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Abstract: The vibration performance is critical to the suspension control and the torque precision of
the magnetically suspended momentum flywheel (MSMW). The translational and torsional vibration
of the MSMW are investigated in this article, and the damping regulation method is proposed to
improve the anti-vibration performance of the MSMW. Firstly, the modellings of the MSMW, includ-
ing the dynamic models and the displacement coordinate, are developed, and the comprehensive
damping characteristics of the MSMW are investigated. Moreover, the transfer functions of the
translational and the torsional vibrations are established using the dimensionless model, and the
relationship between the dynamic response and the stiffness/damping coefficient is studied. Further-
more, the numerical simulations of the dynamic response of the translational and torsional vibration
are conducted. Finally, the experiments are designed to verify the vibration characteristics of the
MSMW, and the dynamic displacements are measured to analyze the anti-vibration performance of
the proposed damping regulation method. The results indicate that the displacement deflection of
the translational vibration is reduced by 68.8%, and the angle deflection of the torsional vibration is
mitigated by 71.2% by regulating the damping coefficient.

Keywords: magnetically suspended momentum wheel; comprehensive damping; anti-vibration
performance; damping regulation

1. Introduction

The reaction wheel, as a kind of the inertial actuator, is widely used in satellites and
spacecraft to realize the attitude control [1,2]. The reaction moment could be outputted
by regulating the rotating speed around the axial axis of the flywheel rotor in the reaction
wheel, and the support precision of the flywheel rotor is thus a critical factor affecting
the control precision of the reaction moment [3,4]. For the mechanical reaction wheel
with the mechanical bearings, the support accuracy of the flywheel rotor could be easily
disturbed by the external disturbance and the self-excited vibration [5,6]. Therefore, the
magnetic suspension technique was tried to suspend the flywheel rotor in the reaction
wheel, and the five degrees of freedom (DoF) position and displacements of the flywheel
rotor are controlled by the active magnetic bearing (AMB) [7–9]. Compared to the normal
reaction wheel using the mechanical bearing, the magnetically suspended momentum
flywheel (MSMW) has advantages such as non-contact suspension, no lubrication system,
and active controllability.

Moreover, the vibration characteristics of the 5-DoF MSMW system are the foundation
of the vibration control of the flywheel rotor suspended by the magnetic forces [10,11],
and the stiffness and damping coefficients could be regulated to suppress the vibration
magnitudes of the 5-DoF MSMW system [12]. The resonant vibration performance of
the nonlinear AMB-rotor system was studied in [13], and a combination control model,
including the proportional-derivative control model, the integral resonant control model,
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and the positive position feedback control model, was used to suppress the resonant
vibration of the nonlinear rotor. For the magnetically suspended flywheel (MSFW) used
in the energy storage system [14], the dynamic behavior and the suspension stability
of the flywheel rotor on five DoFs were analyzed. For the magnetically levitated turbo
molecular pump [15], the static/dynamic unbalance vibration performances of the rotor
part suspended by the magnetic forces were researched, and the displacement deflections
caused by the synchronous vibration were measured and analyzed. In reference [16,17],
the vibration performances of the great-weight flywheel rotor were investigated, and
the simulation and experimental results verified that the translational magnitude of the
flywheel rotor could be effectively mitigated by regulating the damping coefficient. In [18],
Cole and Fakkaew studied the dynamic characteristics of a thin-walled rotor suspended
by the magnetic forces, and the coupling level of the magnetically levitated rotor was
minimized. However, the abovementioned publications only investigated the translational
vibration characteristics of the magnetically levitated rotor system, so the characteristics of
the torsional vibration around the radial axis were not explored.

Furthermore, the vibration suppressing methods, including the auxiliary control
devices [19,20] and the control methods [21], were also proposed to suppress the vibration
magnitude of the MSFW system. On the one hand, to suppress the harmonic vibration
of the magnetically suspended rotor, the supplementary vibration control devices were
designed to mitigate the vibration magnitude of the magnetically suspended rotor in [19,20],
and the results indicated that the displacement deflections were reduced greatly. However,
the supplementary vibration control devices need the additional space so that the structure
becomes more complex. On the other hand, the control methods were also used to minimize
the vibration response of the magnetically suspended rotor. The decoupling method was
applied to the vibration reduction of the magnetically suspended rotor [22,23], and the
vibration amplitude of the rotor part was reduced by 55% by measuring the dynamic
displacements. In reference [24,25], the notch filter was designed to suppress the harmonic
vibration of the AMB-rotor system, and the experiments were conducted on a Lorentz-force
type magnetic bearing and a magnetically suspended rotor, respectively. The variable angle
compensator was used to control the synchronous vibration of the magnetically suspended
rigid rotor [26], and the experimental results showed that the dynamic displacement
of the rigid rotor was reduced from 0.025 mm to 0.015 mm. In those control methods,
most researchers tried to analyze and suppress translational vibration of the magnetically
suspended rotor on three translational DoFs, and the torsional vibrations of the magnetically
suspended rotor around the two torsional DoFs were not researched in detail.

Above all, the research on the magnetically suspended rotor was focused on the
analysis and control of the translational vibration, but the torsional vibration of the flywheel
rotor also disturbs the suspension precision and the moment precision of the MSMW system.
Therefore, the vibration characteristics of a 5-DoF MSMW system are fully analyzed in this
article, and the translational and torsional vibration of the flywheel rotor suspended by the
magnetic forces are investigated. Moreover, the damping regulation method is proposed to
mitigate the translational and torsional vibration of the MSMW.

In this article, the force characteristics and the displacement coordinate of the 5-DoF.
MSMW are studied in Section 2. The translational vibration model of the flywheel

rotor is established in Section 3, and the torsional vibration model of the flywheel rotor is
devel-oped in Section 4. Furthermore, in Section 5, the numerical simulation of the dynamic
response of the translational and torsional vibrations is conducted. The experiments and
measurements about the dynamic displacements of the 5-DoF MSMW are performed in
Section 6. Finally, the conclusions about the vibration characteristics and the anti-vibration
performance are summarized in Section 7.
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2. Force Modelling of 5-DoF MSMW
2.1. System View of 5-DoF MSMW

The structure of the 5-DoF MSMW system is shown in Figure 1a. The axial 3-DoF
AMB unit at the lower end and the upper end of the stator base could control the axial
displacements of the flywheel rotor, and the resultant torques could control the deflection
angles of the flywheel rotor around the two radial axes. The radial 2-DoF AMB unit could
generate the magnetic forces to control the radial displacements of the flywheel rotor.
Therefore, the 5-DoF active position control of the flywheel rotor is accomplished by the
axial 3-DoF AMB unit and the radial 2-DoF AMB unit. Moreover, the protective bearings at
the lower end and the upper end of the stator base could protect the flywheel rotor when
the axial 3-DoF AMB unit and the radial 2-DoF AMB unit fail to provide the magnetic
forces. The coreless brushless DC motor (BLDCM) could realize the speed regulation of the
flywheel rotor around the axial principal axis. Furthermore, the displacement coordinate of
the 5-DoF MSFW controlled by the axial 3-DoF AMB and the 2-DoF radial AMB is defined
in Figure 1b. The translational displacements of the flywheel rotor on three DoFs are
defined as [x, y, z]. The torsional angles of the flywheel rotor around two DoFs are defined
as [β, −α], the β is the torsional angle of the flywheel rotor around the y-axis, and the α is
the torsional angle of the flywheel rotor around the x-axis. For the 5-DoF displacements of
the MSWM, there are coupling terms caused by the dynamic coupling and the gyroscopic
effect, but the coupling effect among 5-DoF displacements is not considered and analyzed
in this article. Moreover, the 1-DoF rotation of the flywheel rotor around the z-axis is
controlled by the BLDCM, and the rotating speed of the flywheel rotor is defined as Ω. The
torque arm of the axial 3-DoF AMB is la, and the span distance of the axial displacement
sensor is ls.
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Figure 1. The system view of the 5-DoF MSFW. (a) The main components of the 5-DoF MSMW;
(b) the displacement terms of the 5-DoF MSMW.

2.2. Displacement and Force Coordinates of 5-DoF MSMW

The displacement terms of the flywheel rotor on five DoFs are controlled by the ax-
ial 3-DoF AMB and the radial 2-DoF AMB. As shown in Figure 2a, the EM windings at
the negative and positive directions of the x-axis and the y-axis could generate the mag-
netic forces to realize the difference control of the flywheel rotor. Thus, for the 2-DoF
suspension of the flywheel rotor along the radial directions, the attractive magnetic forces
fr = [fy+, fy−, fx+, fx−] generated by the radial 2-DoF AMB could control the radial dis-
placements of the flywheel rotor along the y-axis and the x-axis.

In Figure 3a, the eight EM windings at the upper and lower ends of the stator base
could generate the magnetic force to control the axial suspension of the flywheel rotor.
Moreover, in Figure 3b, the EM windings at the lower and upper ends of the stator base
could also generate the deflection torques to control the torsion of the flywheel rotor
around the radial axes. For the one DoF axial suspension of the flywheel rotor, the resultant
attractive force of the magnetic forces [fuz1, fuz2, fuz3, fuz4, flz1, flz2, flz3, flz4] could control
the axial displacement of the flywheel rotor in the z-axis. Moreover, the deflection torques
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Ta= [Tα, Tβ] are generated to control the torsions of the flywheel rotor around the y-axis
and the x-axis, so the deflection torques could be expressed as{

Tα = ( fuz3 − fuz1) · la + ( flz3 − flz1) · la
Tβ = ( fuz4 − fuz2) · la + ( flz4 − flz2) · la

(1)
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Based on the suspension model and the torsional model shown in Figures 2a and 3c,
the dynamic models of the flywheel rotor with the magnetic forces are written into

mr
..
x = fx+ − fx−

mr
..
y = fy+ − fy−

mr
..
z =

4
∑

i=1
( fuzi + flzi)

Jx
..
α + JzΩ

.
β = Tα

Jx
..
β− JzΩ

.
α = Tβ

(2)

Therefore, the attractive magnetic forces of the axial 3-DoF AMB and the radial 2-DoF
AMB could be regulated to realize the stable suspension and the vibration suppression of
the 5-DoF MSMW when the disturbance forces and torques are imposed on it.

Furthermore, according to the displacement coordinate of the 5-DoF MSMW in
Figure 1b, the displacement terms could be obtained by the differential signals of the
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displacement sensors in the radial and axial axes, so the translational displacements of the
flywheel rotor on three DoFs could be expressed as

x = x+ − x−
y = y+ − y−
z = z1+z2+z3+z4

4

(3)

The torsional angles of the flywheel rotor on two DoFs could be written into{
α = z4−z2

ls
β = z3−z1

ls
(4)

Thus, the displacement terms of the 5-DoF MSMW could be obtained by the axial and
radial displacement sensors, and the axial displacement z and the torsional angle α are
measured and analyzed to investigate the vibration characteristics of the 5-DoF MSMW in
following simulations and experiments.

2.3. Translational Stiffness and Damping Characteristics of 5-DoF MSMW

The attractive magnetic forces generated by the axial 3-DoF AMB and the radial 2-DoF
AMB could be approximately expressed as the linear functions about the displacement
term and the control current, and there are

fx = kixix + kckx
fy = kiyiy + kcyy
fz = kiziz + kczz

(5)

Because the flywheel rotor suspended by the axial 3-DoF AMB and the radial 2-DoF
AMB is not a self-stabilizing system, the displacement feedback model in Figure 4 is
designed to realize the stable suspension control of the 5-DoF MSMW. The reference
displacements are chosen as the system input of the feedback control model, and then the
errors between the reference displacements and the outputted displacements are used as
the input of the stiffness/damping regulator to generate the control voltages. Furthermore,
the control voltages are converted to the control currents of the electromagnetic windings
by the power amplification units. Finally, based on the dynamic models of the 5-DoF
MSMW and the feedback control loop, the suspension displacements of the rotor could
be actively controlled. The bandwidth of the AMB is 10 kHz, and the damping regulation
based on the feedback control causes a little influence on the bandwidth of the AMB.
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Figure 4. The feedback model used in the displacement control of the 5-DoF MSMW.

In detail, considering the proportional-derivative model is used to regulate the stiff-
ness/damping coefficients, it could be expressed as

Gpd(s) = Kp + KDs (6)

For the power amplification unit of realizing the conversion between the control
voltage and the control current, it could be designed as

Gw(s) =
kw

τws + 1
τw→low value→ Gw(s) ≈ kw (7)
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Based on (2), the dynamic model of the flywheel rotor with the magnetic force could
be written to

Gp(s) =
ki

mrs− kd
(8)

In addition, the displacement sensitivity of the eddy-current sensor is defined as
ks. The closed-loop transfer function from the reference displacement to the outputted
displacement could be written to

G(s) = input(s)
output(s) =

Gpd(s)Gw(s)Gp(s)
1 + Gpd(s)Gw(s)Gp(s)ks

=
Kpkwki + KDkwkis

mrs2 + KDkwkikss + KPkwkiks − kd

(9)

Furthermore, the equivalent damping and stiffness coefficients of the axial 3-DoF AMB
and the radial 2-DoF AMB could be obtained as follows{

Ca = KDkwkiks
Ka = KPkwkiks − kd

(10)

Therefore, based on the closed-loop feedback control and the stiffness/damping
regulator, the magnetic forces generated by the axial 3-DoF AMB and the radial 2-DoF AMB
could be controlled to realize the stable suspension and the active vibration suppression
of the flywheel rotor on five DoFs. In detail, based on Equation (10), the comprehensive
damping and stiffness could be regulated, and then the dynamic response could be tuned,
too, based on Equation (10).

2.4. Torsional Stiffness and Damping Characteristics of 5-DoF MSMW

The deflection torques generated by the axial 3-DoF AMB unit could be used to control
the torsion motions of the flywheel rotor around the radial axis, and the torsional stiffness
and damping characteristics could be also obtained to regulate the deflection torques in (1).

Similarly, the equivalent damping and stiffness coefficients of the deflection torques
could be, respectively, expressed as{

Cta = KDkwkikslsla
Kta = (KPkwkiks − kd)lsla

(11)

So, the comprehensive damping and stiffness coefficients of the axial 3-DoF AMB unit
could also be regulated to improve the anti-vibration performance of the 5-DoF MSMW.

3. Translational Vibration Modelling of 5-DoF MSMW
3.1. Translational Vibration Model of 5-DoF MSMW

During the operation process of the 5-DoF MSMW, by regulating the rotating speed of
the momentum wheel, the vibration displacement of the momentum wheel could affect
the stability of the 5-DoF MSMW, and the vibration model should be established. The
equivalent vibration models of the 5-DoF MSMW are shown in Figure 5 when it is mounted
on the shacking table. In detail, the equivalent translational vibration is illustrated in
Figure 5a, and the equivalent torsional vibration model is shown in Figure 5b. For the axial
displacement of the 5-DoF MSMW, the axial displacement of the stator base is defended
as zs, and the axial displacement of the flywheel rotor is defined as zr. For the radial
displacement of the 5-DoF MSMW, the radial displacement of the flywheel rotor is defined
as xr during the torsional state, and the torsional angle of the flywheel rotor is chosen as β.
For the stiffness and damping coefficients of the whole system, the stiffness and damping
parameters of the connection joint between the stator base of the 5-DoF MSMW and the
shacking table are defined as Kj and Cj. For the axial 3-DoF AMB unit, the translational
stiffness and damping coefficients are Ka and Ca, respectively. The torsional stiffness and
damping coefficients unit are Kta and Cat, separately.
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5-DoF MSMW.

For the translation vibration of the 5-DoF MSMW shown in Figure 5a, the dynamic
models in the axial direction could be expressed as{

ms
..
zs + Kjzs + Cj

.
zs − Ka(zs − zr)− Ca

( .
zs −

.
zr
)
= fs

mr
..
zr + Ka(zs − zr) + Ca

( .
zs −

.
zr
)
= 0

(12)

where ms is the mass of the stator base, and mr is the mass of the flywheel rotor. fs is the
excitation force acting on the stator base, and it is usually expressed as fs = F0 sin ωt.

Furthermore, Equation (12) could be rewritten into{
−msω2Zs + KjZs + Cj jωZs − Ka(Zs − Zr)− Ca jω(Zs − Zr) = F0
−mrω2Zr + Ka(Zs − Zr) + Ca jω(Zs − Zr) = 0

(13)

where Zr and Zs are both the complex numbers indicating the displacement variations.
By bring the displacement terms with Zr and Zs together, there are{ (

−msω2 + Kj + Cj jω− Ka − Ca jω
)
Zs − (Ka + Ca jω)Zr = F0(

−mrω2 − Ka − Ca jω
)
Zr + (Ka + Ca jω)Zs = 0

(14)

For the displacement term Zr of the FW rotor, we get the following function{ (
−msω2 + Kj + Cj jω− Ka − Ca jω

)
Zs − (Ka + Ca jω)Zr = F0

(Ka + Ca jω)Zs +
(
−mrω2 − Ka − Ca jω

)
Zr = 0

(15)

The dynamic displacements of the FW rotor and then stator in the 5-DoF MSMW
could be solved as follows:

Zr =
−F0(Ka+Ca jω)

(−msω2+Kj+Cj jω−Ka−Ca jω)(−mrω2−Ka−Ca jω)+(Ka+Ca jω)2

Zs =
F0(−mrω2−Ka−Ca jω)

(−msω2+Kj+Cj jω−Ka−Ca jω)(−mrω2−Ka−Ca jω)+(Ka+Ca jω)2

(16)

The vibration transfer functions of the stator base and the flywheel rotor in the axial
direction could be written into

Gzs(s) =
Zs(s)
fs(s)

= mrs2+Cas+Ka

[mss2+(Ca−Cj)s+(Ka−Kj)](mrs2+Cas+Ka)−(Cas+Ka)
2

Gzr(s) =
Zr(s)
fs(s)

= Cas+Ka

[mss2+(Ca−Cj)s+(Ka−Kj)](mrs2+Cas+Ka)−(Cas+Ka)
2

(17)
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Moreover, the frequency response function of the stator base is expressed as

Gzs(jω) =
λ2

zr
(
1− λ2

zr + 2jξzrλzr
)

λ2
zr(1− λ2

zr + 2jξzrλzr)(1− λ2
zs + 2jξzsλzs)− νmλ2

zs(1 + 2jξzrλzr)
2 (18)

The frequency response function of the flywheel rotor could be written to

Gzr(jω) =
λ2

zr(1 + 2jξzrλzr)

λ2
zr(1− λ2

zr + 2jξzrλzr)(1− λ2
zs + 2jξzsλzs)− νmλ2

zs(1 + 2jξzrλzr)
2 (19)

where the natural vibration frequency of the stator base is ωzs =
√

Ka−Kj
ms

, and the natural

vibration frequency of the flywheel rotor is ωzr =
√

Ka
mr

. The frequency ratios of the stator
base and the flywheel rotor are λzs =

ωz
ωzs

and λzr =
ωz
ωzr

, respectively. The equivalent damp-

ing coefficients of the stator base and the flywheel rotor are ξzs =
Ca−Cj
2msωzs

and ξzr =
Ca

2mrωzr
.

The mass ratio between the stator base and flywheel rotor is νm = mr
ms

.
Given that mass ratio νm is a constant value, by simplifying the transfer functions of

the translational vibration models, (18) and (19) could be further written to Gzs(λzs, λzr, ξzs, ξzr) =
Ezs(λzs , λzr , ξzs , ξzr)+jFzs(λzs , λzr , ξzs , ξzr)
Az(λzs , λzr , ξzs , ξzr)+jBz(λzs , λzr , ξzs , ξzr)

Gzr(λzs, λzr, ξzs, ξzr) =
Ezr(λzs , λzr , ξzs , ξzr)+jFzr(λzs , λzr , ξzs , ξzr)
Az(λzs , λzr , ξzs , ξzr)+jBz(λzs , λzr , ξzs , ξzr)

(20)

where the system coefficients are

Az(λzs, λzr, ξzs, ξzr) = λ2
zr
(
1− λ2

zr
)(

1− λ2
zs
)
− 4ξzrξzsλ3

zrλzs − vmλ2
zs
(
1− 4ξ2

zrλ2
zr
)

Bz(λzs, λzr, ξzs, ξzr) = 2ξzrλ3
zr
(
1− λ2

zs
)
+ 2ξzsλzsλ2

zr
(
1− λ2

zs
)
− 4vmξzrλzrλ2

zs
Ezs(λzs, λzr, ξzs, ξzr) = λzr

(
1− λ2

zr
)

Fzs(λzs, λzr, ξzs, ξzr) = 2ξzrλ3
zr

Ezr(λzs, λzr, ξzs, ξzr) = λ2
zr

Fzr(λzs, λzr, ξzs, ξzr) = 2ξzrλ3
zr

(21)

Finally, the vibration magnitudes of the stator base and the flywheel rotor are
|Gzs(λzs, λzr, ξzs, ξzr)| =

√
E2

zs(λzs , λzr , ξzs , ξzr)+F2
zs(λzs , λzr , ξzs , ξzr)√

A2
z(λzs , λzr , ξzs , ξzr)+B2

z (λzs , λzr , ξzs , ξzr)

|Gzr(λzs, λzr, ξzs, ξzr)| =
√

E2
zr(λzs , λzr , ξzs , ξzr)+F2

zr(λzs , λzr , ξzs , ξzr)√
A2

z(λzs , λzr , ξzs , ξzr)+B2
z (λzs , λzr , ξzs , ξzr)

(22)

Therefore, the vibration amplitudes of the stator base and the flywheel rotor in the
axial direction could be evaluated by the above Equations.

3.2. Translational Vibration Model of 5-DoF MSMW with Active Controllable Stiffness
and Damping

For the 5-DoF MSMW system, the stiffness and the damping coefficients could be reg-
ulated by tuning the control current of the axial 3-DoF AMB. When the damping coefficient
of the axial AMB is tuned to a low value, the axial 3-DoF AMB could be considered as a
pure mass suspension model, and comprehensive damping could be expressed as

ξzs =
Ca − Cj

2msωzs

Ca→0→ ξzs1 =
−Cj

2msωzs
(23)
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Thus, the vibration models of the flywheel rotor could be regarded as a pure mass
term mounted on the stator base. Equations (18) and (19) could be simplified into

Gzs1 =
λ2

zr
(
1− λ2

zr + 2jξzrλzr
)

λ2
zr(1− λ2

zr + 2jξzrλzr)(1− λ2
zs + 2jξzs1λzs)− νmλ2

zs(1 + 2jξzrλzr)
2 (24)

Gzr1 =
λ2

r (1 + 2jξrλr)

λ2
r (1− λ2

r + 2jξrλr)(1− λ2
s + 2jξs1λs)− νmλ2

s (1 + 2jξrλr)
2 (25)

When the stiffness coefficients of the axial 3-DoF AMB are tuned to a low term, the
natural frequency decided by the comprehensive stiffness could be expressed as

ωzs =

√
Ka − Kj

ms

Ka→0→ ωzs2 =

√
−Kj

ms
⇒
{

λzs2 = ωz
ωzs2

ξzs2 =
Ca−Cj

2msωzs2

(26)

Furthermore, the vibration equations could be expressed to

Gzs2 =
λ2

zr
(
1− λ2

zr + 2jξzrλzr
)

λ2
zr(1− λ2

zr + 2jξzrλzr)
(
1− λ2

zs2 + 2jξzs2λzs2
)
− νmλ2

zs2(1 + 2jξzrλzr)
2 (27)

Gzr2 =
λ2

zr(1 + 2jξzrλzr)

λ2
zr(1− λ2

zr + 2jξzrλzr)
(
1− λ2

zs2 + 2jξzs2λzs2
)
− νmλ2

zs2(1 + 2jξzrλzr)
2 (28)

Therefore, in this case, the natural vibration frequency is decreased when the stiffness
coefficient of the axial 3-DoF AMB is tuned to a low value, and the suspension model of the
axial 3-DoF AMB could be simplified to a pure damper system.

4. Torsional Vibration Modelling of 5-DoF MSMW
4.1. Torsional Vibration Model of 5-DoF MSMW

As shown in Figure 5b, the disturbances acting on the flywheel rotor could also lead to
the torsional vibration along the radial axes. The disturbance forces on the flywheel rotor
could be transferred to the disturbance torques Ts, and the torsional angle of the flywheel
rotor around the x-axis is β. For the deflection torque generated by the axial 3-DoF AMB to
control the torsional motion of the flywheel rotor, the stiffness coefficient could be defined
as Kta, and the damping coefficient is Cta. For the connection joint between the 5-DoF
MSMW and the shacking table, the torsional stiffness coefficient is Ktj, and the torsional
damping coefficient is Ctj. Therefore, the torsional vibration models of the flywheel rotor
and the stator base could be written to{

Js
..
αs = Ts + Kjtαs + Cjt

.
αs − Kat(αs − αr)− Cat

( .
αs −

.
αr
)

Jr
..
αr = Kat(αs − αr) + Cat

( .
αs −

.
αr
) (29)

The transfer functions of the torsional vibrations are expressed as
Gαs(s) =

αs(s)
Ts(s)

= Jrs2+Cats+Kat

[Jss2+(Cat−Cjt)s+(Kat−Kjt)](Jrs2+Cats+Kat)−(Cats+Kat)
2

Gαr(s) =
αr(s)
Ts(s)

= Cats+Kat

[Jss2+(Cat−Cjt)s+(Kat−Kjt)](Jrs2+Cats+Kat)−(Cats+Kat)
2

(30)

The dimensionless transfer functions of the torsional vibrations could be furthermore
written to 

Gαs(jω) =
λ2

αr(1−λ2
αr+2jξαrλαr)

λ2
αr(1−λ2

αr+2jξαrλαr)(1−λ2
αs+2jξαsλαs)−νJ λ2

αs(1+2jξαrλαr)
2

Gαr(jω) =
λ2

αr(1+2jξαrλαr)

λ2
αr(1−λ2

αr+2jξαrλαr)(1−λ2
αs+2jξαsλαs)−νJ λ2

αs(1+2jξαrλαr)
2

(31)
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where the natural frequency of the stator base’s torsional vibration is ωas =
√

Kat−Kjt
Js

,

and the natural frequency of the flywheel rotor’s torsional vibration is ωar =
√

Kat
Jr

. The
torsional frequency ratios of the stator base and the flywheel rotor between the rotating
frequency are λas =

ωa
ωas

and λar =
ωa
ωar

, respectively. The equivalent damping coefficients

of the torsional vibration are ξas =
Cat−Cjt
2Jsωas

and ξar =
Cat

2Jarωar
. The moment of inertial ratio

between the stator base and the flywheel rotor is νJ =
Jr
Js

.
Given the moment of inertial ratio νj is a fixed value, the torsional functions in (31)

could be further simplified to Gαs(λαs, λαr, ξαs, ξαr) =
Eαs(λαs , λαr , ξαs , ξαr)+jFαs(λαs , λαr , ξαs , ξαr)
Aα(λαs , λαr , ξαs , ξαr)+jBα(λαs , λαr , ξαs , ξαr)

Gαr(λαs, λαr, ξαs, ξαr) =
Eαr(λαs , λαr , ξαs , ξαr)+jFzr(λαs , λαr , ξαs , ξαr)
Aα(λαs , λαr , ξαs , ξαr)+jBα(λαs , λαr , ξαs , ξαr)

(32)

where the system coefficients of the torsional vibration are

Aα(λαs, λαr, ξαs, ξαr) = λ2
αr
(
1− λ2

αr
)(

1− λ2
αs
)
− 4ξαrξαsλ3

αrλαs − vJλ
2
αs
(
1− 4ξ2

αrλ2
αr
)

Bα(λαs, λαr, ξαs, ξαr) = 2ξαrλ3
αr
(
1− λ2

αs
)
+ 2ξαsλαsλ2

αr
(
1− λ2

αs
)
− 4vJξαrλαrλ2

αs
Eαs(λαs, λαr, ξαs, ξαr) = λαr

(
1− λ2

αr
)

Fαs(λαs, λαr, ξαs, ξαr) = 2ξαrλ3
αr

Eαr(λαs, λαr, ξαs, ξαr) = λ2
αr

Fαr(λαs, λαr, ξαs, ξαr) = 2ξαrλ3
αr

(33)

Finally, the response magnitudes of the torsional vibration are
|Gαs(λαs, λαr, ξαs, ξαr)| =

√
E2

αs(λαs , λαr , ξαs , ξαr)+F2
αs(λαs , λαr , ξαs , ξαr)√

A2
α(λαs , λαr , ξαs , ξαr)+B2

α(λαs , λαr , ξαs , ξαr)

|Gαr(λαs, λαr, ξαs, ξαr)| =
√

E2
αr(λαs , λαr , ξαs , ξαr)+F2

αr(λαs , λαr , ξαs , ξαr)√
A2

α(λαs , λαr , ξαs , ξαr)+B2
α(λαs , λαr , ξαs , ξαr)

(34)

Therefore, the torsional vibrations of the stator base and the flywheel rotor around the
radial axes could be evaluated by the above equations, and the response magnitude could
be regulated by tuning the damping coefficients.

4.2. Torsional Vibration Model of 5-DoF MSMW with Active Controllable Stiffness and Damping

For the torsional vibration of the 5-DoF MSMW, the stiffness and the damping co-
efficients could be regulated by tuning the control current of the axial 3-DoF AMB unit.
When the damping coefficient of the axial 3-DoF AMB unit is tuned to a low value, the
comprehensive damping of the axial 3-DoF AMB unit could be expressed as

ξαs =
Cat − Cjt

2Jsωαs

Cat→0→ ξαs1 =
−Cjt

2Jsωαs
(35)

Thus, the torsional vibration models of the flywheel rotor could be regarded as a pure
mass block mounted on the stator base and the shock machine. The dynamic equations of
the torsional vibration could be further written to

Gαs1 =
λ2

αr(1−λ2
αr+2jξαrλαr)

λ2
αr(1−λ2

αr+2jξαrλαr)(1−λ2
αs+2jξαs1λαs)−νJ λ2

αs(1+2jξαrλαr)
2

Gαr1 = λ2
αr(1+2jξαrλαr)

λ2
αr(1−λ2

αr+2jξαrλαr)(1−λ2
αs+2jξαs1λαs)−νJ λ2

αs(1+2jξαrλαr)
2

(36)

When the stiffness coefficients of the axial 3-DoF AMB unit is tuned to a low value,
and the natural frequency of the torsional vibration is

ωαs =

√
Kat − Kjt

Js

Kat→0→ ωαs2 =

√
−Kjt

Js
⇒
{

λαs2 = ωα
ωαs2

ξαs2 =
Cat−Ctj
2Jsωαs2

(37)
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Furthermore, the transfer equations of the torsional vibration could be expressed to
Gαs2 =

λ2
αr(1−λ2

αr+2jξαrλαr)
λ2

αr(1−λ2
αr+2jξαrλαr)(1−λ2

αs2+2jξαs2λαs2)−νJ λ2
αs2(1+2jξαrλαr)

2

Gαr2 = λ2
αr(1+2jξαrλαr)

λ2
αr(1−λ2

αr+2jξαrλαr)(1−λ2
αs2+2jξαs2λαs2)−νJ λ2

αs2(1+2jξαrλαr)
2

(38)

The natural frequency of the torsional vibration is decreased when the stiffness coeffi-
cient of the axial 3-DoF AMB unit is tuned to a low term, and the torsional model could be
simplified to a pure damper system.

5. Numerical Simulation

In order to verify the vibration characteristics and the analysis results of the 5-DoF
MSMW in the above sections, the simulations are conducted to analyze the translational
and torsional vibrations of the 5-DoF MSMW. The response magnitude of the transfer
function is used to the evaluate the vibration characteristics of the translation and torsion.
The parameters of the 5-DoF MSMW are shown in Table 1, and the corresponding stiffness
and damping coefficients of the axial 3-DoF AMB unit and the radial 2-DoF AMB unit used
in the simulation are introduced in the following sections.

Table 1. The system parameters of the 5-DoF MSMW.

Symbol Quantity Value

mr Mass of flywheel rotor 4.2 kg
ms Mass of stator base 12 kg
Je Equatorial moment of inertia 0.02865 kgm2

Jp Polar moment of inertia 0.01508 kgm2

kix Current stiffness of radial AMB unit 132.26 N/A
kdx Displacement stiffness of radial AMB unit −352 N/mm
kiz Current stiffness of axial AMB unit 128 N/A
kdz Displacement stiffness of axial AMB unit −132.7 N/mm
ks Displacement sensitivity of eddy-current sensor 4 V/mm
kw Amplification coefficient of power system 3.6 A/V
Kj Translational stiffness coefficient of connection joint 600
Cj Translational damping coefficient of connection joint 0.02
Kjt Torsional stiffness coefficient of connection joint 58
Cjt Torsional damping coefficient of connection joint 0.025

5.1. Translational Vibration of 5-DoF MSMW

Firstly, based on the analysis results in Section 4, the vibration characteristics of the
5-DoF MSMW along the axial direction are simulated and analyzed. When the stiffness
coefficient of the axial 3-DoF AMB unit is defined as Ka = 500, the response magnitudes of
the translational vibration with different damping coefficients are plotted in Figure 6a. In
detail, as shown by the red line, the maximum magnitude of the translational vibration
is about 26.08 dB at the frequency 87.25 Hz when the damping coefficient is Ca = 0.04.
When the damping coefficient is increased to Ca = 0.10, the maximum magnitude of the
translational vibration is reduced to 9.34 dB. Therefore, the damping coefficient of the axial
3-DoF AMB unit could suppress the response magnitude of the translational vibration.
Moreover, when the damping coefficient of the axial 3-DoF AMB unit is chosen as the
fixed value Ca = 0.06, the response magnitudes of the translational vibration at different
stiffness coefficients are shown in Figure 6b. The response magnitude is marked by the red
line when the stiffness coefficient is Ka = 200, and the maximum response magnitude is
18.31 dB when the response frequency is at 86.5 Hz. The maximum value of the response
magnitude is about 24 dB at 84.5 Hz when the stiffness coefficient is increased to Ka = 800.
According to the response curves, the variation of the stiffness coefficient causes little
influence on the response magnitude, but it could change the natural response frequency
of the translational vibration.
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5.2. Torsional Vibration of 5-DoF MSMW

According to the analysis results in Section 3.1, the torsional vibration of the 5-DoF
MSMW around the radial axis is simulated and analyzed. For the connection joint in
the simulation, the torsional stiffness coefficient is defined as Kjt = 58, and the torsional
damping coefficient is chosen as Cjt = 0.025. For the flywheel rotor, the response curves
of the torsional vibration are plotted in Figure 7 when the stiffness coefficient and the
damping coefficient of the axial 3-DoF AMB unit are chosen as different values. As shown
in Figure 7a, the stiffness coefficient of the axial 3-DoF AMB unit is defined as Kat = 5,
and the vibration magnitude of the torsional vibration is −33.52 dB at the 475 Hz when
the damping coefficient is chosen as Cat = 0.4. The vibration magnitude of the torsional
vibration is reduced to 41.1 dB when the damping coefficient is increased to Cat = 1.0. Thus,
the response magnitude of the torsional vibration could be mitigated by the damping
coefficient of the axial 3-DoF AMB unit. The frequency of the torsional vibration could also
be regulated by the stiffness coefficient, and the resonant vibration of the torsion could be
avoidable. As illustrated in Figure 7b, the vibration magnitude of the torsional vibration
is 8.58 dB when the stiffness coefficient is defined as Kat = 4, and it is changed to 26.9 dB
when the stiffness coefficient is increased to 32. Therefore, for the torsional vibration of
the 5-DoF MSMW, the damping coefficient of the axial 3-DoF AMB unit could effectively
control the vibration magnitude, and then the stiffness coefficient could change the natural
frequency of the torsional vibration.
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6. Experimental Validation
6.1. Vibration Measurement System of 5-DoF MSMW

To evaluate the vibration performances of the 5-DoF MSMW, the experiments are
conducted on the shock table in Figure 8. For the translational vibration measurement in
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Figure 8a, the 5-DoF MSMW is located on the shock table. The excitation forces generated by
the shock machine are imposed on the 5-DoF MSMW and the connection joint in the z-axis.
For the torsional vibration measurement, the 5-DoF MSMW is mounted on the connection
joint, and the torsional disturbances outputted by the shock machine are imposed on the 5-
DoF MSMW around the x-axis. Moreover, the displacement sensors mounted on the stator
part of the 5-DoF MSMW could detect the dynamic displacements of the flywheel rotor
in radial and axial directions. Those displacement signals are also fed back to the control
system of the axial 3-DoF AMB units, and then the magnetic forces along the axial and
radial directions could be regulated to suppress the vibration disturbance. In the meantime,
the accelerators mounted on the shock table could also measure the dynamic vibration
signals of the 5-DoF MSMW suffering the disturbances of the shock machine. The other
important parameters are listed in Table 1. For the 5-DoF MSMW, the mass is 12.5 kg, the
equatorial moment of inertia is 0.29 kgm2, and the polar moment of inertia 0.15 kgm2. For
the axial 3-DoF AMB unit, the current stiffness is 128 N/A, and the displacement stiffness
is −132.7 N/mm. For the radial 2-DoF AMB unit, the current stiffness is 132.26 N/A, and
the displacement stiffness is −352 N/mm.
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In the experiment, the 5-DoF MSMW is located on the shock table along the z-axis,
and then the impulse and random disturbances generated by the shock table could be
imposed on the MSMW. In order to make the momentum wheel stably suspended at the
equilibrium position, the stiffness and damping coefficients could be regulated to generate
the magnetic forces according to Equations (10) and (11), and then the disturbance imposed
on the MSMW could be actively suppressed.

6.2. Translational Vibration Experiment of 5-DoF MSMW

For the translational vibration of the 5-DoF MSMW, the vibration characteristics along
the radial axes are similar to the vibrations along the axial axis, so the vibration characteris-
tics of the MSMW along the axial axis is chosen as the example in the experiment. In the
translational vibration experiment of 5-DoF MSMW in Figure 8a, the impulse disturbance,
the harmonic disturbance, and the random disturbance in Table 2 generated by the shock
table are respectively imposed on the 5-DoF MSMW. When the impulse disturbance with
10 N is imposed on the 5-DoF MSMW along the axial direction, the axial displacement
curves of the 5-DoF MSMW using different damping coefficient of the 3-DoF axial AMB
unit are plotted in Figure 9a. As marked by the blue line, the displacement deflection
in the axial direction is −0.45 µm when the damping coefficient of the axial AMB unit is
Ca = 0.06. The displacement deflection plotted by the red line is reduced to −0.14 µm when
the damping coefficient is increased to Ca = 0.10. Moreover, the random disturbance is
imposed on the 5-DoF MSMW along the axial direction, and the displacement curves of
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the flywheel rotor are plotted in Figure 9b. The root mean square (RMS) value is used to
evaluate the axial displacement of the flywheel rotor. As plotted by the green line, the RMS
is 0.063 µm when the damping coefficient is Ca = 0.06. The RMS of axial displacement is
mitigated to 0.015 µm when the damping coefficient is increased to Ca = 0.10.

Table 2. The sine−swept vibration source.

Frequency Vibration Amplitude Speed Imposing Axis

10–20 Hz 10 mm 2 octave/min z-axis
20–100 Hz 16 g 2 octave/min z-axis
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Meanwhile, the axial displacements of the flywheel rotor at different excitation fre-
quencies are plotted in Figure 10 when the sine-swept vibration source (in T) is imposed on
the 5-DoF MSMW along the axial direction. The maximum displacement deflection of the
axial vibration occurs at the 85 Hz, and the displacement deflection of the flywheel rotor in
the axial direction is mitigated by the damping coefficient. The maximum deflection of the
axial displacement (shown by the green line) is 0.54 µm when the damping coefficient is
Ca = 0.06. When the damping coefficient is increased to 0.10, the maximum deflection of
the axial displacement shown by the red line is 0.06 µm.
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Therefore, based on the displacement measurement of the 5-DoF MSMW along the
axial direction, the increase in the damping coefficient could effectively control the vibration
magnitude of the 5-DoF MSMW.

6.3. Torsional Vibration Experiment of 5-DoF MSMW

As illustrated in Figure 8b, the torsion measurements of the 5-DoF MSMW suffering
the different types of disturbances conducted as well as the torsional angle of the flywheel
rotor could be obtained by measuring the axial displacements around the radial axes. Firstly,
the torsional angles of the flywheel rotor suffering the impulse disturbance are plotted in
Figure 11a. The torsional angle of the flywheel rotor is −0.80◦ shown by the green line
when the torsional damping is Cat = 0.6 and it is reduced to −0.23◦, shown by the red line
when the torsional damping is increased to Cat = 1.0. In addition, the torsional angles of the
flywheel rotor suffering the random disturbance are illustrated in Figure 11b, the root mean
square (RMS) value of the torsional angle is 0.060◦ with the torsional damping Cat = 0.6,
and then the RMS value of the flywheel rotor’s torsional angle is reduced to 0.032◦ when
the torsional damping is increased to Cat = 1.0.
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Figure 11. The torsional angles of the 5−DoF MSMW with different types of disturbances. (a) The
torsional angles of the flywheel rotor suffering the impulse disturbance with different damping
coefficients; (b) The torsional angles of the flywheel rotor suffering the random disturbance with
different damping coefficients.

Moreover, the radial displacements of the flywheel rotor at 2000 rpm are measured
to analyze the vibration characteristics of the s5-DoF MSMW with different damping
coefficients, and the radial displacements and the power spectrum diagram are plotted
in Figure 11. The maximum deflection value of the radial displacement is 0.12 µm when
the torsional damping is chosen as Cat = 0.6. The maximum deflection of the radial
displacement is mitigated to 0.05 µm at the damping coefficient Cat = 1.0. In addition, as
shown in Figure 12b, the power spectrum density of the radial displacement is also reduced
by increasing the damping coefficients.
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Actuators 2023, 12, 152 16 of 17

Thus, the torsion experiments of the 5-DoF MSMW verify that the damping coefficient
of the axial 3-DoF AMB unit may control the torsional vibration of the flywheel rotor.

7. Conclusions

The suspension stability and position precision of the 5-DoF MSMW are important to
guarantee the output precision of the reaction torque, so the vibration characteristics and the
anti-vibration ability of the 5-DoF MSMW are investigated in this article. In the theoretical
analysis about the vibration characteristics of the 5-DoF MSMW, the vibration models
of the 5-DoF MSMW including the translation and the torsion are developed, and the
response functions indicate that the vibration magnitude could be mitigated by regulating
the comprehensive damping coefficients. Moreover, the simulations and experiments are
conducted to analyze the vibration characteristics of the 5-DoF MSMW. The simulation
results show that the vibration magnitudes of the translation and torsion are suppressed by
increasing the comprehensive damping coefficient. The experimental results present that
the displacement deflection in the axial direction is reduced by 68.8% and the torsional angle
around the radial axis could be mitigated by 71.2% by increasing the damping coefficient.

To further regulate the translational and torsional displacements of the MSMW, the
optimization methods about the stiffness and damping coefficients could be considered
in future work. Moreover, the stability control of the 5-DoF MSMW could be investigated
considering the gyro effect at high rotating speed.
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