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Abstract: Numerous constraints affect construction projects, and lack of management may lead to
schedule deviation. In the execution phase of the project, due to the lack of timely access to the
required resources and the existence of uncertainty, the project activities do not progress following the
schedule, and as a result, schedule deviation occurs. The scheduling addresses resource constraints by
the critical chain method and deals with delays in activities by placing buffers that have emerged as a
method for scheduling construction projects. This paper presents a new bi-objective mathematical
model which aims to reduce delay and increase quality, based on the critical chain method and
resource constraint for scheduling construction projects. In the proposed model, the activities have
been considered multi-mode ones. Moreover, this paper has assumed each activity to be executed
in a normal or crashing way. Due to the uncertainty in real-world problems, the duration of the
activity is expressed using triangular interval-valued fuzzy numbers. A new interval-valued fuzzy
solution process is presented in this paper using a two-step approach. First, the equivalent crisp
model is given; then in the second step, a goal programming approach is applied for transforming
the bi-objective model into the single-objective one. Finally, the mathematical model is implemented
on a case study adapted from the literature, and sensitivity analysis of the results is conducted.

Keywords: construction project management; uncertainty; multi-objective model; critical chain
method; resource constraint; interval-valued fuzzy numbers

1. Introduction

Project network complexity, shortage of required resources, and duration uncertainty
are some constraints that, if not properly managed, can lead to deviations in construction
project scheduling [1]. Estimating the actual cost and duration of construction projects
is difficult due to the complexity and vulnerability of tasks to uncertainty. Scheduling a
construction project is done under time, cost, and quality constraints, in which the crashing
of activities may be associated with reduced quality [2–5]. Nowadays, projects are subject
to a wide range of constraints. Failure to consider any of these constraints will result
in interruptions in schedule and ultimately heavy management costs. For responding
to these constraints, the critical path method and the program evaluation and review
technique (PERT) method are not effective [6,7]. It is not possible to deal with the current
uncertainties in the project elements using the critical path method, where the time of
activities is deterministic [8]. The critical path method (CPM)/PERT methods are based
on the assumption that the resources required to execute the project are available. The
PERT method depends on several powerful statistical assumptions. It is hard for the
majority of projects to justify these assumptions. Therefore, estimation of the project
duration using this method is undependable. In the CPM method, project scheduling is
done due to many resources for executing activities, but in real projects, resources are
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not available unlimitedly. As a result, not addressing resource constraints provides an
unreliable schedule [9,10]. Goldratt presented the critical chain in 1997 by applying the
theory of constraints in project management [8] and then, it has been discussed in detail by
Watson et al. [11]. Critical chain is a method for planning and managing projects which
focuses on the resources needed for project tasks [12]. The critical chain method, which
is a new methodology for systemic project management taking into account uncertainties
and restrictions in the project, concentrates on the limitations that can be an obstacle to
achieving the goals [13]. The critical chain is a set of activities or the longest sequence
by taking into account precedence relationships and resource dependence. Goldratt in
1997 proposed the conception of buffers for protecting the critical chain and executing the
project as planned [14]. For timely completion of the project, the project buffer is set at the
end of the critical chain. To prevent several feeding buffers from being critical, they are set
to the end of feeding chains. Finally, multiple resource buffers are used to provide alters for
resource availability without time-consuming in a critical chain [15].

New construction projects are rapidly increasing in many countries, in which the
duration of activities may be uncertain [16]. Because of the lack or unavailability of
information relevant to project manager decisions in real-world problems, input data
or model parameters are often vague/fuzzy. Typically, in project scheduling problems,
ambiguity is assumed to be randomness in the activity durations [17,18]. However, in
some cases, the probability distribution of the activities’ duration is not known for lack of
statistical data. Therefore, the activity duration is impossible to be expressed by a random
variable. In this case, the fuzzy sets theory for project scheduling problems may be a
suitable tool [19]. A project consists of various activities with the relationships between
them, in which the success is evaluated based on several criteria [20]. Project success in
project management has been extensively investigated. A difference has been considered
between hard and soft criteria to evaluate the project success in scientific articles for project
evaluation. Approximately, fifty percent of project success is described by rigid criteria
consisting of time, cost, performance, economic success, and quality [21].

In this paper, a new fuzzy mixed-integer mathematical model is proposed to schedule
construction projects, which employs resource constraints and the critical chain method.
The proposed bi-objective mathematical model consists of the project delays and the quality
of activities in which the duration of activities is presented using triangular interval-valued
fuzzy numbers. The equivalent crisp of the model is given by applying a resolution method
presented by Jimenez et al. [22] and is solved by the fuzzy goal programming approach
developed by Lin [23] to transform the bi-objective model into the single-objective one.

The remaining sections of this paper are structured as follows: Section 2 provides
the related literature. In Section 3, the description of the problem and mathematical
model is presented. Section 4 describes the model solution methodology in two steps.
Section 5 presents an adapted case study from the literature, and Section 6 provides the
computational results of the case study. Section 7 examines the validity of the proposed
model by conducting a sensitivity analysis. Finally, Section 8 presents the conclusions and
suggestions for future research.

2. Literature Review

In scientific, academic, and practical circles, the critical chain scheduling method has
attracted a lot of attention as one of the project management methods [12]. A fuzzy critical
chain method was developed by considering the constraints of resources and uncertainty
by Long and Ohsato [16] to schedule the project in which the size of the project buffer is
determined using the trapezoidal fuzzy numbers. By considering project characteristics,
Tukel et al. [14] suggested two methods of adaptive buffer sizing, including the adaptive
method with resource tightness and adaptive method with network density. Buffer sizing
is one of the main challenges for executing critical chain project management [1]. They
presented the uncertainty-aware method (UAM) by examining uncertainty in five dimen-
sions for buffer sizing in which the buffer created by UAM is compared with the cut and
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paste method (C&PM) and the root square error method (RSEM). Bie et al. [24] proposed a
method for buffer sizing by assuming the dependence between activities by examining the
impacts of the dependence between activities on the performance of the project. Zhang
et al. [25] introduced a buffer sizing method that has been based on the required resources
of the project. In this method, the tightness of physical resources and information resources
are used in buffer sizing which the tightness of physical resources is calculated by deter-
mining a critical value for the use of resources and the tightness of information resources
to the amount of rework due to the exchange of information between activities. Due to
the importance of timely completion of dam projects and hydroelectric plants, a method
for measuring time buffers based on fuzzy risk evaluation has been suggested for such
projects by Balta et al. [2]. Roghanian et al. [8] considered a project scheduling model with
resource constraints to determine the project schedule. Then, the project buffer is calculated
by improving one method and placing it at the end of the critical chain. This method is
based on the root square error method. Since the resources are proposed to deal with the
uncertainty by the estimation of fuzzy numbers, different numbers have been proposed
for different activities, which in some cases, they have a wide range of differences, and
this difference is placed in buffer size. Due to the fact that the delay increases when the
reliability of the resources required to execute the activities is low, a buffer sizing method
was introduced by Zarghami et al. [26] using the reliability of the resources allocated to
the activities. She et al. [15] introduced a buffer sizing method by considering the sig-
nificance of buffer size in critical chain project management by decomposing the project
activity network. In this method, the size of the feeding buffer is calculated based on two
characteristics of the safety margin of the feeding chains and considering the upper limit
to prevent problems in determining the critical chain. Li et al. [27] proposed an effective
data-driven project buffer sizing approach in which the required data were generated by
Monte Carlo simulation and experimental design. Afruzi et al. [28] designed a mathemat-
ical model with three objective functions of time, cost, and quality to schedule projects
under renewable resource constraints. The assumptions of their proposed model are the
existence of multiple execution modes for the activities along with normal and crashing
execution ways. Furthermore, where the resources needed for executing the activities were
limited, the problem of mode-identity is considered. The model is solved by a competitive
multi-objective imperialist algorithm, and the results of which showed the efficiency of
this method in comparison with four well-known algorithms. Project activities in trade-off
issues are planned in a way that strikes a suitable balance between time, cost, and quality
according to Tavana et al. [29]. They introduced a multi-objective mathematical model
for project scheduling under conditions of generalized relationships, preemption, and
multiple execution modes for activities. The model was then solved by a multi-objective
evolutionary algorithm and ε-constraint method solving approach. A mathematical model
was designed for a multi-project scheduling problem under specific budgets to provide
renewable and non-renewable resources by Besikci et al. [30].

According to the literature review, the following gaps can be seen. In critical chain
project management, the problem of project scheduling with constrained resources has
been studied in limited papers, such as Long and Ohsato [16] and Roghanian et al. [8].
The multi-modes of activities and the normal and crashing execution ways do not have
been addressed simultaneously by other researchers who studied the critical chain method.
The presentation of mathematical models for single project environments in a critical
chain method with different objective functions, such as the quality that emphasizes the
achievement of the appropriate time for the execution of the project, is not discussed. The
use of fuzzy sets theory in problems, where historical data does not exist, is an appropriate
alternative that has been examined in limited papers. The interval-valued fuzzy setd theory
provides more precise modeling for when decision-makers cannot agree on how to define
linguistic variables based on fuzzy sets [31].

Therefore, this paper aims to present a bi-objective mathematical model for scheduling
construction projects using the critical chain method and taking into account the constraints
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of renewable and non-renewable resources with a given budget. The objective functions
of the model include minimizing the amount of delay and maximizing the quality of the
project. The buffer size calculated based on the method presented by Tukel et al. [14]
is considered within the objective function of delay. In the proposed model, there are
multiple execution modes for each activity, in addition to executing them in normal and
crashing ways. The duration of the activities is also declared using interval-valued fuzzy
numbers, and the equivalent crisp of the model is presented by applying a resolution
method presented by Jimenez et al. [22]. In real-world problems, objective functions in
a project are of different importance to decision-makers, and they may define aspiration
levels; however, the aspiration levels are not always certain. Thus, to relate these priorities
to the model, the introduced model has transformed into a single objective model by the
fuzzy goal programming approach proposed by Lin [23].

3. Problem Description

This paper presents a mathematical model for construction project scheduling. The
proposed model addresses the scheduling of construction project activities considering the
principles of critical chain method, resource constraints, and delivery time due to fuzzy
uncertainty conditions, in a way that the project delay mount is minimized, and activities
are performed at the maximum quality. The quality of each project activity is measured
by an indicator differing in the interval [0, 1], and the overall quality of the project is
defined as a function of the quality level obtained by the activities [32]. It is assumed that
decreasing activity time can lead to a decrease in the quality of activities whose completion
time is truncated. Moreover, if an activity is completed according to the initial schedule, the
quality of that activity can be guaranteed to be 100% [33]. According to the critical chain
method, placing the buffers in the project plan increases assurance when dealing with the
delay of activities. Therefore, the size of the buffer should have the characteristics of the
project. This paper calculates the buffer size based on a method adaptive to the network
complexity of Tukel et al. [8]. As well, each activity is defined by several execution modes,
normal and crashing execution ways, which then provide the necessary resources for their
implementation based on a predetermined budget faced with limitations. In the present
paper, similar to Orm and Jeunet [32], the quality of each activity is expressed via a variable
range between [0, 1]. Meanwhile, taking into account the delay function and the specified
delivery time, the activities are performed as much as possible in the normal mode with
the maximum duration which has the highest quality. The general structure of the model
constraints can be divided into three sections: precedence relationships, resource access
constraints, and the relationships related to determining critical activities for buffer sizing.
The following assumptions are intended to provide a mathematical model:

• Each activity is executed only in a single-mode and a selected way. If the activity is
executed in a crashing way, the duration is shortened by utilizing more resources.

• Precedence relationships between activities, finish to start with zero-time lag, and
preemption of activities are unauthorized.

• The quality of activities is reduced by decreasing their execution time, which can be
due to a change in mode or the execution of them in the crashing way.

• An activity on node network with N activity is considered and the Nth activity is a
dummy with zero duration.

3.1. Proposed Model

Notations
Sets

j = 1, 2, . . . , N Set of project activities
t = 1, 2, . . . , T Set of time periods for project
m = 1, 2, . . . , Mj A set of executive modes for project activity j
k = 1, 2, . . . , K A set of renewable resources of the project
i = 1, 2, . . . , I A set of non-renewable resources of the project
p(j′, j) Set the precedence relationships between project activities
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Parameters
dd Specified due dates for the project
tb Total budget for renewable and non-renewable resources
crk Cost of renewable resource unit k
cwi Cost of non-renewable resource unit i
EFj Earliest finish time of activity j
LFj Latest finish time of activity j
de

jm Duration of activity j in the executive mode m in the crashing way
dn

jm Duration of activity j in the executive mode m in the normal way
Qe

jm Quality of activity j in the executive mode m in the crashing way
Qn

jm Quality of activity j in the executive mode m in the normal way
re

jmk Renewable resource k required for activity j, when performed in a crashing way on mode m
rn

jmk Renewable resource k required for activity j, when performed in normal way and on mode m
wjmi Non-renewable resource i required for the activity j, when performed on mode m
M Big number
σj′ Standard deviation of activity duration j′

Decision variables

xjmt

{
1
0

If activity j is executed in mode m and ends in time t
Otherwise

Yj

{
1
0

If activity j is crashed
Otherwise

betaj′
{

1
0

If activity j′ is floating
Otherwise

BRk The amount of renewable resource k allocated to the project
BWi The amount of non-renewable resource i allocated to the project
Tc The amount of time delay of the project
al f aj′ Related to the float of activity j′

eppj′ Amount of activity float j′

kk Project network complexity

3.2. Mathematical Model

The mathematical model for the scheduling construction projects is provided below:

z1 = min Tc +
N

∑
j′=1

betaj′ ·KK·σj′ (1)

z2 = max
N

∑
j=1

∑
m∈Mj

LFj

∑
t=EFj

(Qe
jm·Yj·xjmt) +

(
Qn

jm·xjmt −Qn
jm·xjmt·Yj

)
(2)

Subject to:

∑
m∈Mj

LFj

∑
t=EFj

xjmt = 1; ∀j ∈ N (3)

∑
m∈Mj

LFj

∑
t=EFj

(
t·xjmt −

((
de

jm·Yj·xjmt

)
+
(

dn
jm·xjmt − dn

jm·Yj·xjmt

)))
≥ ∑

m∈Mj′

LFj′

∑
t=EFj′

t·xj′mt; ∀
(

j′, j
)
∈ p (4)

N

∑
j=1

∑
m∈Mj

min{t+dn
jm−1,LFj}

∑
q=max{t,EFj}

(
Yj·xjmq·re

jkm

)
+
(

rn
jkm·xjmq −Yj·xjmq·rn

jkm

)
≤ BRk; ∀k ∈ K, t ∈ T (5)

N

∑
j=1

∑
m∈M .

J

LFj

∑
t=EFj

wjim·xjmt ≤ BWi; ∀i ∈ I (6)
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∑
i∈I

cwi·BWi + ∑
k∈K

crk·BRk ≤ tb (7)

Tc ≥
LFN

∑
t=EFN

∑
m∈Mj

(t·xNmt − dd) (8)

∑
m∈M .

J

LFj

∑
t=EFj

(
t·xjmt −

((
de

jm·Yj·xjmt

)
+
(

dn
jm·xjmt − dn

jm·Yj·xjmt

)))
− ∑

m∈Mj′

LFj′

∑
t=EFj′

((
de

j′m·Yj′ ·xj′mt

)
+
(

dn
j′m·xj′mt − dn

j′m·Yj′ ·xj′mt

))
= al f aj′ ; ∀(j′, j) ∈ p

(9)

al f aj′ − ∑
m∈Mj′

LFj′

∑
t=EFj′

(
t·xj′mt −

((
de

j′m·Yj′ ·xj′mt

)
+
(

dn
j′m·xj′mt − dn

j′m·Yj′ ·xj′mt

)))
= eppj′ ; ∀ j′ (10)

eppj′ ≤ M·
(

1− betaj′
)

; ∀ j′ (11)

eppj′ ≥ 1− betaj′ , ; ∀ j′ (12)

(kk− 1)·
N

∑
j′=1

betaj′ =
N−1

∑
j′=1

N

∑
j=2

p
(

j′, j
)
·betaj′ ·betaj (13)

betaj′ , xjmt, Yj ∈ {0, 1}, al f aj′ , eppj′ , Tc, kk ≥ 0; ∀ j, m, t (14)

Equations (1) and (2) represent the objective functions of the proposed mathematical
model. The first objective function minimizes the sum of delays, including the buffer size
determined by the complexity of the project activity network and the time interval between
the end time of the last activity and the specified due date. The second objective function
of the model maximizes the project quality. Constraint (3) guarantees that each activity
is scheduled only once. Constraint (4) represents the precedence relationships between
project activities. Constraints (5) and (6) state the maximum utilization level for renewable
and non-renewable resources, respectively. Constraint (7) guarantees that the total cost of
providing renewable and non-renewable resources will not exceed the total project budget.
Constraint (8) calculates the delay caused by the time interval between the end time of the
last activity and the due date specified. Constraints (9) and (10) calculate the amount of
each activity float. Constraints (11) and (12) determine the critical and non-critical activities.
Constraint (13) calculates the network complexity.

3.3. Linearization

The proposed model is linearized due to the presence of the following nonlinear
expressions Yj·xjmt, betaj′ ·betaj and betaj′ ·KK.

The linearization starts with defining two binary variables zjmt, Bj′ j and a new continuous
variable hj′ . Nine new constraints are added to the model to ensure the equality of zjmt, Bj′ j
and hj′ with nonlinear expressions [34,35]. Nonlinear expressions betaj′ .betaj and betaj′ ·KK
are equivalent to the binary variable Bj′ j and the continuous variable hj′ , respectively, and as a
result, Equations (1) and (13) are converted into Equations (15) and (16). Finally, Equations
(17)–(22) are added to the model.

z1 = min Tc +
N

∑
j′=1

hj′ ·σj′ (15)

N

∑
j′=1

hj′ −
N

∑
j′=1

betaj′ =
N−1

∑
j′=1

N

∑
j=2

p
(

j′, j
)
·Bj′ j (16)

hj′ ≤ kk; ∀ j′ (17)
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hj′ ≤ M·betaj′ ; ∀ j′ (18)

hj′ ≥ kk−M·
(

1− betaj′
)

; ∀ j′ (19)

Bj′ j ≤ betaj′ ; ∀
(

j′, j
)
∈ p (20)

Bj′ j ≤ betaj; ∀
(

j′, j
)
∈ p (21)

Bj′ j ≥ betaj′ + betaj − 1; ∀
(

j′, j
)
∈ p (22)

The nonlinear expression Yj·xjmt is replaced by a binary variable zjmt. As a result,
Equations (2), (4), (5), (9) and (10) are converted into Equations (23)–(27). The constraints
(28)–(30) are also added to the model.

z2 = max
N

∑
j=1

∑
m∈Mj

LFj

∑
t=EFj

(Qe
jm·zjmt) +

(
Qn

jm·xjmt −Qn
jm·zjmt

)
(23)

Subject to:

∑
m∈Mj

LFj

∑
t=EFj

(
t·xjmt −

((
de

jm·zjmt

)
+
(

dn
jm·xjmt − dn

jm·zjmt

)))
≥ ∑

m∈Mj′

LFj′

∑
t=EFj′

t·xj′mt; ∀
(

j′, j
)
∈ p (24)

N

∑
j=1

∑
m∈Mj

min{t+dn
jm−1,LFj}

∑
q=max{t,EFj}

(
re

jkm·zjmq

)
+
(

rn
jkm·xjmq − zjmq·rn

jkm

)
≤ BRk; ∀k ∈ K, t ∈ T (25)

∑
m∈M .

J

LFj

∑
t=EFj

(
t·xjmt −

((
de

jm·Zjmt

)
+
(

dn
jm·xjmt − dn

jm·Zjmt

)))
−

∑
m∈Mj′

LFj′

∑
t=EFj′

((
de

j′m·Zj′mt

)
+
(

dn
j′m·xj′mt − dn

j′m·Zj′mt

))
= al f aj′ ; ∀(j′, j) ∈ p

(26)

al f aj′ − ∑
m∈Mj′

LFj′

∑
t=EFj′

(
t·xj′mt −

((
de

j′m·zj′mt

)
+
(

dn
j′m·xj′mt − dn

j′m·zj′mt

)))
= eppj′ ; ∀ j′ (27)

zjmt ≤ Yj; ∀j, m, t (28)

zjmt ≤ xjmt; ∀j, m, t (29)

zjmt ≥ xjmt + Yj − 1; ∀j, m, t (30)

4. Proposed Solution Methodology

The proposed solution methodology is presented in two steps under interval-valued
fuzzy uncertainty. In the first step, the interval-valued fuzzy mathematical model is
converted into a crisp equivalent model using the method of Jimenez et al. [22]. Then in the
second step, the objective functions are optimized according to the multi-objective solution
approach presented by Lin [23].

4.1. Step 1: The Crisp Equivalent Model
4.1.1. Triangular Interval-Valued Fuzzy Numbers

Given that the uncertainty lies in the duration of activities, and the lackness of historical
data, the duration of each activity in this paper is expressed by normalized triangular
interval-valued fuzzy numbers with numerous applications in complex management and
engineering problems [36–40]. Interval-valued fuzzy sets theory is an extension made on
fuzzy sets presented by Gorzalczany [41] in which an interval-valued fuzzy set has been
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defined at (−∞,+∞) based on the following equations where µÃL(x) and µÃU (x) represent
the lower and upper limits of membership functions, respectively:

Ã =
{

x,
[
µÃL(x), µÃU (x)

]}
, x ∈ (−∞, ∞), µÃL , µÃU : (−∞, ∞)→ [0, 1] (31)

µÃ(x) =
[

µÃL(x), µÃU (x)
]
, µÃL(x) ≤ µÃU (x), ∀x ∈ (−∞, ∞), (32)

Figure 1 illustrates a triangular interval-valued fuzzy number. Yao and Lin [42] also
defined a triangular interval-valued fuzzy number as Equation (33), in which the lower
and upper membership functions are displayed by ŵL

Ã
= µÃL(x) and µÃU = ŵU

Ã
.

Ã =
[

ÃL
x , ÃU

x

]
=
[(

aL
1 , aL

2 , aL
3 ; ŵL

Ã

)
,
(

aU
1 , aU

2 , aU
3 ; ŵU

Ã

)]
(33)
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In the above equation, ÃL and ÃU represent the lower and upper limits of the
triangular interval-valued fuzzy numbers, respectively, where the following equation
is established.

ÃL ⊆ ÃU (34)

Then, Ã is a normalized triangular interval-valued fuzzy number which
µÃU (x) = µÃL(x).

4.1.2. To Convert the Fuzzy Mathematical Model to a Crisp Equivalent Model

In this section, to de-fuzzy, the proposed model, the concepts and methods presented
by Jimenez et al. [22] are discussed. This method enables the decision-maker to take into
account the degree of aspiration level and the risk of constraints contravention within
an interactive decision-making process [22]. According to the triangular fuzzy number
Ã = (a1, a2, a3) and the corresponding membership function, which is expressed as follows:

µÃ =


x−a1
a2−a1

a1 ≤ x < a2

1 x = a2
aL

3−x
aL

3−aL
2

a2 ≤ x ≤ a3

0 x< a1 or x >a3

(35)



Buildings 2022, 12, 904 9 of 16

Jimenez et al. [22] defined the expected value (EV) and expected interval (EI) for a
triangular fuzzy number Ã = (a1, a2, a3) as Equations (36) and (37).

EV
(

Ã
)
=

1
4
(a1 + 2a2 + a3) (36)

EI
(

Ã
)
=
[

EA
1 + EA

2

]
=

[
1
2
( a1 + a2),

1
2
(a2 + a3)

]
(37)

Equation (38) represents a fuzzy mathematical model in which all the parameters of
the problem are defined based on the triangular fuzzy numbers.

min c̃TX
Subject to :

ãi ≥ b̃i ; i = 1, 2, . . . , l
ãi = b̃i ; i = l + 1, . . . , m

x ≥ 0

(38)

Therefore, taking into account the (EI), (EV) and α which is determined by the decision-
maker as a feasibility degree of the model constraints, the crisp equivalent model is
as follows:

min
[
EV
(
c̃T)]x

Subject to :
((1− α)Eai

2 + αEai
1 )x ≥ αEbi

2 + (1− α)Ebi
1 ; i = 1, 2, . . . , l((

1− α
2
)
Eai

2 + α
2 Eai

1
)
x ≥ α

2 Ebi
2 +

(
1− α

2
)
Ebi

1 ; i = l + 1, . . . , m(
α
2 Eai

2 +
(
1− α

2
)
Eai

1
)

x ≤
(
1− α

2
)
Ebi

2 + α
2 Ebi

1 ; i = l + 1, . . . , m
x ≥ 0

(39)

The proposed equivalent auxiliary crisp model is obtained by considering the concepts
and relationships presented in Jimenez et al. [22] to present the duration parameters with
triangular interval-valued fuzzy numbers; a crisp equivalent model is written for both the
upper and lower limits. The equivalent model for the lower limit is as follows, which is the
same for the upper limit.

zL
1 = min Tc +

N

∑
j′=1

hj′ ·σj′ (40)

zL
2 = max

N

∑
j=1

∑
m∈Mj

LFj

∑
t=EFj

(Qe
jm·zjmt) + (Qn

jm·xjmt −Qn
jm·zjmt) (41)

∑
m∈Mj

LFj

∑
t=EFj

(t·xjmt − ((((1− α)· E
deL

jm
2 + α·E

deL
jm

1 )·zjmt)+(((1− α)· E
dnL

jm
2 + α·E

dnL
jm

1 )·(xjmt − zjmt))))

≥ ∑
m∈Mj′

LFj′

∑
t=EFj′

t·xj′mt; ∀(j′, j) ∈ p
(42)

N

∑
j=1

∑
m∈Mj

min{t+(
dnL

1jm+2·dnL
2jm+dnL

3jm
4 )−1,LFj}

∑
q=max{t,EFj}

(
re

jkm·zjmq

)
+
(

rn
jkm·xjmq − zjmq·rn

jkm

)
≤ BRk; ∀k ∈ K, t ∈ T (43)
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∑
m∈Mj

LFj

∑
t=EFj

(t·xjmt − ((((1− α
2 )· E

deL
jm

2 + ( α
2 )·E

deL
jm

1 )·zjmt)+(((1− α
2 )· E

dnL
jm

2 + ( α
2 )·E

dnL
jm

1 )·(xjmt − zjmt))))

− ∑
m∈Mj′

LFj′

∑
t=EFj′

((((1− α
2 )· E

deL
jm

2 + ( α
2 )·E

deL
jm

1 )·zj′mt) + (((1− α
2 )· E

dnL
jm

2 + ( α
2 )·E

dnL
jm

1 )·(xj′mt − zj′mt)))

≥ al f aj′ ; ∀(j′, j) ∈ p

(44)

∑
m∈Mj

LFj

∑
t=EFj

(t·xjmt − (((( α
2 )· E

deL
jm

2 + (1− α
2 )·E

deL
jm

1 )·zjmt)+((( α
2 )· E

dnL
jm

2 + (1− α
2 )·E

dnL
jm

1 )·(xjmt − zjmt))))

− ∑
m∈Mj′

LFj′

∑
t=EFj′

(((( α
2 )· E

deL
jm

2 + (1− α
2 )·E

deL
jm

1 )·zj′mt) + ((( α
2 )· E

dnL
jm

2 + (1− α
2 )·E

dnL
jm

1 )·(xj′mt − zj′mt)))

≤ al f aj′ ; ∀(j′, j) ∈ p

(45)

al f aj′ − ∑
m∈Mj′

LFj′

∑
t=EFj′

(t·xj′mt − ((((1− α
2 )· E

deL
j′m

2 + ( α
2 )·E

deL
j′m

1 )·zj′mt)+(((1− α
2 )· E

dnL
j′m

2 + ( α
2 )·E

dnL
j′m

1 )·(xj′mt − zj′mt))))

≥ eppj′ ; ∀j′
(46)

al f aj′ − ∑
m∈Mj′

LFj′

∑
t=EFj′

(t·xj′mt − (((( α
2 )· E

deL
j′m

2 + (1− α
2 )·E

deL
j′m

1 )·zj′mt)+((( α
2 )· E

dnL
j′m

2 + (1− α
2 )·E

dnL
j′m

1 )·(xj′mt − zj′mt))))

≥ eppj′ ; ∀j′
(47)

4.2. Step 2: The Weighted Max–Min Model

To transform the proposed bi-objective model into a single-objective model, this paper
uses the weighted max-min approach. The goal programming approach is utilized to solve
the model according to the aspiration levels determined by the decision-maker. As it is
not possible sometimes to accurately determine the aspiration level and also to present the
different levels of importance for the delay and quality objective functions by the decision-
maker, the fuzzy goal programming method has been suggested by Lin [23]. The ratio of
the obtained levels should be as exact as possible to the ratio of the objective weights to
show their relative importance [23].

A fuzzy goal programming problem is observed with m fuzzy goals according to
Equation (48); li represents the lower limit of the fuzzy goal (ax)i≥̃gi.

Find x
to satisfy (ax)i≥̃gi i = 1, 2, . . . , m

Subject to :
Bx ≤ b
x ≥ 0

(48)

Therefore, the membership function of fuzzy goals µ′i((ax)i) is stated as follows:

µ′i((ax)i) =
µi((ax)i)

wi
=


1

wi
if gi ≤ (ax)i

fi((ax)i)
wi

if li ≤ (ax)i < gi

0 if (ax)i ≤ li

(49)
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fi((ax)i) is a linear or piecewise linear membership function and wi is the relative weight of
the objective function i. The weighted max-min approach is defined to solve multi-objective
models with fuzzy goals according to Equation (50); λ shows the optimal achieved level.

Maximize λ
Subject to :

wiλ ≤ fi((ax)i) i = 1, 2, . . . , m
wiλ ≤ fi((ax)i)

x ≥ 0

(50)

In this paper, li and gi obtained according to the positive gα−PIS
i and negative

lα−NIS
i ideal solutions. After determining the ideal solutions, the membership function of

Equation (49) is transformed into Equation (51).

µ′i((ax)i) =
µi((ax)i)

wi
=


1

wi
if gα−PIS

i ≤ (ax)i
fi((ax)i)

wi
if lα−NIS

i ≤ (ax)i < gα−PIS
i

0 if (ax)i ≤ lα−NIS
i

(51)

Finally, given that the duration of the activities is expressed using the triangular
interval-valued fuzzy numbers, the weighted max-min model for lower limit membership
functions is as follows:

Maximize λL

Subject to :
wiλ

L ≤ ( fi((ax)i))
L; i = 1, 2

(52)

Due to the expansion of the feasible region for upper limits, it is expected to obtain bet-
ter values for objective functions at the upper limit than at the lower limit. Therefore,
Equations (53)–(55) are added to the model at the upper limit.

Maximize λU

Subject to:
wiλ

U ≤ ( fi((ax)i))
U ; i = 1, 2

zU
i ≤ zL

i ; i = 1 (53)

zU
i ≥ zL

i ; i = 2 (54)

λU ≥ λL (55)

5. Case Study

In this section, a case study adapted from a study conducted by Ma et al. [1] is selected
to validate the proposed model. A case study of a Tramway and related engineering
systems project in a medium-sized city in China. The project network and the precedence
relationships of the activities are shown in Figure 2. The network consists of 23 activities
that are the start (ss) and end (ff) of the dummy activities of the network.
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Project Information

The due date of the project by the employer is 180 days. Therefore, to minimize the
delay in the project, activities should be performed as soon as possible. For each of the
activities, two execution modes are defined in each of the normal and crashing execution
ways. In addition, there is an available budget for resource costs of $8000, according to
which the resources needed for the project, including personnel, machinery, and material,
will be provided. The unit cost of personnel is $25 and $35 per machine. The unit cost of
each material type (1) and (2) is $20 and $30, respectively.

6. Computational Results of the Case Study

The model is solved in GAMS software on a computer with 8 GB RAM and Cori5 CPU.
The results of solving the mathematical model at the different levels of α and considering
the equal weight by the employer for the two objective functions are displayed in Table 1.
Due to the obtained solutions being better in the upper limit than in the lower limit, the
results are presented only for the upper limit.

Table 1. Results of objective functions for upper limit.

α µU
1 µU

2 λU zU
1 zU

2 Buffer Size

0 0.947 0.944 1.888 3 0.987 3

0.1 0.949 0.946 1.892 2 0.987 2

0.2 0.925 0.925 1.851 3.022 0.987 3.022

0.3 0.927 0.933 1.853 3.18 0.989 3.18

0.4 0.937 0.936 1.872 3.538 0.989 1.538

0.5 0.947 0.949 1.894 2.36 0.989 2.36

0.6 0.942 0.941 1.883 2.9 0.989 2.9

0.7 0.952 0.944 1.888 1.84 0.987 1.84

0.8 0.97 0.966 1.932 1.68 0.993 1.68

According to the results of alpha 0.1 given in Table 1, the value of the delay objective
equals 2 days, which indicates that the project schedule is performed according to the
specified due date and only predicts 2 buffer days for delays that may occur during
execution. The value of the quality objective is also 0.987. It means that when both the
objective functions are considered simultaneously, a number of activities are crashed, and
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the quality of the project is reduced to 0.987. As can be seen in the following equation, the
ratio of the achieved levels of µU

1 and µU
2 are as exact as possible to the objective weights:

0.949
0.5

≈ 0.946
0.5

≈ 1.892 (56)

At the alpha level of 0.2, the first objective function shows a delay of 3.022 days. In
other words, the end time of the last activity in the schedule does not exceed the specified
delivery date, and 3.022 buffer days are allowed for delays that may occur during execution.
In addition, the quality objective function has not changed compared to the alpha level
of 0.1, but the optimal achieved level has been reduced to 1.851. As another example, at
the alpha level of 0.4, both objective functions are optimized with the obtained optimal
achieved level of 1.872. In the first objective function, the end time of the last activity in the
created schedule increases by 2 days compared to the specified due date, and 1.538 buffer
days are predicted in the schedule. The quality objective represents the value of 0.989. If the
first objective function is not considered and only the second objective function is presented
in the model, the quality of the project equals 1. However, if both objective functions are
considered simultaneously, a number of activities will be crashed, and the quality of the
project will be reduced to 0.989. As can be seen in Table 1, by increasing α, the objective
function values do not follow a certain trend. It is also the project decision-maker who can
choose the degree of achievability according to the values obtained for the project delay
and quality.

7. Sensitivity Analysis

Here, to validate the proposed model, the results for the upper limit are compared
under the following three conditions in Table 2:

1. The duration of the activities is represented in the form of triangular interval-valued
fuzzy numbers.

2. The duration of the activities is expressed using the triangular fuzzy numbers.
3. The duration of the activities is considered to be certain.

Table 2. The comparison of the results for the upper limit where w1 = w2 = 0.5 and α = 0.5.

Activities Duration under Condition µU
1 µU

2 λU zU
1 zU

2

1 0.947 0.949 1.894 2.36 0.989

2 0.93 0.928 1.855 2.688 0.989

3 0.738 0.738 1.476 29 0.929

Under the three mentioned conditions, the model is solved using Lin [23] approach.
When the duration of the activities is stated by triangular fuzzy numbers, the achieved
optimal level and objective function values show better results than the duration of the
activities being certain.

Thus, the comparison between the solutions of the model shows the better optimal
achieved level and objective function values for which the duration of the activities is
presented by the triangular interval-valued fuzzy numbers than the duration in the form
of certain and triangular fuzzy numbers. In addition, the membership functions consid-
ering triangular interval-valued fuzzy numbers provide more desirable values due to the
existence of equal weights for the two objective functions.

Crashing of activities is a process that reduces the project delay and increases costs
(in this model, costs are expressed in terms of more resources). However, this process
decreases the quality of activities, and consequently, the quality of the project. In Table 3,
the proposed model is examined under the conditions of crashing activities and its absence.
When the activities are crashed, the quality of the project is 0.989, and the corresponding
delay is 2.36 days. Without crashing, the quality of the project is at the level of 0.993, and
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the corresponding delay is 7 days. Crashing has reduced the quality to a lower level than
was not intended but has decreased the delay. Therefore, it can be concluded that the
crashing of activities has improved the results of two objective functions at the same time.

Table 3. Comparison between crashing and non-crashing activities.

µU
1 µU

2 λU zU
1 zU

2

Crashing activities 0.947 0.949 1.894 2.36 0.989

Non crashing activities 0.873 0.916 1.746 7 0.993

8. Conclusions

Due to the factors that affect the timely completion of construction projects, a new
bi-objective mathematical model is proposed in this paper, which aims to minimize the
sum of delays and maximize the project quality to provide a schedule with construction
project conditions using the critical chain method. In the proposed model, the renewable
and non-renewable resource constraints, the calculation of buffer size based on network
complexity, and activity duration presented by fuzzy numbers were considered. The
solution process started with linearizing the nonlinear mathematical model. New proposed
solution methodology was presented in two steps under interval-valued fuzzy uncertainty.
The bi-objective model was aggregated using the weighted max-min approach presented
by Lin [23] under three different conditions where the duration of activities was considered
certain, triangular fuzzy numbers and triangular interval-valued fuzzy numbers. The
model was validated by an adapted case study from the literature. The obtained results
showed an upper optimal achieved level when the duration of the activities was stated as
triangular interval-valued fuzzy numbers. It should be noted that the proposed approach is
able to solve medium-sized projects in a short time. In cases where the size of the problem
is large (mega projects), heuristics and meta-heuristics methods can be used as the solution
time is greatly increased. This paper provides suggestions for developing and improving
future research, such as applying group decision-making methods to determine duration
parameters. Thus, with data obtained from several experts, the duration of activities can be
determined. The mathematical model can also be developed by meta-heuristic and heuristic
methods. Eventually, the human resources skills can be examined in executing project
activities and evaluating them through the project delay and quality objective functions.
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