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Abstract: The composite material flywheel rotor of a flywheel energy storage system (FESS) has a low
natural frequency. When the system suffers from noise interference, the magnetic bearing generates
a force with the same frequency as the natural frequency and causes vibration to occur. Thus, it is
necessary to suppress the natural vibration of the magnetic suspended (MS) FESS. The LMS adaptive
notch filter is generally adopted for vibration suppression. The vibration suppression performance of
the system is different when the insertion position of the notch filter is different. This paper analyzes
the influence of the notch filter in different insertion positions of the control system. Through the
transfer function from noise to magnetic bearing force, theoretical analysis of the influence of different
positions of the notch filter is performed. Corresponding experiments are performed in a 500 kW MS
FESS prototype. The theoretical analysis is verified experimentally.

Keywords: magnetic suspension flywheel energy storage; natural frequency; vibration suppression;
insertion position of the notch filter

1. Introduction

Energy storage systems (ESSs) play increasingly important roles in modern I ndustrial
applications. A flywheel energy storage system (FESS) is a type of ESS that has the
advantages of high efficiency, fast response, instantaneous high power, low maintenance,
and long life [1–3]. Thus, FESSs have been applied in electric vehicles [4,5], hydraulic
excavators [6], wind power generation [7,8], microgrids [9], photovoltaic generation [10],
uninterruptible power supply (UPS) [11,12], and aerospace applications [13]. In an FESS,
energy is stored in a high-speed flywheel rotor. The FESS generally adopts a composite
material flywheel rotor [14,15]. By using a composite flywheel rotor, the FESS can obtain
a higher linear velocity and energy storage density [15]. However, the stiffness of the
composite material is small, resulting in a relatively low natural frequency of the composite
flywheel, which is generally a few hundred hertz. In the magnetic suspended (MS) FESS,
the composite material flywheel rotor is supported by magnetic bearings (MBs), which have
the advantages of low loss, frictionlessness, and silent operation [16,17]. The MB controller
generates noise interference of the same frequency as the natural frequency of the flywheel
rotor. Therefore, the MB generates an electromagnetic force that has the same frequency
as the natural frequency. This electromagnetic force becomes the excitation source of the
flywheel rotor. When the frequency of the force is the same as the natural frequency, the
flywheel rotor vibrates violently, causing system instability [18].
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The notch filter can filter out signals with a certain frequency. Therefore, the vibration
of the MB system can be suppressed. Vibration suppression methods based on notch filters
have been widely applied in MB systems. The main notch filters applied in MB systems
include the generalized notch filter [19,20], the least mean square (LMS) adaptive notch
filter [21–23], and the phase-shift notch filter [24,25]. In [19], a generalized narrow-band
notch filter is proposed for an MB system. This notch filter is inserted into the multivariable
feedback without destabilizing the closed loop. In [20], a generalized notch filter based
on synchronous rotating frame (SRF) transformation is proposed for autobalancing of the
magnetically suspended rotor. In [21], a harmonic based on a frequency-domain adaptive
LMS is proposed to suppress the vibration force. This method introduces a convergence
factor in the frequency domain that improves the updating strategy of the step size and the
convergence rate of the algorithm. In [22], a double-channel adaptive LMS error algorithm
is proposed to suppress the imbalanced vibration. A modified adaptive notch filter with
phase shift is proposed in [23] to suppress the unbalanced vibration. This notch filter does
not require angular velocity information. In [24], a phase-shift notch filter is proposed to
ensure stable operations over the entire speed range. In [25], a control system scheme with
cascaded mode phase-shift notch filters is proposed for the MB rotor control system.

Notch filters have been widely applied in the vibration suppression of MB systems
and show satisfactory vibration suppression performance. However, research on the notch
filters in MB control systems is mainly focused on the notch filter algorithm. The influence
of the insertion positions of the notch filters is not sufficiently discussed. The MB control
system is a double closed-loop system. The outer loop is a position control loop, and the
inner loop is a current control loop. The notch filter can be inserted into the feedback path
of the outer loop, the forward path of the outer loop, the feedback path of the inner loop,
and the forward path of the inner loop. In general, the notch filter is inserted into the
forward path of the position control loop. In this paper, the influence of the notch filter
access position is analyzed, and the control model of the MB system is clarified. The LMS
adaptive notch filter is adopted for vibration suppression, and the influence of the insertion
position of the notch filter is analyzed through the Bode plot.

The remainder of this paper is organized as follows. In Section 2, the structure of the
MS FESS is presented. In Section 3, the influence of the access position of the notch filter is
analyzed. In Section 4, the experiment is performed on the FESS prototype to verify the
theoretical analysis. Finally, the conclusion is drawn in Section 5.

2. Structure of the FESS

An FESS is a type of mechanical energy storage device in which mechanical energy
is stored in a high-rotation-speed flywheel rotor. The structure of the MS FESS is shown
in Figure 1. The MS FESS is installed vertically, which mainly includes the flywheel rotor,
MBs, high-speed motor, corresponding position sensors, and base. The flywheel rotor is
supported by MBs and installed in a vacuum chamber. Thus, the flywheel rotor can operate
at a high speed without mechanical friction and with low wind resistance. FESS achieves
energy conversion through a high-speed motor. The motor rotor connects to the flywheel
rotor. The flywheel rotor has the same rotation speed as the rotor of the motor. The FESS
has three MBs as follows: the top radial MB, the bottom radial MB, and the top axial MB.
The power amplifier (PA) should generate currents to the MBs of the FESS. By applying the
appropriate current, the MB system can generate the corresponding electromagnetic force
to suspend the flywheel rotor.

Stable MS control is important to the MS FESS. Natural frequency vibration is one of
the issues that cause system instability. To avoid natural frequency vibration, the force with
the same frequency as the natural frequency should be filtered out.
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Figure 1. The structure of the FESS.

3. Analysis of the Insertion Position of the Notch Filter

In this section, the influence of the insertion position of the notch filter is analyzed.
The model of the MB control system and the LMS adaptive notch filter are presented. Based
on the control model and the notch filter, the influence of the insertion position of the notch
filter is analyzed through a Bode plot.

3.1. Model of the Magnetic Bearing Control System

The MS FESS of Figure 1 adopts a permanent-magnet-biased MB. The structure dia-
gram of the hybrid MB is shown in Figure 2. The electromagnetic force generated by the
hybrid MB is deduced as Equation (1):

fmag =
µ0SN2

2

[(
I0 − I

D0 − x

)2
−
(

I0 + I
D0 + x

)2
]

(1)

where fmag is the electromagnetic force of the MB, N is the number of turns of the MB coil,
µ0 is the vacuum permeability, S is the area directly opposite to the magnetic pole, D0 is the
MB air gap, x is the flywheel rotor position, and I is the coil current.
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The rotor is suspended at the position where x = 0. According to the Taylor series
expansion, Equation (1) can be linearized as follows in Equation (2):

fmag = Kxx + Ki I (2)

where Kx is the displacement stiffness of the MB and Ki is the current stiffness of the MB.
According to Newton’s second law, the kinematic equation can be deduced as follows

in Equation (3):
fmag = m

..
x = Kxx + Ki I (3)

The transfer function of Equation (3) is presented as follows:

Gm(s) =
Ki

ms2 − Kx
. (4)
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The MS control system is a double closed-loop control system. The control block
diagram is shown in Figure 3. A proportional–derivative (PD) controller is adopted for MB
position control, and the transfer function of the PD controller is presented as follows in
Equation (5):

Gpd(s) = Kpx + Kdxs (5)

where Kpx is the proportional coefficient of the PD controller and Kdx is the differential
coefficient of the PD controller.
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For current control, the coil of the MB is equivalent to the resistance–inductance series
circuit. Thus, the model of the coil can be deduced as follows in Equation (6):

Gc(s) =
1

Ls + R
(6)

where L is the inductance of the MB coil and R is the resistance of the MB coil.
A (proportional integral) PI controller is generally used for current control, and the

transfer function of the PI controller is deduced as follows in Equation (7):

Gpi(s) = Kpi +
Kii
s

(7)

The influence of the insertion position of the notch filter is analyzed based on the
above control system model.

3.2. LMS Adaptive Notch Filter Algorithm

The vibration is suppressed by the LMS adaptive notch filter. The LMS adaptive notch
filter is based on the Wiener filter and minimum mean square error (MMSE) criteria, which
uses the gradient descent method to minimize the mean square error of the signal [26].
Thus, the filter can output the best signal estimate. The block diagram of the LMS adaptive
filter is shown in Figure 4. In Figure 4, Ts is the sampling time of the discrete system, ω0 is
the center frequency of the LMS notch filter, the input vector X(kTs) is the reference signal of
the algorithm, d(kTs) is the expected signal, and w is the weighting coefficient of the filter.
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The weighting coefficient is adjusted by the gradient descent method to minimize the
mean square error. The mean square error is presented as follows in Equation (8):

MSE = E
[
e2(kTs)

]
(8)
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The error of the signal can be deduced as follows in Equation (9):

e(kTs) = d(kTs)− XT(kTs)W(kTs)X(kTs) (9)

where W is the filter weighting coefficient matrix.
Combining (8) and (9), the mean square error can be further deduced as follows in

Equation (10).
MSE = E

(
d2
)
+ WTRW − 2WTP (10)

where R is the autocorrelation matrix of the input signal, P is the cross-correlation matrix
of the expected signal d(kTs), and X(kTs) is the input signal.

The partial differential of the mean square error can be deduced as follows in Equation (11).

∂MSE
∂W

= 2RW − 2P (11)

According to Equation (11), the filter coefficient matrix W can be directly calculated.
However, the inverse matrix of R needs to be obtained. In practical applications, matrix
inversion requires massive computing resources. Thus, the descent method is adopted to
obtain the filter weighting matrix. The weighting matrix is adjusted along the negative
gradient direction. The recursive equations of the LMS adaptive notch filter algorithm can
be deduced as follows in Equation (12) [26]:

e(kTs) = d(kTs)− y(kTs)
y(kTs) = w1(kTs) cos ω0kTs + w2(kTs) sin ω0kTs
W[(k + 1)T]s = W(kTs) + 2µe(kTs)X(kTs)

(12)

where µ is the step length.
The step length can be used to adjust the convergence speed and steady-state accuracy

of the filter. According to Equation (12), the transfer function of the LMS adaptive notch
filter can be deduced as follows in Equation (13):

G f (z) =
1 − 2z−1 cos ω0Ts + z−2

1 − 2(1 − µ)z−1 cos ω0Ts + (1 − 2µ)z−2 (13)

In this paper, the LMS adaptive notch filter of Equation (13) is used to analyze the influence
of the notch filter at different insertion positions of the control system on vibration suppression.

3.3. Insertion Position of the Notch Filter

The MS control system is a double closed-loop system. The LMS adaptive notch filter
has four insertion positions. The four insertion positions are the forward path of the outer
loop, the feedback path of the outer loop, the forward path of the inner loop, and the
feedback path of the inner loop, which are shown in Figure 5.
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According to Equation (2), the electromagnetic force of the MB is proportional to the
current of the PA. When the PA generates a current that has the same frequency as the
natural frequency of the flywheel rotor and has a sufficiently large amplitude, a violent
vibration occurs in the flywheel rotor. To suppress the vibration, the PA should not generate
a current that has the same frequency as the natural frequency. In MS control, signals with
the same frequency as the natural frequency mainly come from the noise of the position
sensors and the current sensor. To analyze the influence of different insertion points on
vibration suppression, the transfer function from the sensor noise to the PA current is
deduced. Based on the transfer function, this paper uses a Bode plot to qualitatively
analyze the influence of different insertion positions.

When the notch filter is inserted at position 1, i.e., the forward path of the outer loop,
the transfer function from the sensor noise to the current can be deduced as follows in
Equations (14) and (15):

G1i(s) =
I(s)
di(s)

=
Gpi(s)Gc(s)

1 + Gpd(s)Gpi(s)Gc(s)Gm(s)G f (s) + Gpi(s)Gc(s)
(14)

G1x(s) =
I(s)

dx(s)
=

G f (s)Gpd(s)Gpi(s)Gc(s)
1 + Gpd(s)Gpi(s)Gc(s)Gm(s)G f (s) + Gpi(s)Gc(s)

(15)

where Gf(s) is the continuous transfer function of the LMS adaptive notch filter, di(s) is the
Laplace transform of the current noise signal, dx(s) is the Laplace transform of position
noise, and I(s) is the Laplace transform of the current.

The Bode plots of Equations (14) and (15) are shown in Figure 6. According to Figure 6,
the natural frequency noise of the position sensor can be filtered out when the notch filter
is inserted at position 1. However, the natural frequency noise of the current sensor cannot
be filtered out.
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When the notch filter is inserted into position 2, the transfer function from the sensor
noise to the current is deduced as follows in Equations (16) and (17).

G2i(s) =
I(s)
di(s)

=
Gpi(s)Gc(s)

1 + Gpd(s)Gpi(s)Gc(s)Gm(s)G f (s) + Gpi(s)Gc(s)
(16)
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G2x(s) =
I(s)

dx(s)
=

G f (s)Gpd(s)Gpi(s)Gc(s)
1 + Gpd(s)Gpi(s)Gc(s)Gm(s)G f (s) + Gpi(s)Gc(s)

(17)

According to Equations (14)–(17), the transfer functions of insertion position 1 and
insertion position 2 are the same. Thus, the Bode plots of insertion position 1 and insertion
position 2 are the same.

When the notch filter is inserted at position 3, the transfer function from the sensor
noise to the current is deduced as follows in Equations (18) and (19).

G3i(s) =
I(s)
di(s)

=
G f (s)Gpi(s)Gc(s)

1 + Gpd(s)Gpi(s)Gc(s)Gm(s) + Gpi(s)Gc(s)G f (s)
(18)

G3x(s) =
I(s)

dx(s)
=

G f (s)Gpd(s)Gpi(s)Gc(s)
1 + Gpd(s)Gpi(s)Gc(s)Gm(s) + Gpi(s)Gc(s)G f (s)

(19)

The Bode plots of Equations (18) and (19) are shown in Figure 7. When the notch filter
is inserted at position 3, the natural frequency noise of the position sensor and the current
sensor can both be filtered out.

Actuators 2023, 12, x FOR PEER REVIEW 7 of 14 
 

 

When the notch filter is inserted into position 2, the transfer function from the sensor 
noise to the current is deduced as follows in Equations (16) and (17). 

( ) ( )
( )

( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( )2 1

pi c
i

i pd pi c m f pi c

G s G sI s
G s

d s G s G s G s G s G s G s G s
= =

+ +
 (16) 

( ) ( )
( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( )2 1

f pd pi c
x

x pd pi c m f pi c

G s G s G s G sI s
G s

d s G s G s G s G s G s G s G s
= =

+ +
 (17) 

According to Equations (14)–(17), the transfer functions of insertion position 1 and 
insertion position 2 are the same. Thus, the Bode plots of insertion position 1 and insertion 
position 2 are the same. 

When the notch filter is inserted at position 3, the transfer function from the sensor 
noise to the current is deduced as follows in Equations (18) and (19). 

( ) ( )
( )

( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( )3 1

f pi c
i

i pd pi c m pi c f

G s G s G sI s
G s

d s G s G s G s G s G s G s G s
= =

+ +
 (18) 

( ) ( )
( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( )3 1

f pd pi c
x

x pd pi c m pi c f

G s G s G s G sI s
G s

d s G s G s G s G s G s G s G s
= =

+ +
 (19) 

The Bode plots of Equations (18) and (19) are shown in Figure 7. When the notch filter 
is inserted at position 3, the natural frequency noise of the position sensor and the current 
sensor can both be filtered out. 

 
Figure 7. Bode plot of the transfer function from the noise to the current of insertion position 3: (a) 
transfer function from the current noise to the current; (b) transfer function from the position noise 
to the current. 

When the notch filter inserts to position 4, the transfer function from the sensor noise 
to the current is deduced as follows in Equations (20) and (21): 

( ) ( )
( )

( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( )4 1

f pi c
i

i pd pi c m pi c f

G s G s G sI s
G s

d s G s G s G s G s G s G s G s
= =

+ +
 (20) 

( ) ( )
( )

( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )4 1

pd pi c
x

x pd pi c m f pi c f

G s G s G sI s
G s

d s G s G s G s G s G s G s G s G s
=

+ +
 (21) 
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When the notch filter inserts to position 4, the transfer function from the sensor noise
to the current is deduced as follows in Equations (20) and (21):

G4i(s) =
I(s)
di(s)

=
G f (s)Gpi(s)Gc(s)

1 + Gpd(s)Gpi(s)Gc(s)Gm(s) + Gpi(s)Gc(s)G f (s)
(20)

G4x(s)
I(s)

dx(s)
=

Gpd(s)Gpi(s)Gc(s)
1 + Gpd(s)Gpi(s)Gc(s)Gm(s)G f (s) + Gpi(s)Gc(s)G f (s)

(21)

The Bode plots of Equations (20) and (21) are shown in Figure 8. According to Figure 8,
the natural frequency noise of the current sensor can be filtered out when the notch filter is
inserted at position 4. However, the natural frequency noise of the position sensor cannot
be filtered out.
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Based on the above analysis, the notch filter is inserted at position 3, i.e., the forward
path of the inner loop is the most effective to filter out the natural frequency noise of
the sensors.

4. Experimental Results

The influence of the insertion position of the LMS adaptive notch filter is experimen-
tally analyzed on a 500-kW MS FESS prototype. The natural frequency is tested through a
laser vibrometer. The position responses of different insertion positions of the notch filter
are tested.

4.1. Experimental Platform

The experimental platform is shown in Figure 9. The experimental platform includes
a 500-kW MS FESS prototype, Tektronix oscilloscope, Rohde & Schwarz FSH4 dynamic
signal analyzer, and power supply. The MS FESS prototype is shown in Figure 10, and its
main parameters are listed in Table 1.
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Table 1. Main Parameter Specification of the MS.

Symbol Description Value

VDC Maximum voltage 500 V
Pr Maximum power 500 kW
Em Stored energy 1.2 kWh
ωm Maximum design speed 27,000 rpm
Mr Rotor weight 58.0 kg
Sm Prototype Size Φ500 × 590 mm

4.2. Experiment A: Test of the Natural Frequency of the Flywheel Rotor

The natural frequency test device is shown in Figure 11. The flywheel rotor is sus-
pended by a rope. A Polytecpsv-500 laser vibrometer is used to test the natural frequency.
The tested natural frequency is shown in Figure 12. According to Figure 12, the natural
frequency of the flywheel rotor is 635 Hz. Thus, the selected center frequency of the notch
filter is 635 Hz.

Actuators 2023, 12, x FOR PEER REVIEW 9 of 14 
 

 

 
Figure 9. The experimental platform of the MS FESS. 

 
Figure 10. (a) The MS FESS prototype. (b) The flywheel rotor. 

4.2. Experiment A: Test of the Natural Frequency of the Flywheel Rotor 
The natural frequency test device is shown in Figure 11. The flywheel rotor is sus-

pended by a rope. A Polytecpsv-500 laser vibrometer is used to test the natural frequency. 
The tested natural frequency is shown in Figure 12. According to Figure 12, the natural 
frequency of the flywheel rotor is 635 Hz. Thus, the selected center frequency of the notch 
filter is 635 Hz.  

The frequency analysis of the current sensor signal and position sensor signal is pre-
sented in Figure 13. The frequency analysis shows that the current sensor signal and po-
sition sensor signal include a noise signal that is the same as the natural frequency. To 
avoid natural frequency vibration, the noise signal that is the same as the natural fre-
quency should be filtered out. 

 
Figure 11. The device for testing the natural frequency of the flywheel rotor. Figure 11. The device for testing the natural frequency of the flywheel rotor.

Actuators 2023, 12, x FOR PEER REVIEW 10 of 14 
 

 

 
Figure 12. The tested natural frequency of the flywheel rotor. 

 
Figure 13. Frequency analysis of the sensor signal: (a) current sensor; (b) position sensor. 

4.3. Experiment B: Position Responses of Different Insertion Positions 
The experimental analysis of different insertion positions of the notch filter is per-

formed. The parameters of the notch filter are listed in Table 2. Figure 14 shows the exper-
imental results when the notch filter is inserted into the forward path of the outer loop, 
i.e., insertion position 1. According to Figure 14a, the amplitude of the vibration without 
a notch filter is larger than 25 μm. With a notch filter, the amplitude of the vibration can 
be smaller than 4 μm. The experimental result illustrates that the vibration can be sup-
pressed when the notch filter is inserted at position 1. However, the notch filter cannot 
filter out the natural frequency noise of the current sensor. When the gain of the current 
controller increases, the current noise is amplified. Figure 14b shows the position response 
curve when the gain of the current controller is increased by 30%. The amplitude of the 
vibration is increased and is larger than 10 μm. 

Table 2. Main Parameters of the LMS filter. 

Symbol Description Value 
ω0 Center frequency 635 Hz 
μ  Step length 0.01 
fs Sampling frequency 5 kHz 

Figure 12. The tested natural frequency of the flywheel rotor.



Actuators 2023, 12, 22 10 of 14

The frequency analysis of the current sensor signal and position sensor signal is
presented in Figure 13. The frequency analysis shows that the current sensor signal and
position sensor signal include a noise signal that is the same as the natural frequency. To
avoid natural frequency vibration, the noise signal that is the same as the natural frequency
should be filtered out.
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4.3. Experiment B: Position Responses of Different Insertion Positions

The experimental analysis of different insertion positions of the notch filter is per-
formed. The parameters of the notch filter are listed in Table 2. Figure 14 shows the
experimental results when the notch filter is inserted into the forward path of the outer
loop, i.e., insertion position 1. According to Figure 14a, the amplitude of the vibration
without a notch filter is larger than 25 µm. With a notch filter, the amplitude of the vibration
can be smaller than 4 µm. The experimental result illustrates that the vibration can be
suppressed when the notch filter is inserted at position 1. However, the notch filter cannot
filter out the natural frequency noise of the current sensor. When the gain of the current
controller increases, the current noise is amplified. Figure 14b shows the position response
curve when the gain of the current controller is increased by 30%. The amplitude of the
vibration is increased and is larger than 10 µm.

Table 2. Main Parameters of the LMS filter.

Symbol Description Value

ω0 Center frequency 635 Hz
µ Step length 0.01
fs Sampling frequency 5 kHz
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Figure 15 shows the experimental results when the notch filter is inserted into the
feedback path of the outer loop, i.e., insertion position 2. With this notch filter, the vibration
can be suppressed, and the amplitude of the vibration is smaller than 4 µm. Similar to
insertion at position 1, the notch filter cannot filter out the natural frequency noise of the
current sensor. Figure 15b shows the position response curve when the gain of the current
controller is increased by 30%. The amplitude of the vibration is increased and is larger
than 12 µm.
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Figure 16 shows the experimental results when the notch filter is inserted into the
forward path of the inner loop, i.e., insertion position 3. With a notch filter, the amplitude
of the vibration can be suppressed and is smaller than 4 µm. Based on the theoretical
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analysis, the notch filter can filter out the natural frequency noise of the current sensor
and the position sensor. Figure 16b shows the position response curve when the gain
of the position controller is increased by 30%. The amplitude of the vibration does not
significantly increase and is smaller than 6 µm.
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Figure 17 shows the experimental results when the notch filter is inserted into the
feedback path of the inner loop, i.e., insertion position 4. With a notch filter, the vibration
can be suppressed, and the amplitude of the vibration is smaller than 4 µm. The notch filter
cannot filter out the natural frequency noise of the position sensor. Figure 17b shows the
position response curve when the gain of the position controller is increased by 30%. The
amplitude of the vibration is increased and is larger than 18 µm.
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The experimental results show that the vibration can be suppressed to a certain extent
by inserting the notch filter into the four positions of Figure 5. When the notch filter is
inserted at position 3, the MS system shows the most appropriate vibration suppression
performance. The experimental results match the theoretical analysis.

5. Conclusions

In this paper, the influence of the insertion position of the notch filter in an MS FESS
is analyzed for natural frequency vibration suppression. The MS control model and LMS
adaptive notch filter are given. Based on the control mode and notch filter, the influence of
the insertion position is analyzed by the Bode plot. The experimental analysis is carried
out on a 500 kW MS FESS prototype. The main conclusions are presented as follows.

(1) The vibration can be suppressed to some extent by inserting the notch filter into the
forward and feedback path of the outer loop and the forward and feedback path of
the inner loop.

(2) When the notch filter is inserted into the forward and feedback path of the outer loop,
the natural frequency noise of the position sensor can be filtered out; nevertheless, the
natural frequency noise of the current sensor cannot be filtered out. When the notch
filter is inserted into the feedback path of the inner loop, the natural frequency noise
of the position sensor can be filtered out; nevertheless, the natural frequency noise of
the current sensor cannot be filtered out.

(3) When the notch filter is inserted into the forward path of the inner loop, the natural
frequency noise of the position sensor and current sensor can be filtered out. Inserting
the notch filter into the forward path of the inner loop is the most appropriate way to
suppress the natural vibration.
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