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Abstract: Rocks are less resistant to tension than to compression or shear. Tension cracks commonly
initiate compression or shear failure. The mechanical behavior of layered rocks under compression
has been studied extensively, whereas the tensile behavior still remains uncertain. In this paper,
we study the effect of layer orientation on the strength and failure patterns of layered rocks under
direct and indirect tension through experimental and numerical testing (RFPA2D: numerical software
of Rock Failure Process Analysis). The results suggest that the dip angle of the bedding planes
significantly affects the tensile strength, failure patterns, and progressive deformation of layered
rocks. The failure modes of the layered specimens indicate that the tensile strength obtained by the
Brazilian disc test is not as accurate as that obtained by the direct tension test. Therefore, the modified
Single Plane of Weakness (MSPW) failure criterion is proposed to predict the tensile strength of the
layered rocks based on the failure modes of direct tension. The analytical predictions of the MSPW
failure criterion agrees closely with the experimental and numerical results. In rock engineering, the
MSPW failure criterion can conveniently predict the tensile strength and reflect the failure modes of
layered rocks (such as shale, slate, and layered sandstone) with satisfactory accuracy.

Keywords: layered rocks; anisotropy; failure mode; tension test; tensile failure criterion

1. Introduction

Many types of rock mass, such as shale, slate, and sandstone, exhibit inherent anisotropic
properties [1–4]. The uniaxial compressive and tensile strength of layered rocks are crucial
parameters to consider at the design and construction stage of geotechnical structures such
as tunnels, slopes, and other underground engineering projects. They are also vitally impor-
tant for the development of unconventional oil and gas, such as shale gas [5,6]. However,
only the anisotropic compressive (or shear) strength has been extensively studied from
experimental, theoretical, and numerical points of view [7–11], but the anisotropic tensile
strength still needs to be further investigated because tensile failure is extremely important
in rock engineering. In fact, the tensile strength of layered rocks was previously assumed
to be nil in many engineering applications. There are situations, however, where such an
assumption is not safe. As a result, the tensile failure of rock and the resulting instability can
lead to serious disasters, such as rock burst in hydropower caverns, landslide, dam break,
and so on [12]. Therefore, understanding the tensile properties of layered rocks is extremely
important to assess the stability of geotechnical and petroleum engineering projects.

There are two main methods to assess the tensile strength of layered rocks, including
the direct uniaxial tension test and the indirect tension test, such as the Brazilian disc
test (BDT) and other indirect testing methods [13]. The Brazilian disc test was officially
proposed by the International Society for Rock Mechanics [14] as a suggested method for
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determining the tensile strength of rock materials. The Brazilian disc test is the most com-
monly adopted method to determine the indirect tensile strength of rock materials [15–23].
However, during the Brazilian test, a small eccentricity of the axial load may cause large
non-uniformities of stress in specimens [24], or stress concentrations may be induced by
caps. For transversely isotropic rock masses, failure under the Brazilian test is not neces-
sarily a pure tensile failure; in some cases, it can even be pure shear failure, but it is often
a combination of both tensile and shear failure [25–27]. Although these disadvantages
are obviously present in the Brazilian test, it is still widely used in laboratory experimen-
tal and numerical studies to investigate the tensile properties of transversely isotropic
rocks [28–34].

The direct tensile test, which is theoretically the simplest and most effective method for
tensile strength determination, is in fact difficult to carry out in the laboratory [35–38]. Over
the past few decades, the anisotropic tensile behavior of layered rocks has been studied
by a few researchers through direct tension [39,40]. Some anisotropic tensile criteria were
investigated to predict the tensile strength of layered rocks based on the direct tension
test and analytical methods [41–43]. Ma et al. analyzed the anisotropic tension strength
criteria of layered rocks and selected the best one to predict the fracture pressure of the
inclined wells in layered formations [44,45]. Shang et al. investigated the anisotropic direct
tensile behavior of laminated and transversely isotropic Midgley Grit sandstone using
a particle-based discrete element method [46]. However, the tensile failure modes and
failure mechanisms of layered rocks still need to be further studied. Furthermore, the
failure criterion of the layered rocks under direct tension should be evaluated based on the
failure modes.

In this work, numerical tests are undertaken to investigate the progressive failure and
mechanical behavior of layered rocks under direct and indirect tension using a numerical
code RFPA2D, which was developed based on the finite element method, statistical theory,
and damage mechanics [47]. The influence of layer orientation on tensile behavior is
discussed. The main failure modes and failure mechanisms of layered rocks under direct
and indirect tension are analyzed. The Single Plane of Weakness failure criterion is then
modified based on the failure modes and failure mechanisms of direct tension. The modified
SPW (MSPW) failure criterion has been verified by experimental and numerical results. The
analytical predictions of the MSPW failure criterion agrees closely with the experimental
and numerical results.

2. Experimental Study on Layered Rocks by the Brazilian Test
2.1. Test Equipment and Samples

Layered rock samples (shale in Figure 1) with different dip angles, θ (the angle between
the bedding plane and the horizontal plane), as shown in Figure 2, were selected for the
experiments. According to the method suggested by the International Society for Rock
Mechanics (ISRM), the samples were carefully drilled from a large fresh shale block. They
were machined into Brazilian disc cylinders (25 mm in thickness and 50 mm in diameter)
with seven different dip angels (0◦, 15◦, 30◦, 45◦, 60◦, 75◦, 90◦). These samples are displayed
in Figure 1. The experiments were performed using a Rock Mechanics Testing System
(RMT-150C). The axial displacement loading mode was selected, with a controlled rate of
0.0005 mm/s until the failure of the tested shale sample. A photograph and a schematic
diagram of the experimental setup is presented in Figure 2.
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Figure 2. Loading schematic of the layered shale Brazilian test. (a) Loading schematic diagram;
(b) Photograph of experimental setup.

According to the theory of the Brazilian disc test, the tensile strength of rock samples
can be expressed as (negative sign represents tensile stress):

σt = − 2Pt

πDt
(1)

where Pt is the failure load of the rock sample, D is the diameter of the rock sample, and t
is the thickness of the rock sample.

2.2. Failure Mode of the Shale Samples

Figure 3 shows the typical failure modes of layered shale samples with different dip
angles under the Brazilian test. When the dip angle of the sample was 0◦, the shale sample
almost cracked along the center line of the disc. When the dip angle of the shale sample
increases to 30◦, the shale sample first fractured near the loading end, and then cracked
along the bedding plane. With the increasing dip angle of the samples, the shale samples
almost presented shear failure along the bedding plane. The failure mode of the shale
sample with a dip angle of 90◦ was similar to the sample at 0◦. The failure modes of
shale samples with different dip angles can be summarized as follows: splitting failure
along the center line of the disc, composite failure with tensile and shear cracks, and shear
failure along the bedding plane. The failure modes of the shale samples show anisotropic
characteristics, and also indicate that only the shale samples with dip angles of 0◦ and 90◦
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experience splitting failure along the center line of the disc, which satisfies the assumption
of Equation (1). In another words, the tensile strength of the shale samples with different
dip angles obtained by the Brazilian test are not quite accurate, except for the shale samples
with dip angles of 0◦ and 90◦.
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Figure 3. Typical failure modes of layered shale under the Brazilian test.

2.3. Tensile Strength of the Shale Samples

Figure 4 shows the variable relationship between the tensile strength of shale samples
and the dip angles of the bedding plane. Figure 4 demonstrated that the tensile strength of
the shale samples obviously represents anisotropic characteristics. By increasing the dip
angle of the bedding plane, the tensile strength of the shale sample decreases. The tensile
strength of the shale sample with a dip angle of 0◦ is the largest. This tensile strength can be
considered as the tensile strength of the rock matrix, because the sample is cracked along
the center line of the disc. Meanwhile, the tensile strength of the shale sample with a dip
angle of 90◦ is the smallest. The failure mode of the sample is closer to that of the sample
with a dip angle of 0◦. However, the tensile strength of the sample with a dip angle of 0◦ is
regarded as the tensile strength of the bedding plane. In Figure 4, it can be clearly seen that
the tensile strength of the shale samples changes significantly when the dip angle of the
bedding plane increases from 0◦ to 15◦. Relatively, the tensile strength of the shale samples
changes gradually when the dip angle of the bedding plane increases from 15◦ to 75◦. The
variation of the tensile strength of the shale samples is closely related to the failure modes,
as analyzed above.
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3. Numerical Study of Layered Rocks
3.1. Description of the Numerical Code

The RFPA2D code was developed by considering the deformation of an elastic material
containing an initial random distribution of micro-features to simulate the progressive
failure, including the simulation of the failure process, failure-induced seismic events,
and failure-induced stress redistribution. There are two main features of RFPA2D that
are different from the traditional finite element method: (a) The heterogeneity of rock
properties is introduced into the model; the RFPA2D code can simulate the non-linear
deformability of a quasi-brittle behavior with an ideal brittle constitutive law for the
local material. (b) A simple elastic–brittle–plastic model is implemented in the RFPA2D

code. The element maintains linear deformation before the elemental stresses satisfy the
failure criterion. The element has a residual strength after failure, and the stiffness of the
element will decrease gradually. In this manner, the code can simulate strain-softening
and discontinuous mechanical problems in a continuum mechanics mode. Both maximal
tensile stress criterion and maximal tensile strain criterion are adopted in the model. The
maximal tensile stress criterion is used to predict the brittle failure from the elastic stage
to the residual deformation stage, and the maximal tensile strain criterion is applied to
predict when the element loses its carrying capacity completely.

For heterogeneity, the material properties for elements are randomly distributed
throughout the specimen by following a Weibull distribution:

ϕ =
m
σ0

(
σ

σ0
)

m−1
exp
[
−
(

σ

σ0

)m]
(2)

where, ϕ represents the strength of the elements distribution rule, σ is the element strength,
and σ0 is the mean strength of all the elements for the specimen. For an elastic modulus,
the same distribution is used. We define m as the homogeneity index of the rock. A user-
friendly pre- and post-processor is integrated to generate the finite element mesh and
prepare the input data. The RFPA2D code can not only simulate the initiation of cracks, but
can also model the crack propagation, coalescence, and interaction between multi-cracks.
Details of the RFPA2D code can be found in the published literature [47].

3.2. Brazilian Disc Test of Layered Rock Specimens by RFPA2D

3.2.1. Numerical Layered Specimens of Brazilian Test

Numerical rock specimens with seven different dip angles of 0◦ 15◦, 30◦, 45◦, 60◦, 75◦,
and 90◦ were prepared, and are shown in Figure 5. The mechanical parameters of the rock
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material and the joint material are listed in Table 1. The loading rate was 0.0008 mm/step
in the axial direction.
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Table 1. Elemental parameters of the rock and joint material.

Materials Parameters Elastic Modulus Tensile Strength

Rock
Homogeneity index 4 4

Mean value 50, 000 MPa 45 MPa

Joint
Homogeneity index 3 3

Mean value 1000 MPa 4 MPa

The homogeneity indices for the rock material and the joint material were 4.0 and 3.0,
respectively. Because the tensile strength of the layered rocks depends on the combination
of the rock material and the joint material, the strength of the transversely isotropic rock
specimen with a layer dip of 90◦ in Liao’s experiments is regarded as the tensile strength of
the rock material in the present simulations, and the strength of the transversely isotropic
rock specimen with a layer dip of 0◦ is regarded as the tensile strength of the joint material.
A series of numerical tests was carried out to obtain the macro-tensile strength and the
elastic modulus parameters according to Liao’s experimental study [40]. The mechanical
parameters of these two materials are listed in Table 1.

To obtain the mechanical parameters of these two materials, two numerical specimens
made of the rock material or the joint material only were also prepared to conduct indirect
tensile tests. The elastic modulus and the tensile strength of them are listed in Table 2.

Table 2. Macro-mechanical parameters of the rock and joint material.

Materials Elastic Modulus (MPa) Tensile Strength (MPa)

Rock 40,712.5 15.3
Joint 415.8 1.1

3.2.2. Results and Analysis

Figure 6 shows the tensile strength of the layered rock specimens under the numerical
Brazilian test, which is calculated by Equation (1). The tensile strength of the layered
rock specimens decreases with the increasing dip angle; the maximum tensile strength is
11.49 MPa at a dip angle of 0◦, which corresponds to the direct tension strength at a dip
angle of 90◦. Figure 7 shows the horizontal stress at the center of the specimen vs. the
vertical loading displacement. The pre-peak behavior of the specimens with different dip
angles is quite similar, showing a linear elastic behavior. Figures 6 and 7 indicate that the
tensile strength and loading curves of the layered rock specimens under the Brazilian test
are very sensitive to the dip angle.
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Figure 8 presents the failure modes of the layered rock specimens under the Brazilian
test. It can be clearly seen that the failure mode of the specimen at 0◦ is similar to the
isotropic rocks. The cracks generate at the center of the specimen, then propagate in a
direction towards to the loading ends, and finally penetrate the whole specimen. After
that, there are some small shear cracks near the loading ends. The main failure mechanism
in this case is rock material tensile splitting. The tensile strength of the specimen at 0◦ is
11.49 MPa, which is similar to the tensile strength in the direct tension test (11.42 MPa) and
the laboratory test (12.50 MPa). The failure modes of the specimens at 15◦, 30◦, and 45◦.
are quite complicated, and they show a mixed failure mode combining tensile splitting
and shear failure. With the increasing dip angle, the shear cracks along the bedding planes
increase. Shear cracks generate at the contacts of the rock material and the joint material,
but they do not propagate any farther along the bedding planes. After that, the tensile
cracks generate in the rock material, then propagate to shear cracks. Finally, the shear
cracks and tensile cracks penetrate the specimen, which results in the specimen failure. The
failure modes of the specimens at 60◦ and 75◦ are relatively simple, showing a shear failure
along the bedding planes. Shear cracks generate at the contacts of the rock material and the
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joint material, and the cracks propagate along the bedding plane until they penetrate the
whole specimen, which finally result in the specimen shear failure. The main crack does
not cross the center of the specimen, and no tensile cracks are generated in the center of the
disc. The failure mode of the specimen at 90◦ is similar to that of the specimen at 0◦; the
cracks generate almost in the center of the disc and propagate towards the loading ends
until the cracks penetrate the whole specimen. The tensile strength of the specimen at 90◦

is 1.06 MPa, which is much lower than the tensile strength of the specimen at 0◦. The main
failure mechanism in this case is joint material tensile splitting. In conclusion, there are
three main failure modes of the layered rock specimens under the Brazilian test, including
tensile splitting failure, mixed tensile splitting and shear failure, and shear failure.
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Figure 8. Failure modes of the layered rock specimens under the Brazilian test.

3.3. Direct Tension Test on Layered Rock Samples by RFPA2D

3.3.1. Preparation of the Numerical Layered Specimens

Tien et al. used three model materials to prepare artificial transversely isotropic
rock blocks [8]. In this study, the layered rock specimens are assumed to be made up
of rock material and joint material, which determines the mechanical properties of the
layered rocks. In this investigation, seven rock specimens with a dip angle, θ, of 0◦, 15◦,
30◦, 45◦, 60◦, 75◦, and 90◦, with respect to the loading direction, are made up of the two
different materials. Furthermore, some extra specimens with a layer dip angle of 80◦ and
85◦ were prepared to verify the numerical results compared with Liao’s experimental
study [40]. The specimen size was 200 mm × 100 mm, and it was discretized into 600 × 300
(180,000 elements) meshes.

It is much more difficult to obtain efficient satisfactory transversely isotropic rock
samples in laboratory experiments. With RFPA2D, it is more convenient to prepare layered
rock samples with different rock materials. As shown in Figure 9, the light gray rock layers
and the dark gray joints constitute the numerical specimens, respectively.
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Figure 9. Layered rock specimens with different dip angles subjected to direct tension.

In all cases, the specimens underwent plane strain compression, imposed by the
relative motion of the upper and lower loading plates by applying an external displacement
at a constant rate of −0.0008 mm/step in the axial direction. The stress, as well as the
deformation and the energy released, in each element were computed in each step during
loading. The external displacement in the axial direction was slowly increased step by step.

3.3.2. Results and Analysis

The complete stress–strain relations of the layered rock specimens with dip angles, θ,
of 0◦, 15◦, 30◦, 45◦, 60◦, 75◦, 85◦, and 90◦ are shown in Figure 10. All stress–strain curves
exhibit strong linear elasticity before the rock samples reach their peak tensile strength. The
relationship between the stress and strain shows that the tensile strength increases as the
dip angle increases from 0◦ to 90◦. This means that the tensile strength is anisotropic due
to the existence of weak joints. The critical strain, at the point where the specimens reach
the peak tensile load, also increases when the dip angle increases from 0◦ to 85◦. However,
the critical strain of the specimen with a dip angle of 90◦ decreases compared with the
specimen at 85◦. We can consider that the critical strain may be influenced by the failure
modes of the layered rock specimens.
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The relationships between tensile strength and the tensile modulus with different dip
angles are shown in Figure 11. The tensile strength of the specimen with a dip angle of 0◦

is very close to the tensile strength of the specimen with a dip angle of 15◦. We can also
see that, by varying the dip angle, the tensile modulus of the specimens follows the same
trend as the tensile strength. As the dip angle increases from 0◦ to 90◦, the tensile modulus
increases gradually.
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Figure 11. The tensile strength and tensile modulus of specimens with different dip angles.

It is obvious that the strength and tensile modulus of the specimens with the lower
dip angles, from 0◦ to 15◦, are closer to those of the joint material, whereas the strength
and tensile modulus of the specimens with higher dip angles, from 75◦ to 90◦, are closer to
the tensile modulus of the rock material. We can conclude that the deformation behavior
and tensile strength of layered rocks with lower dip angles depend on the existence of
joints. However, the influence of joints on the layered rocks with higher dip angles is slight.
Figure 12 shows the simulated tensile strength under direct tension, which has a good
agreement with experimental results.
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Figure 13 shows typical failure patterns of specimens with different dip angles. The
fracture process of the specimen with a dip angle of 85◦ is displayed in Figure 14. The
colors in Figures 13 and 14 represent the value of minimal principal stress. We can observe
that the fracture of specimens with a lower dip angle, from 0◦ to 60◦, is caused by the
propagation of joints, and the fractures occur along joints from one side to the other. More
than two fractures are observed in the specimens with a dip angle from 0◦ to 45◦, whereas
only one fracture can be seen along the joint from the upper-right to the lower-left corner
in the specimen with a dip angle of 60◦.
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Figure 14. The failure process of the specimen with a layer dip angle of 85◦.

However, for the specimens with dip angles of 75◦, 80◦, and 85◦, fractures propagate
partly along and partly through the joints. The failure plane exhibits a saw-toothed shape,
and the same phenomenon was also observed in Youash’s tests [39] and Liao’s experi-
ments [40]. For the specimens with dip angles of 75◦ and 80◦, the cracks initiate along the
joints from the left or right boundary, then propagate along the joints. Before they reach
the other end, the new cracks initiate and propagate in the rock material perpendicular to
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the joints. The cracks perpendicular to the loading direction only occur near the top or the
bottom end of the specimens.

For specimens with layers parallel to the tensile direction with angles of 85◦ and 90◦,
the fracture plane also exhibits a clear saw-toothed shape, but only a few parts of the failure
plane occur along the foliation. The phenomenon of the saw-toothed failure plane reflects
the fact that progressive failure occurs during the direct tensile tests. The progressive
failure may include primary tensile cracks perpendicular to the tensile loading direction
and secondary cracks parallel to the joints.

Figure 14 shows the progressive failure process of the specimen with a dip angle of 85◦.
It is interesting to see that the cracks do not initiate perpendicular to the loading direction
in the joint material but in the rock material. They often run across many layers before
beginning to propagate along the joints. The saw-toothed fracture pattern is caused by
alternate propagation perpendicular to the loading direction and along the joints.

Figure 15 shows the failure patterns of sandstone of Lyons, tested in direct tension
with different inclined angles by Youash in 1969 [39]. In the direct uniaxial tension tests,
we can see that, when the inclined angle is less than 45◦, the sandstone of Lyons mainly
undergoes tensile failure along the bedding plane. The sandstone of Lyons also shows the
saw-toothed fracture pattern when the inclined angle of bedding plane is greater than 45◦

and less than 90◦. When the inclined angle of the bedding plane equals 90◦, the sandstone
of Lyons exhibits failure of the rock material, and the failure plane is perpendicular to the
loading direction.
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Figure 15. The failure patterns of sandstone of Lyons formation tested in direct tension [39].

The failure modes of the layered rock specimens obtained by numerical simulations
under direct tension are similar to the experimental results [39,40], and the uniaxial tensile
failure modes of the layered rocks can be divided into three types: (1) tensile failure along
the bedding plane; (2) progressive saw-toothed failure; (3) tensile failure of rock material.
The diagram of failure modes is shown in Figure 12 [40,44].

3.3.3. Failure Mechanism

Figure 16 shows the failure mechanisms of the layered rock specimens with different
dip angles under direct tension, and these correspond to the three main failure modes
of layered rock specimens. The layered rocks in Figure 16 is mainly composed of two
materials, including rock material and joint material (bedding plane). Figure 16a illustrates
that when the dip angle of the bedding plane is equal to 0◦, with the increasing axial tensile
load, the bedding plane will be fractured by tension while the axial tensile stress is greater
than the tensile strength of the bedding plane (T0). In this configuration, the layered rock
specimen will be fractured along the bedding plane, and the tensile strength of the layered
rock specimen can be expressed as σt = σ1 = T0.
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Figure 16d shows that, when the dip angle of the bedding plane is equal to 90◦, with
the increasing axial tensile load, the bedding plane first reaches its tensile strength, and
then the bedding plane is cracked. However, in contrast to Figure 16a, the rock material is
subjected to the axial tensile load at the cross section of the layered rock specimen. At the
cross section, the bedding plane can be simplified as a single point when the layer thickness
is small; therefore, it has little influence on the bearing capacity of the specimen while
the bedding plane is first cracked. Then, as the axial tensile load increases to the tensile
strength of the rock material (T90), the layered rock specimen will be fractured along the
cross section, resulting in tensile failure, and the failure plane is generally perpendicular to
the loading direction. In this configuration, the tensile strength of the layered rock mass
can be expressed as σt = σ1 = T90.

Figure 16b shows that when the dip angle of the bedding plane is greater than 0◦ and
less than a specified angle, the layered rock mass is also fractured along the bedding plane.
It can be seen in Figure 16b that the normal stress at the bedding plane is σn = σ1 cos2 θ. In
order to make the bedding plane fracture by tension, the normal stress at the bedding plane
should be equal to the tensile strength of the bedding plane, which is expressed as σn = T0.
We can then obtain the tensile strength of the specimen as σt = σ1 = T0/ cos2 θ. This
demonstrates that the tensile strength of layered rock mass increases with the increasing
dip angle.

With the increasing dip angle, the failure patterns of the layered rock specimens
change. This will result in a progressive saw-toothed failure, as shown in Figure 16c. It is
assumed that the area of the cross section is A, and the area of each small matrix exhibited
the saw-toothed shape is Ai, so σ1 = F/A and σi = Fi/Ai. In order to make each small
matrix exhibit the saw-toothed shaped cracks, the tensile stress, σi, needs to satisfy σi = T90.
It can then be surmised that Fi = T90Ai. Therefore, F = ΣFi = T90ΣAi, σt = σ1 =
F/A = T90ΣAi/A. It can be seen that, when the dip angle of the bedding plane is less

than 90◦, ΣAi < A, that is to say, σt = σ1 < T90. We can see that as the layered rock mass
generates the progressive saw-toothed failure, the tensile strength of the layered rock mass
at this specific angle is less than the tensile strength of the layered rock specimens at a dip
angle of 90◦. From the point of view of geometry and elastic mechanics, this can explain
the variation of tensile strength of the layered rock specimen with different dip angles of
the bedding plane.
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3.4. Discussion
3.4.1. Failure Modes of Layered Rock Specimens under Direct Tension Test

The main failure modes of layered rocks under the direct tension test are analyzed in
Section 3.2; however, the failure modes of layered rocks highly depends on the anisotropic
coefficient (k = T90

T0
). If the anisotropic coefficient is less than 1 (k < 1), that is to say, the

tensile strength of the bedding plane is stronger than the tensile strength of the rock material,
it can be hypothesized that the bedding plane is the strong binding material, therefore, as
the layered rock specimen is subjected to the uniaxial tensile load, the rock material will
be fractured first, whatever the layer orientation is. If the anisotropic coefficient is equal
to 1 (k = 1), which means the tensile strength of the bedding plane is the same as the
tensile strength of the rock material, the tensile strength of the layered rocks may present
isotropic characteristics. However, layered rocks may not only fracture along the bedding
plane or the rock material due to the different elastic parameters between the bedding
plane and the rock material. If the anisotropic coefficient is greater than 1 (k > 1), the
failure modes may present as the three main patterns. In conclusion, the failure modes of
layered rock specimens subjected to a direct tensile load may be greatly influenced by the
anisotropic coefficient.

3.4.2. Tensile Strength of Layered Rock Specimens

For layered rocks, many Brazilian tests have been conducted to investigate the ten-
sile behavior [48–52]. The numerical results in Section 3.2.2 shows that there are three
main failure modes of layered rock specimens under the Brazilian test. Figure 17 also
displays the fracture patterns of Mosel slate discs with different dip angles in laboratory
tests [53]. Figure 17 shows that the layered rock specimens with different dip angles are
not always fractured along the center diameter line under Brazilian tests. The failure
modes are different because of the influence of the bedding planes. The typical failure
patterns can be divided into three types: layer activation, central fracture, and non-central
fracture. However, the precondition of Equation (1) to calculate the tensile strength of rocks
should be satisfied so that Brazilian disc specimens are fractured along the center diameter
line. Therefore, the tensile strength of the layered rocks calculated by Equation (1) is not
reasonable, except for the specimens with dip angles of 0◦ and 90◦, which are fractured
along the center diameter line. Similar results can be found in other papers [54–57]. This
demonstrates that the tensile strength of the layered rocks obtained by the Brazilian test is
erroneous because of the influence of bedding planes. Specially, the tensile strength of the
layered rock specimens with dip angles of 0◦ and 90◦ can be predicted by the Brazilian test
because their failure modes meet the precondition of Equation (1). However, the tensile
strength of the layered rock specimens obtained by the direct tension test is relatively accu-
rate. Therefore, we suggest that the direct tension test is more suitable than the Brazilian
disc test to measure the tensile strength of layered rock specimens.
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4. Modified Anisotropic Tensile Failure Criterion
4.1. Single Plane of Weakness (SPW) Criterion

Lee and Pietruszczak [43] proposed the SPW criterion of layered rocks based on
Jaeger’s SPW theory [9], and the SPW criterion can be given as:

T(θ) =

{
T0

cos2 θ
0◦ ≤ θ ≤ θ∗

T90 θ∗ ≤ θ ≤ 90◦
(3)

where θ∗ is defined as:

θ∗ = cos−1

√
T0

T90
(4)

From Equation (3), it can be obtained that when the dip angle of the bedding plane
is less than the critical angle, θ∗, the layered rock specimens in the direct tension tests are
fractured along the bedding plane, which is in close compliance with the experimental
results. However, when the dip angle of the bedding planes is greater than the critical
angle, θ∗, the failure mode of the layered rock specimens is considered to be rock material
tensile fracture under direct tension. In this situation, the tensile strength of the layered
rock specimen is equal to the tensile strength of the rock material, which is inconsistent
with the actual situation and the experimental results.

4.2. Modified SPW Criterion (MSPW Criterion)

To some degree, the SPW criterion can reflect the failure modes of layered rocks
under direct tension. However, the failure modes may be different to the actual failure
modes under the direct tension test when the dip angle is greater than the critical angle, θ∗.
Therefore, based on the failure modes of the layered rocks under the direct tension test, the
SPW criterion is modified in this paper.

The saw-toothed failure mode due to direct tension can be seen when the dip angle is
higher, as shown in Figure 16c. The tension-fractured rock material is taken for the analysis.
The rock material is not only subjected to the force generated by the normal stress, σ1, but
is also subjected to the force generated by the shear stress of the bedding plane. The rock
material will be tension fractured as long as the total stress on the rock material reaches its
tensile strength, T90; meanwhile, the tensile strength, σ1, of the layered rock specimen can
be obtained:

T90 = σ1 + 2σ1 sin2 θ cos θ (5)

σ1 = σt =
T90

1 + 2 sin2 θ cos θ
(6)

Therefore, the modified SPW (MSPW) criterion can be written as:

T(θ) =

{ T0
cos2 θ

0◦ ≤ θ ≤ θ∗

T90
1+2 sin2 θ cosθ

θ∗ < θ ≤ 90◦
. (7)

where the critical angle, θ∗, is given by:

θ∗ ∼= arctan

(√
T90

T0
− 1

)
(8)

4.3. Verification of the MSPW Criterion

The numerical tests are based on the experiments of layered rocks carried out by
Liao et al. [40]. Figure 18 shows the result comparisons between the laboratory test, numer-
ical simulation, the Liao criterion, the SPW criterion, and the MSPW criterion.
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Figure 18 illustrates that the results predicted by the MSPW criterion are closer to
the experimental results. However, the results predicted by the SPW criterion greatly
deviate from the test results at a higher dip angle. The tensile strength predicted by the
Liao criterion has a small error compared with the test results as a whole, but the material
constant in the Liao criterion is difficult to determine. We can also see that the numerical
results simulated by RFPA2D can well reflect the test results, and it is a good numerical
method to simulate the failure process of rock samples under the direct tension test. By
comparison, it is not difficult to find that the MSPW criterion is relatively accurate whether
it reflects the uniaxial tensile failure modes of the layered rocks or predicts the uniaxial
tensile strength of the layered rocks.

4.4. Determination of the Tensile Strength of Layered Rocks

Figures 3 and 17 present the failure modes of the layered rock specimens under the
Brazilian test; it can be seen that the two specimens with 0◦ and 90◦ are almost fractured
along the center diameter line. The experimental and numerical results clearly show that
the tensile strength of the two specimens obtained by the Brazilian test are similar to the
results by the direct tension test and laboratory test. This illustrates that although the
tensile strength of the layered rocks obtained by the Brazilian test is controversial, the
tensile strength of the two layered rock specimens of 0◦ and 90◦ obtained by the Brazilian
test is reasonable.

From the expression of the MSPW criterion (Equation (7)), we can see that if the two
parameters (T0 and T90) are determined, the tensile strength of the layered rocks with other
dip angles can be predicted. However, the two parameters (T0 and T90) are difficult to
obtain by the direct tension test, which is harder to carry out in the laboratory. Nevertheless,
as we analyzed previously, the tensile strength of the layered rock specimens with dip
angles of 0◦ and 90◦ (T0 and T90) can be obtained by the Brazilian test, whose results are
reasonable. Thus, based on the MSPW criterion, we can simply predict the tensile strength
of the layered rocks with different dip angles.

5. Conclusions

This study focuses on the tensile behavior of a transversely isotropic rock with varied
layer dip angles subjected to direct and indirect tension tests. The following conclusions
can be drawn:
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(1) The layered rock specimens display an anisotropic mechanical behavior when sub-
jected to direct tension load. The tensile stress–strain behavior of the layered rocks
depends on the direction of the bedding planes with respect to the tensile load. How-
ever, the direct tension test of layered rocks in the laboratory needs to be studied in
more depth in the future.

(2) The numerical results show that the dip angle has a significant influence on the
fracture characteristics during the progressive failure, such as peak strength, failure
patterns, and deformational behavior. The failure modes of the layered rock specimens
are characterized by tensile failure along the bedding plane, progressive saw-toothed
failure, and tensile failure of the rock material under direct tension.

(3) Based on the failure modes of the layered rocks, the SPW failure criterion is modified.
The theoretical results of the modified SPW (MSPW) failure criterion show a good
agreement with the experimental and the numerical results. The MSPW failure
criterion can accurately describe the tensile strength when the dip angle of the bedding
plane is close to 45◦.

(4) Based on the MSPW criterion, a method to determine the tensile strength of the layered
rocks is proposed, which can simply predict the tensile strength of the layered rocks.
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