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Abstract: Fast and precise pressure control for an electropneumatic brake system is essential for
ensuring the safe operation of trains. However, the nonlinearity and uncertainties of the system
make controller design challenging. This paper proposes a prescribed performance control method
integrating an extended state observer to address this issue. A thermodynamical model of the brake
cylinder is first built based on the pneumatic characteristics of the braking system, considering
multiple modes, coupling effects, and input saturation. Then, an extended state observer is designed
to estimate model uncertainty due to temperature variation and disturbances and to achieve online
compensation of the model. A feedback control law with a specified prescribed performance function
is developed based on the updated thermodynamic model to guarantee the transient and steady-state
performance of the pressure control. A parameter adaptive method is also utilized to handle input
saturation. The observer’s bounded convergence and stability analysis of the closed-loop control
system is given using the Lyapunov theory. Compared experimental results are provided to verify
the effectiveness of the proposed method.

Keywords: electropneumatic brake system; prescribed performance; uncertainty estimation; extended
state observer; input saturation

1. Introduction

The electropneumatic brake system is crucial for ensuring the safe operation of trains.
One critical issue is implementing the fast and precise pressure tracking control of the brake
cylinder in the electropneumatic brake system [1]. However, some intrinsic characteristics
significantly challenge the reliable and robust pressure control of the electropneumatic
brake system. First, the system presents time-varying dynamics because the temperature
within the airtight brake cylinder is inherently varying due to the thermal effect during
the pressure regulation process. Specifically, due to the compressibility of air during the
charging and discharging process, the changed pressure causes the air temperature in the
brake cylinder to vary rapidly in a short time [2]. In reverse, the varying temperature
resulting from the pressure change significantly affects the pressure response of the brake
cylinder. The coupling between the pressure and the air temperature complicates the
system dynamics. Moreover, in the electropneumatic brake system, the discrete nature of
on/off solenoid valves and the high nonlinearity caused by the air compressibility, airflow,
and disturbances also increase the difficulty of accurate pressure control [3].

There has been much research on the pressure-tracking control of electropneumatic
systems. As the classical linear control method, proportional–integral–differential control
has been widely used in pneumatic systems due to its simple structure and convenient
deployment [4]. However, for a pneumatic system with strong nonlinearity, the transient
and steady-state performances of pneumatic systems cannot always be guaranteed with
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proportional–integral–differential control. Some model-based nonlinear control methods
such as sliding mode control [5,6] and model predictive control [7,8] were also proposed
to regulate the pressure of electropneumatic actuators. For these methods, the control
performance is strongly dependent on the accuracy of the model. Nevertheless, the accurate
pressure dynamic model of the brake system is challenging to construct, and the model
parameters are uncertain due to the complex thermal effects [9].

It is common to introduce observer-based estimation methods to address these un-
certainties. A sliding-mode observer was developed in [10] to estimate the unknown
time-variant temperature of pneumatic systems. However, it has a chattering effect and
cannot provide enough estimation accuracy when the temperature changes rapidly. A dy-
namic nonlinear high-gain observer was developed in [11] to estimate the air temperature
of a small pneumatic actuator, while the effect of disturbance is hard to overcome. Thus, it
is necessary to develop an appropriate method to estimate the uncertain temperature and
disturbances for the train electropneumatic brake system.

The extended state observer developed by Jingqing Han can deal with external distur-
bances and uncertain system dynamics simultaneously [12]. It takes the system uncertainty
and disturbances as a new state variable to estimate, and it achieves this without requiring
exact model information [13]. For this purpose, the extended state observer has been
applied in many practical engineering applications. For instance, in [14], an extended
state observer was proposed to estimate slip ratio, train adhesion, and system uncertain-
ties for active braking control of high-speed trains. In [15], an adaptive fast-finite-time
extended state observer was designed to estimate the unmeasured state variables, external
disturbances, and uncertainties of electro-hydraulic actuator systems. Motivated by the
advantages of the extended state observer, the uncertain temperature variation and the
disturbances can be estimated simultaneously by the extended state observer and then
compensated in the pressure control of the train electropneumatic system.

During the train braking process, it is critical to ensure the pressure control perfor-
mance, such as improving the tracking speed, reducing the overshoot, and decreasing
the steady-state error, so that the rapidity, smoothness, and accuracy of train braking can
be guaranteed. In some existing pneumatic pressure control methods for trains, such
as sliding mode control [5] and model predictive control [8], it is difficult to achieve the
performance constraint quantitatively. The prescribed performance control developed by
Bechlioulis et al. [16] is a promising method for a performance guarantee. The core idea of
the control method is to apply a specified prescribed performance function on the tracking
error system. The prescribed performance function characterizing the convergence rate,
maximum overshoot, and steady-state error is used for the tracking error transformation.
If the transformed error system is controlled to be stable, the tracking error of the original
system will be guaranteed within the prescribed bound. The prescribed performance
control method has been successfully applied to various industrial applications, such as
the trajectory tracking problem of a three-degree-of-freedom helicopter [17], the trajectory
tracking control of an unmanned surface vehicle [18], and so on.

In this paper, a prescribed performance control method based on the extended state
observer is proposed for the fast and precise pressure tracking control of the brake cylinder
in a train electropneumatic brake system. First, considering the uncertainties caused by
the thermal effect and disturbances, high nonlinearity, and input saturation, a novel ther-
modynamic model of the brake cylinder is proposed to describe the pressure dynamics.
Then, an extended state observer is designed to estimate the uncertainties caused by the
in-cylinder temperature variation and disturbances. Afterwards, a feedback control law
is designed to make the pressure control system achieve the desired performance require-
ments by introducing a prescribed performance function. Moreover, a parameter adaptive
method is developed to address the input saturation issue. The stability of the proposed
observer and controller is analyzed rigorously in the paper. The compared experimental
results are provided to verify the validity of the proposed pressure control method.
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The main contributions of this paper are summarized as follows:

• A comprehensive pressure dynamical model is developed for the train electropneu-
matic system, taking into account its multiple operating modes, uncertainties, and con-
trol input saturation for the first time.

• The design of an extended state observer is carried out to estimate the unknown dy-
namics of the brake cylinder, which includes uncertain temperature and disturbances.
The estimated uncertainty is then used to update the system’s thermodynamic model
to ensure the accuracy of the system model, thereby facilitating the controller design.
Additionally, a thorough analysis of the estimator’s convergence is conducted.

• A novel pressure feedback controller for the train electropneumatic system is proposed
by combining a specified prescribed performance function and a parameter adaptive
method. This controller can handle the system’s nonlinearity, uncertainty, and input
saturation, improving transient and steady-state performances. The stability of the
closed-loop system is proven using the Lyapunov theory.

The rest of this paper is organized as follows. In Section 2, the characteristics of the
train electropneumatic brake system are analyzed, and the system model is constructed
consequently. Section 3 presents the online model uncertainty estimation based on an
extended state observer. Using the estimated uncertainty and the prescribed performance
control method, we design a pressure feedback controller in Section 4. The experimental
results are provided in Section 5. The paper is concluded in Section 6.

2. System Description and Modeling
2.1. Description of Train Electropneumatic Brake System

The train electropneumatic brake system under study is shown in Figure 1. According
to the illustration of this figure, once the train driver applies the braking or releasing
command, a reference pressure is given first. Then, the pressure controller generates control
signals to regulate the states of the supply valve and the exhaust valve so that the air flows
in or out of the brake cylinder, making the brake cylinder pressure track the reference
values. With the brake cylinder pressure, the corresponding braking force is generated
to stop a running train. Thus, the fast and precise pressure tracking control of the brake
cylinder is critical for guaranteeing the braking operation of trains.
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Figure 1. ESO-based prescribed performance pressure control scheme for the train electropneumatic
brake system.

2.2. System Model

In the pressure control process of the brake cylinder, there are three valid operating
modes according to the states of the supply valve and the exhaust valve. Here, we define
three modes as holding mode, charging mode, and discharging mode. In this section, the open-
loop dynamic models of the brake cylinder in each mode are described first. Then, a
unified averaged continuous input model with input saturation is built to facilitate the
controller design.
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2.2.1. Pressure Dynamics in the Holding Mode

In the holding mode, the supply and exhaust valves are closed. The mass flow rate is
zero. Then, the pressure dynamics in this mode are given by

ṗ = −kt p + φ(t), (1)

where p is the brake cylinder pressure; kt p means the pressure variation due to the air
leakage and kt is the coefficient of the total leakage; φ(t) is the model uncertainties caused
by the temperature variation and uncertain disturbances, and so on.

2.2.2. Pressure Dynamics in the Charging Mode

In the charging mode, the supply valve is open, and the exhaust valve is closed. The
compressed air flows from the main air reservoir to the brake cylinder, and the pressure
in the brake cylinder increases. Using the first principle of thermodynamics, the pressure
dynamic model of the brake cylinder in the charging mode can be described as,

ṗ = γ
RT
V

qm1 − kt p + φ(t), (2)

where the term γ RT
V qm1 is the brake cylinder pressure variation caused by the mass flow

rate, and the meanings of notations in this term are defined as follows. γ is the ratio of
specific heats; R is the gas constant; T is the air temperature of the brake cylinder; V is the
total volume of the brake cylinder; qm1 is the mass flow rate to the brake cylinder, and it is
a nonlinear function of the ratio of the brake cylinder pressure and the main air reservoir
pressure given by [19], and it is also subjected to a phenomenon called choking. A critical
pressure ratio is typically employed in pneumatic systems to distinguish between choked
and unchoked flow.

qm1 =
psCd A1√

RT
×


√

γ
(

2
γ+1

) γ+1
γ−1 , if p

ps
≤ pc(choked flow)√

2γ
γ−1

√(
p
ps

) 2
γ −

(
p
ps

) γ+1
γ , if p

ps
> pc(unchoked flow)

(3)

where ps is the main air reservoir pressure, Cd is the flow coefficient, A1 is the orifice
1 passage area, and pc is the critical pressure ratio, where its value is generally set as
0.528 [19].

2.2.3. Pressure Dynamics in the Discharging Mode

In the discharging mode, the supply valve is closed, and the exhaust valve is open. The
compressed air flows from the brake cylinder to the atmosphere, and the pressure in the
brake cylinder decreases. The pressure dynamics in this mode are modeled as

ṗ = −γ
RT
V

qm2 − kt p + φ(t), (4)

where the term −γ RT
V qm2 is the brake cylinder pressure variation caused by the mass flow

rate, and the meanings of notations in this term are defined as follows. qm2 is the mass flow
rate from the brake cylinder to the atmosphere, and it is a nonlinear function of the ratio of
the atmospheric pressure and the brake cylinder pressure given by [19],

qm2 =
pCd A2√

RT
×


√

γ
(

2
γ+1

) γ+1
γ−1 , if pa

p ≤ pc(choked flow)√
2γ

γ−1

√(
pa
p

) 2
γ −

(
pa
p

) γ+1
γ , if pa

p > pc(unchoked flow)

(5)
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where pa is the atmospheric pressure and A2 is the orifice 2 passage area. The meanings of
other notations in (4) and (5) are the same as those in (2) and (3).

It is worth noting that the brake cylinder is a diaphragm-operated actuator, and it
is approximated by a single-acting pneumatic cylinder, as shown in Figure 1. From this
figure, the volume V changes in the charging and discharging modes. Therefore, the
φ(t) in Formulas (2) and (4) also include the uncertainty caused by the changed brake
cylinder volume.

2.2.4. Unified Model

In a real train electropneumatic brake system, on/off solenoid valves are driven by
controlling the input voltages. Thus, we propose to design a continuous-time controller for
controlling solenoid valves and achieving pressure tracking. For this purpose, a unified
averaged continuous-input model should be built. The practical system input for the
electropneumatic brake system is the pulse width modulation, which is constrained within
the region [−1, 1]. Using the nonlinear model averaging approach given in [20], an averaged
model for describing the pressure dynamics of the brake cylinder is constructed as

ṗ = b(uc, p)uc + g(p) + φ(t), (6)

where g(p) = −kt p, uc is the practical control input,

b(uc, p) = γ
RT
V

[
qm1

(
1 + sgn(uc)

2

)
+ qm2

(
1− sgn(uc)

2

)]
, (7)

and sgn(·) is the sign function.
Further, the practical control input uc is described by the following saturation function:

uc = sat(u) =
{

um · sgn(u), |u| ≥ um,
u, |u| < um,

(8)

where u denotes the desired control input that will be designed, um denotes the input
saturation limit, and sat(·) denotes the saturation function.

For Formula (8), there exists a difference ∆u between the designed input u and the
practical control input uc. The relationship can be defined as

∆u = uc − u = sat(u)− u. (9)

From the perspective of a practical control system, system controllability should
be satisfied when control input saturation appears [21]. Therefore, we assume that the
difference ∆u can be regarded as a bounded function, satisfying

‖∆u‖ ≤ Π(p) · ζ, (10)

where Π(p) is a known auxiliary continuous function and ζ is an unknown parameter.

Remark 1. According to Formula (7), b(uc, p) is not differentiable at uc = 0 since it contains
sgn(uc). But, except at the singular point of uc = 0, it is worth noting that b(uc, p) is always differ-

entiable even it is at qm1 =
psCd A1√

RT

√√√√
γ

(
2

γ + 1

) γ+1
γ−1

with p = 0.528ps,

qm2 =
pCd A2√

RT

√√√√
γ

(
2

γ + 1

) γ+1
γ−1

with p = pa/0.528 and is continuous everywhere because the

left and right derivatives of b(uc, p) at uc = 0 exist and are finite. Thus, the following assumption
is reasonable in practice.
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Assumption 1. The function b(uc, p) can be considered as a Lipschitz function with respect to the
system state p in its practical range.

3. Online Uncertainty Estimation Based on Extended State Observer

In the system model (6), the model uncertainty always exists due to the parameter
uncertainties, such as the temperature variation caused by the thermal effect. To realize
satisfying pressure control, the modeling uncertainty should be handled and compensated
in the controller design. Thus, an extended state observer is designed in this section to
estimate the model uncertainty. Moreover, the bounded stability of the extended state
observer is analyzed theoretically.

3.1. Extended State Observer Design

In order to estimate the modeling uncertainty, the term φ(t) in (6) is extended as an
additional state variable, and then the system state is defined as x = [x1, x2]

T , where x1 = p
and x2 = φ(t). Let the derivative of x2 be denoted as h(t); then, the model (6) can be
reformulated as

ẋ1 = b(uc, x1)uc + g(x1) + x2, (11a)

ẋ2 = h(t). (11b)

Furthermore, the extended model (11a)–(11b) can be rewritten in the following
vector form:

ẋ = Ax + Buc + G + H,
y = Cx,

(12)

where A =

[
0 1
0 0

]
, B =

[
b(uc, x1)

0

]
, G =

[
g(x1)

0

]
, H =

[
0

h(t)

]
and C =

[
1 0

]
.

Let the estimation of x be denoted as x̂. The estimation of B and G is defined as B̂ and
Ĝ, respectively, where B̂ =

[
b(uc, x̂1) 0

]T and Ĝ =
[

g(x̂1) 0
]T . Then, the model of

the extended state observer can be obtained as

˙̂x = Ax̂ + B̂uc + Ĝ + L[y− Cx̂], (13)

where L =
[

β1 β2
]T is the observer gain matrix. The values of β1 and β2 affect

the estimation accuracy of the system state x1 and the modeling uncertainty x2, respec-
tively. From Formula (13), we know that the model uncertainty x2 can be estimated using
the measured brake cylinder pressure and the control input. With the estimated x2, the
model (11a) can reflect the pressure dynamics of the brake cylinder more accurately. More-
over, the controller design can take the modeling uncertainty into account explicitly.

3.2. Convergence Analysis of the Extended State Observer

In this section, the convergence analysis of the extended state observer for the brake
cylinder pressure control system is provided. Firstly, the estimation error is defined as
x̃ = x − x̂. In view of Formulas (12) and (13), the dynamics of the estimation error are
obtained as

˙̃x = (A− LC)x̃ + B̃uc + G̃ + H, (14)

where A − LC =

[
−β1 1
−β2 0

]
, B̃ =

[
b(uc, x1)− b(uc, x̂1) 0

]T , and

G̃ =
[

g(x1)− g(x̂1) 0
]T .

Theorem 1. For the estimation error dynamics (14), if the observer gain matrix L is designed to
satisfy the conditions (15) and (29), the estimation error vector x̃ is uniformly bounded, satisfying

x̃ ∈ D, D =
{

x̃ ∈ <2|‖x̃‖ < r
}

for all t ≥ t0, where r = max
{√

θ2
θ1
‖x̃(t0)‖, θ3hmax

2Eθ1

}
, and the

parameters θ1, θ2, θ3, E, hmax are defined in the following proof.
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Proof. For the estimation error dynamics (14), if the observer gain matrix L is designed to
satisfy the following condition

β1 > 0, β2 > β1, (15)

all the eigenvalues of matrix A− LC are in the left-half-plane and the matrix Ae = A− LC is
Hurwitz. Then, given a positive symmetric matrix Q, there is a positive definite symmetric
matrix P that satisfies the following Lyapunov equation:

AT
e P + PAe = −Q. (16)

Define the Lyapunov function of (14) as V(t, x̃) = x̃T Px̃, which satisfies

λmin(P)‖x̃‖2 ≤ V(x̃) ≤ λmax(P)‖x̃‖2, (17)∥∥∥∥∂V
∂x̃

∥∥∥∥=∥∥∥2x̃T P
∥∥∥ ≤ 2‖P‖‖x̃‖ ≤ 2λmax(P)‖x̃‖, (18)

where λmax(·) denotes the maximum eigenvalues for a matrix and λmin(·) denotes the
minimum eigenvalues for a matrix. Define θ1 = λmin(P), θ2 = λmax(P), and θ3 = 2λmax(P).
It follows from (14), (16)–(18), that we can obtain the derivative of Lyapunov function V as

V̇ = ˙̃xT Px̃ + x̃T P ˙̃x
= −x̃TQx̃ + 2x̃T P

(
B̃uc + G̃

)
+ 2x̃T PH

≤ −λmin(Q)‖x̃‖2 + θ3‖x̃‖ ·
(

B̃uc + G̃
)
+ θ3‖x̃‖ · H.

(19)

From Assumption 1, and according to the definition of b(uc, x1), we know that there is
a positive constant satisfying the following growth condition:∥∥B̃

∥∥ ≤ κ1‖x̃‖. (20)

By considering the definition (8) of the practical input uc, the term B̃uc satisfies∥∥B̃uc
∥∥ ≤ κ1‖x̃‖um, (21)

where um denotes the maximum constraint of the control input u.
Moreover, the term G̃ meets

G̃ ≤ kt‖x̃‖. (22)

Furthermore, due to the physical constraints, the uncertain matrix H is bounded by

sup
t0≤τ≤t

‖H(τ)‖ ≤ hmax, (23)

where hmax is a positive constant. Then, Formula (19) can be derived as

V̇ ≤ −λmin(Q)‖x̃‖2 + θ3(κ1um + kt)‖x̃‖2 + θ3‖x̃‖ · hmax. (24)

Define θ4=λmin(Q), and δ = κ1um + kt. Combining Formulas (17) and (24), an upper
bound of V̇ can be obtained as

V̇ ≤ −
(

θ4

θ2
− θ3

θ1
δ

)
·V + θ3hmax

√
V
θ1

. (25)

Define Γ =
√

V; then, we can obtain

Γ̇ ≤ −1
2

(
θ4

θ2
− θ3

θ1
δ

)
Γ +

θ3hmax

2
√

θ1
. (26)
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Solving Formula (26), Γ(t) satisfies

Γ(t) ≤ ϕ(t, t0)Γ(t0) +
θ3

2
√

θ1

∫ t

t0

ϕ(t, τ) · hmaxdτ, (27)

where ϕ(t, t0) = e−E(t−t0), and E = θ4
2θ2
− θ3

2θ1
δ.

Utilizing Formulas (17) and (27), we have

‖x̃(t)‖ ≤

√
θ2

θ1
‖x̃(t0)‖e−E(t−t0) +

θ3

2θ1

∫ t

t0

e−E(t−t0) · hmaxdτ (28)

For the inequality (28), if the following condition

E =
θ4

2θ2
− θ3

2θ1
δ > 0, (29)

i.e., θ4
θ2

> θ3
θ1

δ is satisfied with the proper selection of the observer gain matrix L, the
inequality (28) can be further derived as

‖x̃(t)‖ ≤
√

θ2
θ1
‖x̃(t0)‖e−E(t−t0) + θ3hmax

2Eθ1

[
1− e−E(t−t0)

]
≤ max

{√
θ2
θ1
‖x̃(t0)‖, θ3hmax

2Eθ1

}
.

(30)

Therefore, it can be concluded that the estimation error x̃ is uniformly bounded,
x̃ ∈ D, D =

{
x̃ ∈ <2|‖x̃‖ < r

}
for all t ≥ t0. And, its upper bound r relies on the positive

parameters θ1, θ2, ‖x̃(t0)‖, θ3, E, and hmax, where θ1, θ2, θ3, and E are instrumental variables
associated with the eigenvalues of the matrix P. The eigenvalues of the matrix P can be
designated by selecting the observer gain matrix L.

4. Prescribed Performance Pressure Controller Design

In this section, with the estimated model uncertainty, a prescribed performance pres-
sure controller with input saturation compensation is proposed to improve the rapidity
and precision of pressure tracking. The pressure tracking error dynamics are first estab-
lished. Then, a feedback controller is designed to regulate the brake cylinder pressure to
the desired values, which includes the simultaneous compensation of the model uncer-
tainty and input saturation by introducing the adaptive parameter technique. A prescribed
performance function is introduced into the controller design to guarantee that the desired
pressure control accuracy is achieved, which can make the pressure tracking error meet
the predetermined bounds. Rigorous stability analysis of the closed-loop control system is
also discussed.

4.1. Dynamics of Pressure Tracking Error

Let x1 and x1d = pd define the brake cylinder and reference pressures, respectively.
The pressure tracking error can be expressed as ep = x1 − x1d. Then, using Formula (11a),
the error dynamics can be described as

ėp = ẋ1 − ẋ1d,

= b(uc, x1)uc + g(x1) + x2 − ẋ1d.
(31)

In the train electropneumatic brake system, the reference pressure x1d is given corre-
spondingly according to the specific braking command. Thus, following the characteristic
of the practical control system, the reference pressure x1d and its time derivative ẋ1d can be
assumed to be known and uniformly bounded.
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4.2. Prescribed Performance Function

In order to ensure the operation safety of trains, the train brake system needs to
provide enough braking force in a short time to ensure that the train braking distance
strictly meets the safety constraints. Therefore, to obtain the desired braking behaviors,
high requirements are put forward for the transient and steady-state performance of
the brake cylinder pressure control. To this end, a prescribed performance function is
introduced in this paper. By the prescribed performance function, we can specify that the
tracking error converges to a desired small residual set, with the convergence rate no less
than a prespecified value, and the maximum overshoot less than a small preset constant.
A specific positive decreasing smooth function η(t): lim

t→∞
η(t) = η∞ > 0 is proposed to

describe the prescribed performance. Based on the studies in [22,23], the function η(t) in
this paper is chosen as

η(t) = [η0 − η∞]e−k1t + η∞, (32)

where η0 > η∞ > 0 and k1 > 0 are the design parameters. Then, the performance of the
pressure tracking error ep can be guaranteed by the following inequality:

−δη(t) < ep < δ̄η(t), ∀t ≥ 0, (33)

where δ, δ̄ > 0 are the design parameters and −δη(t) and δ̄η(t) are denoted as prescribed
performance bounds.

According to the above description, we know that the transient and steady-state
control performance for the pressure tracking error ep is ensured by the constraint (33).
More specifically, δ̄η(0) determines the upper bound of the maximum overshoot of ep
and δη(0) describes the lower bound of the maximum undershoot of ep, respectively. In
addition, the parameter k1 in (32) depicts a lower bound on the convergence speed, and
η∞ represents the maximum allowable steady-state error. Thus, desired pressure control
objectives can be characterized by setting the parameters−δ, δ̄, k1, η0, η∞ in a prior way. The
parameter design of the prescribed performance function needs to satisfy two conditions.
Firstly, with the parameters, the pressure control should meet the engineering requirements,
such as the slight overshoot, setting time, and the steady pressure within a range of ±3 kPa
of the reference value. Secondly, the parameters should be appropriately set to make the
system stable according to the principle of parameter setting in [24].

4.3. Controller Design

To achieve the above prescribed performance control as Formula (33), the constrained
tracking error behavior should be transformed into an equivalent unconstrained one [16].
For this purpose, an error transformation function is defined as follows:

ep(t) = η(t)Ξ(εp), (34)

where εp is the transformed tracking error and Ξ(εp) is a smooth, strictly increasing function
that is defined as

Ξ(εp) =
δ̄e

εp
p − δe

−εp
p

e
εp
p + e

−εp
p

,

and −δ < Ξ(εp) < δ̄, lim
εp→+∞

Ξ
(
εp
)
= δ̄, lim

εp→−∞
Ξ
(
εp
)
= δ.

Since Ξ(εp) is strictly monotonically increasing, the transformed error εp can be
expressed as

εp = Ξ−1
(

ep(t)
η(t)

)
=

1
2

ln
[

ξ(t) + δ

δ̄− ξ(t)

]
, (35)

where ξ(t) =
ep(t)
η(t)

.
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Then, together with Formulas (9) and (31), the time derivative of εp can be obtained as

ε̇p =
∂Ξ−1

∂ξ
ξ̇ =

1
2

[
1

ξ + δ
− 1

ξ − δ̄

](
ėp

η
−

epη̇

η2

)

= `

(
b(uc, x1)uc + g(x1) + x2 − ẋ1d −

epη̇

η

)
= `

(
b(uc, x1)u + b(uc, x1)∆u + g(x1) + x2 − ẋ1d −

epη̇

η

) (36)

where ` =
1

2η

[
1

ξ + δ
− 1

ξ − δ̄

]
satisfies 0 < ` < `m, and `m is a constant that is calculated

based on ep.
Based on Theorem 1, the modeling uncertainty estimation error x̃2 satisfies ‖x̃2‖ ≤ r.

For Formula (36), considering the input saturation compensation, a feedback control form
can be designed as (37) based on the modeling uncertainty estimation x̂2.

u =
1

Φ1

[−koεp

`
− g(x1)− x̂2 + ẋ1d +

epη̇

η

+usc − r̂ tanh
(

εp

ϕ1

)]
,

(37)

where ko is a positive control parameter and Φ1 is defined by Φ1 = b(uc, x1). Moreover,
the additional term usc in (37) is developed to efficiently compensate the input saturation
sat(u). Similar to reference [21], the additional term usc can be designed as

usc =


−‖Φ1‖εpΠ(x1)ζ̂∥∥εp

∥∥ ,
∥∥εp
∥∥ ≥ σ̄,

0 ,
∥∥εp
∥∥ < σ̄,

(38)

where σ̄ denotes a designed small positive parameter and ζ̂ represents the estimation value
of the uncertain parameter ζ. The corresponding adaptive law ˙̂ζ can be designed as

˙̂ζ = `
[
Π(x1)‖Φ1‖

∥∥εp
∥∥− kq ζ̂

]
, (39)

where kq is a designed positive parameter.
Furthermore, for the designed controller (37), r̂ represents the estimate of the param-

eter r, and tanh
(

εp
ϕ1

)
is a continuous hyperbolic tangent function for ϕ1 > 0. The term

r̂ tanh
(

εp
ϕ1

)
is introduced to further compensate the system uncertainty. The corresponding

adaptive law of r̂ can be developed as

˙̂r = `

[
εp tanh

(
εp

ϕ1

)
− kr r̂

]
, (40)

where kr is a designed positive parameter.

4.4. Stability Analysis

This section discusses the stability of the closed-loop brake cylinder pressure control
system. For the brake cylinder pressure control system, given the initial pressure p(0), we can
choose proper δ̄, δ, and η(0) to make the initial tracking error satisfy −δη(0) < ep(0) < δ̄η(0).
The control performance of the tracking error can be improved by tuning the parameters
δ̄, δ, and η(t). For the transformed system and the designed pressure controller, one can
conclude that the transformed error εp must be bounded to achieve a good pressure tracking
performance. Thus, the desired pressure tracking control can be achieved if the transformed
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system is stable. Before proceeding with the stability analysis, Lemmas 1 and 2 are given
first. Then, the main result of the proposed pressure control scheme with the prescribed
performance function is established in Theorem 2.

Lemma 1 ([16]). The tracking error dynamics (31) are invariant through the error transformation
of (35). Thus, it is valid that the control issue of (31) with the constrained condition (33) is trans-
formed into stabilizing the transformed error εp. If εp is bounded, then the prescribed performance
of ep as shown in (33) is satisfied.

Lemma 2 ([25]). For a continuous function V1(t) ≥ 0, it satisfies V1(t0) being bounded. If
V̇1 ≤ − p̄1V1 + p̄2, V1(t) is bounded with p̄1 > 0 and p̄2 being a constant parameter.

Theorem 2. Consider the system (6) with uncertainty and nonlinearity; by designing the prescribed
performance-function-based control law (37), the transformed error εp converges to a small set
around zero, and the tracking error ep satisfies the prescribed performance constraint (33).

Proof. It follows from (36) and (37) that

ε̇p=− koεp+`x̃2−`r̂ tanh
(

εp

ϕ1

)
+`usc+`Φ1∆u, (41)

where x̃2 = x2 − x̂2.
Define ζ̃ = ζ − ζ̂ and r̃=r− r̂, and the Lyapunov function is given by

V1 =
1
2

ε2
p +

1
2

r̃2 +
1
2

ζ̃2. (42)

Considering ˙̃ζ = − ˙̂ζ, ˙̃r = − ˙̂r and Formulas (38) and (41), the derivative of the
Lyapunov function can be obtained as

V̇1 = ε̇pεp + ˙̃rr̃ + ˙̃ζζ̃

= −koε2
p + `x̃2εp − `r̂εp tanh

(
εp

ϕ1

)
−`
‖Φ1‖ε2

pΠ(x1)ζ̂∥∥εp
∥∥ + `Φ1∆uεp − ˙̂rr̃− ˙̂ζζ̃.

(43)

According to Theorem 1, the term |x̃2| < r. With the adaptive laws in Formulas (39)
and (40), one can obtain

V̇1 ≤ −koε2
p + `r

∣∣εp
∣∣− `rεp tanh

(
εp

ϕ1

)
+ `kr r̂r̃ + `kq ζ̂ ζ̃. (44)

Introducing the property 0 ≤ |z1| − z1 tanh
(

z1
γ̄

)
≤ kmγ̄, km = 0.2785 for ∀γ̄ > 0 [25],

the following inequality (45) can be obtained.

`r
[∣∣εp

∣∣− εp tanh
(

εp

ϕ1

)]
≤ `rkm ϕ1. (45)

Further, using Young’s inequality, one can obtain that

`kr r̂r̃ ≤ `kr

2
r2 − `kr

2
r̃2,

`kq ζ̂ ζ̃ ≤
`kq

2
ζ2 −

`kq

2
ζ̃2.

(46)
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Substituting (45) and (46) into (44) yields

V̇1 ≤ −koε2
p −

`kr

2
r̃2 −

`kq

2
ζ̃2+`mrkm ϕ1+

`mkr

2
r2+

`mkq

2
ζ2

≤ −K̄1V1 + D̄1,
(47)

where K̄1 is defined as K̄1 = min
{

2ko, `kr, `kq
}

, and D̄1 is defined as D̄1 = `mrkm ϕ1+
`mkr

2 r2

+
`mkq

2 ζ2.
Therefore, based on Lemma 2, one can obtain that V1 is ultimately bounded. By

utilizing the comparison principle, the following inequality holds:

V1(t) ≤
[

V1(t0)−
D̄1

K̄1

]
e−K̄1t +

D̄1

K̄1
. (48)

Thus, we can obtain that V1 is uniformly ultimately bounded. The transformation
error εp is bounded and its upper bound depends on the control parameters and the
estimation performance of the designed extended state observer. In addition, due to the
inherent properties of the function Ξ(εp) and the error transformation function (34), we
can obtain that the tracking error ep satisfies the prescribed performance bounds; that is,
−δη(t) < ep < δ̄η(t). This completes the proof.

5. Experimental Validation

In this section, experiments are made on the test platform of the brake cylinder pressure
control system to validate the effectiveness of the proposed method. The experimental
platform and setup are described first. Then, the experimental results are presented
and analyzed.

5.1. Experimental Setup

Figure 2 shows the brake cylinder pressure control platform. In the experimental
platform, the proposed prescribed performance pressure controller is operated in the brake
control unit. Two high-speed on/off solenoid valves (MAC 35A-ACA-DDFA-1BA) are
controlled to be open or closed so that the brake cylinder pressure can track the reference
values. The pressure sensors (Keller PA-21Y) are used to measure the pressure of the
brake cylinder and the main air reservoir. In addition, the air drier is a system accessory
that can filter out water from the air. Moreover, Figure 3 shows the block diagram of the
experimental platform, which describes the relationship among the components in the
experimental platform.

1

2

3

4

5

6

7

9

8

Figure 2. The experimental platform for testing the brake cylinder pressure control method.
(1) Industrial personal computer; (2) data acquisition card; (3) brake control unit; (4) supply valve
and exhaust valve; (5) pressure sensor; (6) brake cylinder; (7) main air reservoir; (8) air compressor;
(9) air dryer.
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Figure 3. The block diagram of the experimental platform.

The model parameters of the electropneumatic brake system are provided in Table 1.

Table 1. Model parameters of the electropneumatic brake system.

Parameters Values Parameters Values

V 1.2 L R 287 J·(Kg·K)−1

A1 6.2 mm2 A2 5.7 mm2

T 293.15 K γ 1.4
ps 700 kPa pa 101.325 kPa
Cd 0.64 kt 0.001 (1/s)

The other controller parameters are set as β1 = 1860, β2 = 10100, kq = 3.5, kr = 3.2,
ko = 1.8. The control parameters of the prescribed performance function are given by
η0 = 200, η∞ = 0.3, δ = 1.01, δ̄ = 1.04, k1 = 1.25 in the braking mode, and η0 = 300,
η∞ = 0.3, δ = 1.03, δ̄ = 1.01, k1 = 1.2 in the releasing mode.

5.2. Experimental Results and Analysis

With the electropneumatic brake system shown in Figure 1, the train has two com-
monly used operation modes including the braking mode and the releasing mode, and the
experiments are conducted under the two modes. Moreover, the following three controllers
are compared.

PI: The proportional–integral controller, which is widely used in the practical electropneu-
matic brake system due to its easy deployment, and thus is treated as a bench-
mark controller for comparison. For a fair comparison, the PI gains are set as
kP = 1.6/

(
3× 105

)
, kI = 0.001/

(
3× 105

)
.

PPC: The prescribed performance pressure tracking controller without the extended state
observer, and PPC for short here.

Observer-based PPC: The prescribed performance pressure tracking controller with the
extended state observer proposed in this paper, and OPPC for short here.

The following performance indices are used to evaluate the quality of each controller.

(1) RMSE: The root mean squared error (RMSE) is defined as

RMSE =

√√√√ 1
N

N

∑
i=1

(
ep(i)

)2, (49)

where N is the sample number.
(2) SSE: The steady-state error (SSE), which is used as an index of measure of

tracking accuracy.
(3) ST: The settling time (ST), which is used to evaluate the rapidity of the pressure

tracking. It is defined as the time required for the pressure curve to reach and stay
within a range of ±3 kPa of the reference value in this paper.
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(4) SN: The switching number, which is used as a numerical measure of the switching
activity of the on/off solenoid valve. It is defined as the total number of switches of
the two solenoid valves.

Detailed experimental results and performance comparisons of three controllers are
provided as follows.

5.2.1. Braking Experiment

In the braking mode, the brake cylinder pressure should be increased to a given refer-
ence pressure by controlling two solenoid valves. In this experiment, the brake cylinder
pressure is set to increase from 0 kPa to 300 kPa. Figure 4 presents the comparative pressure
tracking results of three control methods. As shown in Figure 4, three controllers can make
the pressure of the brake cylinder increase quickly and reach the reference pressure within
only 1 s. However, the PI controller makes the pressure have large fluctuations during
1∼8.2 s. Although the pressure curve under the PPC method is smoother than that under
the PI controller, it has a larger steady-state error compared with that under the proposed
controller. The proposed control method, i.e., OPPC, shows the best pressure control per-
formance. This is because the proposed controller addresses the system uncertainty in real
time and switches the valves appropriately to achieve fast and precise pressure tracking.

PI
PPC
OPPC

Time(s)

P
re

ss
ur

e(
kP

a)

Figure 4. The comparative pressure tracking results of the PI, the PPC, and the OPPC methods under
the braking mode.

The pressure tracking errors of the three control methods are shown in Figure 5. From
this figure, it can be found that the error curve fluctuates violently for the PI method,
which leads to a larger overshoot and steady-state error. Compared with the PI method,
the pressure tracking errors of the PPC and the OPPC methods are always within the
prescribed performance bounds, which makes the pressure have smaller overshoot and
steady-state errors. Moreover, the proposed control method makes the pressure converge
to the range of ±3 kPa of the reference pressure more quickly than the PPC method. The
compared tracking errors in Figure 5 further verify the superiority of the proposed method.

Figure 6 shows the comparative PWM signals of three control methods under the
braking mode. [−1, 0) means that only the exhaust valve is open, (0, 1] means that only
the supply valve is open, and 0 means that two valves are closed. From the results, three
controllers can generate the same control signal to open the supply valve during 0∼1 s, and
then the pressure rises similarly during this period. However, after the pressure reaches the
reference pressure at 1 s, the proposed pressure controller can calculate the control signals
correctly because of its adaptivity to the system uncertainty, and the PWM duty cycles
are smaller than the ones of the PI controller. The small PWM duty cycle leads to a slight
adjustment in the pressure, which can reduce the effect of the temperature variation and
other uncertainties on the pressure and make the pressure converge to the reference value
quickly. Furthermore, since the uncertainty is compensated in the control input, the values
of the duty cycles are larger under the OPPC method compared with the PPC method,
but they lead to faster convergence of the pressure and fewer switching times of solenoid
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valves. In addition, the low number of switching times can result in the short energizing
time of solenoid valves, slowing down the aging of the solenoid valves.

PI
PPC
OPPC

Time(s)

P
re

ss
ur

e 
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 e
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(k
P

a)

−300

−200

−100

−10
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Figure 5. The comparative pressure tracking errors of the PI, the PPC, and the OPPC methods under
the braking mode.

0 2 4 6 8 10 12 14

0

0.5

1

0 2 4 6 8 10 12 14

0

0.5

1

0 2 4 6 8 10 12 14

0

0.5

1

PI

PPC

OPPC

−1
−0.5

−0.5
−1

−1
−0.5

Figure 6. The comparative PWM signals among the PI, the PPC, and the OPPC methods under the
braking mode.

Figures 7 and 8 show the estimated results of x1 and x2, respectively. Figure 7 shows
the comparison between the real x1 and its estimation x̂1, from which it can be found
that the obtained x̂1 is accurate enough. From Figure 8, it can be found that, during the
whole pressure control process, the system uncertainty such as the temperature variation
shows significant changes, causing the pressure to fluctuate notably. Thus, it is necessary
to estimate the uncertainty online to compensate for the control input and improve the
controller performance.

Time(s)

Figure 7. The comparison between x1 and x̂1 under the braking mode.
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Figure 8. The estimation of system uncertainties x2 under the braking mode.

Table 2 also summarizes the control performance comparisons of three methods in
the braking experiment based on the quantified indicators of RMSE, SSE, ST, and SN. The
results also present that the proposed controller OPPC can provide the best pressure control
performance. The performance comparisons also verify the effectiveness and superiority of
the proposed control method.

Table 2. Performance comparisons of PI, PPC, and OPPC controllers under the braking mode.

Controller RMSE SSE ST SN

PI 48.2443 2.88 4.75 26
PPC 48.1951 2.82 3.6 22

OPPC 48.0397 2.59 2.65 18

5.2.2. Releasing Experiment

When the train is in the releasing mode, the pressure controller should control two
solenoid valves to make the brake cylinder discharge and reach the reference pressure. In
this experiment, the initial pressure of the brake cylinder is set to 400 kPa and the reference
pressure is set to 100 kPa. Figure 9 presents the comparative pressure tracking results of
the brake cylinder controlled by three controllers. From Figure 9, the pressure reaches the
reference value until 7 s and exhibits distinct undershoot and overshoot at 10.5 s under the
PI controller. Compared with the PI controller, the pressure controlled by the other two
controllers responds more quickly during 4∼7 s but results in a longer settling time due
to distinct chattering, and displays smoother tracking during 7∼14 s. Among the three
controllers, the proposed controller OPPC provides the most rapid and accurate pressure
tracking results.

PI
PPC
OPPC

Time(s)

P
re

ss
ur

e(
kP

a)

Figure 9. The comparative pressure tracking results among the PI, the PPC, and the OPPC method
under the releasing mode.

The pressure tracking errors of three controllers are plotted in Figure 10. From this
figure, it can be found that the tracking error under the PI control method is beyond the
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prescribed performance bounds at 10.5 s. Although the tracking error under the PPC
method satisfies the prescribed performance bounds, the error curve has more fluctuations
and there is a larger steady-state error compared with that of the proposed control method.
With the proposed OPPC method, the pressure error curve is smooth and the steady-state
error is small. The compared pressure tracking errors further show that the proposed
method can achieve better control performance.

Figure 11 shows the comparison of the PWM signals among three controllers, where
[−1, 0) means that the exhaust valve is open and 0 means that the exhaust valve and the
supply valve are both closed. For the three controllers, the exhaust valve becomes open
during 0∼3.85 s after the braking command is given and then the pressure of the brake
cylinder decreases. A change in the duty ratio means a switch in the solenoid valve in
Figure 11. With the PI controller, the values of duty cycles are small but result in many
switches in solenoid valves. Compared with the PI controller, the switching times of the
solenoid valves of the other two controllers are fewer. For the proposed OPPC method,
since the estimated model uncertainty compensates for its control input, it can calculate the
control signals more appropriately. Then, the least amount of switching times of solenoid
valves is obtained when compared with the other two controllers. The proposed pressure
controller helps lengthen the lifetime of the valves.
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Figure 10. The comparative pressure tracking errors among the PI, the PPC, and the OPPC method
under the releasing mode.
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Figure 11. The comparative PWM signals among the PI, the PPC, and the OPPC method under the
releasing mode.

Figures 12 and 13 show the estimated x1 and x2, respectively. In Figure 12, we can see
that the estimated x1 can match the real x1 well. From Figure 13, it can be found that the
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uncertainty in the brake cylinder pressure system also shows significant changes during
the air discharging. Thus, it is necessary to estimate the uncertainty online to improve the
performance of the pressure controller.

Time(s)

Figure 12. The comparison between x1 and x̂1 under the releasing mode.
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−5

Figure 13. The estimation of system uncertainties x2 under the releasing mode.

Table 3 summarizes the control performance comparisons of three methods in the
releasing experiment based on the quantified indicators of RMSE, SSE, ST, and SN. The
results demonstrate that the proposed controller OPPC provides the best pressure con-
trol performance, which is reflected by its minimal values in four performance metrics.
The quantified performance comparisons further verify the effectiveness of the proposed
control method.

Table 3. Performance comparisons of PI controller, PPC controller, and OPPC controller under the
releasing mode.

Controller RMSE SSE ST SN

PI 78.4979 3.0 3.85 14
PPC 78.4401 2.58 3.9 8

OPPC 77.2698 2.37 3.75 6

6. Conclusions

This paper proposes a prescribed performance pressure control method with online
model uncertainty estimation for a train electropneumatic brake system. The proposed
method overcomes the challenge caused by the nonlinearity, uncertainties, and input
saturation, guaranteeing the desired control performance. Based on the designed extended
state observer, an accurate uncertainty estimation of the brake cylinder is first achieved
in real time. The desired pressure tracking performance is then ensured by introducing
the prescribed performance function and parameter adaptive method in the controller
design. Rigorous convergence analysis of the designed observer and stability analysis of
the closed-loop pressure control system are presented. Comparative experimental results
verify the effectiveness and superiority of the proposed pressure control method. In this
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research, it is worth noting that the estimation of the system uncertainties directly affects
the performance of the proposed control strategy. Hence, the determination of the optimal
gains of an extended state observer will be another possible topic for further work.
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