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Abstract: A simplified model is proposed for predicting the nonlinear dynamic response of vertically
loaded tapered piles in the time domain, in which the tapered pile is divided into several frustum
segments and the four-spring is used for the simulation of the soil–pile interaction. The differential
equations for the tapered pile are given and solved by the finite difference method. The vertical
dynamic response of a typical tapered pile is investigated, and the consistency of the computational
results compared with the finite element results convincingly verifies the reliability of the proposed
simplified model. Then, recommended segment numbers, considering the computational efficiency
and accuracy requirements for the dynamic analysis of tapered piles, are given. And parametric
studies are also carried out to investigate the effect of soil and pile parameters on the nonlinear
dynamic response of the tapered pile. The results show that soil nonlinearity significantly affects
the vertical dynamic characteristics of the tapered pile. And the tapered pile shows better dynamic
characteristics than the cylindrical pile with the same volume and pile length. In addition, the
properties of the soil along the upper part of the tapered pile have a more considerable effect on
the dynamic response of the tapered pile. These results help to further improve the theory of
nonlinear dynamic response analysis of tapered piles and promote its widespread application in
engineering practice.
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1. Introduction

Tapered piles are a novel type of pile that originated in the former Soviet Union in
the 1970s. Compared to cylindrical piles of the same volume, calculated by the theoretical
or numerical method used in engineering practices [1,2], the load-carrying capacity is
increased by 0.5~2.5 times [3–6]. Due to its advantages over traditional pile foundations
mentioned above, it is also used in structural foundations, slope retaining, and railway or
highway weak foundation treatment projects [7–9]. Many researchers have investigated the
vertical and lateral bearing capacity of the tapered pile. However, a limited understanding
of the tapered pile–soil dynamic interaction mechanisms has affected the widespread
use of tapered piles. Sudhendu and Ghosh [10] proposed a simplified analytical method
for the dynamic characteristics of the vertically loaded tapered piles and gave the factors
affecting the dimensionless stiffness and damping coefficients of the pile. Xie and Vaziri [11]
established a mathematical model for the vertical harmonic vibration of tapered piles and
verified it by field tests. Wu et al. [12] and Wang et al. [13] divided the tapered pile into
several continuous stepped cylindrical segments and then solved the vertical vibration
differential equation using the Rayleigh–Love bar theory to obtain the dynamic impedance
of the pile. Nevertheless, all the above analyses were based on the assumption that the
soil is a uniform elastic medium and that the soil is assumed to be an elastic material.

Buildings 2024, 14, 445. https://doi.org/10.3390/buildings14020445 https://www.mdpi.com/journal/buildings

https://doi.org/10.3390/buildings14020445
https://doi.org/10.3390/buildings14020445
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/buildings
https://www.mdpi.com
https://doi.org/10.3390/buildings14020445
https://www.mdpi.com/journal/buildings
https://www.mdpi.com/article/10.3390/buildings14020445?type=check_update&version=1


Buildings 2024, 14, 445 2 of 15

Actually, soil is distributed in a layered pattern and will show nonlinear characteristics
when subjected to a large load. Limited studies have been conducted to calculate the
nonlinear dynamic response of tapered piles considering the nonlinear interaction between
the soil and the pile, and the effects of the soil stratification on the dynamic characteristics
of the vertically loaded tapered pile were also not considered [14–17].

On the other hand, the tapered pile is a typical pile whose cross-section changes
linearly with pile length, and the interaction between the soil and tapered pile is improved
by a wedge-shaped surface, as shown in Figure 1. However, the current theoretical and
analytical models mentioned above almost always treat tapered piles approximately as
stepped piles, the inclined surface is treated as a vertical surface, and the effects of the taper
angle are not fully considered for a dynamic analysis of tapered piles [18–20]. Hu et al. [21]
provide a solution to calculate the dynamic impedance of the vertically harmonic loaded
tapered pile, considering the effects of the tapered angle in accordance with the elastic
dynamic Winkler theory. However, the soil was considered an elastic body, and this
approach cannot be further extended to the nonlinear dynamic response analysis. This
means that it is impossible to obtain the time-dependent response of the foundation, and
at the same time, it is impossible to obtain the dynamic response of the foundation in
the case of complex loads, such as seismic loads, wind loads, etc. Obviously, the current
understanding of the bearing characteristics of tapered piles is still insufficient, which will
prevent its development and application.
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Figure 1. Illustrations of a cylindrical pile, tapered pile and stepped pile.

To address the shortcomings of the current research analysis of tapered piles under
vertical loads, this paper focuses on investigating the nonlinear dynamic response of tapered
piles, considering the taper angle effect. Firstly, a pile–soil interaction model based on the
nonlinear Winkler dynamic theory was established, and the nonlinear vertical dynamic
characteristics of the tapered pile were obtained by solving the vertical vibration differential
equation using the finite difference method and the Newmark-β method. Secondly, the
effect of the number of tapered pile segments on the calculation accuracy of the nonlinear
dynamic response is discussed. Finally, parametric studies were conducted to explore
the effect of the tapered pile and soil parameters on the dynamic characteristics of the
vertically loaded tapered pile. These results help to further improve the theory of nonlinear
dynamic response analysis of tapered piles and promote its widespread application in
engineering practices.

2. Vertical Vibration of Tapered Piles in Layered Soils
2.1. Vertical Vibration Analysis Model

As shown in Figure 1, the vibration properties of a tapered pile subjected to vertical
harmonic load in layered soil are established based on the dynamic Winkler theory [22,23],
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where the taper angle, pile length and pile top radius of the tapered pile are θ, L and r0,
respectively. And the assumptions below are introduced to facilitate the analysis:

(1) It is assumed that the pile is elastic, the surface of the pile is always boned to the soil,
the pile deformation exists only in the y-z plane and the displacement perpendicular
to the pile is neglected, as shown in Figure 2.

(2) It is assumed that the soil is distributed in layers, and the height of the pile dis-
cretization is the same as that of the soil discretization. The pile–soil interaction was
simulated as a continuous series of separate soil springs and dampers distributed
around the pile shaft.

(3) It is assumed that the vertical harmonic load acts on the pile top, and the vertical
vibration mode of the pile also exhibits a harmonic vibration mode.

(4) It is assumed that each layer of soil is isotopically homogeneous. The soil around the
pile is assumed to be a plane strain model with no forces on the surface of the soil.
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Figure 2. Vertical vibration analysis model of the tapered pile: (a) pile differential element; (b) dis-
cretized by the finite differential method.

As illustrated in Figure 2a, the tapered pile is divided into n frustum segments along
the pile shaft According to the dynamic equilibrium condition, the differential equation
of vertical vibration of ith segment of the tapered pile, neglecting the internal damping
coefficients of the tapered pile, can be expressed as follows:

m(z)
∂2w(z, t)

∂t2 + c
∂w(z, t)

∂t
+ kw(z, t) = EA(z)

∂2w(z, t)
∂z2 + E

dw(z, t)
dz

dA(z)
dz

= 0 (1)

where E is the elastic modulus of pile, k and c are the stiffness and damping coefficient of
soil, m(z) and A(z) are pile mass per unit length and cross-sectional area at depth z, w(z, t) is
the vertical displacement of pile at depth z and time t.

To solve Equation (1), the equation is discretized by the finite difference method, and
the model can be illustrated as in Figure 2b. The height, radius and vertical displacement
of the ith segment are hi, ri and wi, respectively. The soil surrounding the tapered pile
is modeled as a continuous distribution of springs and dampers to model the soil–pile
dynamic interaction, where the springs kvi and dampers cvi are perpendicular to the normal
direction of the pile foundation, and the spring kpi and damper cpi are parallel to the normal
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direction of the pile foundation. The tangential force pti and normal force pni along the
tapered pile will be generated at the ith segment of the pile when the pile experiences
a vertical dynamic load V = V0eiωt with circular frequency ω. This is different from the
cylindrical pile due to the different form of the pile–soil contact surface. The vibration
equilibrium equation at each point of a vertically loaded tapered pile can be derived at
equidistant points zi, zi−1 and zi+1 [24], as follows:

Ep0 Ap0

hi
2 [2w0 − 2w1] + kvp0w0 =

Ep0 Ap0

hi
2 (1 − ahi

az + b
)

2hi p0

Ep0 Ap0
, (i = 0) (2)

Epi Api

hi
2 [−(1 − (

ahi
az + b

))wi−1 + 2wi − (1 +
ahi

az + b
)wi+1] + kvpiwi = 0, (i = 1 ∼ n − 1) (3)

Epn Apn

hi
2 [−2wn−1 + (2 + (1 +

ahi
az + b

)
2hikbz

Epn Apn
)wn] + kvpnwn = 0, (i = n) (4)

kvpi = kvi(cos θ)2 + kpi(sin θ)2, (5)

cvpi = cvi(cos θ)2 + cpi(sin θ)2, (6)

where Epi, mpi and Api are the elastic modulus, mass and cross-sectional area of the ith
frustum pile segment, respectively. The dynamic stiffness and damping coefficients of the
springs and dampers along the tapered pile shaft are to be determined as [25–27]

kvi ≈ 0.6Esi

(
1 +

1
2
√

a0i

)
, (7)

cvi ≈ 2βsi
kvi
ω

+ πρsiVsidia
− 1

4
0i , (8)

kpi ≈ 1.2Esi, (9)

cpi ≈ 2βsi
kpi

ω
+ 6ρsiVsidia

− 1
4

0i , (10)

where Esi, Vsi, ρsi and βsi are the soil elastic modulus, shear wave velocity, density and damp-
ing ratio of the ith soil segment. Di is the diameter of the ith pile segment. A0i = ωdi/Vsi is
the dimensionless frequency.

The pile tip segment can be approximated as a rigid mass block embedded in an elastic
foundation. Excluding the springs along the pile shaft, the dynamic stiffness and damping
coefficients of the spring at the pile tip can be obtained from the vertical vibration solution
given by Lysmer and Richart [28]:

kvb =
4Gbrb
1 − υb

, (11)

cvb =
3.4rb

√
Gbρb

1 − υb
, (12)

where kvb and cvb are the stiffness and damping coefficients of soil at the pile tip, respec-
tively. Gb, vb and ρb are the soil shear modulus, Poisson’s ratio and soil density at the pile
tip, respectively.

Combining the finite difference method and the Newmark-β method, the dynamic
response of a vertically loaded tapered pile can be derived as

{∆w} =

(Epi Api

hi
2

[
Ipl

]
+ b0

[
Mp

]
+ b1[Cv] +

[
Kvp

])−1{
∆F̃v

}
=

[
K̃v

]−1{
∆F̃v

}
, (13)

{
∆F̃v

}
=

[
∆Fv0 ∆Fv1 · · · ∆Fvi · · · ∆Fv(n−1) ∆Fvn

]T
, (14)
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∆Fvi = ∆Fv + mi[b2
.

w(t) + b3
..
w(t)] + cvi[b4

.
w(t)], (15)

where
[
K̃v

]
is the vertical equivalent total stiffness matrix, {∆w} and

{
∆F̃v

}
are the in-

crements of the vertical displacement and vertical equivalent load vectors. B0, b1, b2, b3,
b4 are the Newmark parameters, [Mp], [Kvp] and [Cv] are the mass, dynamic stiffness and
damping matrices of the tapered pile, respectively. [Ipl] is the coefficient matrix generated
by the computational process, given as

[
Ipl

]
=



2 −2
−(1 − A1) 2 −(1 + A1)

. . .
−(1 − Ai) 2 −(1 + Ai)

. . .
−(1 − An−1) 2 −(1 + An−1)

2 + (1 + An)
2kbz

hi


, (16)

where Ai =
− tan θhi

− tan θzi+r0
, zi is the length of the ith pile node to the ground surface.

2.2. Nonlinear Analysis Model

Actually, the soil surrounding the pile will exhibit typical nonlinear characteristics
when the soil is subjected to a vertical dynamic load. A hyperbolic nonlinear model with
the Masing criterion was introduced to simulate the nonlinear characteristics of soil, as
shown in Figure 3 [29–31].

1 

 

 
Parallel to inclined plane

τ

τm

τm

w
backbone 

wm

τf

τur

τ

backbone

γ

τur

γur

Figure 3. Nonlinear analysis model of the tapered pile.

For the soil parallel to the inclined plane of the tapered pile, the stress–displacement
hyperbolic nonlinear model is given as [29,30]

τ ± τm =
w ± wm

a + |w−wm |
2b

, (17)
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where τm is the yield shear stress that corresponds to the displacement wm. a is the initial
flexibility factor at the soil–pile interface and b is the reciprocal of the asymptotic coefficient
of the shear stress–displacement curve.

a =
r0 ln|rm/r0|

Gs
, (18)

b =
0.8

σ′
n tan δ

, (19)

where rm is the radius of influence of soil displacement near the pile, δ is the effective
friction angle at the soil–pile interface and σ′

n is the effective stress acting on the pile.
For the soil perpendicular to the inclined plane of the tapered pile, the stress–strain

hyperbolic nonlinear model was used to model the soil nonlinearity, given as [31,32]

τd ± τur =
γd ± γur

1
G0

+ |γd−γur |
2τf

, (20)

γd =
(1 + v)y

5r0
, (21)

where τd and γd are the current shear stress and shear strain of the soil. Tf is the shear
stress at failure, and τur is the yield shear stress corresponding to the shear strain γur. G0, y
and r0 are the initial small strain shear modulus of soil, the lateral displacement and the
radius of the pile, respectively.

For the soil at the pile tip, the stress–strain hyperbolic nonlinear model with the Masing
criterion was introduced [33,34]

σd ± σm =
εd ± εm

1
E0

+ |εd−εm |
2σf

, (22)

where σd and εd are the normal stress–strain of soil. Σm is the yield normal stress corre-
sponding to the vertical strain εm. σf is the ultimate normal stress. E0 is the initial small
strain elastic modulus of soil.

Finally, in combination with the nonlinear model of the soil mentioned above, the
nonlinear dynamic response of the vertically loaded tapered pile can be obtained by
Equation (13) according to the initial displacement using the iterative method [35].

3. Validation and Sensitivity Analysis
3.1. Validation

The dynamic responses of vertically loaded tapered piles in homogeneous elastic soil
are given in Bryden et al. [36]. The density, shear modulus and Poisson’s ratio of soil are
1800 kg/m3, 12.5 MPa and 0.25, respectively. A mass block of 5000 kg is placed on top
of the pile. The elastic modulus and density of the pile are assumed to be 20 GPa and
2400 kg/m3. The equivalent radius and pile length of the tapered pile are 0.1 m and 5.0 m.
The equivalent radius is defined as

r2
eq =

1
3
(r2

0 + r0rb + r2
b), (23)

where rb is the pile radius at the pile tip.
Figure 4 shows the stiffness and damping coefficients of the tapered pile with a taper

angle θ = 1.5◦ calculated using the simplified proposed analysis method. The results are
almost identical to those calculated by Bryden et al. [36], who give the variation curves of
vertical stiffness and damping coefficients of tapered piles with dimensionless frequency a0
under different taper angles. On the other hand, to compare the dynamic characteristics of
the floating pile and end-bearing pile, the ratio of Vb/Vs is set as = 10,000 and 1 for end-
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bearing and floating pile, respectively [37]. On the other hand, Ghazavi [19] obtained the
normalized amplitude of the tapered pile supporting a rigid foot under vertical harmonic
loading and investigated the effect of different taper angles on the vertical dynamic response
of the tapered pile when the equivalent radius is the same. Here, the normalized amplitude
is given as

Aw =
ω2√

(
kvp
Mt

− ω2)
2
+ (

ωcvp
Mt

)
2

, (24)

where Mt and ω are the footing mass and the circular frequency of the excitation load. Kvp
and cvp are the dynamic stiffness and damping of the tapered pile.
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Then, the normalized dynamic vertical responses of the tapered pile with various
taper angles are compared in Figure 5. The results show that the theoretical results of
this paper agree well with Bryden et al. [36], which verifies the rightness of the simplified
model. It can be seen that the normalized amplitude decreases with the increase in the
taper angle for the floating pile and end-bearing pile, and the resonant frequency is nearly
constant for the floating pile while the resonance frequency of end-bearing piles decreases
significantly. This is due to the difference in soil properties between the pile tip and the
pile shaft. Compared to the dynamic response of a vertically loaded tapered pile with
θ = 0◦, the dynamic amplitude of the tapered pile was approximately reduced by 20% for a
tapered pile with θ = 1.5◦, which also shows the ability of the taper angle θ to improve the
dynamic characteristics of the pile.
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Figure 5. Comparison of the vertical dynamic responses of tapered pile with Ref. [36]: (a) floating
pile; (b) end-bearing pile.
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3.2. Sensitivity Analysis

The calculation accuracy of the finite difference method is closely related to the number
of pile frustum segments, namely the length of the calculation element [38,39]. Sensitivity
analysis was performed for typically tapered piles with length-to-radius ratios ranging from
L/rb = 30 to 70 and 110. The dynamic harmonic load V0 is set at 100 kN. The parameters of
the tapered pile and soil are listed in Table 1 [40,41].

Table 1. Properties of the tapered pile for different slenderness ratios.

Parameter Value

Tapered pile

Pile length L 2.5
Equivalent radius req 0.1 m
Elastic modulus Ep 20 GPa
Density ρp 2400 kg/m3

Soil

Shear wave velocity Vs 82.5 m/s
Shear modulus Gs 12.5 MPa
Density ρs 1800 kg/m3

Poisson’s ratio v 0.25

Figure 6 shows the time history curves of vertical displacements of tapered piles at
different length-to-diameter ratios. It can be found that the dynamic response of the tapered
pile will tend to a stable value as the number of pile segments n increases. Therefore, for
the tapered pile with L/rb = 30–110, the accuracy requirements and computational efficiency
can be met when n is taken as 200 [42,43]. Comparing the vertical displacements under
different L/rb ratios, it can be seen that when the radius of the pile tip is the same, the longer
the pile length is, the smaller the vertical dynamic response of the pile is, and the resonance
frequency increases with the increase in the L/rb ratio. This is due to the vertical stiffness of
the pile increasing with the increase in pile length, which means that the ability to resist
vertical deformation is better. In the meantime, there is a typical shift in the displacement
at the first cycle, which is also consistent with the results of El Naggar and Bentley [44].
The reason may be attributed to the increased nonlinearity of the soil and the large iterative
time step in the dynamic analysis process.
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Figure 6. The time history curves of vertical displacements of tapered piles for different L/rb ratios at
pile top: (a) L/rb = 30 (resonant frequency fa = 14 Hz); (b) L/rb = 70 (resonant frequency fa = 19 Hz);
(c) L/rb = 110 (resonant frequency fa = 22 Hz).
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4. Parameter Discussion
4.1. Effect of Taper Angle on the Nonlinear Dynamic Response of the Tapered Pile

The taper angle is the main factor affecting the dynamic response of the tapered
pile [36,45]. In this section, the dynamic responses of tapered piles with four different taper
angles, 0◦, 1◦, 2◦ and 3◦, are calculated, and the other parameters are the same as in Table 1.

Figure 7 shows the nonlinear dynamic response of a vertically loaded tapered pile
under different taper angles. The results show that the resonance frequency of the tapered
pile increases as the taper angle increases, and the nonlinear dynamic responses of the
tapered pile in the vertical direction increase with a decreasing taper angle, which is
consistent with the static bearing characteristics. The same pattern can be seen in the
hysteresis curves of loading–displacement. However, since the reasonable selection of the
pile parameters of tapered piles is beneficial to the reduction in construction costs, the
dynamic response characteristics of vertically loaded tapered piles are of more concern
when the pile volume is the same.
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Figure 7. Nonlinear dynamic characteristics of the vertically loaded tapered pile for different taper
angles with constant pile tip radius and pile length: (a) resonant frequency; (b) time history curves of
vertical displacement at pile top; (c) hysteresis curves of loading and vertical displacement.

In order to keep the pile volume constant, two different cases of varying the diameter
of the tapered pile and varying the length of the tapered pile are considered. Therefore,
the resonant frequency, time history curves and hysteresis curves of the constant volume
taper piles under various taper angles are shown in Figures 8 and 9. The results show
that the nonlinear dynamic response of the vertically loaded tapered pile increases with a
decreasing taper angle. And it can also be found that the resonance frequency of the tapered
pile increases and the dynamic response of the constant volume tapered pile decreases more
significantly when keeping the pile tip radius constant as compared to keeping the pile
length constant. It is shown that better vertical dynamic performance can be obtained when
the tapered pile keeps the radius of the pile tip constant while varying the length of the
pile. This phenomenon was also found in the hysteresis curves of loading–displacement.
With the increase in the taper angle, the slope of the hysteresis loop gradually increases
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and the amplitude of the vertical dynamic response gradually decreases. The area and
shape of the hysteresis loop also tend to be more and more elliptical, which indicates that
the nonlinear influence between the pile and soil is gradually reduced. This can provide
engineering guidance for the design of tapered piles. It is worth noting that, although the
larger the taper angle, the smaller the dynamic response of the vertically loaded tapered
pile, the constructability of the pile should also be considered in engineering practice.
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Figure 8. Nonlinear dynamic characteristics of the vertically loaded tapered pile for different taper
angles with constant volume and pile tip radius: (a) resonant frequency; (b) time history curves of
vertical displacement at pile top; (c) hysteresis curves of loading and vertical displacement.

4.2. Effect of Soil Elastic Modulus on the Nonlinear Dynamic Response of the Tapered Pile

The soil properties are also important factors influencing the dynamic behavior of
tapered piles [46,47]. Three different pile–soil elastic modulus ratios, Ep/Es = 500, 1000 and
2000, are considered for further analysis of the effect of soil parameters on the nonlinear
dynamic response of the vertically loaded tapered pile. The taper angle of the pile θ is set
at 1◦, and the other parameters can be found in Table 1.

The resonant frequency, time history curves and hysteresis curves of loading and
vertical displacement of the tapered piles with different elastic modulus ratios Ep/Es are
depicted in Figure 10. The results show that the nonlinear dynamic response of the vertically
loaded tapered pile increases as the elastic modulus ratio Ep/Es increases. The amplitude
of the dynamic response increases by 267% when the elastic modulus ratios Ep/Es are
increased from 500 to 2000. This is mainly attributed to the fact that the decrease in soil
modulus surrounding the pile leads to a decrease in the frictional resistance of the tapered
pile. The hysteresis curve shows a counterclockwise inclination with an increase in soil
modulus. This is because the increase in the soil modulus leads to an increase in the soil
constraint on the pile, which also leads to a reduction in the degree of nonlinearity between
the tapered pile and the soil.
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Figure 9. Nonlinear dynamic characteristics of the vertically loaded tapered pile for different taper
angles with constant volume and pile length: (a) resonant frequency; (b) time history curves of
vertical displacement at pile top; (c) hysteresis curves of loading and vertical displacement.
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Figure 10. Nonlinear dynamic characteristics of the vertically loaded tapered pile at different pile–soil
modulus ratios: (a) resonant frequency; (b) time history curves of vertical displacement at pile top;
(c) hysteresis curves of loading and vertical displacement.
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4.3. Effect of Soil Stratification on the Nonlinear Dynamic Response of the Tapered Pile

It should be noted that the former analysis of the pile is considered to be a foundation
embedded in a uniform elastic half-space, while the soil in engineering practice shows
layer distribution [48,49]. To clarify the effect of soil stratification on the dynamic response
of the tapered pile, both two and three soil layers are discussed in this section.

Considering the soil is divided into two layers: the shear velocity of the upper soil
layer Vsu = 150 m/s remains unchanged, and the shear velocity of the lower soil layer
Vsd gradually increases from 100 m/s to 200 m/s; the shear velocity of the lower soil
layer Vsd = 150 m/s remains unchanged, and the shear velocity of the upper soil layer Vsu
gradually increases from 100 m/s to 200 m/s. The taper angle of the pile θ is set at 1◦, and
the other parameters are the same as in Table 1. The resonant frequency and time history
curves of the constant volume tapered piles when considering the soil stratification are
shown in Figures 11 and 12. The results show that the resonant frequency of the tapered
pile increases as the shear velocity of the upper and lower soil layers increases, while the
vertical dynamic response of the tapered pile decreases. Obviously, the increase in the shear
wave velocity of the upper and lower soil layers will lead to an increasing ability of the
tapered pile to resist vertical deformation. However, the changes in dynamic properties
caused by changing the properties of the upper soil layer are more obvious, which indicates
that the upper soil properties play an important role in the nonlinear dynamic response of
the vertically loaded tapered pile.
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Figure 11. Nonlinear dynamic characteristics of the vertically loaded tapered pile at different shear
wave velocities of lower soil: (a) resonant frequency; (b) time history curves of vertical displacement
at pile top.
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Figure 12. Nonlinear dynamic characteristics of the vertically loaded tapered pile at different shear
wave velocities of upper soil: (a) resonant frequency; (b) time history curves of vertical displacement
at pile top.

To further analyze the influence of soil stratification, soil divided into three layers
is considered: the shear velocity of the upper and lower soil layers Vsu = Vsd = 150 m/s
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remains unchanged, and the shear velocity of the middle soil layer Vsm gradually increases
from 100 m/s to 200 m/s. The nonlinear dynamic response of the vertically loaded tapered
pile is shown in Figure 13. It is found that the vertical displacement at the top of the tapered
pile decreases gradually as the shear modulus of the middle soil layer increases, which also
implies that the overall dynamic stiffness of the vertically loaded tapered pile is increasing.
However, the change in resonant frequency and vertical displacement of the pile top is not
significant, which is similar to changing the properties of the lower soil.
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Figure 13. Nonlinear dynamic characteristics of the vertically loaded tapered pile at different shear
wave velocities of middle soil: (a) resonant frequency; (b) time history curves of vertical displacement
at pile top.

5. Conclusions

In this paper, the dynamic responses of the vertically loaded tapered piles are investi-
gated based on the nonlinear dynamic Winkler model with six springs, and the influences
of pile and soil parameters on the dynamic responses of vertically loaded tapered piles are
discussed. The main conclusions are drawn as follows:

(1) The simplified analytical model proposed in this study can effectively obtain the
nonlinear dynamic properties of the vertically loaded tapered piles, and it can ensure
high computational accuracy when the pile–soil segment n is equal to 200, which also
greatly reduces the computational cost.

(2) The taper angle and soil elastic modulus are the principal factors affecting the nonlin-
ear dynamic response of vertically loaded tapered piles. The dynamic response of the
tapered pile decreases with an increase in the taper angle or a decrease in the pile–soil
elastic modulus ratio.

(3) For the constant volume tapered pile, the vertical dynamic response decreases more
significantly when keeping the pile end radius constant as compared to when keeping
the pile length constant.

(4) The soil stratification has a great influence on the nonlinear dynamic characteristics of
vertically loaded tapered piles, especially the properties of the upper soil layer along
the pile shaft.
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