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Abstract

Electrohydrostatic actuators (EHAs) are used to replace traditional centralized

hydraulic systems to reduce weight and improve efficiency and maintainabil-

ity. This paper proposes a cascade active disturbance rejection control (C-

ADRC) method for single-rod EHAs with parametric uncertainties and severe

external disturbances. The studied EHA can be transformed into a cascade

connection of a first-order pressure system and a second-order position system.

Two linear active disturbance rejection controllers are designed for the inner

pressure system and the outer position system to estimate and compensate for

various uncertainties in the two loops, respectively. The uniqueness of the C-

ADRC is that the two linear active disturbance rejection controllers are

designed by making full use of the measurable states and known model infor-

mation of the EHA system. It is theoretically proved that the closed-loop sys-

tem is semi-globally uniformly ultimately bounded. Moreover, the proposed

controller can theoretically ensure position tracking with desired accuracy as

the bandwidth of extended state observers (ESOs) becomes sufficiently high.

Simulation and experimental results verify the effectiveness of the proposed

method.
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1 | INTRODUCTION

A typical electrohydrostatic actuator (EHA) is a pump-
controlled variable power transmission system. EHA sys-
tems are superior to traditional hydraulic transmissions
because they afford higher power density and efficiency
in addition to faster responses. EHAs have been success-
fully implemented in aircrafts and robots to improve the
system performance [1–3]; they are now gradually being
applied to large construction machinery. However, EHAs
suffer from external load disturbances and internal

uncertainties (e.g., parametric uncertainties, unmodeled
dynamics, etc.) that affect their precision and stability.

To reduce the adverse effects of system parametric
uncertainty and to improve the tracking performance of
EHAs, many researchers have developed linear and
nonlinear control methods for the position, velocity, and
force of EHAs. The investigated strategies include variable
structure sliding mode control strategies [4–11], feedback
linearization methods [12, 13], backstepping controller
based on Lyapunov methods [14, 15], nonlinear adaptive
control methods [16, 17], robust control methods [18–20],
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and active-disturbance-rejection-based methods. A
nonlinear adaptive controller has negligible effect on the
uncertain nonlinearity; this hinders the development of
high-performance tracking controllers [21].

Active-disturbance-rejection-based methods can esti-
mate and compensate for the total disturbance and
mainly include DOBC [22], active disturbance rejection
control (ADRC) [23], and uncertainty and disturbance-
estimator-based control [24]. Some researchers have
developed disturbance-observer-based control (DOBC) to
estimate the mechanical and hydraulic disturbances of
electrohydraulic systems [25, 26]. However, DOBC
methods require full state information. ADRC requires
minimal information regarding the system model rather
than a precise mathematical model and treats the
unknown dynamics and disturbances in the physical pro-
cess as total disturbance, an extended state observer
(ESO) is constructed to estimate the disturbances in real
time, and then compensation is applied to the control sig-
nal to eliminate the effect of disturbances. Engineering
applications in various industrial systems illustrate the
superiority of ADRC [21, 27–34]. In recent years, studies
have clarified the theoretical basis of ADRC [35]. A uni-
form asymptotic solution was obtained, and the exponen-
tial stability of ADRC based on singular perturbation
analysis has been presented in [36]. Several modified
ADRCs for nonlinear time delay systems have been stud-
ied and comprehensively compared through theoretical
analysis in [37]. An innovative ADRC with control input
composed of compensation has been proposed in [38],
and its effectiveness has been verified through experi-
ments with a manipulator system.

The applications of ADRC in electrohydraulic servo
control systems have gradually increased. An active dis-
turbance rejection adaptive control method was devel-
oped for motion control of hydraulic servo systems [21].
The unique features of the proposed controller were that
both matched and unmatched uncertainties were esti-
mated by two linear ESOs, and the parametric uncer-
tainties were reduced by parameter adaptation to reduce
the burden of ESOs and to avoid high gain feedback.
However, this method required the full state information.
In practical applications, only some states of special con-
cern are measured in actual hydraulic servo systems,
such as the position and pressure signals of the actuator.
Therefore, it is necessary to further study the methods to
exploit ADRC in the output feedback control of EHA sys-
tems with uncertain nonlinearities. In engineering appli-
cations, the higher order of the observer is, the more
sensitive to noise will be. To overcome this limitations of
high-order observers, several studies have utilized the
pressure dynamics of the actuator and have proposed var-
ious cascade controllers, as in [39–43]. In [41], a sliding

mode-based cascade control method with a position
outer-loop and pressure inner-loop was proposed for a
6-DOF parallel robot manipulator driven by a valve-
controlled asymmetric hydraulic cylinder. In [42], a four-
loop nonlinear cascade controller based on an active dis-
turbance compensation method for pump-controlled
symmetrical EHA system was proposed. However, this
method has many parameters to be tuned, which hinders
its application in engineering.

The focus of this paper is to propose a solution that
not only can make full use of the advantages of the exis-
ting control method and the known information of the
EHA system but also facilitate simple parameter tuning
and can therefore be practically applied in engineering. A
cascade ADRC (C-ADRC) method inspired by the linear
active disturbance rejection control (LADRC) and cas-
cade control [39–41] was proposed to control a single-rod
EHA. The C-ADRC comprises two cascade linear active
disturbance rejection controllers (LADRC), and the
uncertain disturbance of each channel can be estimated
and compensated in each control channel, which effec-
tively reduces the feedback gain. The inner-loop control
gain is obtained by using the model information. The the-
oretical analysis shows that the overall system is semi-
globally uniformly ultimately bounded. Moreover, the
proposed controller can theoretically ensure the position
tracking error with desired accuracy as the bandwidth of
ESOs becomes sufficiently high. The simulation and
experimental results show that the proposed method has
excellent estimation and tracking precision, strong
robustness to system uncertainty. The main contributions
of this paper are summarized as follows:

1. By transforming the studied EHA system into a cas-
cade connection of a first-order pressure system and a
second-order position system, a C-ADRC method is
proposed based on the model information. This
method can make full use of the measurable states
and known model information of the EHA system.

2. The semi-global uniform ultimate boundedness of the
closed-loop is rigorous proved. It illustrates that the
proposed controller can theoretically ensure desired
accuracy in position tracking as the bandwidth of
ESOs becomes sufficiently high. The novelty of this
study lies not only in analyzing the stability of the pro-
posed method but also in theoretically providing the
parameters tuning method of the controller in engi-
neering applications.

The remainder of this paper is organized as follows.
Section 2 introduces the nonlinear mathematical model
of the EHA hydraulic system. Section 3 describes the C-
ADRC method and its theoretical analysis. Section 4
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presents the simulation results. Section 5 presents the
experimental results. Finally, Section 6 presents the con-
clusions of this study.

2 | NONLINEAR MODEL OF EHA

Figure 1 shows a schematic diagram of a single-rod EHA
system. As shown, the system mainly comprises a host
computer, controller, servo driver, motor, gear pump,
single-rod hydraulic cylinder, pair of hydraulic locks, and
safety valve. Further, an inertial load is driven by a pump-
controlled single-rod hydraulic cylinder. This study aims to
overcome the spring load, viscous damping load, and dis-
turbances F(x,t) during EHA operation so that the position
xt of the load M can track a desired input trajectory as
closely as possible. The dynamics equation of the EHA sys-
tem can be expressed as

m€xtþF x, tð ÞþBp _xtþkt xt ¼A1P1�A2P2, ð1Þ

where xt is the load displacement, m is the total mass of
the load and piston, A1 and P1 represent the effective area
and pressure of the piston-side, and A2 and P2 represent
the effective area and pressure of the rod-side,
respectively. F x, tð Þ¼ f f x, tð ÞþFL represents other distur-
bances, such as unmodeled nonlinear frictions f f and
external load force disturbances FL. Bp is the effective
viscous damping coefficient, and kt is the load
spring stiffness. The EHA hydraulic circuit is shown in

Figure 2. Considering the compressibility of hydraulic oil
and the transient fluid flow dynamics, the flow
continuity equations of the hydraulic cylinder can be
expressed as

FIGURE 1 Schematic diagram of

single-rod EHA system [Color figure can

be viewed at wileyonlinelibrary.com]

FIGURE 2 Schematic diagram of EHA hydraulic circuit [Color

figure can be viewed at wileyonlinelibrary.com]
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Q1þ q1 tð Þ¼A1 _xtþ V 10þVpipe1þA1xt
� �

=βe
� � � _p1

þCip p1�p2ð Þ, ð2Þ

Q2þq2 tð Þ¼A2 _xt� V 20þVpipe2�A2xt
� �

=βe
� � � _p2

þCip p1�p2ð Þ, ð3Þ

where Q1 and Q2 denote the flow rates in the actuator, βe
is the effective volume elastic modulus of the hydraulic
oil, Cip is the internal leakage coefficient of the hydraulic
cylinder, V10 and V20 represent the initial volumes of the
two chambers of the actuator, Vpipe is the volume of each
of the two connecting pipes, and q1(t) and q2(t) represent
the modeling errors in the dynamics of p1 and p2,
respectively.

Compared with the mechanical and hydraulic
subsystem, a high-response AC servo motor responds
faster, with lower inertia and nonlinearity. Thus, the
servo motor dynamics is neglected. Therefore, we
assume the input signal u to be proportional to the
pump output speed. Accordingly, Q1 and Q2 can be
expressed as

Q1 ¼ A1=A2ð ÞQ2 ¼Dpkm u, ð4Þ

where km is the gain with respect to the control input
and Dp is the pump displacement.

The EHA system dynamic can be described as

_xt ¼ xv,

_xv ¼�kt
m
xt�Bp

m
xv�F x, tð Þ

m
þ 1
m

A1p1�A2p2ð Þ,

_p1 ¼
βe

V10þVpipeþA1xt
�A1 _xtþQ1þd1ð Þ,

_p2 ¼
βe

V20þVpipe�A2xt
A2 _xt�Q2�d2ð Þ:

8>>>>>>>>><>>>>>>>>>:
ð5Þ

where d1 ¼ q1 tð Þ� cip p1�p2ð Þ, d2 ¼ q2 tð Þ� cip p1�p2ð Þ,
and xv is the velocity of the piston.

The state variables are defined as
x¼ x1,x2,x3½ �T ¼ xt, _xt,A1p1�A2p2½ �T , and the state-space
form equation of the EHA system can be expressed as

_x1 ¼ x2,

_x2 ¼ f s x1ð Þþ f d x, tð Þþb�x3d,

_x3 ¼� A2
1βe
V1

þA2
2βe
V2

� �
_x1þ A1βe

V1
d1þA2βe

V2
d2

� �
þ A1βeDpkm

V1
þA2

A1

A2βeDpkm
V 2

� �
u

¼ σ xð Þþbxu,

y¼ x1:

8>>>>>>>>>>>>><>>>>>>>>>>>>>:
, ð6Þ

where y is measurable output, f s x1ð Þ¼� kt
mx1,

f d x, tð Þ¼� Bp=m
� �

x2�F x, tð Þ=m,

σ xð Þ¼� A2
1βe
V1

þA2
2βe
V2

� �
_x1þ A1βe

V1
d1þA2βe

V2
d2

� �
,

V1 ¼V10þVpipe1þA1x1, and V 2 ¼V20þVpipe2�A2x1.

bx ¼ A1βeDpkm
V 1

þA2
A1

A2βeDpkm
V2

� �
is used in the simulation and

experiment. Further, x1 is the position of the piston, x2 is
the velocity of the piston, and x3 is the load force of the
hydraulic cylinder.

3 | C-ADRC DESIGN

3.1 | Issues to be addressed

The hydraulic system is subjected to parametric uncer-
tainties owing to variations in physical parameters.
For designing observers and controllers, the nominal
values of the physical parameters (i.e., βe, Bp, and Cip)
are utilized, and the parameter deviations are lumped
to the total disturbance terms, namely, f d x, tð Þ in the
third line and σ(x) in the sixth line of Equation (6). The
control goal is to design the control input u to make the
measurable output y track a desired input trajectory as
closely as possible during the EHA operation. The
observer and controller are designed under the following
assumptions:

Assumption 1. The desired tracking posi-
tion, velocity, and acceleration are all
bounded, and p1 and p2 are both physically
bounded by the pump outlet and inlet pres-
sure. The functions f s x1ð Þ, f d x, tð Þ and σ (x) in
Equation (6) are locally Lipschitz in a com-
pact subset for all x �R3 and all t�Rþ.

Remark 1. In the actual EHA systems, the
initial values of all states remain in a compact
subset.

Assumption 2. The functions f d x, tð Þ, σ xð Þ
and their time derivatives are all bounded for
all x � R3 and all t�Rþ.

3.2 | ESO design

Based on the system model in Equation (6), we con-
structed two state observers under the assumption that
the output displacement and the pressures, p1 and p2, of
the actuator are measurable. f s x1ð Þ can be treated as

4 HAN ET AL.



known dynamic variables, f d x, tð Þ and σ(x) are
unmatched and matched unknown uncertainty, respec-
tively. Thus, we extended unmatched and matched uncer-
tainty as states xed1 and xed2. Let h1 and h2 be unknown
bounded functions, the time derivatives of xed1 and xed2
are h1 and h2, respectively. Therefore, the two ESOs can
be constructed as follows:

_bx1 ¼bx2þ l1 x1�bx1ð Þ,
_bx2 ¼ f s bx1ð Þþbxed1þb�bx3þ l2 x1�bx1ð Þ
_bxed1 ¼ l3 x1�bx1ð Þ:

8>><>>: , ð7Þ

_bx3 ¼bxed2þbxuþ l4 x3�bx3ð Þ,
_bxed2 ¼ l5 x3�bx3ð Þ:

(
, ð8Þ

where bx¼ bx1,bx2,bxed1,bx3,bxed2½ �T �R5 is the estimation of
x and li, i¼ 1,2,3,4,5 are the observer gains. By referring
to [44], let l1, l2, l3, l4, l5½ � ¼ ωo1α1,ω2

o1α2,ω
3
o1α3,ωo2α4,

�
ω2
o2α5� with ωo1, ωo2 > 0, and ωo1 and ωo2 are the band-

widths of the two observers.

Remark 2. In this study, in contrast to the
existing studies, the load force (A1p1�A2p2)
of single-rod EHA is directly defined as a state
variable to fully utilize the known model
information of the EHA system and to ensure
a more intuitive observer design process.

Let χ¼ χ1,χ2,χ3½ �T ¼ x�bxð Þ=ωi�1
o1 , j¼ 1,2,ed1, i¼ 1,2,3,

γ¼ γ1,γ2½ �T ¼ x�bxð Þ=ωi�1
o2 , and i¼ 1,2: j¼ 3,ed2. Then,

we have

_χ¼ωo1A1χþB1Δ1,

_γ¼ωo2A2γþB2Δ2:

	
ð9Þ

where A1 ¼
�α1 1 0

�α2 0 1

�α3 0 0

264
375, A2 ¼

�α4 1

�α5 0


 �
,B1 ¼ 0, 0, 1½ �T ,

B2 ¼ 1, 1½ �T , Δ1 ¼ 0, Δf s, h1=ω
2
o1

� �
, and Δ2 ¼ 0, h2=ωo2½ �.

The estimation error is defined as
η¼ η1,η2,ηed1,η3,ηed2½ �T ¼ χ,γ½ �T , then

_η1 ¼ _x1� _bx1� �
=ω0

o1 ¼�l1η1þωo1η2,

_η2 ¼ _x2� _bx2� �
=ω1

o1 ¼ �l2η1þb�η3þω2
o1ηed1þΔf s

� �
=ωo1,

_ηed1 ¼ _xed1� _bxed1� �
=ω2

o1 ¼ �l3η1þh1ð Þ=ω2
o1:

8>>>>><>>>>>:
_η3 ¼ _x3� _bx3� �

=ω0
o2 ¼�l4η3þωo2ηed2,

_ηed2 ¼ _xed2� _bxed2� �
=ω1

o2 ¼ �l5η3þh2ð Þωo2:

8><>:
ð10Þ

Let ε¼ 1=ωo1 ¼ 1=ωo2, and 0< ε� 1. Then, the dynamic
of the state estimation errors can be given by

ε _η¼Aηηþ εBΔ0, ð11Þ

where Aη ¼
A1 0

0 A2


 �
,B¼ B1, B2½ �T , and Δ0 ¼ Δ1,Δ2½ �:.

3.3 | Controller design

The desired track state vector is defined as r¼ r1,r2,r3½ �T .
By combining the unknown total disturbances estimation
obtained from the designed ESOs, the virtual control law
x3 is designed as

x3d ¼ 1
b�

k1 r1�bx1ð Þþk2 r2�bx2ð Þ�bxed1�bf sþ r3
h i

, ð12Þ

and the actual control input can be designed as

u¼M sat
1
M

1
bx

k3 x3d�bx3ð Þ�bxed2½ �
	 
	 


: ð13Þ

where M is the saturation bound of the control input u.
The standard saturation function is defined as
sat ϑð Þ¼min 1, ϑj jf gsign ϑð Þ, which is used to protect
the system from peaking in the observer's transient
response.

Substituting Equation (12) into Equation (13) gives

u¼Msat

	
1

Mbx

k3
b�

k1 r1� x1þbe1ð Þ½
	

þk2 r2� x2þbe2ð Þ�þk3 e3þ e3ð Þ



þ 1
Mbx

k3
b�

�bxed1�bf sþ r3
� �

�k3x3d



�bxed2�
:

ð14Þ

where bx >0, b� >0, and ki >0, i¼ 1,2,3: ki is selected as
the coefficient of the Hurwitz characteristic polynomial
snþknsn�1þ�� �þk1: For simplicity, let snþknsn�1þ�� �þ
k1 ¼ sþωcð Þn with ωc > 0. Further,

ki ¼ n!
i�1ð Þ! nþ1�ið Þ!ω

nþ1�ið Þ
c1 , i¼ 1, 2, and let k3 ¼ωc2,

where ωc1 and ωc2 are the bandwidths of the controllers of
the outer and inner loops, respectively. In engineering
applications, to realize a satisfactory tracking performance,
ωc2 should be significantly greater than ωc1.

The tracking error vector is defined as
ei ¼ ri�xi, i¼ 1,2;ej ¼ x3d� x3, j¼ 3. Therefore, the track-
ing error dynamics of Equation (6) is
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_e¼AeeþBeΛeηþBfΔ3: ð15Þ

where Ae ¼
0 1 0

�k1 �k2 0

�k1k3=b� �k2k3=b� �k3

264
375 is the Hurwitz

matrix, Be ¼
0 0 0 0 0

�k1 �k2 �1 0 0

�k1k3=b� �k2k3=b� 0 �k3 �1

264
375,

Λe ¼

1 0 0 0 0

0 ω1
o1 0 0 0

0 0 ω2
o1 0 0

0 0 0 1 0

0 0 0 0 ω1
o2

26666664

37777775,Bf ¼ 0 1 1½ �T , and

Δ3 ¼ 0, �Δf s,
k3
b�

bxed1þbf s� r3
� �

þ _x3dþk3x3d


 �
.

Upon combining the observer error dynamics with
Equation (11), the error dynamics of the closed-loop
EHA system can be expressed as

_e¼AeeþBeΛeηþBfΔ3,e 0ð Þ¼ e0, ð16Þ

ε _η¼Aηηþ εBΔ0,η 0ð Þ¼ η0: ð17Þ

Remark 3. The procedure for choosing
parameters of the proposed controller is pro-
vided as follows.

1. The saturation bound M in (12) is chosen such that
the saturation is not activated under the state
feedback.

2. For the designed ESOs in (7) and (8), a general
method to choose parameters αi, i¼ 1,2,3 is
αi ¼ 3þ1ð Þ!

3þ1�ið Þ!i!, and αi, i¼ 4,5 is αi ¼ 2þ1ð Þ!
2þ1� i�3ð Þð �! i�3ð Þ!½ . Let

ωo1=ωo2, and ε¼ 1=ωo1 ¼ 1=ωo2 is chosen to guaran-
tee the stability and performance requirements of the
closed-loop system.

3. For the designed control law in (14), let ωc1 = ωo1/(3–
5) and ωc2 = ωo2/(2–3).

4. In practice, we may need to retune the parameters ε
and ωc based on the well-tuned parameters in
simulations.

3.4 | Main results

Assume that the initial states of the closed-loop system
(Equations (16) and (17)) are e0 � S and η0 �Q, where

S and Q are both a compact set in R3 and R5, respectively.
The closed-loop system (Equations (16) and (17)) is a
standard singularly perturbed system [45]. When ε! 0,
the boundary layer system can be expressed as

ε _η ¼Aηη: ð18Þ

Because Aη is a Hurwitz matrix, a unique positive definite
symmetric matrix Pη1 > 0 exists such that
Aη

TPη1þPη1Aη ¼�I. We choose the Lyapunov function
as W ηð Þ¼ ηTPη1η. For the boundary layer system in
Equation (18), the time derivative of W ηð Þ is

_W ηð Þ¼� ηk k2=ε≤ 0: ð19Þ

According to the definition of Lyapunov stability, the
boundary layer system in Equation (18) is asymptotically
stable, η! 0, and t!∞. Let η¼ 0, then the tracking
error e can degenerate into

_e¼AeeþBfΔ3: ð20Þ

Because Ae is a Hurwitz matrix, a unique positive definite
symmetric matrix Pe1 > 0 exists such that
Aη

TPe1þPe1Aη ¼�I. A Lyapunov candidate function V(e)
is defined as V eð Þ¼ eTPe1e. For the degenerate system in
Equation (20), the time derivative of V eð Þ is

_V eð Þ¼� ek k2þ2eTPe1BfΔ3 ≤
� ek k ek k�2λmax Pe1ð ÞBfΔ3

� �
: ð21Þ

By referring to Assumption 1, the system dynamics
f s x1ð Þ, f d x, tð Þ, and σ(x) are local Lipschitz functions
with respect to x. There exists ψ >0 and ϕ>1 such
that Δ3j j≤ ϕ� εð Þψ . Therefore, Equation (21) can be
rewritten as

_V eð Þ¼� ek k2þ2eTPe1BfΔ3 ≤
� ek k ek k�2λmax Pe1ð Þ ϕ� εð Þψð Þ: ð22Þ

If ek k≥ 2λmax Pe1ð Þ ϕ� εð Þψ , then we have _V eð Þ≤ 0.
According to the definition of Lyapunov stability,
the degenerate system in Equation (20) is asymptoti-
cally stable, and e and η asymptotically converge to 0 as
t!∞.

Theorem 1. If Assumptions 1–2 hold, then

1. there exists ε� >0 such that for any 0< ε< ε�,
the trajectories e tð Þ,η tð Þð Þ of systems (16) and
(17) starting from the compact set S�Q are
bounded for any t>0, and
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2. there exists ε�1 ¼ ε�1 ξ1ð Þ>0 and T1 ¼T1 ξ1ð Þ for
any ξ1 > 0 such that

e tð Þk kþ η tð Þk k≤ ξ1, 8t≥T1, ð23Þ

for any 0< ε< ε�1.

Proof of Theorem 1. The proof consists of
three steps. The first step is to prove the posi-
tive definite invariance of an appropriately
selected set Λ that can be arbitrarily small in
the direction of the error variable. The second
step is to prove that any state trajectory of the
closed-loop system (Equations (16) and (17))
starting from the compact set S�Q will enter
the invariant set within a finite time. The
third step is to prove that the state trajectory
e tð Þ,η tð Þð Þ can approach the state origin with
arbitrary precision.

Step 1: By referring to Assumption 1, for any
e tð Þ,η tð Þð Þ� S�Q, the system dynamics f s x1ð Þ, f d x, tð Þ,
and σ (x) are local Lipschitz functions with respect to x.
Combined with the continuous differentiability of the
control input u, there exist L1,L2,L3,L4 > 0 such that

BeΛeηk k≤L1 ηk k, ð24Þ

Δ1j j≤ εL2 ηk k and Δ2j j≤L3þ εL4 ηk k, ð25Þ

Assume that Λ¼ V eð Þ≤ cf g� W ηð Þf ≤ ρε2g, where
c≥ λmax Pe1ð Þ e0k k2.

Lemma 1. Assuming that there exist ε1 ≥ 0
and a constant ρ that depends on ε1, the com-
pact set Λ is positive definite invariant for any
ε� 0,ε1ð �.

Proof. For the tracking error e of the sub-
system in Equation (16), we have

_V eð Þ¼� ek k2þ2eTPe1BeΛeηþ2eTPe1BfΔ3

≤ � ek k ek k�2λmax Pe1ð Þ L1 ηk kþ ϕ� εð Þψð Þð Þ: ð26Þ

To make _V eð Þ≤ 0 hold for any e tð Þ,η tð Þð Þ� V eð Þ¼ cf g�
W ηð Þ≤ ρε2f g,

ek k≥ 2λmax Pe1ð Þ L1 ηk kþ ϕ� εð Þψð Þ: ð27Þ

is necessary.

Additionally,

λmin Pe1ð Þ ek k2 ≤V eð Þ≤ λmax Pe1ð Þ ek k2,and ð28Þ

λmin Pη1
� �

ηk k2 ≤W ηð Þ≤ λmax Pη1
� �

ηk k2: ð29Þ

To hold Equation (27), we obtain

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c

λmax Pe1ð Þ
r

≥ 2λmax Pe1ð Þ L1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρε2

λmin Pη1
� �s

þ ϕ� εð Þψ
 !

,

) ρ≤
λmin Pη1

� �
ε2L21

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c=λmax Pe1ð Þp
2λmax Pe1ð Þ � ϕ� εð Þψ

" #2
,

ð30Þ

From Equation (30), Equation (27) holds if

ρ¼ λmin Pη1
� �

ε2L2
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c=λmax Pe1ð Þp
2λmax Pe1ð Þ � ϕ� εð Þψ

" #2
: ð31Þ

Remark 4. From Equation (30), ρ can be
appropriately large for a constant c>0 when
ε is very small.

For the subsystem in Equation (17), the time deriva-
tive of W(η) is

_W ηð Þ ¼ � ηk k2
ε

þ2ηTPη1 B1Δ1þB2Δ2ð Þ

≤ � ηk k2
ε

þ2ελmax Pη1
� �

L2þL4ð Þ ηk k2

þ2L3λmax Pη1
� �

≤ � ηk k2
2ε

� ηk k 1�4ελmax Pη1
� �

L2þL4ð Þ
2ε

ηk k
�

�2λmax Pη1
� �

L3

�
:

ð32Þ

For any e tð Þ,η tð Þð Þ� V eð Þ≤ cf g� W ηð Þ¼ ρε2f g, if
_W ηð Þ≤ 0, then we have

ε<1= 4λmax Pη1
� �

L2þL4ð Þ� �
, ð33Þ

ηk k≥ 4ελmax Pη1
� �

L3
1�4ελmax Pη1

� �
L2þL4ð Þ : ð34Þ

Based on Equations (28) and (29), Equation (34) holds if
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cλmin Pη1

� �q
≥

8ε
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ3max Pη1

� �
λ3max Pe1ð Þ

q
λmax Pe1ð ÞL1L3

1�4ελmax Pη1
� �

L2þL4ð Þ

0@
þ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ3max Pe1ð Þ

q
ϕ�εð Þψ

!
:

ð35Þ

Assuming that ε2 ¼ 1
4λmax Pη1ð Þ L2þL4ð Þ,

f εð Þ¼
8ε

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ3max Pη1

� �
λ3max Pe1ð Þ

q
λmax Pe1ð ÞL1L3

1�4ελmax Pη1
� �

L2þL4ð Þ
þ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ3max Pe1ð Þ

q
ϕ� εð Þψ :

In ε1 � 0,ε2ð Þ, f εð Þ increases monotonically, such that
lim
ε!0

f εð Þ¼ 0 and lim
ε!ε2

f ε2ð Þ¼∞. Therefore, there must exist
ε3 � 0,ε2ð Þ such that

f ε3ð Þ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cλmin Pη1

� �q
: ð36Þ

Therefore, Equation (35) holds for any ε� 0,ε3ð Þ, that is,
_W ηð Þ≤ 0 holds. Combining Equations (31) and (36)
proves Lemma 1.

Remark 5. According to Equation (36), the
smaller the obtained c value, the smaller is
the ε3 value. In other words, the parameters ε
of the ESO must be smaller if the output feed-
back control accuracy requirement is higher.

Step 2: In this case, considering
e0 � S,η0 =2 W ηð Þ≤ ρε2f g. Because e0 is the interior point
of S, from Equations (28) and (29), γe ¼

max
e � ∂ S,η � ∂Q

ek kþL1 ηk kþ ϕ� εð Þψf g satisfies

e tð Þ� e 0ð Þk k≤ γet and e tð Þ� S: ð37Þ

Thus, there is a finite time T0 that satisfies e tð Þ� S for
any t � 0,T0½ �. In t � 0,T0½ �, the time derivative of W ηð Þ is

_W ηð Þ≤ � ηk k2=2ε andW 0ð Þ> ρε2: ð38Þ

Further, from Equation (29), we obtain
dW
dt

≤ � 1

2ελmax Pη1
� �W , )W tð Þ

≤ W 0ð Þexp � 1

2ελmax Pη1
� � t !

,

ð39Þ

Then, we can estimate the time T at which W tð Þ enters
W ηð Þ≤ ρε2f g as

W 0ð Þexp � 1

2ελmax Pη1
� �T !

¼ ρε2, )T εð Þ

¼ 2ελmax Pη1
� �

ln
W 0ð Þ
ρε2

� �
:

ð40Þ

Based on L'Hôpital's Rule, we obtain lim
ε!0

T εð Þ¼ 0. Thus,
there exists ε4 > 0 such that T εð Þ<T0 for any ε� 0,ε4ð Þ.

Upon combining steps 1 and 2 of the certification pro-
cess, if we let ε� ¼min ε1,ε4f g, then for any ε� 0,ε�ð Þ, the
trajectory e tð Þ,η tð Þð Þ starting from S�Q will enter the
positive definite invariant set Λ within a finite time T. In
other words, the trajectory e tð Þ,η tð Þð Þ is bounded for any
t>0. Thus, the first conclusion of Theorem 1 is proved.

Step 3: Construct the constant φ1 ¼ δ1= 4λmax Pe1ð Þð
L1þ1Þ that holds for any δ1 > 0.

To ensure that any η belonging to the set
W ηð Þ≤ ρε2f g satisfies ηk k≤φ1, from Equation (29), we
obtain

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρε2

λmin Pη1
� �s

≤ φ1, ) ε

≤
1
ψ

L2φ1þϕ�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c=λmax Pe1ð Þp
2λmax Pe1ð Þ �

 !
≜ ε5:

ð41Þ

According to step 2, let ε�1 ¼min ε1,ε5f g. Then, the trajec-
tory e tð Þ,η tð Þð Þ starting from S�Q enters the positive def-
inite invariant set Λ within a finite time T ε�1

� �
. The time

derivative of V(e) is

_V eð Þ¼� ek k2þ2eTPe1BeΛeηþ2eTPe1BfΔ3

≤ � ek k2
2

� ek k ek k
2

�2λmax Pe1ð Þ L1 ηk kþ ϕ� εð Þψð Þ
� �

:

ð42Þ

If e tð Þ satisfies ek k≥ 4λmax Pe1ð Þ L1 ηk kþ ϕ� εð Þψð Þ, it can
guarantee _V eð Þ ≤ � ek k2=2. Assuming that
φ2 ¼ 4λmax Pe1ð ÞεL1φ1, if e T ε�1

� �� ��� ��≥φ2, we can estimate
the time T 0 at which e tð Þ enters e tð Þk k≤φ2f g. From
Equation (28), we obtain

dV
dt

≤ � 1
2λmax Pe1ð ÞV , )V tð Þ

≤ V T ε�1
� �� �

exp � 1
2λmax Pe1ð Þ t�T ε�1

� �� �� �
,

ð43Þ

and T 0 satisfies
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V T ε�1
� �� �

exp � 1
2λmax Pe1ð Þ T 0 �T ε�1

� �� �� �
¼ λmin Pe1ð Þφ2

2,V T ε�1
� �� �

≥ λmax Pe1ð Þφ2
2: ð44Þ

From Equation (44), we obtain T 0 ¼T ε�1
� �þ2λmax Pe1ð Þ

ln V T ε�1
� �� �

=λmin Pe1ð Þφ2
2

� �
: Let T1 ¼T 0. By combining

Equations (41) and (44), for any t>T1, we obtain

e tð Þk kþ η tð Þk k≤φ1þφ2¼
4λmax Pe1ð ÞεL1þ1
4λmax Pe1ð ÞL1þ1

δ1 ≤ δ1: ð45Þ

Thus, the second conclusion of Theorem 1 is correct,
Q.E.D.

Figure 3 provides a schematic diagram of the C-
ADRC structure.

Remark 6. It is theoretically shown that the
tracking accuracy of proposed controller is
sufficiently high as the bandwidth of the ESO
approaches infinity (ε! 0). On the other
hand, in practice, the bandwidth of ESO
should be determined by considering the
trade-off between the estimation performance
and the limitations (e.g., noise-sensitivity,
time-delay, etc.).

4 | SIMULATION RESULTS AND
DISCUSSION

The mathematical models of the EHA and C-ADRC stud-
ied in this paper were established in the MATLAB/

Simulink software. In the simulation, the sampling time
is set as 0.001 s, and the Euler method is utilized to dis-
cretize the continuous closed-loop system. The nominal
values of system parameters listed in Table 1 were used.
The spring load is considered in all the simulations.

In addition, the performance of the proposed control
method is assessed using the following three performance
indices, i.e., the maximum, average, and standard devia-
tion of the estimation and tracking errors marked as Me,
μav, and σs, respectively [10].

4.1 | Square-wave input tracking

The dynamic response for a square-wave input with
transition process is first analyzed. The constant load
force disturbance is set to 5000 N at 8 s to verify the
estimation performance and control robustness, and ωc2

is set to be more than two times ωc1. The controller
parameters are given as b* = 0.01, ωc1 = 20, ωc2 = 40,
ωo1 = 100, and ωo2 = 100. Figure 4 and Table 2 show
the estimation performance of the proposed method. It
can be seen that the estimated state variables tracked
the actual state variables well. The maximum estima-
tion error of xt is 0.13239 mm. At 8 s, a small peak
appeared in the position tracking owing to external dis-
turbances. However, it quickly returned to the set posi-
tion. The maximum estimation error of the force
reaches 21.9481 N when external disturbances occur.
Figure 5 shows the disturbance estimates in the two
channels of the C-ADRC controller. This figure shows
that the proposed controller can well estimate the dis-
turbance changes in the two control channels.

Figure 6 and Table 3 show the position tracking per-
formance of the C-ADRC controller. They show that the
proposed controller achieves good tracking performance
and has excellent anti-disturbance ability. Further,
Table 3 shows that the maximum tracking error of the
displacement and force are 0.50969 mm and 413.2487 N,
which are less than the desired value by 5.1% and 7%,
respectively. As the spring load weakens the stiffness
characteristic of the system, the tracking errors of dis-
placement and load force are large at 8 s. However, whenFIGURE 3 Schematic of C-ADRC structure

TABLE 1 Parameters Parameter Value Unit Parameter Value Unit

kt 110 N�mm�1 V10 1 � 104 mm3

Bp 200 N�s/m V20 7.486 � 105 mm3

m 100 kg Vpipe 1.41 � 104 mm3

A1 5024 mm2 βe 1700 MPa

A2 2461.76 mm2 Dp 1.25 ml/r

Cip 0.26 � 10�8 mm3/s/MPa km 300 /
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a large external disturbance is suddenly applied, the
instantaneous high-frequency fluctuation is greatly weak-
ened. The control input signal u increases rapidly when
the position signal changes as shown in Figure 6. When
an external disturbance occurs at 8 s, the control signal
u is quickly compensated.

In Equation (6), the spring load force f s x1ð Þ is treated
as a known disturbance, which is not included in the
total disturbance xed1 of the outer-loop. To analyze the
impact of model uncertainty on tracking performance,
f s x1ð Þ is classified as the total disturbance and known dis-
turbance, respectively, and the position tracking perfor-
mances are compared, as shown in Figure 7. As can be
observed, when f s x1ð Þ is treated as a known disturbance
to be compensated, the position tracking error is slightly
smaller. Thus, it is necessary to use as much model infor-
mation as possible in the ADRC controller design to
improving the tracking accuracy.

4.2 | Sinusoidal input tracking

To verify the tracking performance of the proposed con-
troller under sinusoidal signals, the reference position
x1d tð Þ¼ 6sin 0:2tð Þþ6 is used, which ensures that x1d is
bounded for Assumption 1. The load force disturbance is
also set to 5,000N at 8 s. The controller parameters are
given as b*= 0.01, ωc1= 15, ωc2= 30, ωo1= 60, and
ωo2= 60. Figure 8 and Table 4 show the estimation per-
formance of the proposed controller. Figure 8 shows that
the estimated state variables can track the actual state

FIGURE 4 Estimation of each state variable [Color figure can

be viewed at wileyonlinelibrary.com]

TABLE 2 Performance indices of state estimation

Estimation error Me μav σs

Position 0.13239 0.00022 0.03225

Force 21.9481 0.01668 0.9649

FIGURE 5 Disturbance estimation of C-ADRC controller

[Color figure can be viewed at wileyonlinelibrary.com]

FIGURE 6 Tracking performance and control input [Color

figure can be viewed at wileyonlinelibrary.com]

TABLE 3 Performance indices of state tracking

Indices Me μav σs

e1 0.50969 0.00089 0.1069

e3 413.2487 0.02321 19.59217
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variables well after the disturbance occurs at 8 s. When a
disturbance occurs, the actual state change can be well
estimated after a certain period. Table 4 shows that the
maximum estimation error of the displacement does not
exceed 0.05%. Figure 9 shows the estimation of distur-
bances in the two channels of the C-ADRC controller. As
shown, the proposed observer has excellent observation
performance.

Figure 10 and Table 5 show that the proposed method
has good dynamic tracking performance. When a distur-
bance occurs at 8 s, the displacement fluctuation is negli-
gible, and the tracking error fluctuates but quickly

becomes stable. Compared to the displacement, the sys-
tem load force is more sensitive to external disturbances.
As shown in Table 5, the maximum tracking error of the
displacement is less than 0.12 mm. The maximum track-
ing error of load force at 8 s is approximately 12.6% of the
given load force, which is less than the desired value by
0.5% after re-stabilization. The bottom curve of Figure 10
shows the control input signal changes with the distur-
bance, it indicates that the proposed controller has excel-
lent active anti-disturbance ability.

Since the total disturbances of the EHA system are esti-
mated and compensated, the proposed method shows excel-
lent performance in both steady-state and dynamic
tracking. The system output can also recover quickly under

FIGURE 8 Estimation results of proposed state observer

[Color figure can be viewed at wileyonlinelibrary.com]

TABLE 4 Performance indices of state estimation

Estimation error Me μav σs

Position 0.00559 1.54E�6 1.32E�4

Force 575.171 0.0012 10.9258

FIGURE 7 Comparison of position tracking error considering

model uncertainty [Color figure can be viewed at

wileyonlinelibrary.com]

FIGURE 9 Disturbance estimation of C-ADRC controller

[Color figure can be viewed at wileyonlinelibrary.com]

FIGURE 10 Position tracking results and control input [Color

figure can be viewed at wileyonlinelibrary.com]

TABLE 5 Performance indices of state tracking

Indices Me μav σs

e1 0.1154 1.42E�5 0.01311

e3 769.17 0.02097 20.0599
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a large sudden external disturbance. This further shows that
the method has a strong disturbance rejection ability.

4.3 | Low-speed step input tracking

A low-speed step input with transition process is selected
to validate the robustness and effectiveness of the pro-
posed controller.

4.3.1 | Simulation A: Robustness validation

To verify the robustness of the proposed controller, the
following external variable disturbance load forces based
on the x1 signal and time t are considered:

Case 1: FL ¼ 2000sin 5x1ð Þ,
Case 2: FL ¼ 2000sin 5x1ð Þ�exp 0:1x1ð Þ,
Case 3: FL ¼ 5000x1þ sin 5x1ð Þþ sin 20tð Þ,
Case 4: FL ¼ x1þ2x21þ3x31.

Figure 11 shows the step response results under the four
variable disturbance load forces. From Figure 11, the pro-
posed method has strong anti-disturbance property
against various external disturbances. Especially in Case
1, although the displacement output xt has small oscilla-
tion at the initial stage, the fluctuation amplitude of the
displacement tracking error is small. In other words, the
proposed ADRC is capable of handling various
disturbances.

4.3.2 | Simulation B: Effectiveness validation

To further verify the effectiveness of the proposed con-
troller, C-ADRC proposed is compared with a cascade
proportional-integral-derivative (PID) controller and a
cascade backstepping controller, and the design of a
backstepping controller is provided in [46]. In
simulation B, the variable disturbance load force in Case
3 of simulation A is adopted. The cascade PID controller
gains are kpo = 2200, kio = 1500, kdo = 0.0001,
kpi = 0.0537, kii = 2, and kdi = 0, which represent the P-
gain, I-gain, and D-gain of the outer-loop and inner-loop,
respectively. The parameters of the backstepping control-
ler for the outer-loop are b = 0.01, c1 = 30, and c2 = 50,
and the parameter for the inner-loop is c3 = 125, which
represent the control gain and tuning coefficient. The
tracking results and performance indices of the three
compared controllers are shown in Figure 12 and
Table 6. From Figure 12 and Table 6, the tracking error
of PID controller is much large compared to the other

two controllers, and the control input of the proposed
controller changes smoothly. Despite the maximum
tracking error of the proposed method being slightly less
than that in the backstepping controller, the performance
indices of the proposed method are better in the overall
period, as shown in Table 6. Comparing the performance
of the three controllers, the proposed C-ADRC controller
achieves the best tracking performance, which demon-
strates the effectiveness of disturbance estimation and
compensation of the proposed controller.

FIGURE 11 Position tracking results for various variable

disturbance load forces [Color figure can be viewed at

wileyonlinelibrary.com]

FIGURE 12 Compared tracking results [Color figure can be

viewed at wileyonlinelibrary.com]
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5 | EXPERIMENTAL
VERIFICATION

The experimental platform of a single-rod EHA is shown
in Figure 13. The platform consists of a spring load with
kt = 110 N/mm, an EHA including a single-rod hydraulic
cylinder with stroke of ±75 mm, a displacement sensor to
measure xt, two pressure sensors to measure p1 and p2, a
INOVANCE ISMH1 series AC servo motor with maxi-
mum speed of ±3000 r/min, a gear pump with displace-
ment of 1.25 ml/r, and a measurement and control
system. The measurement and control system consists of
an industrial computer and the Advantech PCI data
cards, with PCI-1713 AI card and PCI-1723 AO card.

In the experiments, the nominal values of the hydrau-
lic system parameters are the same as those in the simu-
lation model. The parameters of the proposed ADRC are
set as b* = 0.01, ωo1 = 10, ωc1 = 1.5, ωo2 = 10, and
ωc2 = 6, these are obtained by real-time tuning for a
given implementation. The reference position x1d tð Þ¼
6sin 0:02πtð Þþ6 is used. The experimental results of the
low-speed step and the sinusoidal input are shown in
Figure 14 and Figure 15, respectively. Figure 14a,b shows
that the proposed method is effective, and the tracking
performance of the inner-loop controller can meet the
requirements of the outer-loop. As shown in Figure 14c,
the two ESOs can observe the disturbance in the internal
and external channels in real time. From Figure 15a, the
proposed controller exhibited good dynamic tracking per-
formance. The position error in Figure 15b and the con-
trol input in Figure 15c gradually decrease. It is worth
noting that the control input fluctuates greatly when the
movement direction of the EHA changes.

To verify the effectiveness of the proposed C-ADRC
method, a comparison is made with the cascade PID con-
troller and the cascade backstepping controller. In the
experiments, the cascade PID controller gains of outer-

FIGURE 13 Experimental platform

of EHA [Color figure can be viewed at

wileyonlinelibrary.com]

FIGURE 14 Experimental

results of the low-speed step

input. (A) Reference and

responses. (B) Tracking errors.

(C) Estimated disturbances xed1
and xed2 [Color figure can be

viewed at wileyonlinelibrary.

com]

FIGURE 15 Sinusoidal

input response of the proposed

method. (A) Reference and

responses. (B) Tracking errors.

(C) Control input [Color figure

can be viewed at

wileyonlinelibrary.com]

TABLE 6 Tracking performance indices of the three

controllers

Indices Me μav σs
C-ADRC 0.46946 0.04924 0.0975

PID 1.14251 0.23985 0.35573

backstepping 0.56093 0.17616 0.18973
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loop and inner-loop are kpo = 15, kio = 0.0001, kdo = 0.2,
kpi = 5.6, kii = 0.1, and kdi = 0.002, respectively. The
parameters of the backstepping controller for outer-loop
are b = 0.01, c1 = 2, and c2 = 5, and the parameter for
inner-loop is c3 = 10. The tracking performance of the
three controllers is shown in Figure 16, and the perfor-
mance indices of state tracking are shown in Table 7. The
experimental results show that, compared to C-ADRC,
the tracking errors of the PID and backstepping control-
lers are more significant, especially μav and σs. The distur-
bance of the two channels can be estimated by two ESOs
in C-ADRC, and the estimated disturbance can be
compensated through the control input. Therefore, the
proposed C-ADRC achieved the best tracking
performance.

6 | CONCLUSION

In this paper, a C-ADRC method, comprising inner- and
outer-loop ADRCs, was proposed to control the pressure
and position of a single-rod EHA. The controller was
designed to track the desired state variables, and the
observers were used to estimate the state of the system
using the position and pressure feedback. The results of
the theoretical analysis indicate that the overall system,
in the presence of various uncertainties, recovers the
desired nominal performance. The simulation results

show that the proposed method has strong stability and
robustness to uncertainties and external disturbances of
the EHA system, and the tracking performance of the
outer-loop can be improved by improving the inner-loop
tracking performance owing to the independence of
parameter tuning. Furthermore, the comparative experi-
mental results illustrate the effectiveness of the proposed
method. In addition, the cascade design enables the
parameter range of the controller to be reduced
appropriately.
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