120 140.625 ´0.00030 0.00019 30 ´120 320.625 ´0.00006 0.00018
30 ´120 146.250 ´0.00021 0.00016 30 ´120 326.250 ´0.00007 0.00013
30 ´120 151.875 ´0.00023 0.00016 30 ´120 331.875 ´0.00010 0.00014
30 ´120 157.500 ´0.00019 0.00017 30 ´120 337.500 ´0.00032 0.00013
30 ´120 163.125 ´0.00014 0.00021 30 ´120 343.125 ´0.00033 0.00015
30 ´120 168.750 ´0.00009 0.00021 30 ´120 348.750 ´0.00027 0.00015
30 ´120 174.375 ´0.00011 0.00011 30 ´120 354.375 ´0.00021 0.00016

The authors also repeated measurements of the ring in select positions to determine whether
the probe error distributions retain their character. These measurements were carried out after the
verification measurements to assess how the considerable exploitation of the probe head (the whole
measuring procedure for one position consists of 960 measured points) affects the obtained results.
Figure 5 presents the results of verification measurement for position B = 0˝, A = 45˝ and the results
obtained for repeated measurements in the same position. The measurements were repeated after
measurements of 46 other positions. The results obtained for the checked positions show satisfactory
consistency; therefore, it is justified to base the model on a data set obtained using the experiments
described in Section 2.2.
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3.2. Results of Model Verification

The verification of the model was done according to methodology presented in Section 2.3.
The verification was done for 84 positions of the standard ring. Figures 6 and 7 present the comparison
between the results of the experimental probe head error identification and the simulation using the
developed model for A = 75˝ and B = 80˝ (Figure 5) and A = ´100˝ and B = 30˝ (Figure 6).Appl. Sci. 2016, 6, 144  9 of 12 
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Figure 7. Comparison between results of experimental probe head errors identification and simulation
using developed model for A = ´100 and B = 30.

For the first position the mean absolute difference between the real values of the probe head
errors (determined experimentally) and the simulated ones was equal to 0.0002 mm and for the second
position 0.0001 mm. The authors assumed that the PE value may be considered as simulated correctly if
it differs from the corresponding value obtained experimentally not more than˘3ˆ standard deviation
assigned to the considered point. Out of 64 simulated values of PE for each position, 61 (95.31%)
were properly simulated for the first position and 64 (100%) for the second position (according to
assumption presented in Section 2.3).

3.3. Example of Probe Head Error Correction

The possibility of correcting probe head errors was presented on the example of measurements
of the standard ring with a diameter of 34 mm. The values of diameter and roundness deviation
were determined during the measurements. The ring was mounted in the plane perpendicular to
the probe oriented using A = 43˝ and B = 91˝. Table 2 presents the results obtained during the real
measurements without compensation of the probe head errors and after the compensation done
using the methodology presented in Section 2.4. Results were compared with the data given on the
calibration certificate of the ring.
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Table 2. Results of roundness deviation measurements (given in mm) for standard ring with and
without probe head errors correction.

Number of Points Used Without Correction With Correction Calibration Certificate

64 0.0013 0.0010 0.0004
16 0.0012 0.0008 0.0004
8 0.0010 0.0005 0.0004

4. Discussion

The primary conclusion of the presented experiments is that the developed simulation model
allows for faithful reproduction of the error field for probe heads used in five-axis coordinate systems.
In the case of the two presented positions used during verification measurements, the percentage of
properly simulated error values was 95.31% and 100%, respectively. Such high numbers prove the
effectiveness of the presented model and suggest its possible application as a module for probe head
error simulation in virtual models of five-axis CMMs.

The developed model may also be helpful during the correction of probe head errors. As was
shown in Table 2, the precision of the roundness deviation measurements has noticeably improved
following the implementation of the correction using the methodology presented in Section 2.4.
It should be noted that the effectiveness of probe head error correction is more pronounced in the
case of a smaller number of measuring points used for the calculation of geometrical features. In this
paper, example measurements were carried out on a circle, but the authors’ previous research suggests
similar relationships in the case of other features. This phenomenon is connected with the averaging
tendency of the least squares method, usually utilized for calculating features.

The results presented in Figure 5 indicate good stability of probe head error characteristics. It can
be concluded from this that irrespective of the usage of the developed model, the initial measurements
aimed at gathering input data for the model would not have to be repeated very frequently. The ideal
interval for the re-identification of probe head errors should be investigated for different probe head
types, but the authors suppose that it could be expressed in months.

As for future research directions, the most important goal is to develop a fully functional virtual
model of a five-axis coordinate system. The research presented in this paper marks the first step in
this direction. The simulative model discussed here should be connected to a model responsible for
simulating kinematic system errors of the machine. Such a combined virtual model would reduce
the time spent on the determination of the uncertainty of measurements performed on the five-axis
coordinate system. Seeing as numerous systems of this type are presently used in industrial conditions,
this would be likely to significantly reduce costs associated with quality control, and as a natural
consequence, the total production costs would also drop down.

The model presented in this paper was checked for the measurements of regular rotary features
for which the probes such as the one discussed here are usually applied in practice. In case of features
such as cylinders, circles, spheres, cones, etc., the measurements may be easily performed using only
the movements of the probe head, which significantly reduces their total time (in relation to the
standard three-axis CMM). The measurements of more complicated shapes are also possible but the
reduction of the measurement duration is not that meaningful as in the case of regular features. So it
may be concluded that the model works properly for the majority of practical usages of the discussed
probes. However, in the future, it will be advisable to also include in it the possibility of simulating the
measurements of more complicated geometries, when the stylus has to move on complex trajectories
and the α angle cannot be easily defined on the plane perpendicular to the probe when it is oriented
using A and B angular positions.

The next important possibility of improving the presented model is to reduce the number of
orientations and points used during identification measurements. It should be possible to minimize
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their number in a way that simultaneously reduces the time needed for model implementation, and
provides faithful reproduction of a real field of probe head errors.

Supplementary Materials: The following are available online at www.mdpi.com/2076-3417/6/5/144/s1,
Table S1: Complete results of probe head errors identification.
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