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Abstract: The present communication examines the magnetohydrodynamic (MHD) squeezing flow
of Jeffrey nanofluid between two parallel disks. Constitutive relations of Jeffrey fluid are employed
in the problem development. Heat and mass transfer aspects are examined in the presence of
thermophoresis and Brownian motion. Jeffrey fluid subject to time dependent applied magnetic
field is conducted. Suitable variables lead to a strong nonlinear system. The resulting systems are
computed via homotopic approach. The behaviors of several pertinent parameters are analyzed
through graphs and numerical data. Skin friction coefficient and heat and mass transfer rates are
numerically examined.
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1. Introduction

The homogenous mixture of ultrafine nanometer-sized particles and convectional heat transfer
base liquids is termed as nanofluid. Nanomaterials have a key role in the industrial and engineering
processes like processing of coolants for the nuclear reactors, transformer coolant and radiation
therapy in cancer treatment etc. Furthermore, the magneto-nanofluid is very helpful in various sectors
including sterilizing devices, oil recovery from the underground reservoirs, gastric medications, and
tumor elimination with hyperthermia. The small sized nanoparticles (which are mostly metallic,
nonmetallic, metal-oxides) are good thermal conductors. For this reason, the nanofluid in comparison
to the base fluid has greater thermal efficiency. Choi [1] proposed the idea of nanofluid. He argued
that the addition of nanoparticles into the base fluid enhances the thermal performance of base fluid.
Buongiorno [2] provided expressions including thermophoresis and Brownian motion. Later on,
numerous researchers discussed the flows of nanofluid under different geometries. The relevant
literature can be seen through the investigations [3-20] and several studies therein.

Squeezing flow between the parallel disks has received the attention of recent researchers due
to widespread applications of such flows in various mechanical engineering disciplines. The flow is
generated because of two parallel approaching surfaces in relative motion. The parallel approaching
surfaces phenomena along with the relative motion is mostly used by the engineers in the modeling of
flow of oil in bearings, determination of capacity of load-bearings, compression and injection modeling,
etc. (see [21,22]). Stefan [23] reported the squeezing flow for lubrication approximation. Domairry and
Aziz [24] studied magnetohydrodynamic squeezing flow of viscous liquid bounded by parallel disks.
Siddiqui et al. [25] examined squeezing flow subject to an applied magnetic field. Rashidi et al. [26]
performed an analysis of hydrodynamic squeezing flow by developing series solutions. Some other
investigations on squeezing flow can be seen in the studies [27-30].
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The prime interest in the present communication is to venture further into the regime of the
squeezing flow of non-Newtonian nanofluid. Therefore, the explicit contribution here is as follows:
firstly, to formulate the relevant problem for constitutive relations of the Jeffrey fluid model; secondly,
to analyze Brownian motion and thermophoresis; thirdly, to consider magnetohydrodynamics of
nanofluid; and fourthly, to entertain the idea of permeable characteristics of lower disks. The upper
impermeable disk moves towards the lower disk with time-dependent velocity. Problem formulation
is made through small magnetic Reynolds number approximation. The homotopy analysis technique
(HAM) [31-40] is applied to obtain the convergent solutions of the governing equations. The present
study has been arranged as follows. The next section presents problem development. Section 3
depicts the development convergent series solutions. Analysis for convergence and discussion have
been examined in Sections 4 and 5, respectively. Section 6 gives the main outcomes of the present
study. Note that the considered Jeffrey fluid, although capturing the salient features of relaxation and
retardation time, is not able to predict the shear thinning/shear thickening and normal stress effects.

2. Formulation

Consider magnetohydrodynamic squeezing flow of a Jeffrey nanofluid between the two parallel
disks. The distance between the parallel disks is h(t) = H(1 — «t)'/2. The upper disk is at z = h(t),
whereas the lower permeable disk is at z = 0. A magnetic field B(t) = Bo(1 — at)~1/? is taken
transverse to the flow. Here, the induced magnetic field is neglected for a small magnetic Reynolds
number [41-43]. Brownian motion and thermophoresis phenomena are accounted. The governing
equations for Jeffrey nanofluid are differences in traffic flow
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with the associated boundary conditions
u=0, w=-wy, T=Ty, C=Cypat z=0, ©)
u=0, w=39% T=T, C=Cyatz=h(t)

Here, u and w denote the velocity components along the r- and z- directions, respectively, p
the pressure, v = p/p the kinematic viscosity, i the dynamic viscosity, p the density of base fluid, o
the electrical conductivity, A; the ratio of relaxation and retardation times, A, the retardation time,
respectively, T the temperature, T = (pc),, / (pc) the ratio of effective heat capacity of nanoparticles
and heat capacity of fluid, (pc),, the effective heat capacity of nanoparticles, (pc), the heat capacity
of fluid, C the concentration, Ty, the mean fluid temperature, « = k/ (pc) ¥ the thermal diffusivity, k
the thermal conductivity, Dp the Brownian diffusion coefficient and Dt the thermophoresis diffusion
coefficient. Consider

or 1 ___o«H -
u=2(17(xt)f(n),w— ﬁ_odf(n),n TN @)
T-T, c-g
0m) = T dJ(ﬂ)—T_Ch' 8)

Equations (2)—(6) after elimination of pressure gradient yield

fiv *Sl] (1 Jr)\l) (ﬂfll/+3f”*2ff”/) + % (T]fv+5fiv Jrf//f/// *3f/fiv) — M? (1 +)\1)f” =0, (9)

0" + PrSq (f0' —n@’) + PrNbe'¢’ + PrNto’? = 0, (10)
¢" + PrLeSq (f¢' —nd') + %e” =0, (11)

f0) =35, f(0)=0, 6(0) =1, $(0) =1, (12)
1) =1, F1)=0, 81) =0, $(1) =0. (13)

Here, Pr denotes the Prandtl number, Le the Lewis number, Nb Brownian motion parameter,
S the suction/blowing parameter, Nt the thermophoresis parameter, {3 the Deborah number, M the
Hartman number and Sq the squeezing parameter. These quantities are expressed as follows:

Pro= b le= g No= (G, G, 5= &, »
Sg = &, Nt=1IPT (T, —Ty), M=HBy, /2, p = {2%.
Expressions of skin frictions corresponding to lower and upper disks are
Cr = Felazg 5 (15)
o —H
2(1—ot)!/?
and ‘
Trzlz=n(t
Cp = = (16)
0 oH
2(1— at)/?
with
— ou ow
Tz = TEn (&+W) a7)
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The dimensionless forms of skin friction coefficients are
H? 3
r—zRe,Cfl = (1 + 2[3) f"(0), (18)
and )
H 3
r—zRersz = <1 + 2(5) (1), (19)
where )
v
Re; !t = . (20)
’ rocH (14 A1) (1 — ot) /2
Local Nusselt numbers at lower and upper disks are given by
H oT 1
Nuy = —————~ = = — 0’ (0), 21
11 (Tw — Th) 0z 2=0 1 — ot ( ) ( )
and H oT 1
Nup = —o——~ = = - 0’ (1). 22
2 (Tw - Th) 0z z=h(t) 1— ot ( ) 22
Local Sherwood numbers at lower and upper disks can be expressed as follows:
H oC 1
Shy, = ————~ = = "(0), 23
n (Cw 7 Ch) Jz 10 1— (Xtd) ( ) ( )
and H oC 1
Shyy = ————~ = = — "(1). 24
2 (Cw —Cp) 0z z=h(t) v1-— oclf(1> M @)

3. Homotopic Solutions

3.1. Zeroth-Order Deformation

Here, we construct the convergent series solutions of the incoming nonlinear systems. For these,
the initial approximation and auxiliary linear operators are taken in the form

fom) = (=1+25)n - % (—3+65)n°+5, 0o (n) =1-n, o(n) =1-n, (25)
(=05 o@=12 co @)=L 26)

with the properties
Ly [Bi* + Bin+ Bin? + anﬁ‘] —0, 27)
Lo [B5 + Bgn] =0, (28)
Le [B7 + Bgn] = 0. (29)

Here, B} (i = 1 — 8) are the arbitrary constants. The zeroth-order deformation statements are

(1=P) Ly [F:P) = fo ()] = BrpN; [F(miP)], (30)

(1-P) Lo

—

(1=P) L [ (:P) = do(n)| = Pl

8 (n;P) — 09 (n)| = Pho/Vo [f (n;P),8
o

(n;P), ¢ (n;I’)} , (31)

),8(mP), & (mP)], (2)
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F(;B) =S5, f/(0;P) =0, 8(0;P) =1, $ (0;P) =1, (33)
1 _ _
f(1;p) = i,ﬁ(m)) =0,0(1;P)=0, $(1;P) =0, (34)
Pf(mP) 82f (n P)
7 _ 2 fmp) =53 +3
Np[Fum)] = TEE - 5q (14 2) ( L 0F(nP) #Fmp)
San o
35
, nBSfa(ns P) +534f(n b) o) (35)
5 N — M2 o r\mP)
PR #rm on _ gartum ot | M M) T
on? on?’ an on?
N [f(n,p),é(n;p)@(n;p)] _ 1200) 61(1nb)+5q (f(n;b) aegn;p) *naeéﬂ"“) »
o~ ~ —~ 2 T . ~ T .
No [F ), 0(mip), & (nip)| = ° ‘Sf;l") + PrLeSqf (n; p) 22 -
—PrLesqn2H{m) | Nt Z80y; I’),

Here, P€ [0,1] indicates the embedding parameter and fif, fig and fig the non-zero
auxiliary parameters.

3.2. m""-Order Deformation Equations

Lt [fn () = Xnfuo1 ()] = BRY (), (38)
Lo [0m (M) = XmOm—1 ()] =Ry (), (39)
L [dm (M) = Xmbm—1 ()] =Ry (), (40)
fin (0) = £, (0) =0, 0 (0) = dm(0) =0, (41)
fn (1) = 1 (1) =0, dm (1) =0, (1) =0, (42)
Rh(n) = f’” —8q.(1+A0) (nfiy + 3£ 1—zzzﬁffm | kf’”)
8 (Nfy +5E F T f f —3EE Fo W) — M (LN f s 43

1 m—1 m—1
Ry (n) = ﬁefﬁq +5q (Z fin-1-k6 —ﬂefn1) +NbY 6, 4 by + Nt Z 61 16k (44)
k=0 =0

N m—1
REM) ="+ me” 1+ PrLeSq (2 o —nq);H) , (45)
k=0
o,om<1
— 7 i 7 4
X { 1, m>1. (46)

The general solutions ( fi, 0m,$m) consisting of the special solutions (f, 05, d5,) are
fu (M) = fon (n) + Bf + B3n + B3n® + By, (47)

0 (n) = 05, () + B2 + B{n, (48)
dm (M) = &y, () + B; + Bgn, (49)
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where the constants B (i = 1 — 8) are computed through the boundary conditions (41) and (42)

with values

* a ;;l
B{::fﬁ(n)“zo,BE::Alégﬁlnzo,
o
Bgz—ﬁﬁimﬂmﬂ+‘%#DL:5‘“ﬁ_233

9fm
Bi=2f5 (), — M| _ +2Bi +B;

By = = 05 (M)ly=0- Bs = 05 (M)ly=0 — O ()1,
Bs = — b (Mly=o. B5 = &5 (M)y=o — 5 (M)l -

4. Convergence Analysis

(50)

Clearly, the approximate series solutions involve the nonzero auxiliary parameters fi¢, ig and 1.
To get the appropriate values of /if, Tig and Tig,, the li—curves are plotted at 20th order of deformations.
Figures 1 and 2 clearly show that the convergence zone exists inside the ranges —1.30 < 1 i < —0.15,
—1.45 < hg < —0.25and —1.40 < i1y, < —0.20 for lower disk case (n = 0) and —1.10 < hy < —0.15,
—1.35 < g < —0.25and —1.35 < 1y, < —0.10 for upper disk case (n = 1) . Table 1 depicts that 16th
order of deformations is sufficient for convergent homotopic solutions for lower disk, whereas the
18th order of deformations is necessary for convergent homotopic solutions regarding upper disks

(see Table 2).
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Table 1. HAM solution convergence at the lower disk when S = 0.2, M = Nt = 0.2, Nb = 0.5 and
Sq=Le=Pr=10.

Order of Deformations  f”/ (0) —0’(0) —d¢’(0)

1 1.90121  0.08358  0.98916
5 1.98026 0.72074  1.07442
10 198313 0.71628  1.09068
16 198318 0.71623  1.09150
25 1.98318 0.71623  1.09150
35 198318 0.71623  1.09150
50 198318 0.71623  1.09150

Table 2. HAM solution convergence at the upper disk when S = 0.2, M = Nt = 0.2, Nb = 0.5 and
Sq=Le= Pr=1.0.

Order of Deformations —f” (1) —0’(1) —¢’(1)

1 1.82591 1.11083 1.06417
5 1.82053 1.23444 1.08069
10 1.81966 1.24300 1.07502
18 1.81965 1.24304 1.07475
25 1.81965 1.24304 1.07475
35 1.81965 1.24304 1.07475
50 1.81965 1.24304 1.07475

5. Discussion

This portion explores the effects of various pertinent parameters including Deborah number
(B), Lewis number (Le), Brownian motion parameter (Nb), Prandtl number (Pr), thermophoresis
parameter (Nt) and squeezing parameter (Sq) on temperature 0 (1) and concentration ¢ () profiles.
Figure 3 shows the the impact of Deborah number (3) on the temperature field 0 (). It is observed that
the temperature field 6 (n) decreases with the increase in the Deborah number (3). Figure 4 illustrates
the impact of Brownian motion parameter (Nb) on temperature field 6 (n). Here, temperature field
0 (n) is increased by enhancing Brownian motion parameter. Variation of thermophoresis parameter
(Nt) on temperature field 0 (1) is sketched in Figure 5. Larger values of thermophoresis parameter
(Nt) show higher temperature fields. Physically larger (Nt) causes an enhancement in temperature
distribution. This is because of a stronger thermophoretic impact. Figure 6 shows temperature against
Pr. Lower temperature is noticed for larger Pr. Figure 7 indicates that larger squeezing parameter (59)
guarantees a decay in temperature 8 (n). Figure 8 elucidates the impact of Deborah number (f3) on
the concentration profile ¢ (n). The concentration field ¢ (n) is decreased by increasing the Deborah
number (). Figure 9 shows the impact of Brownian motion parameter (Nb) on concentration
profile ¢ (). Concentration profile is reduced for larger values of Brownian motion parameter
(ND) . Figure 10 shows behavior of thermophoresis parameter (Nt) on concentration field ¢ (n).
Here, concentration field is enhanced for larger thermophoresis parameter. Figure 11 elucidates the
concentration for variation of Lewis number (Le) . Obviously larger (Le) leads to a large concentration
field. Figure 12 sketched the concentration field ¢ (1) against Prandtl number (Pr). Larger (Pr) shows
concentration field. Figure 13 declares that the increasing values of squeezing parameter (Sq) lead to
higher enhancement. Table 3 is developed to validate the present results with the previously published
results in a limiting sense. From this Table, we analyzed that the present HAM solution have good
agreement with the previous solution by Hashmi et al. [6] in a limiting sense. Table 4 consists of skin
friction at the lower and upper disks. Here, the skin friction coefficient at the lower and upper disks
are higher for increasing Deborah number and squeezing parameter. Table 5 is computed to examine
the numerical data of local Nusselt number at the lower and upper disks for several embedding
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parameters. It is observed that local Nusselt number enhances at both lower and upper disks for larger
Lewis number while the reverse is found for Prandtl number. Table 6 depicts numerical data of local
Sherwood number at the lower and upper disks for various values of pertinent parameters. Here, we
noticed that local Sherwood number increases at both lower and upper disks for increasing values of
squeezing parameter.

S=M=MNt=02.1,=03Nb=05Pr=Sg=Le=10

1.0F-

g

A = 0.0, 0.3, 0.6, 1.0 S e

00}, , , , o
0.0 0.2 0.4 06 08 10
n
Figure 3. Plots of 8(n) for f.
S=M=Nt=021,=03 =01 Pr=Sq=Le=10
1.0 ' ' ‘ '
Nb = 0. i 8. 25
aal Nb =0.1,009,18,2.5
0.6}
=
=
W
0.4}
0.2}
0.0}, , , : , ,
0.0 0.2 0.4 0.6 0.8 1.0

i

Figure 4. Plots of 6(n) for Nb.

S=M=02,Nb=051 =03, §=01.Pr=8q=Le=10

10}

n

Figure 5. Plots of 6(n) for Nt.
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S=M=Nt=02, Nb=0521=03 5=01,8q=Le=1.0

t ()

0.0 0.2 0.4 0.6 0.8 10
n

Figure 6. Plots of 8(n) for Pr.

S=M=Nt=02.Nb=05.4,=03. 8=01.Pr=Le=10

0 @

Figure 7. Plots of 8(n) for Sq.
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Figure 8. Plots of ¢(n)) for .
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S=M=N=02.1,=03,5=01.Pr=Sg=Le= 10

& @)

Figure 9. Plots of ¢(n) for Nb.
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&

Figure 10. Plots of ¢(n) for Nt.
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&0

Figure 11. Plots of ¢(n) for Le.
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Figure 12. Plots of ¢(n) for Pr.
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Figure 13. Plots of ¢(n) for S;.
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Table 3. Comparative values of f” (1) for different values of M when Sq = 1.0, S = 2.0 and

B =27 = 00.

(1)
HAM Hashmi et al. [6]

0.0 7.533166 7.53316579
2.0 8.263872 8.26387230
3.0 9.097326 9.09732573
5.0 11.34929 11.3492890
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Table 4. Skin friction coefficient at the lower and upper disks via S, 3, A;, M and Sg.

S B M M Sq Cfl sz
00 01 03 02 1.0 3.649479 3.590709
02 - - - —— 2287085 2.097308
04 - - - — 0.795248  0.681540
02 00 03 02 1.0 2002700 1.851550

- 01 - - — 2280654 2.092601

- 02 - - —  2.554007  2.344925
02 01 00 02 1.0 2232063 2.087393

- - 01 - — 2248280 2.089086

- - 02 - —  2.264478 2.090822
02 01 03 00 1.0 2279427 2.091703

- - —= 05 - 2287085 2.097308

- — - 1.0 — 230989 2.114041
02 01 03 02 05 2175138 2.081827

- - - — 1.0 2280654 2.092601

- — - - 15 2385315 2105140

— — - — 20 2489154 2.119203

12 0f 15

Table 5. Numerical data for local Nusselt number at the lower and upper disks for several values of S,

M, Sq, Nt, Nb, Le and Pr.

S M Sqg Nt Nb Le Pr 0(0) (1)
00 02 10 02 05 10 10 077442 1.21503
05 — — — — — — 063707 128291
10 — — —  — —  — 052424 134412
05 00 10 02 05 10 10 063707 1.28291
- 05 - — — — — 063707 128291
- 10 - — — — — 063707 128291
05 02 00 02 05 10 10 069050 1.39050
- - 10 - — — — 063707 128291

- - 20 - — — — 058798 1.18403
05 02 10 00 05 10 10 071036 1.17119

- - - 05 — — — 053789 146215

- - — 10 — — — 039954 179063
05 02 10 02 05 10 10 071623 1.24304

- - — - 10 — — 054547 156082

- - — - 15 — — 040812 192538
05 02 10 02 05 05 10 063610 1.28096

- - — — — 10 — 063707 128291

- - — - — 15 — 063816 128511
05 02 10 02 05 10 05 080131 1.13712

1.0 0.63707 1.28291
1.5 0.50384 1.43981
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Table 6. Numerical data for local Sherwood number at the lower and upper disks for several values of
S, M, 5q, Nt, Nb, Le and Pr.

S M Sq Nt Nb Le Pr ¢¢'(0) ¢'(1)
00 02 10 02 05 10 1.0 0.99838 1.10381

0.5 - - — - — — 123601 1.03275
1.0 - — — — - — 1.49070  0.96658
05 00 10 02 05 1.0 1.0 123601 1.03275
- 05 - — - — — 123601 1.03275
- 10 - — — — — 1.23601 1.03275
05 02 00 02 05 1.0 1.0 112380 0.84379
— - 10 - - — — 123601 1.03275
- - 20 - — — — 1.33266 1.19929
05 02 10 00 05 1.0 1.0 10794 1.11899
- — - 05 - - — 158185 0.73579
- — - 10 - — — 239964 0.26741
05 02 10 02 05 1.0 1.0 109150 1.07475
- — - - 10 - — 1.07083 1.10001
— — — - 15 - — 1.06200 1.12874
05 02 10 02 05 05 1.0 119159 0.96141
- — - - - 10 — 123601 1.03275
— — - - - 15 — 127885 1.10206

05 02 10 02 05 1.0 05 112319 1.00307
— — — — — — 1.0 1.23601 1.03275
— 15 133897 1.08419

6. Conclusions

Magnetohydrodynamic (MHD) squeezing flow of Jeffrey nanofluid between two parallel disks is

examined. The key points of presented analysis are mentioned below:

o Larger values of Deborah number correspond to lower temperature and concentration profiles.
e Both temperature and concentration profiles are higher for Ilarger values of

thermophoresis parameter.

Effects of Brownian motion parameter on temperature and concentration profiles are quite the
opposite from each other.

Larger values of Prandtl number show opposite trends for temperature and
concentration profiles.

Effects of squeezing parameter on temperature and concentration profiles are quite opposite to
each other.

The present analysis reduces to a Newtonian nanofluid flow situation when 3 = A; = 0.
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