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Abstract: The most conventional approach of controlling magnetic forces in active magnetic bearings
(AMBs) is through current feedback amplifiers: transconductance. This enables the operation of the
AMB to be understood in terms of a relatively simple current-based model as has been widely reported
on in the literature. The alternative notion of using transpermeance amplifiers, which approximate the
feedback of gap flux rather than current, has been in commercial use in some form for at least thirty
years, however is only recently seeing more widespread acceptance as a commercial standard. This
study explores how such alternative amplifiers should be modeled and then examines the differences
in behavior between AMBs equipped with transconductance and transpermeance amplifiers. The
focus of this study is on two aspects. The first is the influence of rotor displacement on AMB force,
commonly modeled as a constant negative equivalent mechanical stiffness, and it is shown that either
scheme actually leads to a finite bandwidth effect, but that this bandwidth is much lower when
transpermeance is employed. The second aspect is the influence of eddy currents. Using a very simple
model of eddy currents (a secondary short-circuited coil), it is demonstrated that transpermeance
amplifiers can recover significant actuator bandwidth compared with transconductance, but at the
cost of needing increased peak current headroom.

Keywords: transpermeance; flux feedback; flux estimation; AMB bandwidth; actuators; amplifiers;
eddy current

1. Introduction

The use of active magnetic bearings (AMBs) in industrial machinery has seen a significant increase
over the past decade due their high speed capabilities and lack of a need for an external lubrication
system, resulting in significant improvements in system-level power density, as well as a notable
reduction in the equipment package footprint. An efficient AMB system presents a consonant operation
between the controller and the mechanical system design. This system must include an effective power
amplifier, which is responsible for supplying the actuator with proper levels of voltage and current in
order to produce the desired output force over the entire operating frequency range.

Conventional AMB amplifiers, as discussed in the literature, are based on current feedback.
This amplifier architecture, also known as transconductance, is then combined with a simple linearized
model of the magnet ( f = Kiip − Kxx) in order to control the force on the rotor and achieve a stable
closed loop system [1–3] (This paper uses many mathematical symbols, some conventional to the AMB
literature and some selected for the purposes of this paper. For the convenience of the the reader, these
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symbols and their definitions are collectively presented in Table 1). However, such a model neglects
the influence of amplifier dynamics on the Kx term and provides no means to include the effects of
magnetic nonlinearity, hysteresis and eddy current effects.

Table 1. Nomenclature.

A pole cross-section area Kx AMB mechanical stiffness, −∂ f /∂x
a(s) arbitrary polynomial in s L inductance
Ac state evolution matrix of amplifier controller `i iron path length
Ae flux estimator state evolution matrix N number of coil turns
Ap composite state evolution matrix Ne effective turns of eddy current circuit
b(s) arbitrary polynomial in s q outputs of the magnetic model
B, B1, B2 magnetic flux densities R coil resistance
B1,e, B2,e flux estimator input matrices rc states of amplifier controller
Bc input matrix of amplifier controller re flux estimator states
Bpv voltage input matrix to the composite model rp states of the composite model: φ and re
Bpx displacement input matrix to the composite model s argument of the Laplace transform
Cc output matrix of amplifier controller t time
Ce flux estimator output matrix u amplifier reference voltage
Cpq q− output matrix of the composite model V coil voltage
Cpφ̂ estimated flux output matrix of the composite model v perturbation coil voltage, V −V0

da differential unit of area V0 mean coil voltage
Dc feed–through matrix of amplifier controller W(s) estimator weighting function
Dpv voltage feed-through matrix of the composite model x rotor displacement
Dpx x feed-through matrix of the composite model x0 mean value of x (assumed zero)
f forced generated by magnetic quadrant α ∂g/∂x
fe estimator cross-over frequency β flux density ratio
ft amplifier bandwidth λ eddy current parameter
g actual air gap µ0 permeability of the air
g0 average air gap µr relative permeability
Gi(s) transfer function from current to flux ξ amplifier damping ratio target
Gm(s) magnetic transfer function from V and x to Φ and I τe flux estimator time constant
Gt(s) amplifier target dynamics τm magnetic time constant
Gu(s) forward amplifier gain from u to V Φ actuator gap magnetic flux
Gv(s) transfer function from coil voltage to flux Φ̂ estimated magnetic flux
GΦ(s) feedback gain on estimated flux φ perturbation flux, Φ−Φ0
Gφ̂v(s) transfer function from v to φ̂ φ̂ estimated perturbation flux
Gφ̂u(s) transfer function from u to φ̂ Φ0 mean gap magnetic flux
I coil current Φhigh flux estimate for high frequencies
i perturbation current: I − I0 Φlow flux estimate for low frequencies
I0 mean value of coil current Φsat saturation magnetic flux
Ie eddy current ωn amplifier bandwidth target
Ki AMB actuator gain, ∂ f /∂i h̄ non-dimensional version of variable h

According to Aenis and Nordmann [1], the most accurate method of determining magnetic
bearing force is via a flux density measurement. The conclusion in [1] is based on a comparison of
different force measurement techniques applied to a radial magnetic bearing system with actuator
forces covering a large operating range. Keith [4] analyzes the relationship between actuator flux
and generated force and demonstrates that the flux-force relation is invariant to magnetic saturation,
which suggests an opportunity for significantly improved bearing performance characteristics under
transient and periodic excursions into the saturation region.

Groom [5] proposed a magnetic bearing control approach using flux feedback to produce a linear
relationship between the commanded force and the actual output force over a large gap range.
A permanent magnet flux bias approach was used, and the results demonstrate excellent agreement
between the theoretical predictions and the experimental results achieved via implementing flux
feedback on an actual laboratory test rig.
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The flux feedback methods mentioned in the references cited above were implemented by means
of some sort of flux sensor. Direct flux sensors have numerous drawbacks, including low sensitivity,
high cost, space constraints and mechanical fragility. This commends an alternative solution: flux
estimation [3,4,6]. These works all describe efficient flux estimation amplifier architectures based on
readily available measurements: actuator coil current and voltage. This alternative to the traditional
transconductance amplifier is termed a transpermeance amplifier because it produces an output flux
proportional to the input reference voltage, analogous to the proportional reference voltage to current
output relationship of a transconductance amplifier.

One of the drawbacks of a transconductance amplifier is its degraded behavior in the presence of
non-linearities, such as eddy currents. The accurate modeling of eddy current effects is a complex task,
which involves many variables. For example, an eddy current model of non-laminated electromagnetic
actuators is developed by Zhu et al. [7–9]. The work in [7] develops analytic models, which are
shown to accurately predict the dynamic behavior of non-laminated axisymmetric electromagnetic
actuators, including eddy current effects, and [8] follows a similar formulation for non-laminated
C-core electromagnetic actuators. The work in [9] develops equations for both current-mode and
voltage-mode operation of electromagnetic actuators, including the effect of time varying rotor position,
as well as eddy current effects on the actuator force production. The resulting analytic model is shown
to accurately predict the impact of eddy currents on the dynamic behavior of non-laminated magnetic
actuators. Whitlow et al. [10] extends the work of [7,8] to the prediction of the dynamic behavior of
segmented electromagnetic thrust bearing actuator geometries.

In [11], Zhou and Li present the modeling and identification of a solid C-core active magnetic
bearing including eddy currents. The goal is to determine the effect of eddy currents on the system
dynamics under both current and voltage drive modes (transconductance and transpermeance,
respectively). The results indicate that a voltage-mode drive can effectively reduce the eddy current
effects compared with a current-mode drive.

Although accurate models of electromagnetic actuators including eddy current effects have
been developed for many practical problems, such as control design, these models can be too
complicated and cumbersome to implement effectively. Therefore, simpler models, which capture the
primary effects of eddy currents on actuator performance, can also be very useful. The dynamics of
non-laminated C-core magnetic actuators were first studied by Zmood et al. [12], resulting in a simple
first-order analytic model. Feeley and Ahlstrom [13] develop a relatively simple model, which is
convenient to use for control system design of magnetic bearings that experience significant eddy
current levels.

The dynamic performance advantage of flux feedback over current feedback has been clearly
shown in the literature. In addition, detailed models that accurately predict the dynamic behavior
of electromagnetic actuators including eddy current effects have been developed. Additionally,
some work has been done that involves current-mode (transconductance) and voltage-mode
(transpermeance) amplifier-controlled magnetic bearing system behavior in the presence of eddy
currents. However, the systematic, detailed study and performance comparison of transconductance
versus transpermeance amplifiers under varying eddy current level remains an open area
of investigation.

This paper investigates the performance differences between AMBs equipped with transpermeance
amplifiers and those using a more conventional transconductance amplifier architecture. The focus
of this paper is on performance impacts related to eddy current effects. An important consideration
that has been taken is the development of a generalized model of the amplifier, which through the
use of a weighting function can be used to represent either a transconductance or a transpermeance
amplifier. A detailed electromagnetic actuator model including a simplified eddy current model is
developed based on first principles. The resulting closed loop amplifier-actuator model connects
the reference voltage and displacement (inputs) to flux, estimated flux, actuator voltage and current
(outputs). Through the use of non-dimensionalization, a parametric study of the ratio of magnetic
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to estimation time constants and of eddy current level is performed in order to better understand
the performance impact of these two parameters, as well as the mechanisms that the two different
architectures use to achieve the varying performance levels. Finally, observations and conclusions
related to the performance differences seen between the two amplifier types are drawn.

2. Generalized Amplifier Model

A transpermeance amplifier model is based on flux feedback instead of the more traditional
current feedback used in a transconductance amplifier [2]. In order to implement a flux feedback
amplifier, it is necessary to measure the flux. However, direct flux sensors have many drawbacks,
including low sensitivity, high cost, space constraints and mechanical fragility, which encourages the
alternative use of flux estimation [6]. The flux may be estimated either by integrating the coil voltage
according to Faraday’s law or from the coil current according to Ampere’s law. The former is effective
at high frequencies, but not at low frequencies, whereas the latter is effective at low frequencies, but
not at high. Thus, a solution to estimating flux is to combine the two approaches as:

Φ̂(s) = W(s)Φlow(s) + (1−W(s))Φhigh(s) (1)

in which Faraday’s law is used to estimate Φhigh and Ampere’s law is used to estimate Φlow:

Φlow =
µ0NA

2g0
I ≡ Gi(s)I and Φhigh =

1
N

ˆ
(V − IR) dt ≡ Gv(s)(V − IR) (2)

The weighting function W(s) achieves the tradeoff between the use of voltage and current in the
flux estimate. If W(s) = 1, the model represents a pure transconductance amplifier, and if W(s) = 0,
the amplifier is pure transpermeance. Due to the low frequency errors associated with Φhigh, it is not
practical to implement pure transpermeance. Therefore, practical transpermeance implementation
implies the use of frequency-shaped weighting functions W(s), the details of which will be discussed
further in Section 3.2.

Once flux is estimated, the remainder of the amplifier model assumes that the coil voltage is
obtained from a combination of the amplifier reference signal, u, and the estimated flux, Φ̂:

V = Gu(s)u− GΦ(s)Φ̂ (3)

The design of Gu and GΦ is directed toward achieving some specific relationship between u and
Φ̂: typically, a bandwidth on the order of 1 kHz, a damping ratio slightly lower than 1.0 and a static
gain that maps u = 10 volts to Φ̂ = Φsat in which Φsat is the saturation flux level of the actuator.

Implicit in this model is the assumption that the power gain stage of the amplifier represents a
perfect voltage to voltage converter. The reasoning behind this modeling decision was based on the
fact that most commercially available power amplifiers operate with PWM frequencies ranging from
20 kHz–100 kHz, while the actuator bandwidth is typically on the order of 1 kHz. This frequency
separation means that while not perfect, this model approximation should be quite good for the
purposes of this study.

The resulting generalized architecture is illustrated in Figure 1 in which Gm represents the actual
response of the physical electromagnet to changes in both the gap length due to rotor motion, x, and to
the coil voltage, v. It is important to note that, if the effect of x is removed and the model disregards
nonlinearity, hysteresis and eddy currents, then W(s) has no effect on the behavior of the system.
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Figure 1. Generalized amplifier architecture.

3. System Model

The individual subsystem models that make up the amplifier-actuator system are first obtained
separately, and then, they are combined together to form the overall system model.

3.1. Actuator Model

In the general AMB literature, the standard simplified model of the actuator (amplifier plus
electromagnet) describes the relationship between the reference voltage input and current output:
typically, a first- or second-order finite bandwidth model. This current then drives a linearized model
of the magnet: f = Ki(I− I0)−Kx(x− x0). However, a more complete model of the actuator dynamics
can be constructed if the internal dynamics that explicitly account for the actual coil voltage and journal
displacement is first developed. Such a model uses the reference voltage and journal position as its
input signals and produces both current and flux as outputs, as illustrated in Figure 1.

Assume the usual differential arrangement of magnets in the AMB so that opposing pairs of
magnets are coordinated in a bias linearization scheme [14]. The resulting flux is proportional to the
product of the bias flux and the symmetrically-perturbed control flux. In this manner, the force is linear
in the control flux, and the flux output of the actuator model is proportional to force.

Such a model can readily consider magnetic saturation, although that is not the focus of the
present work. It can also consider eddy current production and the effect of eddy currents on actuator
performance. The eddy current modeling is not easy to achieve with high fidelity and generally leads
to either very high order models or to fractional order models. This is a consequence of the way in
which eddy currents distribute throughout the volume of the conductive and magnetically-permeable
material of the electromagnets, often referred to as the “skin effect”. Zhu et al. [9] provide a thorough
discussion of higher fidelity eddy current models.

In the present work, eddy currents have been modeled in a very simple manner meant primarily
to illustrate the nature of the effect and its interaction with the two power amplifier schemes considered
here. In this model, one extra short-circuited winding is added around the core in order to represent
the effect of eddy currents, as shown in Figure 2. The variables N, R, I and V are the number of turns,
resistance, current and voltage of the actuator winding and Ne, Re, Ie and Ve are the same variables
for the eddy current winding. Thus, any current induced in this shorted turn is the eddy current, and
it represents a model in which the eddy currents are uniformly distributed in a thin layer near the
surface of the magnet iron. Many, but not all, features of eddy current production are captured by this
simplified model.

Heuristically, the notion behind this simplified model is to show that transpermeance amplifiers
eliminate the influence of eddy currents on the bandwidth of the actuator although at some cost in
terms of increased voltage and current requirements at high frequencies. Of course, showing that
transpermeance amplifiers accomplish this for a specific (and admittedly naive) eddy current model
is only of value if the result can be extended to higher fidelity models. The chief drawback to the
argument relates to the assumptions of flux uniformity in the gap. That is, the simplified model
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does not consider the “skin effect”, which means that the magnetic field gets compressed into the
perimeter of the magnetic structure with the consequence that the relationship between force and the
square of total flux is different at high frequencies (where the skin effect acts) than at low frequencies.
This issue is largely mitigated in well-laminated structures where the skin effect leads to very local
field non-uniformity, but no large-scale skin effect, and of course, these are the very actuators where
eddy current effects are least worrisome. In solid actuators like thrust bearings, the skin effect is much
more significant [9], and it is here that the assumptions of the present model will most break down.

Actuator winding

Eddy current
winding

N
Ne

R, L0

Re, Le

V

Ve=0

I

Ie

 V

 I

 N
 Ie

 Ve=0 Ne,Re

actuator 
winding

eddy current
winding

Figure 2. Actuator and eddy current windings.

The eddy current effects are calculated by assuming that no leakage or fringing occurs in the air
gap, the material permeability is finite, but constant and the flux density across any given cross-section
is uniformly distributed. The relationship between voltage, flux variation and current at the actuator
winding is obtained from the combination of Faraday’s and Ohm’s laws for the two coil loops:

V = N
dΦ
dt

+ RI (4)

Ve = 0 = Ne
dΦ
dt

+ Re Ie (5)

Ampère’s loop law in discrete form then states:

Φ
µ0 A

(
`i
µr

+ 2g
)
= NI + Ne Ie (6)

As a matter of notational convenience, let `i/µr + 2g = 2g0(1 + αx/g0) = 2g(x) in which g0 is
the nominal air gap plus iron path reluctance, x is the position of the rotor relative to magnetic center
and α is the sensitivity of the gap to rotor displacement. This sensitivity α would typically be about
1.0, but would be less with a circular rotor and poles on either side of the centerline. Equation (5)
gives a simple dynamic relationship between the eddy currents and the flux, and this may be used in
Equation (6) to solve for the coil current in terms of the flux and gap:

I =
2g(x)
µ0NA

Φ +
N2

e
NRe

dΦ
dt

(7)

Further, define a non-dimensional eddy current parameter λ as:

λ ≡ RN2
e

ReN2 (8)



Actuators 2017, 6, 9 7 of 20

where a completely non-conductive actuator would have λ = 0 and an actuator with a superconducting
volume would approximate the limit as λ→ ∞. Substitute Equations (7) and (8) into Equation (4), and
solve for dΦ/dt:

dΦ
dt

= − 2Rg(x)
µ0 AN2 (1 + λ)

Φ +
1

N (1 + λ)
V (9)

Expanding Equation (9) about g0 and φ0, where g(x) = g0 + αx and Φ = Φ0 + φ, noting that
dΦ0/dt = 0 and assuming that αxφ ≈ 0 (a linearization assumption) produce:

dφ

dt
= − 2Rg0Φ0

µ0 AN2 (1 + λ)
− 2Rg0

µ0 AN2 (1 + λ)
φ− 2RαΦ0

µ0 AN2 (1 + λ)
x +

1
N (1 + λ)

V (10)

Define the mean voltage, V0, as:

V0 ≡
2Rg0Φ0

µ0 AN
(11)

and define the perturbation voltage v as:

v ≡ V −V0 (12)

so that
dφ

dt
= − V0

Φ0N (1 + λ)
φ− V0α

g0N (1 + λ)
x +

1
N (1 + λ)

v (13)

Now, define the magnetic system time constant τm as:

τm ≡
µ0 AN2(1 + λ)

2Rg0
=

Φ0N(1 + λ)

V0
(14)

to obtain:
dφ

dt
= − 1

τm
φ− αΦ0

τmg0
x +

Φ0

τmV0
v (15)

Turning to the equation for the actuator current, use Equations (7), (11), (14) and (15) to obtain:

I =
2g(x)
µ0 AN

Φ +
N2

e
NRe

dΦ
dt

=
V0

R
+

V0

R
1

1 + λ

1
Φ0

φ +
V0

R
1

1 + λ

α

g0
x +

λ

R (1 + λ)
v (16)

Define the mean coil current:
I0 ≡

V0

R
(17)

and the perturbation current:
i ≡ I − I0 (18)

to obtain:
i =

1
1 + λ

I0

Φ0
φ +

1
1 + λ

αI0

g0
x +

λ

R (1 + λ)
v (19)

In summary, the state-space system model for the flux system with the simplified eddy current
model driven by voltage and rotor position is the combination of Equations (15) and (19):

dφ

dt
= − 1

τm
φ− αΦ0

τmg0
x +

Φ0

τmV0
v (20a)

i =
1

1 + λ

I0

Φ0
φ +

1
1 + λ

αI0

g0
x +

λ

R(1 + λ)
v (20b)
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If such a device is measured using conventional electrical testing methods, the transfer function
from voltage to current would be measured with x = 0. Therefore, setting x = 0 in Equation (20) and
taking the Laplace transform results in:(

s +
1

τm

)
φ =

Φ0

τmV0
v (21a)

i =
1

1 + λ

I0

Φ0
φ +

λ

R(1 + λ)
v (21b)

Solving for i in terms of v produces:

i(s) =
1
R

λ
1+λ τms + 1

τms + 1
v(s) (22)

This transfer function has a pole at −1/τm and a transmission zero at −(1 + λ)/(λτm).
The transmission zero is always larger in magnitude than the pole as long as λ > 0, as it must
be in order to make physical sense. In the limit, as λ goes to zero, the transmission zero goes to infinity,
matching a conventional 1/(Ls + R) model of an inductor. In the limit as λ → ∞, the transmission
zero approaches the pole, and the device becomes purely resistive: no magnetic field can arise because
the eddy currents completely prevent it.

3.2. Flux Estimation Model

For the flux estimation model developed in this work, the eddy current model was ignored
based on the assumption that λ is unknown and therefore assumed to be zero. Among other things,
this permits the flux estimation to only consider signals readily available to the power amplifier:
voltage and current. Arguably, rotor position might also be made available, but, for the present
discussion, it is assumed that this is not the case.

Based on the above assumption and recalling Equations (1) and (2), W(s) is chosen as an arbitrary
linear, strictly proper, stable filter with a gain of 1.0 at zero frequency. Thus,

W(s) =
sa(s) + 1
sb(s) + 1

(23)

with the order of b(s) at least one greater than that of a(s) and all of the roots of sb(s) + 1 in the open
left-half of the complex plane. The choices of a(s) and b(s) represent a design space to be explored in
the sequel, but it is anticipated that W(s) is a low-pass filter. This filter will be used to construct the
composite estimate of flux:

Φ̂(s) = W(s)Φ̂low + (1−W(s))Φ̂high (24)

Obviously, if both estimates were the same: Φ̂low = Φ̂high = Φ̂, then this equality would be
an identity.

The importance of the specific structure assumed for W(s) is evident in the relationship between
Φ̂high and Φ̂:

(1−W(s))Φ̂high(s) =
sb(s) + 1− sa(s)− 1

sb(s) + 1
1

Ns
(V − IR) =

b(s)− a(s)
N (sb(s) + 1)

(V − IR)

This means that the transfer function from V − IR to Φ̂ is stable (no longer has a pole at the
origin) and is strictly proper. Further, since the order of b(s) is at least one greater than that of a(s),
this transfer function is non-zero.
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Given the choices a(s) and b(s), the estimator can be constructed as:

d
dt

re = Aere + B1,e I + B2,e(V − IR) (25a)

Φ̂ = Cere (25b)

That the estimator can be constructed in this manner is obvious from the observable canonical
state-space representation of the two respective transfer functions. More conveniently and considering
only the perturbation variables,

d
dt

re = Aere + (B1,e − RB2,e)i + B2,ev (26a)

φ̂ = Cere (26b)

As a simple example, consider:

W(s) =
1

τes + 1

In this case,

Ae = −1/τe B1,e =
τmR

τeN(1 + λ)
B2,e =

1
N

and Ce = 1

3.3. Composite Magnetic Estimator Model

The magnetic system and the estimator can be combined into a single composite model with
inputs of coil voltage (v) and journal displacement (x) and the outputs of coil current (i) and gap flux
(φ). To obtain this, note that the estimator takes i as an input, but that i is an output of the flux state
space model:

i =
V0

R
1

1 + λ

1
Φ0

φ +
V0

R
1

1 + λ

α

g0
x +

1
R

λ

1 + λ
v

so that the estimator evolution equation:

d
dt

re = Aere + (B1,e − RB2,e)i + B2,ev

becomes:

d
dt

re =
V0
R

1
1 + λ

1
Φ0

(B1,e − RB2,e)φ + Aere +

(
1
R

λ

1 + λ
B1,e +

1
1 + λ

B2,e

)
v +

V0
R

1
1 + λ

α

g0
(B1,e − RB2,e)x

The result is:

d
dt

{
φ

re

}
=

[
− 1

τm
0

1
1+λ

I0
Φ0

(B1,e − RB2,e) Ae

]{
φ

re

}
+

 Φ0
τmV0

− αΦ0
τm g0(

1
R

λ
1+λ B1,e +

1
1+λ B2,e

)
1

1+λ
αI0
g0
(B1,e − RB2,e)

{v
x

}


φ

i
v
φ̂

=


1 0
I0

Φ0(1+λ)
0

0 0
0 Ce


{

φ

re

}
+


0 0
λ

R(1+λ)
αI0

g0(1+λ)

1 0
0 0


{

v
x

}
(27)

3.4. Amplifier Control Design

Exploration of the consequences of the estimator cross-over design and of the associated influence
of eddy currents and rotor motion requires construction of the closed loop system: power amplifier,
magnetic system and flux estimator, as illustrated in Figure 1. The amplifier functions by generating the
coil voltage, v(t), from the difference between two signals: Gu(s)u(s) and GΦ(s)φ̂, in which u(s) is the
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reference signal coming to the power amplifier and φ̂ is the output of the flux estimation process. The
goal of the design of the two transfer functions Gu(s) and GΦ(s) is to produce behavior matching, or
at least approximating, a target transfer function Gt(s) from the reference signal to the estimated flux.

Denoting the transfer function from the coil voltage v(s) to the estimated flux, φ̂(s) as Gφ̂v:

φ̂(s) = Gφ̂vv(s) (28)

then, from Figure 1, the closed loop transfer function Gφ̂u from reference signal to estimated flux is:

Gφ̂u =
GuGφ̂v

1 + GΦGφ̂v
(29)

and the design goal is to have:
GuGφ̂v

1 + GΦGφ̂v
= Gt(s) (30)

To accomplish this, make the design choice that Gu = Gt(0)GΦ, so that Equation (30) becomes:

Gt(0)GΦGφ̂v

1 + GΦGφ̂v
= Gt (31)

The solution to Equation (31) is:

GΦ(s) =
1

Gφ̂v(s)
Gt(s)

Gt(0)− Gt(s)
(32a)

Gu(s) = Gt(0)GΦ(s) (32b)

The relative degree of the solution offered by Equation (32) is readily shown to be the difference
between the relative degree of Gt and that of Gφ̂v: in order for GΦ to be proper, the relative degree
of Gt must match that of Gφ̂v. If the relative degree of Gt is greater than this, then GΦ will be strictly
proper. As developed here, Gφ̂v(s) has a relative degree of one, so the only requirement for a proper
solution of Equation (32) is that Gt(s) has a relative degree of at least one.

The typical objective of a power amplifier design is to obtain flat response out to some target
bandwidth, enough damping at the bandwidth limit to prevent ringing and a static gain that is
commensurate with the target input and output signal levels. With this, a typical target amplifier
behavior might be:

Gt(s) =
|Φ|sat

|u|max

ω2
n

s2 + 2ξωns + ω2
n

(33)

in which |Φ|sat is the range of expected flux (for instance, ±A× 1.6 for a pole area A and saturation
density of 1.6 Tesla), |u|max is the range of expected command signal (for instance, ±10 volts), ωn is
the bandwidth in radians per second and ξ is the damping ratio (typically around 0.707). The relative
degree of the specification of Equation (33) is two, so the resulting controller transfer functions will be
strictly proper.

3.5. Composite Amplifier-Actuator Model

Incorporation of the amplifier controller into the overall system is a matter of binding the amplifier
controller dynamics to those of the plant as described by Equation (27). Introduce the shorthand
notation for Equation (27) of:
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d
dt

rp = Aprp +
[

Bpv Bpx

]{v
x

}
(34a){

q
φ̂

}
=

[
Cpq

Cpφ̂

]
rp +

[
Dpv Dpx

0 0

]{
v
x

}
(34b)

in which rp ≡ {φ re}> and q ≡ {φ i v}>, and the various blocks find their definitions from
Equation (27). Further, denote the amplifier control model of Equation (32) as:

d
dt

rc = Acrc + Bc

[
Gt(0) −1

]{u
φ̂

}
(35a)

v = Ccrc + Dc

[
Gt(0) −1

]{u
φ̂

}
(35b)

in which rc denotes the internal states of the controller and Ac, Bc, Cc and Dc constitute a state space
representation of GΦ(s) in Equation (32). With this notation, the closed loop system can be assembled:

d
dt

{
rp

rc

}
=

[ (
Ap − BpvDcCpφ̂

)
BpvCc

−BcCpφ̂ Ac

]{
rp

rc

}
+

[
BpvDcGt(0)

BcGt(0)

]
u +

[
Bpx

0

]
x (36a)

{
q
φ̂

}
=

[ (
Cpq − DpvDcCpφ̂

)
DpvCc

Cpφ̂ 0

]{
rp

rc

}
+

[
DpvDcGt(0)

0

]
u +

[
Dpx

0

]
x (36b)

This system has the rotor displacement (x) and the amplifier command voltage (u) as inputs, and
its outputs include actual flux (φ), coil current (i), coil voltage (v) and estimated flux (φ̂).

4. Parametric Study

To examine the influence of choice of estimator weighting function, W(s), as well as the level of
eddy current effect, λ, on actuator performance, assume a very simple model for W(s):

W(s) =
1

τes + 1
(37)

in which τe is an estimator time constant, which sets the frequency at which the estimator effectively
switches from relying on current measurements to relying on voltage measurements in estimating
flux. This cross-over frequency is 2π/τe. When τe is large, the amplifier becomes a transpermeance
device, while when τe is small, the amplifier becomes a transconductance device. Obviously, more
complicated choices for W(s) are possible and may be advantageous: this is just the simplest choice
that will facilitate the study of the influence of this estimator choice and limits the design parameter
space to a single parameter.

4.1. Non-Dimensionalization

To make the insights as general as possible, the model can be non-dimensionalized. Introduce the
non-dimensional variables:

t̄ ≡ t(1+λ)
τm

s̄ ≡ τms
1+λ φ̄ ≡ φ

Φ0
v̄ ≡ v

V0
ī ≡ i

I0
x̄ ≡ αx

g0

r̄e =
re
Φ0

φ̄e ≡ φ̂
Φ0

f̄e ≡ τm
τe(1+λ)

f̄t ≡ τmωn
1+λ ū ≡ u

|u|max
(38)
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Note that the definitions of t̄, s̄, f̄e and f̄t use the ratio τm/(1 + λ): this reflects the definition
of τm, which depends on λ, so that these non-dimensionalizations do not depend on λ. With these
definitions, Equation (27) becomes:

d
dt̄

{
φ̄

r̄e

}
=

[
− 1

1+λ 0
1

1+λ

(
f̄e − 1

)
− f̄e

]{
φ̄

r̄e

}
+

[
1

1+λ − 1
1+λ

1
1+λ

(
λ f̄e + 1

) 1
1+λ

(
f̄e − 1

) ]{v̄
x̄

}
(39a)

φ̄

ī
v̄
φ̄e

 =


1 0
1

1+λ 0
0 0
0 1


{

φ̄

r̄e

}
+


0 0
λ

1+λ
1

1+λ

1 0
0 0


{

v̄
x̄

}
(39b)

which illustrates that the system has only two fundamental non-dimensional parameters: the ratio of
magnetic to estimation time constants ( f̄e) and the eddy current parameter (λ).

In a similar fashion, the non-dimensional power amplifier specification (Equation (33)) becomes:

Ḡt(s) =
|φ|max

Φ0

f̄ 2
t

s̄2 + 2ξ f̄t s̄ + f̄ 2
t

(40)

which adds three additional non-dimensional parameters: the biasing ratio (Φ0/|φ|max), the target
closed loop bandwidth ( f̄t) and the target damping ratio (ξ). In the study below, these three parameters
will be held fixed:

Φ0

|φ|max
= 0.2 ξ = 0.7 f̄t = 12.534

It is easily shown that the biasing ratio has only a signal scaling effect, so it does not affect any of
the dynamics conclusions of the parametric study. The choice of ξ is a natural one. The choice of f̄t will
have a significant effect on the results, but is also a reasonably natural choice: the amplifier feedback
extends the functional bandwidth of the actuator by a factor of ten or so.

System assembly still proceeds using Equation (36), but with the various blocks obtained by
inspection of Equations (39) and (40).

4.2. Observations

Based on the non-dimensional amplifier-actuator system model described above, several
input-output frequency responses are used to compare the performance of transpermeance and
transconductance amplifiers, with varying levels of eddy current effects. The λ parameter represents
the eddy current influence and, in this study, is varied from 0.01 to 10, corresponding to negligible and
strong eddy current effects, respectively. Similarly, the f̄e parameter represents transconductance versus
transpermeance amplifier behavior. f̄e indicates the cut-off frequency of the flux estimation weighting
function (W(s)); hence, it defines the type of the amplifier, f̄e → 0 (transpermeance) and f̄e → ∞
(transconductance). In this study, f̄e is varied from 0.0004 to 4000, corresponding to transpermeance-
and transconductance-dominant behavior, respectively. It should be noted that the force has the same
response behavior as the flux due to the fact that, assuming bias linearization [14], the relation between
force and flux is linear, and therefore, flux can be treated as a proxy for force.

The first input-output frequency response function used to compare the relative performance of
transconductance and transpermeance amplifiers is the relationship between non-dimensional rotor
displacement (x̄) and non-dimensional flux (φ̄). Figure 3 depicts this relationship under amplifier
variation ( f̄e), with and without eddy current effects. The results shown in Figure 3 demonstrate that
a transpermeance amplifier dramatically reduces the bandwidth of the influence of displacement on
the actual flux (corresponding to a reduced negative mechanical stiffness (Kx) effect). The bandwidth
is also affected by eddy currents: strong eddy current effects reduce the bandwidth of this influence.
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With transpermeance, there is a frequency range where there is some recovery of the influence of
displacement, converging to the transconductance influence at high frequencies. This region has
a plateau gain that depends on the level of eddy currents. With no eddy currents, the plateau is
roughly a factor of 10 lower than with transconductance, while with strong eddy currents, the plateau
is roughly a factor of 100 lower than with transconductance.

Next, the response between the non-dimensional command voltage (ū) and non-dimensional
flux (φ̄) is studied for varying levels of eddy currents (Figure 4). Figure 4a demonstrates that with
transconductance, the actuator loses bandwidth dramatically with increasing eddy current effect,
while with transpermeance (shown in Figure 4b), eddy currents have essentially no effect on actuator
bandwidth. This dramatic flux (force) bandwidth improvement for transpermeance amplifiers under
the influence of eddy currents is especially noteworthy, and the way in which this performance
improvement is achieved deserves further investigation.
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Figure 3. Frequency response under amplifier variation with and without eddy current effects.
(a) Gain from rotor displacement to flux without eddy current effects (λ = 0.01); (b) gain from
rotor displacement to flux with strong eddy current effects (λ = 10).
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Figure 4. Frequency response of transconductance and transpermeance amplifiers under λ variation.
(a) Gain from command voltage to flux: transconductance ( f̄e = 4000) ; (b) gain from command voltage
to flux: transpermeance ( f̄e = 0.0004).

Figure 5 presents a comparison between transpermeance and transconductance amplifiers with
and without eddy current effects from the perspective of non-dimensional command voltage (ū) to the
non-dimensional required actuator voltage (v̄) and current (ī). Figure 5 illustrates that, for actuators
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with negligible eddy currents, the required voltage and current are similar for transpermeance and
transconductance amplifiers. However, under strong eddy currents, the required voltage and current
behavior is significantly different for transpermeance and transconductance amplifiers. At low
non-dimensional frequencies (<0.01), the required voltage and current are similar for both amplifier
types, as well as being identical to requirements when no eddy currents are present. However, at higher
frequencies, the transpermeance amplifier requires a significantly higher peak voltage, approximately
a 10× increase compared to the peak requirements for transpermeance and transconductance without
eddy currents (refer to Figure 5a). In addition, it is interesting to note that the coil voltage under strong
eddy currents for a transconductance amplifier is actually lower than that associated with low eddy
current operation (Figure 5b). Turning to the required coil currents for transpermeance amplifiers
under strong eddy currents, it can be seen from Figure 5c that the required peak current levels are
approximately 100× those required for low eddy current operation. These higher peak voltage and
current are required in order to overcome the eddy current effects and, thus, achieve the same flux
(force) bandwidth as systems with low eddy current actuators.
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Figure 5. Frequency response of transpermeance and transconductance amplifiers under eddy current
effects variation. (a) Gain from command voltage to coil voltage: transpermeance ( f̄e = 0.0004);
(b) gain from command voltage to coil voltage: transconductance ( f̄e = 4000); (c) gain from command
voltage to coil current: transpermeance ( f̄e = 0.0004); (d) gain from command voltage to coil current:
transconductance ( f̄e = 4000).

For transconductance operation, the coil current for low and high eddy currents is unchanged
(refer to Figure 5d). This is due to the fact that under transconductance operation, the eddy current
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effects are unobservable, and therefore, current levels remain unchanged, resulting in the significant
flux (force) bandwidth reduction seen in Figure 4a.

From a practical perspective, the higher peak voltage and current required by transpermeance
operation to achieve the significantly higher flux (force) bandwidth in the presence of strong eddy
currents should not significantly impact the small signal bandwidth capability of an actual closed loop
amplifier-actuator system. For medium to large signals, although bandwidth improvements will still
exist, they will be less than that predicted in this study due to non-linear saturation effects associated
with the amplifier hardware.

4.3. Transient Response Simulation

To see the behavior of the two amplifier schemes in more physical terms, step response simulations
were performed for a step input to the amplifier command. Figure 6 depicts the step response of gap
flux, coil current and coil voltage for transconductance and transpermeance amplifiers. The amplifier
input signal step was chosen to produce a change in gap flux equal to the mean gap flux, Φ0, so the
non-dimensional response is 1.0. The non-dimensional current and voltage responses follow suit, each
reaching a steady state value of 1.0 corresponding to a change in coil current equal to the mean current,
I0, and a change in coil voltage equal to the mean voltage, V0.
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Figure 6. Cont.
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Figure 6. Step responses of the electromagnet-amplifier combination, showing a range of eddy current
levels. In the left column are responses for transconductance amplifiers ( f̄e = 4000), and in the right
column are responses for transpermeance amplifiers ( f̄e = 0.0004). The step size was chosen to produce
a step change in flux equal to the initial mean flux, Φ0. (a) Change in non-dimensional gap flux versus
time; (b) change in non-dimensional gap flux versus time; (c) change in non-dimensional coil current
versus time; (d) change in non-dimensional coil current versus time; (e) change in non-dimensional
coil voltage versus time; (f) change in non-dimensional coil voltage versus time.

Figure 6c illustrates the current response of a transconductance amplifier ( f̄e = 4000). Regardless
of the level of eddy current production (λ ranges from 0.03 to three in the figure), the response is the
same: the amplifier is designed for this response.

Figure 6a shows the corresponding gap flux response, and it is clear that, with very little eddy
current effect (λ = 0.03), the flux tracks the current, reaching a peak at about 1.3 ms. On the other hand,
as the eddy currents become progressively stronger (λ → 3), the flux response becomes more and
more sluggish. Figure 6e illustrates the coil voltage required to achieve this current and flux response.
As expected, the voltage is high when the flux is increasing rapidly, and the peak voltage is about
six-times larger than the steady state voltage when eddy currents are negligible. At high levels of eddy
current production, the peak voltage is much lower because the rate of flux change is so low.

The picture changes substantially when a transpermeance amplifier ( f̄e = 0.0004) is used instead
of a transconductance amplifier. As Figure 6b shows, the gap flux response is now essentially invariant
as the level of eddy current effect changes, instead of the current as with a transconductance amplifier.
On the other hand, the current response shown in Figure 6d now depends strongly on the level of
eddy currents, showing a large peak current when the eddy currents are very strong. This peak current
is needed to cancel the effect of the eddy currents. The coil voltage needed to achieve this flux and
current response is illustrated in Figure 6f. Here, the large initial peak voltage associated with high
eddy currents (λ = 3) is largely due to the large initial excess current needed to cover the eddy current
production: without the eddy currents, the peak would only be about six-times the steady state change,
as with transconductance in the absence of eddy currents.

4.4. Comments on Simplifications

Finally, although this study is based on a relatively simple eddy current model and it is
a theoretical, as opposed to an experimental, study of the relative performance of transpermeance
versus transconductance amplifiers, the authors hypothesize that the overall trends of this study
should still hold for actual systems. This hypothesis is based on the fact that the model used in
this study, although relatively simplistic, deviates from more accurate models primarily at higher
frequencies where the transpermeance model pays no attention to the current signal. In addition,
one of the primary shortcomings of the simple eddy current model used in this work is its inability



Actuators 2017, 6, 9 17 of 20

to capture the skin effect and associated high frequency magnetic field leakage. The skin effect is
investigated in the next section in an attempt to better understand the impact of this effect on the
overall performance-related trends discussed above.

5. Skin Effect

One of the possible limitations to the apparent bandwidth advantage of transpermeance amplifiers
when the actuator is susceptible to substantial eddy currents arises because of the skin effect. The
skin effect is a consequence of the fact that eddy currents arise throughout the volume of the
electrically-conductive magnetic material, and this means that they tend to exclude the magnetic
field from the core and push it toward the perimeter of the material. An underlying assumption of the
argument that transpermeance extends the actuator bandwidth is that the pole force is proportional
to the square of the total pole flux. Obviously, this is a simplification of Maxwell’s stress tensor,
which says (approximately) that the force is given by the surface integral of the square of the flux
density. If the flux density is essentially uniform over the pole surface, then the assumption that force
is proportional to the square of total flux is a good one, but the skin effect challenges this.

To see how the skin effect might alter the relationship, consider a very simple model where the
pole area is broken into two regions, A1 and A2: A = A1 + A2, and that the flux density over each
of these two regions is perfectly uniform: B1 in area A1 and B2 in area A2. In this manner, the total
pole flux is Φ = A1B1 + A2B2. Now, consider the relationship between the actual force, f , and that
estimated by the assumption that force is proportional to the square of the total pole flux, f̂ :

f =
1

2µ0

(
A1B2

1 + A2B2
2

)
and f̂ =

1
2µ0

(
(A1B1 + A2B2)

2

A1 + A2

)
so that:

f
f̂
=

A2
1B2

1 + A2
2B2

2 + A1 A2
(

B2
1 + B2

2
)

A2
1B2

1 + A2
2B2

2 + A1 A2(2B1B2)

If B2
1 + B2

2 > 2B1B2, then f > f̂ , and remarkably, the assumption that force is proportional to the
square of total pole flux underestimates the actual force. In fact, B2

1 + B2
2 > 2B1B2, except in the case

that B1 = B2, in which case the two terms are equal. Therefore, this means that using the square of the
total pole flux as a proxy for pole force is actually conservative.

To see this, assume that B2 = βB1 and β can take on any positive value. In this case,

B2
1 + B2

2 = B2
1(1 + β2) and 2B1B2 = 2βB2

1

The quadratic function y = 1 + β2 − 2β = (1− β)2 is an upward parabola with y = 0 at β = 1
(repeated root). Hence, for all real values of β, 1 + β2 − 2β ≥ 0, which means that:

1 + β2 ≥ 2β ⇒ B2
1 + B2

2 ≥ 2B1B2 ⇒ f ≥ f̂

This argument can be readily extended to the case where B is some function of spatial variables
across the surface of the pole face, B(da). In this case,

Φ =

‹
A

B(da)da and f =
1

2µ0

‹
A

B2(da)da while f̂ =
1

2µ0

(‚
A B(da)da

)2

‚
A da

It is a bit involved, but reasonably straightforward to prove that:
‹

A
B2(da)da

‹
A

da ≥
‹

A
B(da)da

‹
A

B(da)da

which supports the argument in the more general case.



Actuators 2017, 6, 9 18 of 20

6. Conclusions

Before discussing the possible merits of transpermeance amplifiers for active magnetic bearings,
it is important to point out that transpermeance as presented here is very easy to accomplish. In contrast
to conventional transconductance amplifiers, which require high bandwidth feedback of the coil
current and therefore relatively low-noise measurement of current, a transpermeance amplifier uses
low bandwidth feedback both of coil current and of coil voltage. Therefore, the requirements for coil
current measurement are easier to meet, and the measurement of coil voltage can be as simple as
measuring the PWM duty cycle and multiplying by measured bus voltage: the voltage need not be
measured directly. Setting aside the issue that off-the-shelf servo drives (as are often used as the power
amplifier in AMB systems) require some modification to support transpermeance, the measurement
and estimator construction are undemanding. Even off-the-shelf servo drives can support this if they
provide for a voltage feedback mode.

Two effects were examined in the present work: the negative mechanical stiffness (Kx) associated
with AMBs that is responsible for the static instability fundamental to the technology and the effect of
eddy currents. It is certainly the case that using transpermeance offers a means to reduce the bandwidth
of the Kx term, and this may broaden the controller design space in some AMB applications. While it
must be conceded that the instability associated with Kx is typically not the hardest to overcome in
the AMB design process, it does set a minimum closed loop stiffness requirement for robust stability,
and this then limits the range of controller design choices. This could be especially significant in
applications that favor a soft bearing, such as flywheels.

An interesting feature of this Kx bandwidth reduction is the plateau noted in Figure 3 that
effectively limits the Kx reduction to a factor of about ten over a wide frequency range. This plateau may
be a consequence of the particular estimator weighting function, W(s), used to produce the parametric
study or it may be a consequence of the physics of the problem; it certainly merits further investigation.

The exploration of eddy currents presented here shows that a simple model for eddy currents
predicts a loss of actuator bandwidth when a transconductance amplifier is used. While the model is
perhaps overly simplistic, this conclusion is supported by experiments and other more sophisticated
analyses in the literature. When a transpermeance amplifier is substituted, the present analysis predicts
substantial gains in bandwidth, but at the cost of higher voltage and current requirements to cover the
effect of the eddy currents. Whether or not this observation is correct depends to some extent on the
fidelity of the eddy current model: admittedly, the present model is not good enough to claim this
advantage with high confidence. However, the result does suggest that transpermeance amplifiers are
likely to provide higher bandwidth when the magnets exhibit eddy currents, so this prospect bears
further exploration either using better eddy current models or through physical experimentation.

In conducting further exploration of eddy currents, there are three issues that particularly bear
focus. First is the simple fidelity of the model. Numerous better models are available, and many
have been supported with experimental evidence, so they could be implemented in simulation with
fairly high confidence. Perhaps more important, however, is the influence of the skin effect on the
relationship between total pole flux and generated force. In non-laminated actuators, such as are
commonly implemented for thrust bearings and where eddy current effects are particularly important,
the skin effect is likely to produce a frequency-dependent relationship between total pole flux (as
estimated by a transpermeance amplifier’s flux estimator) and the resulting pole force. Arguably, this
relationship actually means that the flux estimate under-estimates the actual force, so this effect is
somewhat to the advantage of a transpermeance amplifier, but this point certainly requires further
investigation if the potential advantage to AMB thrust bearings is to be exploited. Finally, a central
assumption in transpermeance is that the flux linked by the magnet drive coil equals the flux passing
through the pole face. Of course, this neglects magnetic leakage effects. While leakage is typically
small when the material is not saturated, it is certainly never zero and, in particular, is stronger when
the field is compressed to the material perimeter by eddy currents. Hence, the flux linked by the drive
coil always overestimates the flux passing through the pole face and is responsible for generating
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bearing forces, and this overestimation is probably exacerbated by eddy currents. This would push the
flux estimate of force toward overprediction.

While the most important issues to consider when contemplating a switch from transconductance
to transpermeance seem to be bandwidth in the face of eddy current effects and suppression of negative
magnetic stiffness effects, it is likely that numerous other issues will prove relevant. In particular,
static offset error in estimating gap flux may present significant complications to both schemes, but
may manifest differently. Further, although the low bandwidth sensing requirements are touted here
as an advantage, the actual effects of measurement noise have not been explicitly examined and
may, again, produce different problems in the two approaches. Finally, nonlinearities, such as PWM
switching of the power electronics converters, amplifier current saturation and actuator magnetic
material saturation, will have an impact on the behavior of both amplifier architectures; however,
they were not included in this present study due to the linear nature of the analysis techniques used
here. Clearly, all of the above issues should be investigated in future work on this problem.

In balance, given the ease with which transpermeance can be implemented and given
the advantages provided by this approach, it seems clear that transpermeance should replace
transconductance as the preferred amplifier mode for AMB applications.
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