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Abstract: The mitigation of seismic-induced vibrations is essential for the effective protection of
buildings and occupants during earthquakes. This especially applies to slender buildings with
metallic frames; in this case, the structure’s geometrical layout and relatively low damping properties
favor an excessive and potentially catastrophic oscillatory response to a seismic event. Semiactive
systems for energy dissipation are among the most commonly used strategies to control this oscillatory
response. They offer the right balance between the reliability of passive devices and the versatility and
adaptability of fully active systems. In this work, a vibration-suppression system based on dissipative
bracings that integrate commercial magnetorheological fluid dampers (MRDs) was designed and
validated through experimental tests on a true-scale structural model that was representative of a
five-story slender building with a metallic frame. A practical and robust approach was proposed for:
(1) The definition of the MRD type in compliance with a predefined mitigation target for seismic-
induced accelerations on each floor of the structure; (2) The modeling of the MRDs, contribute to the
dynamic response of the structural system. The approach involves a linearized formulation of the
characteristic damping curves of the MRDs at different values of the activating current. By relying
upon this linearization, a rapidly converging iterative process was set up to simulate the seismic
response of the structure in the case of activated or deactivated dampers. The reference structure
and the vibration-suppression system were then manufactured and tested on a sliding table, which
provided realistic seismic excitation. The good correlation levels between the numerical predictions
and the experimental measurements proved the effectiveness of the conceived system and of the
approaches that were used for its design and simulation.

Keywords: slender metallic structures; dynamic response; vibration suppression; seismic protection
devices; magnetorheological fluid dampers; damping braces

1. Introduction

The mitigation of the oscillatory responses of buildings to seismic events has gained
ever increasing attention in the last three decades. Although seismic protection has always
been a topic of relevant importance for the scientific community, it is only with the recent
design trends in constructions that it has become a key factor in the assessment of new
proposals of civil structures.

Slender buildings that rise to ever more competitive heights, or bridges that extend
along previously unimaginable spans, are just a few examples of how modern constructions
are becoming extremely prone to damage and collapse in the case of earthquakes. The
augmented safety risk is due to the challenging geometrical configurations and the specific
structural arrangements that are adopted, which primarily involve light metallic trusses
with intrinsic low damping properties.

The integration of antiseismic devices is a way to preserve the integrity of these
structures and their contents during seismic events, even if they are of moderate intensity.

Appl. Sci. 2022, 12, 4155. https://doi.org/10.3390/app12094155 https://www.mdpi.com/journal/applsci

https://doi.org/10.3390/app12094155
https://doi.org/10.3390/app12094155
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/applsci
https://www.mdpi.com
https://orcid.org/0000-0001-9802-4809
https://doi.org/10.3390/app12094155
https://www.mdpi.com/journal/applsci
https://www.mdpi.com/article/10.3390/app12094155?type=check_update&version=1


Appl. Sci. 2022, 12, 4155 2 of 39

According to the definition that is provided by the applicable European standard [1],
antiseismic devices are tools that are capable of modifying the structure’s response to
seismic action. Such modifications can generally be achieved in three different ways:

a. By isolating the structure from the ground;
b. By creating permanent or temporary restraints to the motion via rigid connections;
c. By dissipating energy.

Seismic isolation indeed represents the most effective solution to protect the structure,
thanks to the relevant reduction in the acceleration, even at the highest floors [2].

Conversely, isolating devices must be designed together with the building that they are
called upon to protect and installed during its construction. Moreover, the manufacturing
and installation processes are much more expensive than those of the devices that are used
to implement Seismic Mitigation Strategies b and c.

Therefore, the latter two strategies become preferable from a cost-saving standpoint,
and they are the only viable solutions when dealing with the seismic retrofit of already built
constructions. Rigid connections that prevent the relative motion between different parts
of the structure are convenient for their simplicity. However, since their working principle
is based on adding extra stiffness to the structure, their effectiveness is limited to a specific
seismic excitation of a given intensity-and-frequency content [3]. This drawback is not
present in the broad set of devices that mitigate the dynamic response of the structure by
properly dissipating the energy that is released by the earthquake. In such a case, additional
damping is provided to the system, which thereby lowers its vibration levels more robustly
against a variety of seismic excitation characteristics.

Of these devices, magnetorheological dampers (MRDs) are among the most effective
for vibration control since their properties can be adjusted in real time with relatively low
power requirements, and, unlike active devices, they do not inject energy into the system
that is being controlled [4]. MRDs exploit the unique characteristics of magnetorheological
fluids to provide multiple levels of damping when subjected to magnetic fields with
different intensities [5].

A magnetic field is generated by a continuous current that has a tunable intensity and
that runs along coils that are wrapped around the chamber that hosts the fluid; the current
is provided by the electric grid and/or by high-performances batteries [6,7]. In the case of
an earthquake, a dedicated control system can be triggered to set the current intensity into
the dampers on the basis of a predefined control algorithm. A semiactive control strategy of
the dynamic response is implemented in this way since the control system does not directly
apply force to the structure but, instead, is used to control the properties of the tunable
passive damper [8].

Several control algorithms have been developed for the use of MRDs for the mitigation
of the seismic responses of buildings [9]. Dyke et al. [10,11] propose clipped-optimal control,
which is the most popular algorithm in the literature thanks to its relative simplicity and
effectiveness. More sophisticated approaches have also been adopted, which rely upon
Lyapunov functions [12,13], stochastic control [14], linear quadratic Gaussian with loop-
transfer-recovery control [15], sliding mode control [16,17], and intelligent control, such as
neural-network-based control [18,19] and fuzzy logic control [20,21].

Even though all the algorithms have been proven to be successful on paper or in
experiments conducted on simplified structural models, the intrinsic level of complexity
makes their practical application to actual buildings difficult; thus, simpler and more robust
strategies are needed in order to preserve the integrity of the structure and the safety of the
occupants in cases of seismic events.

This work proposes a practical approach to define a robust seismic protection system
that is based on dissipative bracings that integrate magnetorheological fluid dampers
(MRDs). The system is suitable for retrofitting civil constructions in areas with moderate
and intense seismic activity, and it adopts commercially available dampers. The activation
current of the MRDs is assumed to be constant during the seismic event, and its optimal
intensity (iopt) is set on the basis of the most probable seismic accelerogram and peak ground
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acceleration (PGA) that is expected in the geographical area of the structure. During the
actual seismic event, the system is triggered by a sensor that measures the acceleration
(ab) at the structure’s base. The intensity of the current that is sent to all MRDs is kept
equal to the iopt as long as the measured acceleration is lower than the PGA, and it is
set to iopt·ab/PGA in the (remote) case that the ab exceeds the expected PGA for the
area of interest. This approach, therefore, combines the low level of sophistication of a
passive system with the tuneability of the MRDs in order to implement a “multi-level
passive control” of the seismic response, rather than a semiactive one. The low level of
sophistication of the control law plays in favor of the higher safety and robustness of the
protection system that is designed to work optimally with reference to the most probable
seismic event(/intensity) for the area of interest, and conservatively in the remote case
of more intense seismic activity. The key element for the design of such a system is the
identification of the optimal MRDs and the activation current intensity in correspondence
to a given seismic accelerogram(/PGA) for the area of interest and a mitigation target
for the seismic response of the structure. To address this task, the dynamic response of a
slender metallic structure to a typical seismic accelerogram at its base is first investigated
to define the amount of modal damping to be introduced into the system to mitigate its
vibrations, according to a predefined target.

The modal-damping requirement is then converted in terms of the damping levels
to be produced by each MRD; for such a purpose, a linearization method is proposed to
simulate the dynamic behavior of the MRD through a linear viscous damper that dissipates
the same amount of energy during the seismic event. Thanks to this methodology and
the underlying adopted formulation, fast parametric analyses of the reference structure
dynamics are carried out in order to individuate a damper that is suitable for the specific
application.

The characteristic damping curves of the selected device (damping force versus piston
speed), which are experimentally determined by the manufacturer, are used to feed an
iterative process for predicting the seismic response of the structure in correspondence
with different activation levels of the MRDs. At the end of the process, the minimum
activation current is determined in compliance with the vibration-suppression targets that
are assumed for the seismic protection system.

Finally, dynamic tests of the true-scale structure are carried out, with and without the
mitigation system installed, in order to prove its effectiveness, along with the effectiveness
of the modeling approaches that were followed for its design.

2. Reference Structure and Seismic Acceleration

A slender metallic truss was selected as a reference structure for the numerical and
experimental activities that are addressed in this study. The truss is dynamically repre-
sentative of a five-story ultra-high-rise building, according to a geometrical scale factor
of l = 4. The planform of the truss is square, with a side length of 640 cm, while each
story is 900 cm in height (Figure 1). The pillars and floor beams are made of FE340 and
are characterized by rectangular box sections with a 2 mm thickness and width x height
dimensions of 40 mm × 40 mm and 40 mm × 20 mm, respectively. Each floor consists of a
corrugated steel sheet with a reinforced concrete slab surmounted by steel blocks to achieve
the global inertial characteristics, which are recapped in Table 1.

The structure considered was subjected to a monodirectional seismic acceleration (aY)
along the Y-axis of the reference system that is reported in Figure 1. The time history of the
ay was taken from [22], which refers to the earthquake accelerograms that are compliant
with Eurocode 8 [23], and which are related to Zone 3, Ground Type A, and a peak ground
acceleration (PGA) equal to 1.23 m/s2 (Figure 2, left side). The zone’s category, ground
type, and PGA were selected by considering the recent earthquake history and the typical
geological characteristics of the seismic regions in Southern Italy. To coherently apply the
real earthquake accelerogram to the scaled structure, the acceleration time history was
adjusted by scaling the time vector by the factor (

√
λ); the scaled time history of the seismic
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acceleration is reported on the right side of Figure 2 and is hereafter referred to as the
“seismic excitation” (ay(t)).

Table 1. Inertial properties of the floors.

Mass (kg) Polar Inertia * (kgm2)

First four floors 385.85 23.15

Covering roof 266.57 15.99
* The polar inertia relates to the center of gravity of the floor.
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3. Seismic Response of the Reference Structure and Mitigation Target

A finite element model of the reference structure was generated in the UGS-FEMAP®

environment [24]. The mesh geometry and the relevant data are reported in Figure 3.
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Figure 3. Finite element model of the reference structure, grids, and elements.

Linear bar elements were used for the mesh of the pillars (one single element per
structural item) and horizontal beams (two elements per structural item), while each floor
was modeled as a rigid body. To implement the rigid-body condition, auxiliary nodes were
generated at the center of each floor and were then rigidly connected to all the nodes of the
horizontal beams that support the floor; in these rigid connections, the degrees of freedom
of the floor-beam grids were slaved to those of the auxiliary nodes at the center of the floors.

The central floor nodes were also used to define the inertial properties of each floor by
means of lumped mass elements.

The grids at the base of the model (Grids 1, 7, 13, and 19) were constrained in all six
degrees of freedom, and a modal analysis was launched in the NX-Nastran environment to
evaluate the first 10 normal modes of the structure, together with their natural frequencies
and generalized masses.

The Lanczos method [25] was selected for the calculation of the first twenty modes and
related parameters (frequency and generalized mass); the obtained results are recapped in
Table 2 and Figure 4 with reference to the first ten modes only.
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Table 2. Modal parameters of the reference structure (first 10 modes only).

Mode Number and Name Frequency (Hz) Generalized Mass (kgm2)

1 1st bending in the XZ plane 1.41 902.43

2 1st bending in the YZ plane 1.41 902.43

3 1st torsion 3.17 61.47

4 2nd bending in the XZ plane 4.43 926.30

5 2nd bending in the YZ plane 4.43 926.30

6 3rd bending in the XZ plane 7.94 1271.39

7 3rd bending in the YZ plane 7.94 1271.39

8 2nd torsion 9.63 60.92

9 4th bending in the XZ plane 11.51 773.40

10 4th bending in the YZ plane 11.51 773.40
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Figure 4. First 10 modes of the reference structure.

The modal database of the reference structure and the earthquake accelerogram (ay(t))
were given as the input to a set of in-house developed MATLAB® [26] routines that
implement the formulation that is described in Appendix A for the evaluation of the
seismic response of the structure. A viscous modal damping of 0.015 (typical value for
metallic structures, [27]) was considered for all modes.

Only the first six modes that were characterized by displacements along the direction of
excitation (Modes 2,3,5,7,8,10) were taken into account since the residual inertia associated
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with all the remaining modes was equal to only 2% of the overall inertia that was exhibited
by the structure when moving along the y-axis. The definition of “residual inertia” and the
explanation of its link to the number of selected modes are given in Appendix A.

The response of the structure is synthesized here in terms of the time histories of the
following parameters:

- The floor acceleration, which is intended as the acceleration (ayj) of the j-th floor
(j = 1,2, . . . , 5) with respect to the ground and along the direction of the excitation
(y-axis);

- The interstory acceleration/speed, which is intended as the difference (∆ayj(/∆vyj))
between the acceleration (speed) of the j-th and (j − 1)-th floor (j = 1,2, . . . ,5). When
j = 1, the interstory acceleration/speed coincides with the first floor’s acceleration
(speed) with respect to the ground.

The obtained time histories are plotted in Figures 5–19, while the peak values of the
relevant parameters (ayj, ∆ayj, ∆vyj (j = 1,2, . . . , 5)) are recapped in Table 3.
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Table 3. Seismic response of the reference structure; peak values of relevant parameters (maximum
and minimum values in bold).

Story (j)→ 1 2 3 4 5

ayj,min (m/s2) −1.8519 −3.3017 −1.8979 −1.8335 −3.9358

ayj,max (m/s2) 2.1315 2.9111 1.9864 1.9148 3.8772

∆ayj,min (m/s2) −1.8519 −1.865 −2.6038 −3.1147 −3.1007

∆ayj,max (m/s2) 2.1315 1.6767 2.0622 3.0768 2.5508

∆Vmin (m/s) −0.0661 −0.0484 −0.0491 −0.105 −0.0947

∆Vmax (m/s) 0.0564 0.0375 0.0695 0.1005 0.0724

The maximum and minimum values of the floor accelerations and the interstory
accelerations (speeds) occurred at the fifth and fourth floors, respectively. This fully
agrees with the typical dynamics of slender buildings, where the highest earthquake-
induced accelerations and speeds are generally registered at the top floors [28]. A relevant
acceleration peak also occurs at the second floor; this circumstance is justifiable on the
basis of the high participation of the second bending mode in the YZ plane in the dynamic
response of the structure.

In addition, the maximum floor acceleration is 3.4-fold greater than the peak ground
acceleration, which thus shows how relevant the amplification factor of the seismic re-
sponse could be in the case of predominantly vertical constructions that are sustained by
metallic trusses.

For this type of construction, even a moderate earthquake may produce devastating
effects; therefore, the adoption of vibration dampers is recommended in order to efficiently
mitigate the seismic response.

In this study, a 50% reduction in the acceleration-response peaks at each floor was
set as a challenging target for designing a vibration-suppression system (VSS) based on
dissipative structural bracings that integrate magnetorheological fluids dampers (MRD)
that are available on the market.

In the next section, the theoretical approach that is adopted for the definition of the
VSS is discussed.

4. Vibration-Suppression-System Layout and Individuation of the Appropriate MRD

The adoption of dissipative bracings that integrate magnetorheological fluid dampers
(MRDs) was considered as a simple and effective solution to mitigate the seismic response
of the reference structure.
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The bracings were positioned according to the layout in Figure 20, which is in compli-
ance with three practical design requirements:

a. To use the lowest number of bracings per floor;
b. To preserve the symmetry of the structure with respect to the Y–Z plane (thus pre-

venting relevant changes in its seismic response after the installation of the bracings);
c. To dampen the vibrations of the structure along the direction of excitation (Y-axis).
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Figure 20. FEM of the reference structure equipped with the vibration-suppression system.

The selection of the best candidate among the MRD models that are available on the
market resulted from the qualitative analysis of the acceleration-response spectrum to the
seismic signal (Figure 21).
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Figure 21. Acceleration-response spectrum to the seismic signal.

The spectrum is a graphical representation of the transient acceleration input, in terms
of how a single-degree-of-freedom (SDOF) system (such as a mass on a spring and a
damper) would respond to that input. The horizontal axis shows the natural frequency of a
hypothetical SDOF. The vertical axis shows the peak acceleration that this SDOF would
undergo as a consequence of the input signal and in correspondence with different damping
levels [29].

From the curves in Figure 21, it was found that, to mitigate the acceleration response
by 50%, it would have been necessary to reach at least a value of 0.04 for the modal damping
of all the modes participating in the response. A generalized damping matrix characterized
by 4% modal damping for all modes was then assumed for the structure and was converted
into physical coordinates. The result was found to be consistent with the expression of the
damping matrix that was obtained by assembling the contributions of the linear viscous
dampers installed on each bracing, with each one characterized by a damping coefficient
in the order of 105 Ns/m. The MRD-1005-3 from Lord Co.® (Cary, NC, USA) proved to
ensure equivalent damping right in the order of 105 Ns/m, and it was therefore selected as
a suitable device for the specific application (Figure 22; see datasheet in Appendix B). The
equivalent physical damping is intended here as the damping (Ceq) that is exhibited by a
linear viscous damper that dissipates the same energy as the MRD during the seismic event.
The evaluation of this parameter can be carried out by means of the following approach.

The damping force (D) produced by an MRD is a nonlinear function (f ) of the piston
speed (

.
δ: D = f

( .
δ
)

). If we linearize this function by approximating it to Deq
.
δ, then the

quadratic error that arises is:
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)
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δ
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The quadratic error that is due to the linearization is minimal along the entire duration
(T) of the seismic event if Equation (2) is satisfied:

1
T

∫ T

0

∂ε2(Deq, t
)

∂Deq
dt = 0 (2)

By substituting the expression of ε2 from Equation (1) into Equation (2), we obtain:

1
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0

[
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δ
) .

δ + 2Deq
.
δ

2
]

dt = 0

and, hence:

Deq =

∫ T
0 f
( .

δ
) .

δdt∫ T
0

.
δ

2
dt

(3)

For the generic MRD-connecting nodes (h and k) of the structure, the order of magni-
tude of the equivalent damping was calculated by means of Equation (3), and by consid-
ering:

.
δ(t) = Vk(t)−Vh(t), where Vk(t)(/Vh(t)) is the speed response of the node (k(/h))

along the direction (kh) to the seismic signal exciting the reference (clean) structure and
under the hypothesis of 4% modal damping for all the modes taken into account.

5. MRD Activation Current and Evaluation of the Mitigated Seismic Response of
the Structure

As in the case of the oleopneumatic dampers, the energy that is dissipated by an
MRD is due to the work that is performed by the forces that act on a piston that slides
into a viscous fluid. These forces mainly depend on the piston speed, and the graphical
representation of this dependence is generally referred to as the “operative curve of the
damper”. The substantial difference between oleopneumatic dampers and MRDs is not
only in terms of the different trends of the operative curves but is also in terms of the fact
that MRDs can operate along several curves.

The operative curve of an oleopneumatic damper is unique and it depends on the
device’s geometry and the mechanical properties of the damping fluid.

The same also applies to an MRD, but, in this case, the mechanical properties of the
magnetorheological (MR) fluid can be modified by the magnetic field that is generated by
an embedded electromagnet.
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In more detail, during the motion of the piston, the MR fluid is forced to flow into
tight gaps that are hosted by the piston’s head (Figure 22). When the MRD is powered
on, the electric current flows into a solenoid that is installed in the piston’s head, and a
magnetic field arises within the gaps. The ferromagnetic particles that are suspended in
the MR fluid align themselves to the magnetic field and generate a system of microscopic
structures (fibrils) that hamper the MR fluid’s flow through the gaps [30].

At a macroscopic level, this increases the force that is exhibited by the damper, which
depends on the intensity of the magnetic field and, consequently, on the intensity of the
current into the solenoid. Therefore, different activation currents are associated with
different working modes of the MRD and with different operative curves.

The operative curves of the selected MRD are reported in Figure 23 [31] and they
correspond with three relevant intensities of the activation current: 0 A (no activation), 1 A
(maximum intensity), and 0.5 A (medium intensity).
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Figure 23. LORD MRD-1005-3, relevant operative curves.

The seismic response of the structure was evaluated in conjunction with different acti-
vation levels of the MRDs, starting from 0 A, and increasing by 0.25 A until the mitigation
target of the VSS was reached (Figure 24). At each step, the activation current was equal for
all the MRDs in order to preserve the structural symmetry with respect to the Y–Z plane.

Each MRD was treated as a linear damper that was characterized by a specific (equiv-
alent) damping coefficient. Under this assumption, the differential equation that governs
the seismic response of the system is linear and takes the form (see Appendix A):

M ∆
..
d + D ∆

.
d + K ∆d = −M ea(t), (4)

where:

M is the mass matrix of the structure;
K is the stiffness matrix of the structure that is constrained at its base;
D is the damping matrix of the structure, the elements of which are related to the
equivalent damping coefficients that are assumed for the MRDs;
∆d is the displacement vector of the nodes of the structure with respect to the base of
the structure;
a(t) is the seismic acceleration at the base of the structure;
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e is the vector that defines the direction of the seismic acceleration into the same
reference frame that is used for the definition of M, K, D, and ∆d.
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Figure 24. Calculation loop for the individuation of the activation current compliant with the
vibration-mitigation target (defined in Section 3).

Equation (4) was solved by referring to the same methodology that was adopted for
the evaluation of the seismic response of the structure without dampers: by relying upon
the formulation reported in Appendix A, the response was first evaluated in the generalized
coordinates domain, and then in terms of the acceleration and speed of the nodes with
respect to the base of the structure.

It is worth noting that, in the generalized coordinates domain, the equation that was
used to evaluate the seismic response of the structure that was equipped with dampers
is formally the same as that used in the case where no dampers were installed. The only
difference is in the elements of the generalized damping matrix.

In the case of dampers not being installed on the structure, the generalized damping
matrix was built coherently to a modal damping equal to 0.015 for all the relevant modes
involved in the seismic response. In the presence of dampers, this matrix is instead given
by: ΦT

V D ΦV , where ΦV is the modal matrix.
The damping matrix (D) was assembled on the basis of the equivalent damping that

was exhibited by each MRD, and was calculated by means of the following iterative method
(Figure 25):

Step 1: The seismic response of the structure is evaluated in the case of no dampers
installed (clean structure). For the generic MRD to be placed on the i-th bracing that
connects the nodes (h and k), the equivalent damping (Deq,i) was found according to
Equation (3) and considering:

.
δ(t) = ∆Vi(t) = Vh(t)−Vk(t), where Vh(t) and Vk(t) are the speed responses of the

nodes, h and k, respectively, along the h–k direction; the function (f ) is coincident with the
operative curve of the damper that corresponds to the selected activation current; T is equal
to the duration of the seismic event.

Step 2: The seismic response of the structure is evaluated in the case of an MRD that
is installed and that exhibits the values of the equivalent damping that was found in the
previous step.

Step 3: The equivalent damping of the MRDs is recalculated on the basis of the speed
responses (∆Vi(t)) that were evaluated in the previous step.
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For each MRD, the new value of the equivalent damping, D′eq,i, is compared to that

assumed at the previous step by evaluating the error margin, µ =
D′eq,i−Deq,i

Deq,i
. If m is below a

predefined threshold (t), the process stops, as well as the mitigated seismic response of the
structure that is evaluated in the current step.

If not, Steps 2 and 3 are repeated until m < t for each MRD.
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Figure 25. Iterative method for the calculation of MRDs’ equivalent damping.

The above-described iteration was executed at the second step of the loop in Figure 24
in order to evaluate the mitigated seismic response of the structure and the equivalent
damping of the MRDs that corresponded to the input value of the activation current.

The mitigation target for the seismic-induced vibrations was reached in the case of all
MRDs activated with a current of 0.5 A; the convergence on the equivalent damping was
reached after one iteration only, with a precision threshold of t = 0.001.

The values of the equivalent damping obtained at each step are reported in Table 4.
The mitigated seismic response of the structure is plotted in Figures 26–40, for the time
histories of the floor accelerations with respect to the base, the interstory accelerations, and
the speeds. The unmitigated seismic response is also plotted for comparison.
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Table 4. Equivalent damping values for the MRD activated with a current of 0.5 A.

Equivalent Damping of the MRD (Ns/m)

Floor Bracings ID
(Figure 20) Step 1 Steps 2, 3

(1st Iteration)
Steps 2, 3

(2nd Iteration)

1 1,2 3.9733 × 104 1.0479 × 105 1.1321 × 105

2 3,4 5.5285 × 104 1.0986 × 105 1.1598 × 105

3 5,6 4.9329 × 104 1.1510 × 105 1.2042 × 105

4 7,8 2.8692 × 104 1.1754 × 105 1.2053 × 105

5 9,10 3.4315 × 104 1.2053 × 105 1.2053 × 105

Appl. Sci. 2022, 12, x FOR PEER REVIEW 20 of 40 
 

The mitigation target for the seismic-induced vibrations was reached in the case of 

all MRDs activated with a current of 0.5 A; the convergence on the equivalent damping 

was reached after one iteration only, with a precision threshold of t = 0.001. 

The values of the equivalent damping obtained at each step are reported in Table 4. 

The mitigated seismic response of the structure is plotted in Figures 26–40, for the time 

histories of the floor accelerations with respect to the base, the interstory accelerations, 

and the speeds. The unmitigated seismic response is also plotted for comparison. 

Table 4. Equivalent damping values for the MRD activated with a current of 0.5 A. 

 Equivalent Damping of the MRD (Ns/m) 

Floor 
Bracings ID 

(Figure 20) 
Step 1 

Steps 2, 3 

(1st Iteration) 

Steps 2, 3 

(2nd Iteration) 

1 1,2 3.9733 × 104 1.0479 × 105 1.1321 × 105 

2 3,4 5.5285 × 104 1.0986 × 105 1.1598 × 105 

3 5,6 4.9329 × 104 1.1510 × 105 1.2042 × 105 

4 7,8 2.8692 × 104 1.1754 × 105 1.2053 × 105 

5 9,10 3.4315 × 104 1.2053 × 105 1.2053 × 105 

 

Figure 26. Seismic response, 1st-floor acceleration (Node 45) with respect to the ground. 

 

Figure 27. Seismic response, 2nd-floor acceleration (Node 46) with respect to the ground. 

Figure 26. Seismic response, 1st-floor acceleration (Node 45) with respect to the ground.

Appl. Sci. 2022, 12, x FOR PEER REVIEW 20 of 40 
 

The mitigation target for the seismic-induced vibrations was reached in the case of 

all MRDs activated with a current of 0.5 A; the convergence on the equivalent damping 

was reached after one iteration only, with a precision threshold of t = 0.001. 

The values of the equivalent damping obtained at each step are reported in Table 4. 

The mitigated seismic response of the structure is plotted in Figures 26–40, for the time 

histories of the floor accelerations with respect to the base, the interstory accelerations, 

and the speeds. The unmitigated seismic response is also plotted for comparison. 

Table 4. Equivalent damping values for the MRD activated with a current of 0.5 A. 

 Equivalent Damping of the MRD (Ns/m) 

Floor 
Bracings ID 

(Figure 20) 
Step 1 

Steps 2, 3 

(1st Iteration) 

Steps 2, 3 

(2nd Iteration) 

1 1,2 3.9733 × 104 1.0479 × 105 1.1321 × 105 

2 3,4 5.5285 × 104 1.0986 × 105 1.1598 × 105 

3 5,6 4.9329 × 104 1.1510 × 105 1.2042 × 105 

4 7,8 2.8692 × 104 1.1754 × 105 1.2053 × 105 

5 9,10 3.4315 × 104 1.2053 × 105 1.2053 × 105 

 

Figure 26. Seismic response, 1st-floor acceleration (Node 45) with respect to the ground. 

 

Figure 27. Seismic response, 2nd-floor acceleration (Node 46) with respect to the ground. Figure 27. Seismic response, 2nd-floor acceleration (Node 46) with respect to the ground.



Appl. Sci. 2022, 12, 4155 20 of 39Appl. Sci. 2022, 12, x FOR PEER REVIEW 21 of 40 
 

 

Figure 28. Seismic response, 3rd-floor acceleration (Node 47) with respect to the ground. 

 

Figure 29. Seismic response, 4th-floor acceleration (Node 48) with respect to the ground. 

 

Figure 30. Seismic response, 5th-floor acceleration (Node 49) with respect to the ground. 

Figure 28. Seismic response, 3rd-floor acceleration (Node 47) with respect to the ground.

Appl. Sci. 2022, 12, x FOR PEER REVIEW 21 of 40 
 

 

Figure 28. Seismic response, 3rd-floor acceleration (Node 47) with respect to the ground. 

 

Figure 29. Seismic response, 4th-floor acceleration (Node 48) with respect to the ground. 

 

Figure 30. Seismic response, 5th-floor acceleration (Node 49) with respect to the ground. 

Figure 29. Seismic response, 4th-floor acceleration (Node 48) with respect to the ground.

Appl. Sci. 2022, 12, x FOR PEER REVIEW 21 of 40 
 

 

Figure 28. Seismic response, 3rd-floor acceleration (Node 47) with respect to the ground. 

 

Figure 29. Seismic response, 4th-floor acceleration (Node 48) with respect to the ground. 

 

Figure 30. Seismic response, 5th-floor acceleration (Node 49) with respect to the ground. 
Figure 30. Seismic response, 5th-floor acceleration (Node 49) with respect to the ground.



Appl. Sci. 2022, 12, 4155 21 of 39Appl. Sci. 2022, 12, x FOR PEER REVIEW 22 of 40 
 

 

Figure 31. Seismic response, interstory acceleration at the 1st floor (Δ𝑎y1 = 𝑎y1). 

 

Figure 32. Seismic response, interstory acceleration at the 2nd floor (Δ𝑎y2 = 𝑎y2 − 𝑎y1). 

 

Figure 33. Seismic response, interstory acceleration at the 3rd floor (Δ𝑎y3 = 𝑎y3 − 𝑎y2). 

Figure 31. Seismic response, interstory acceleration at the 1st floor (∆ay1 = ay1).

Appl. Sci. 2022, 12, x FOR PEER REVIEW 22 of 40 
 

 

Figure 31. Seismic response, interstory acceleration at the 1st floor (Δ𝑎y1 = 𝑎y1). 

 

Figure 32. Seismic response, interstory acceleration at the 2nd floor (Δ𝑎y2 = 𝑎y2 − 𝑎y1). 

 

Figure 33. Seismic response, interstory acceleration at the 3rd floor (Δ𝑎y3 = 𝑎y3 − 𝑎y2). 

Figure 32. Seismic response, interstory acceleration at the 2nd floor (∆ay2 = ay2 − ay1).

Appl. Sci. 2022, 12, x FOR PEER REVIEW 22 of 40 
 

 

Figure 31. Seismic response, interstory acceleration at the 1st floor (Δ𝑎y1 = 𝑎y1). 

 

Figure 32. Seismic response, interstory acceleration at the 2nd floor (Δ𝑎y2 = 𝑎y2 − 𝑎y1). 

 

Figure 33. Seismic response, interstory acceleration at the 3rd floor (Δ𝑎y3 = 𝑎y3 − 𝑎y2). Figure 33. Seismic response, interstory acceleration at the 3rd floor (∆ay3 = ay3 − ay2).



Appl. Sci. 2022, 12, 4155 22 of 39Appl. Sci. 2022, 12, x FOR PEER REVIEW 23 of 40 
 

 

Figure 34. Seismic response, interstory acceleration at the 4th floor (Δ𝑎y4 = 𝑎y4 − 𝑎y3). 

 

Figure 35. Seismic response, interstory acceleration at the 5th floor (Δ𝑎y5 = 𝑎y5 − 𝑎y4). 

 

Figure 36. Seismic response, interstory speed at the 1st floor (Δ𝑣y1 = 𝑣y1: speed of Node 45 with 

respect to the ground). 

Figure 34. Seismic response, interstory acceleration at the 4th floor (∆ay4 = ay4 − ay3).

Appl. Sci. 2022, 12, x FOR PEER REVIEW 23 of 40 
 

 

Figure 34. Seismic response, interstory acceleration at the 4th floor (Δ𝑎y4 = 𝑎y4 − 𝑎y3). 

 

Figure 35. Seismic response, interstory acceleration at the 5th floor (Δ𝑎y5 = 𝑎y5 − 𝑎y4). 

 

Figure 36. Seismic response, interstory speed at the 1st floor (Δ𝑣y1 = 𝑣y1: speed of Node 45 with 

respect to the ground). 

Figure 35. Seismic response, interstory acceleration at the 5th floor (∆ay5 = ay5 − ay4).

Appl. Sci. 2022, 12, x FOR PEER REVIEW 23 of 40 
 

 

Figure 34. Seismic response, interstory acceleration at the 4th floor (Δ𝑎y4 = 𝑎y4 − 𝑎y3). 

 

Figure 35. Seismic response, interstory acceleration at the 5th floor (Δ𝑎y5 = 𝑎y5 − 𝑎y4). 

 

Figure 36. Seismic response, interstory speed at the 1st floor (Δ𝑣y1 = 𝑣y1: speed of Node 45 with 

respect to the ground). 

Figure 36. Seismic response, interstory speed at the 1st floor (∆vy1 = vy1: speed of Node 45 with
respect to the ground).



Appl. Sci. 2022, 12, 4155 23 of 39Appl. Sci. 2022, 12, x FOR PEER REVIEW 24 of 40 
 

 

Figure 37. Seismic response, interstory speed at the 2nd floor (Δ𝑣y2 = 𝑣y2 − 𝑣y1). 

 

Figure 38. Seismic response, interstory speed at the 3rd floor (Δ𝑣y3 = 𝑣y3 − 𝑣y2). 

 

Figure 39. Seismic response, interstory speed at the 4th floor (Δ𝑣y4 = 𝑣y4 − 𝑣y3). 

Figure 37. Seismic response, interstory speed at the 2nd floor (∆vy2 = vy2 − vy1).

Appl. Sci. 2022, 12, x FOR PEER REVIEW 24 of 40 
 

 

Figure 37. Seismic response, interstory speed at the 2nd floor (Δ𝑣y2 = 𝑣y2 − 𝑣y1). 

 

Figure 38. Seismic response, interstory speed at the 3rd floor (Δ𝑣y3 = 𝑣y3 − 𝑣y2). 

 

Figure 39. Seismic response, interstory speed at the 4th floor (Δ𝑣y4 = 𝑣y4 − 𝑣y3). 

Figure 38. Seismic response, interstory speed at the 3rd floor (∆vy3 = vy3 − vy2).

Appl. Sci. 2022, 12, x FOR PEER REVIEW 24 of 40 
 

 

Figure 37. Seismic response, interstory speed at the 2nd floor (Δ𝑣y2 = 𝑣y2 − 𝑣y1). 

 

Figure 38. Seismic response, interstory speed at the 3rd floor (Δ𝑣y3 = 𝑣y3 − 𝑣y2). 

 

Figure 39. Seismic response, interstory speed at the 4th floor (Δ𝑣y4 = 𝑣y4 − 𝑣y3). Figure 39. Seismic response, interstory speed at the 4th floor (∆vy4 = vy4 − vy3).



Appl. Sci. 2022, 12, 4155 24 of 39Appl. Sci. 2022, 12, x FOR PEER REVIEW 25 of 40 
 

 

Figure 40. Seismic response, interstory speed at the 5th floor (Δ𝑣y5 = 𝑣y5 − 𝑣y4). 

Peak values of the plotted parameters are recapped in Table 5, together with the 

achieved mitigation coefficients. 

Table 5. Seismic response of the reference structure, peak values of the relevant parameters, and 

mitigation coefficients. 

 Story (j) → 1 2 3 4 5 

V
S

S
  

O
N

 

(M
R

D
  

C
u

rr
en

t 
 0

.5
 A

) ayj,min (m/s2) −0.6466 −0.9931 −0.9402 −0.9203 −1.3862 

ayj,max (m/s2) 0.5085 0.8558 0.9923 0.9652 1.3080 

ayj,min (m/s2) −0.6466 −0.4042 −0.2608 −0.1716 −0.0954 

ayj,max (m/s2) 0.5085 0.3706 0.2573 0.1756 0.0989 

Vmin (m/s) −0.0169 −0.0147 −0.0105 −0.0072 −0.0041 

Vmax (m/s) 0.0155 0.0136 0.0096 0.0066 0.0037 

N
O

  

V
S

S
  

(T
ab

le
 3

 v
al

u
es

) a’yj,min (m/s2) −1.8519 −3.3017 −1.8979 −1.8335 −3.9358 

a’yj,max (m/s2) 2.1315 2.9111 1.9864 1.9148 3.8772 

a’yj,min (m/s2) −1.8519 −1.865 −2.6038 −3.1147 −3.1007 

a’yj,max (m/s2) 2.1315 1.6767 2.0622 3.0768 2.5508 

V’min (m/s) −0.0661 −0.0484 −0.0491 −0.105 −0.0947 

V’max (m/s) 0.0564 0.0375 0.0695 0.1005 0.0724 

M
it

ig
at

io
n

  
 

co
ef

fi
ci

en
ts

 

ayi,min
’ − ayi,min

ayi,min
’

 65.08% 69.92% 50.46% 49.81% 64.78% 

ayi,max
’ − ayi,max

ayi,max
’

 76.14% 70.60% 50.05% 49.59% 66.26% 

∆ayi,min
’ − ∆ayi,min

∆ayi,min
’

 65.08% 78.33% 89.98% 94.49% 96.92% 

∆ayi,max
’ − ∆ayi,max

∆ayi,max
’

 76.14% 77.90% 87.52% 94.29% 96.12% 

∆Vmin
’ − ∆Vmin

∆Vmin
’

 74.43% 69.63% 78.62% 93.14% 95.67% 

∆Vmax
’ − ∆Vmax

∆Vmax
’

 72.52% 63.73% 86.19% 93.43% 94.89% 

6. Experimental Validation of the Vibration-Suppression System (VSS) 

The efficacy of the vibration-suppression system was proven by means of true-scale 

experimental tests that were carried out at the structural dynamics laboratories of the 

ENEA Casaccia Research Center (Rome, Italy) [32]. 

Figure 40. Seismic response, interstory speed at the 5th floor (∆vy5 = vy5 − vy4).

Peak values of the plotted parameters are recapped in Table 5, together with the
achieved mitigation coefficients.

Table 5. Seismic response of the reference structure, peak values of the relevant parameters, and
mitigation coefficients.

Story (j)→ 1 2 3 4 5

V
SS

O
N

(M
R

D
C

ur
re

nt
0.

5
A

)

ayj,min (m/s2) −0.6466 −0.9931 −0.9402 −0.9203 −1.3862

ayj,max (m/s2) 0.5085 0.8558 0.9923 0.9652 1.3080

∆ayj,min (m/s2) −0.6466 −0.4042 −0.2608 −0.1716 −0.0954

∆ayj,max (m/s2) 0.5085 0.3706 0.2573 0.1756 0.0989

∆Vmin (m/s) −0.0169 −0.0147 −0.0105 −0.0072 −0.0041

∆Vmax (m/s) 0.0155 0.0136 0.0096 0.0066 0.0037

N
O

V
SS

(T
ab

le
3

va
lu

es
)

a′yj,min (m/s2) −1.8519 −3.3017 −1.8979 −1.8335 −3.9358

a′yj,max (m/s2) 2.1315 2.9111 1.9864 1.9148 3.8772

∆a′yj,min (m/s2) −1.8519 −1.865 −2.6038 −3.1147 −3.1007

∆a′yj,max (m/s2) 2.1315 1.6767 2.0622 3.0768 2.5508

∆V′min (m/s) −0.0661 −0.0484 −0.0491 −0.105 −0.0947

∆V′max (m/s) 0.0564 0.0375 0.0695 0.1005 0.0724

M
it

ig
at

io
n

co
ef

fic
ie

nt
s

a′yi,min−ayi,min

a′yi,min
65.08% 69.92% 50.46% 49.81% 64.78%

a′yi,max−ayi,max

a′yi,max
76.14% 70.60% 50.05% 49.59% 66.26%

∆a′yi,min−∆ayi,min

∆a′yi,min
65.08% 78.33% 89.98% 94.49% 96.92%

∆a′yi,max−∆ayi,max

∆a′yi,max
76.14% 77.90% 87.52% 94.29% 96.12%

∆V′min−∆Vmin
∆V′min

74.43% 69.63% 78.62% 93.14% 95.67%

∆V′max−∆Vmax
∆V′max

72.52% 63.73% 86.19% 93.43% 94.89%

6. Experimental Validation of the Vibration-Suppression System (VSS)

The efficacy of the vibration-suppression system was proven by means of true-scale
experimental tests that were carried out at the structural dynamics laboratories of the ENEA
Casaccia Research Center (Rome, Italy) [32].
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The reference structure was installed on a shaking table, which reproduced the ac-
celerogram of the earthquake that was considered for the VSS design.

Three test cases were addressed:

Test 1: Earthquake striking the clean structure (intended as the reference structure
without MRDs installed);
Test 2: Earthquake striking the structure with selected MRDs (LORD MRD-1005-3)
that were installed and not activated;
Test 3: Earthquake striking the structure with selected MRDs that were installed and
activated by a current of 0.5 A.

For each test case, the seismic response of the structure was acquired through five
monaxial accelerometers that were installed at the center of each floor and oriented along
the direction of the excitation (Figure 41).
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Figure 41. Accelerometers’ location and type.

Two extra-accelerometers were placed at the base and on the top of the structure. The
accelerometer at the base measured along the direction of excitation and was used to check
the coherence of the ground acceleration with the reference seismic accelerogram. The ac-
celerometer at the top of the structure was oriented perpendicularly to the symmetry plane
of the structure and was used to verify the absence of significant out-of-plane accelerations.

Siemens LMS SCADAS mobile® was used to drive the shaking table and to record
the accelerometers’ signals. The input signal generation (shaking-table acceleration) and
acquisition processes were controlled and synchronized via LMS Test-Lab software [33].
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Each dissipative bracing was realized by joining two squared steel pipes at the ends of
the MRD. Hinged joints, which were implemented by means of pin and bolts, were used to
connect the MRD to the pipes and the pipes to the structure (Figure 42).
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Figure 42. Dissipative bracing that integrates the MRD.

Manual pretensioners were used to set the initial stroke of the MRD’s piston at half of
its maximum value, which thus allowed for equal maximum excursions of the piston in
both compression and tension. The pretensioners were removed after the installation of the
bracings on the structure.

In Figure 43, the layout of the reference structure with all dissipative bracing installed
is reported.

Appl. Sci. 2022, 12, x FOR PEER REVIEW 27 of 40 
 

Each dissipative bracing was realized by joining two squared steel pipes at the ends 

of the MRD. Hinged joints, which were implemented by means of pin and bolts, were 

used to connect the MRD to the pipes and the pipes to the structure (Figure 42). 

 

Figure 42. Dissipative bracing that integrates the MRD. 

Manual pretensioners were used to set the initial stroke of the MRD’s piston at half 

of its maximum value, which thus allowed for equal maximum excursions of the piston 

in both compression and tension. The pretensioners were removed after the installation 

of the bracings on the structure. 

In Figure 43, the layout of the reference structure with all dissipative bracing installed 

is reported. 

 

Figure 43. Reference structure and dissipative bracings (VSS). 

The intensity of the electric current into each MRD was regulated by using the poten-

tiometers that were provided by the MRDs supplier (see Appendix B for details). 

Figure 43. Reference structure and dissipative bracings (VSS).

The intensity of the electric current into each MRD was regulated by using the poten-
tiometers that were provided by the MRDs supplier (see Appendix B for details).
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In Figures 44–48, the time histories of the floor accelerations that were recorded
during the three test cases are reported. The interstory accelerations were obtained by the
elaboration of these measurements and they are plotted in Figures 49–53. In all the test
cases, the extra-accelerometer placed at the top of the structure showed the absence of
accelerations out of the symmetry plane of the structure.
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Figure 53. Seismic response (experimental data), interstory acceleration at the 5th floor (∆ay5 = ay5ay2

− ay4).

The peak values of the floor and interstory accelerations are reported in Table 6,
together with the mitigation coefficients that were obtained with inactivated and activated
dampers. In the case of activated dampers, the mitigation coefficients were even higher
than those numerically predicted, which thus proves the effectiveness of the conceived
vibration-suppression system.

Table 6. Seismic response of the reference structure, peak values of the relevant parameters, and
mitigation coefficients (experimental data).

Story (j)→ 1 2 3 4 5

N
O

V
SS

a′yj,min (m/s2) −2.2255 −1.8682 −3.0143 −2.2346 −3.506

a′yj,max (m/s2) 1.7844 2.0731 2.5607 2.1352 3.5508

∆a′yj,min (m/s2) −2.2255 −1.4388 −1.7743 −2.497 −3.1873

∆a′yj,max (m/s2) 1.7844 1.7855 1.8097 2.7786 2.6375

V
SS

O
FF

a”yj,min (m/s2) −1.181 −1.2661 −1.1193 −1.3145 −1.3973

a”yj,max (m/s2) 1.1894 1.1604 1.5001 1.5167 1.5635

∆a”yj,min (m/s2) −1.181 −0.7767 −0.6741 −0.9475 −0.8877

∆a”yj,max (m/s2) 1.1894 0.9953 0.6177 0.9255 0.7862

V
SS

O
N

(0
.5

A
)

ayj,min (m/s2) −0.3999 −0.4198 −0.5552 −0.5613 −0.6203

ayj,max (m/s2) 0.3589 0.5208 0.4761 0.6056 0.6997

∆ayj,min (m/s2) −0.3999 −0.2981 −0.1461 −0.2125 −0.1313

∆ayj,max (m/s2) 0.3589 0.2932 0.1954 0.2086 0.1451

M
it

ig
at

io
n

co
ef

fic
ie

nt
s

V
SS

O
FF

/
N

O
V

SS

a′yi,min−a′′yi,min
a′yi,min

46.93% 32.23% 62.87% 41.18% 60.15%

a′yi,max−a′′yi,max
a′yi,max

33.34% 44.03% 41.42% 28.97% 55.97%

∆a′yi,min−∆a′′yi,min
∆a′yi,min

46.93% 46.02% 62.01% 62.05% 72.15%

∆a′yi,max−∆a′′yi,max
∆a′yi,max

33.34% 44.26% 65.87% 66.69% 70.19%

V
SS

O
N

/
N

O
V

SS

a′yi,min−ayi,min

a′yi,min
82.03% 77.53% 81.58% 74.88% 82.31%

a′yi,max−ayi,max

a′yi,max
79.89% 74.88% 81.41% 71.64% 80.29%

∆a′yi,min−∆ayi,min

∆a′yi,min
82.03% 79.28% 91.77% 91.49% 95.88%

∆a′yi,max−∆ayi,max

∆a′yi,max
79.89% 83.58% 89.20% 92.49% 94.50%
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7. Conclusions

A practical design was proposed for a seismic protection system that is suitable for slen-
der metallic frames and that is based on dissipative bracings that integrate MRD dampers.

The nonlinear relationship between the dissipative force and the piston speed of the
MRD was replaced by a linear equation that involves the evaluation of an equivalent
damping coefficient for the MRD. A rational method was adopted for the calculation of
the equivalent damping coefficient by assimilating the MRD to a proportional damper that
dissipated the same amount of energy during the seismic event.

The linearization of the dynamic behavior of the magnetorheological fluid dampers
allowed for the implementation of a robust iterative process for the evaluation of the
seismic response of the structure in correspondence with the different activation levels
of the embedded MRDs. The response was first evaluated in the generalized coordinates
domain, and then in terms of the acceleration and speed of the structural nodes with respect
to the base of the structure. A current intensity of 0.5 A was found to be adequate to achieve
the target 50% reduction in the acceleration-response peaks at each floor.

A true-scale model of the reference structure was then manufactured and installed on
a shaking table, which provided the reference seismic excitation. The acceleration response
was measured at each floor of the structure in three operative conditions: (1) A clean
structure (no dissipative bracings installed); (2) With the vibration-suppression system off
(dissipative bracings installed and MRD not activated); (3) With the vibration-suppression
system on (dissipative bracings installed and MRD activated by a current of 0.5 A).

With respect to the “clean structure” case, the activation of the MRD led to an average
reduction of nearly 70% for the peaks of the floor accelerations with respect to the base of
the structure, as well as for the interstory accelerations. The higher level of abatement with
respect to the design target can be justified by considering the intrinsic limitations of the
numerical simulations that did not take into account the extra damping that was due to
the friction between the structural elements at their interface joints. A slight increase in
the modal damping of the clean structure with respect to the assumed value (1.5% for all
modes) would have surely limited the discrepancy between the numerical expectations
and the experimental outcomes. On the other hand, the proposed simulation strategy is
mainly intended to provide a fast and practical tool for the robust design of the seismic
mitigation system; in light of this consideration, any simplification is acceptable if it results
in the safer design of the system.

The robustness and effectiveness of the conceived system are further proven by the
recorded seismic response of the structure in the case of MRDs being installed and inacti-
vated. The average reduction factor for the floor acceleration peaks and for the interstory
acceleration peaks is nearly 48%, even if some floors have a reduction factor lower than
50%. This means that, even in the case of a blackout (highly probable during an earthquake)
or the malfunction of the hardware that powers the MRDs, the system still maintains good
abilities to dampen the structural response to the seismic excitation.

The achievement of significant vibration-suppression levels in the case of both acti-
vated and nonactivated devices represents a remarkable result, which shows not only the
effectiveness of MRDs, but also the soundness of the design and simulation approaches
that were adopted for the assessment of the seismic protection system’s dynamics.
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Nomenclature

ay seismic acceleration (along the Y-axis of the reference system in Figure 1)
ayj acceleration (along the Y-axis) of the j-th floor with respect to the ground
ayj,max maximum value of ayj
ayj,min minimum value of ayj
D damping matrix of the structure in the case of MRD installed
∆d displacement vector of the nodes of the structure with respect to its base
Deq,i equivalent damping of the i-th bracing
a(t) seismic acceleration at the base of the structure
e excitation direction
ID identification (number)
K stiffness matrix of the structure constrained at its base
KG generalized stiffness matrix

M mass matrix of the structure
MG generalized mass matrix

MRD(s) magnetorheological fluid damper(s)
MRF magnetorheological fluids
PGA peak ground acceleration
q generalized displacement vector
SDOF single degree of freedom
T duration of the seismic event
t time variable
VSS vibration-suppression system
vyj speed (along the Y-axis) of the j-th floor with respect to the ground
vyj,max maximum value of vyj
vyj,min minimum value of vyj

∆ayj
interstory acceleration between the j-th and the (j – 1)th floors (∆ayj = ayj −
ay(j−1))

∆ayj,max maximum value of ∆ayj
∆ayj,min minimum value of ∆ayj

∆Vi
relative speed between the nodes connecting the i-th bracing taken along the
axis of the bracing

∆vyj interstory speed between the j-th and the (j – 1)th floors (∆vyj = vyj − vy(j − 1))
∆vyj,max maximum value of ∆vyj
∆vyj,min minimum value of ∆vyj
Greek symbols
ε2 quadratic error
ΦV modal matrix
Γ
_

vector of the modal participation factors

λ geometrical scale factor of the reference structure
µ error margin
σ damping matrix of the reference structure (no dampers installed)
γσG generalized damping matrix

τ precision threshold
ωNi pulsation of the i-th mode
ζ damping ratio
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Appendix A. Formulation Adopted for the Evaluation of the Seismic Response and the
Residual Inertia Criterion

Let us call S a generic structure that is fixed to the ground. Let IB be the subset of the
structural nodes that belong to the base of S, with IS being the subset of the remaining
nodes of S, and B being an extra node to which all the nodes of the base are rigidly linked
(B/∈IS, B/∈IB). Referring to a Cartesian system (R ≡ (O,XYZ)), which is fixed with respect to
the ground, if a forced displacement (db) is imposed on B along the direction K, then, the In,S
nodes will all move by db in the same direction. In mathematical terms, if N is the number
of active degrees of freedom of the In,S nodes, the displacement d of the ISnodes will be
equal to db·e, where e is the (N × 1) vector that is characterized by unitary components in
terms of the positions associated with the K direction, and by zero components in all the
other positions To clarify this with an example, let us suppose that IS is characterized by
eight nodes, and that each of the nodes has two active degrees of freedom that are related
to the translations along the X and Y axis of a given reference frame (N = 16). In this case, if
the displacement (db) is imposed along the X direction, then the vector (e) would have the
following expression:

(e)T =
[

1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0
]

In the absence of external forces and dissipation, the dynamic response of S to an
acceleration that is imposed at its base is governed by the following equation: me 0

(1×N)

0
(N×1)

M
(N×N)

[ ..
db..
d

]
+

 eTK e −eTK
−K e K

(N×N)

 db
d

(N×1)

 =

 0
0

(N×1)

, (A1)

where:

me is the inertia of the base of S along the displacement direction that is individuated
by the vector, e;
M is the mass matrix of S related to the In,S nodes only;
K is the stiffness matrix of S constrained at its base;
d is the displacement vector of the In,S nodes.

Let ∆d be the displacement vector of the IS nodes with respect to a reference system
(R’ ≡ (O’, X’Y’Z’)), moving together with the base of S and having the axes X’, Y’, and Z’,
which are oriented as X, Y, and Z, respectively. Since it results in d = dbe + ∆d, the vector,[

db
d

]
, can be expressed in the following way:

[
db
d

]
=

 1 0
(1×N)

e I
(N×N)

[ db
∆d

]
(A2)

where I is the identity matrix of the size (N).
By substituting Equation (A2) into Equation (A1), we obtain:
me 0

(1×N)

0
(N×1)

M
(N×N)


 1 0

(1×N)

e I
(N×N)

[ ..
db

∆
..
d

]
+

[
eTK e −eTK
−K e K

]
1 0

(1×N)

e I
(N×N)


[

db

∆d

]
=

 0
0

(N×1)





Appl. Sci. 2022, 12, 4155 34 of 39

or, in a more compact form: me 0
(1×N)

M e M
(N×N)

[ ..
db

∆
..
d

]
+

 0 −eTK
0

(N×1)
K

(N×N)

[ db
∆d

]
=

 0
0

(N×1)

. (A3)

Since
..
db is equal to the seismic accelerogram (a(t)), the second part of Equation (A3)

can be rewritten as follows:

M ∆
..
d + K ∆d = −M ea(t) (A4)

which allows for the evaluation of the seismic response of the structure (i.e., of the time
histories of the displacements (∆d(/speeds ∆

.
d/accelerations ∆

..
d)) of the IS nodes with

respect to the base of S).
In the presence of viscous dissipation, all the considerations made so far may be

repeated, which thus leads to the following expression of the equation that governs the
seismic response of the structure:

M ∆
..
d + σ ∆

.
d + K ∆d = −M ea(t) (A5)

where σ is the viscous damping matrix of the system and, for the cases of practical interest,
is proportional to the stiffness and mass matrixes.

Equation (A5) may be effectively solved in the generalized coordinates domain [34].
If ΦV

(N×N)

is the matrix of the N modes of the structure constrained to its base, then the

vector (∆d) may be expressed as the product, ΦV
(N×N)

q(t)
(N×1)

, where q(t) is the vector of the

generalized coordinates of the system.
By placing this expression into Equation (A5), we obtain the following:

M ΦV
..
q(t) + σ ΦV(t)

.
q(t) + K ΦV(t)q(t) = −M ea(t)

and, after pre-multiplying all the terms by the transpose of ΦV :

MG
..
q(t) + σG

.
q(t) + KG q(t) = − Γ _a(t) (A6)

where:

MG = ΦT
V M ΦV is the diagonal matrix of the generalized masses (mG,i (i = 1, . . . , N));

KG = is the diagonal matrix of the generalized masses (mG,i (i = 1, . . . , N));

σG = ΦT
V σ ΦV is the matrix of the generalized damping (sG,i (i = 1, . . . , N)), which is also

diagonal, according to Basile’s hypothesis [34];
Γ _ = ΦT

V M e is the vector of the modal participation factors (Gi (i = 1,...,N)).

Equation (A6) represents a set of decoupled differential linear equations that can be
solved individually. The generic equation has the following expression:

mG,i
..
qi(t) + σG,i

.
qi(t) + KG,iqi(t) = −Γia(t) (A7)

and its solution is given by:

qi(t) = −
Γi

mG,i
·
∫ t

0
hi(t− τ)a(τ)dτ, (A8)



Appl. Sci. 2022, 12, 4155 35 of 39

where hi(t) is the impulse response function of the i-th generalized coordinate:

hi(t) =
e−ζiωNit sin(ωDit)

ωDi

where:

ωNi is the natural pulsation of the i-th mode;
ζi =

σi
2mGiωNi

is the modal damping of the i-th mode;

ωDi is the damped pulsation of the i-th mode, which is equal to ωNi

√
1− ζ2

i .

Once the time histories of the generalized coordinates are evaluated, together with
their first and second derivatives, the seismic response of the structure can be obtained by
recalling that:

∆d = ΦVq(t), ∆
.
d = ΦV

.
q(t), ∆

..
d = ΦV

..
q(t). (A9)

The evaluation of the time histories of all the generalized coordinates may, however,
represent a demanding task from a computational standpoint, especially when N is sig-
nificantly large. This is why, in general practice, only a subset of modes (and generalized
coordinates) is selected to solve the dynamic equation of the structure with adequate ap-
proximation. Clearly, the greater the number of selected modes, the better the level of
approximation will be. On the other hand, not all modes make the same contribution to the
physical response of the structure, and, after a certain number of modes, the computational
effort is not rewarded by a related increase in the results’ precision. The residual inertia
criterion represents a powerful tool to individuate the right number of modes to be used
for the evaluation of the seismic response with a good level of approximation. The criterion
is based on the following identity:

eT M e = (Γ1)
2 + (Γ2)

2 + . . . + (ΓN)
2 = ∑N

i=1(Γi)
2, (A10)

according to which the total inertia of the structure along the direction of excitation (eT Me)
is equal to the sum of the squares of the modal participation factors. This result can be easily
demonstrated by observing that the natural modes represent a base of the vector space
(RN) and, therefore, the vector (e) may be expressed as a sum of its modal components (e1,
e2, . . . , eN):

e = ΦV,1e1 + ΦV,2e2 + . . . + ΦV,NeN (A11)

The components may be determined by invoking the orthogonality of the modal base.
If we pre-multiply each member of Equation (A11) by ΦT

V,i M, we obtain:

ΦT
V,i M e = ΦT

V,i M ΦV,1e1 + ΦT
V,i M ΦV,2e2 + . . . + ΦT

V,i M ΦV,iei + . . . + ΦT
V,i M ΦV,NeN (A12)

Since it results in the following:

ΦT
V,i M ΦV,j =

{
mG,i if j = i
0 if j 6= i

we know, from Equation (A12), that ei =
ΦT

V,i M e
mG,i

; therefore, Equation (A11) may be rewritten
as follows:

e =
ΦT

V,1M e
mG,1

e1 +
ΦT

V,2M e
mG,2

e2 + . . . +
ΦT

V,N M e
mG,N

eN . (A13)

Equation (A10) may be derived from Equation (A13) by pre-multiplying each member
by eT M and then by recalling the orthogonality of the modal base.
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If we select only Ñ modes for the evaluation of the seismic response of the structure,
according to Equation (A10), we consider only a part of the actual inertia of the structure
along the direction of excitation:

eT M e = Ie = ∑Ñ
i=1(Γi)

2 + ∑N
i=Ñ+1(Γi)

2 = ∑Ñ
i=1(Γi)

2 + Ie,residual (A14)

The level of approximation of the actual seismic response is correlated with the amount
of structural inertia that participates in the response; it follows that, the lower the residual
inertia, the higher the precision of the obtained results.

For slender metallic structures, such as the one considered in this paper, and irrespec-
tive of the direction of excitation (e), the first 5–6 modes generally ensure that the residual
inertia is lower than 3% of the actual one, which thus provides a more than satisfactory
characterization of the seismic response.

Appendix B. LORD ® MRD-1005-3 Datasheet
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