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Abstract: The thermal deformation and dynamic recrystallization (DRX) behavior of a nickel-based
superalloy were investigated by the thermal compression test. The experimental results show that
the process parameters have great influence on the flow stress of the superalloy. In addition, there
is an inflection point on the DRX softening stage of the work-hardening rate versus stress curve.
DRX under the conditions of higher temperatures and lower strain rates easily occurs when the
strain reaches a critical level. Based on the classical dislocation density theory and the DRX kinetics
models, a two-stage constitutive model considering the effect of work hardening-dynamic recovery
and DRX is developed for the superalloy. Comparisons between the predicted and experimental data
indicate that the values predicted by the proposed constitutive model are in good agreement with the
experimental results.
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1. Introduction

Superalloys can be divided into three categories according to the matrix: nickel-based superalloy,
cobalt-based superalloy, and iron-based superalloy. The latter has better comprehensive mechanical
properties at high temperature, so is widely used in many fields, such as aerospare, navigation, nuclear
energy, petroleum, etc. However, the high temperature plasticity of the superalloy is mediocre [1–3].
Therefore, investigation into the nickel-based superalloy is crucial, and it is of great significance to
promote related applications.

Over the last decades, the development of numerical simulation technology has promoted the
successful application of the finite element methods to a great extent, and it also has been widely
used in the analysis and optimization of materials forming processes [4–6]. In order to establish a
finite element simulation model, the constitutive model of materials has been considered as an input
code to simulate the deformation behavior of materials under specific loading conditions [7]. Thus,
the accuracy of numerical simulation is heavily dependent on the consistency between the actual
deformation behaviors of materials and those predicted by a constitutive model.

In recent years, many constitutive models have been developed to describe the deformation
behaviors of materials. Laasraoui et al. [8] investigated the constitutive equation, which can be
used in applications such as hot-rolling to describe the plastic behavior of steels by taking into
account dislocation density and deformation mechanism at high temperatures and strain rates.
Lin et al. developed a new constitutive model that was proposed to describe the high-temperature
flow behavior of the Al-Cu-Mg alloy according to the experimental results using the modified
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Johnson-Cook model [9], and investigated a comprehensive model that can describe the relationship of
the flow stress, strain rate, and deformation temperature of the alloys on the compression deformation
characteristics [10]. Watanabe et al. [11] developed the phenomenological constitutive equation to
investigate the deformation mechanism of fine-grained superplasticity. Wang et al. [12] established
a two-stage constitutive model, based on the dislocation density theory and kinetics of dynamic
recrystallization (DRX), to predict the flow stress curves of the alloy at hot deformation condition.
Based on the dislocation density theory and DRX kinetics, a physically based constitutive model was
developed for a nitrogen alloyed ultralow carbon stainless steel by He et al. [13]. Comparison between
the predicted and experimental flow stress indicates that the developed model has high accuracy and
better predicting capacity by the statistical analysis. In addition, a physically based model considering
dynamic recovery (DRV) and DRX mechanisms for a typical nickel-based superalloy was developed to
describe the relationship between the flow stress, strain rate, and forming temperature [14].

During the hot deformation process of materials, flow behaviors are often very complex
and the control of microstructure is also of great importance in optimizing the final mechanical
properties [15–18]. Many researchers investigated that the work hardening, dynamic recovery (DRV),
and DRX are often accompanied in metals and alloys during the hot deformation [19–22]. It is well
known that DRX is not only a significant softening mechanism, but also an effective method to
refine grain and reduce the hot deformation resistance. The deformation conditions (deformation
temperature, strain rate, and deformation amount) of a material directly affect the degree of DRX. In
order to control or obtain the ideal deformation microstructure, a series of specific parameters of the
DRX, which include critical strain of DRX, DRX volume fraction, and so on, need to be quantitative
when modeling the process of materials deformation. Shamsolhodaei et al. [23] studied the Arrhenius
constitutive model, which is a common equation used to explain the relationship between flow stress,
strain rate, and deformation temperature, and obtained the value of deformation activation energy.
Gottstein et al. [24,25] and Mirzadeh et al. [26] investigated the critical strain conditions for DRX
by a point of inflection on the θ-σ curve, where θ is the work-hardening rate. Xu et al. [27] and
Chen et al. [22] developed a kinetics model and a volume fraction model of DRX for as-cast AZ91D
alloy and a typical nickel-based superalloy during hot deformation, respectively.

In this study, based on the dislocation density theory and kinetics of DRX, the flow behavior
constitutive model was also developed, which was established by the two stages of the work
hardening-DRV dislocation density theory and DRX, respectively. Through the comparison analysis,
it is found that the predicted results of the numerical modeling and the experimental data have a
good consistency.

2. Materials and Methods

The studied material is a kind of aging precipitation strengthening feature nickel-based superalloy.
The grain size before experiments is about 41 µm. The studied compressed cylindrical specimen was
obtained through blooming. The chemical compositions (wt. %) of the nickel-based superalloy are
shown in Table 1. The isothermal compression experiments were conducted on MTS810.13 testing
machine under the deformation temperatures of 1223–1423 K, with a strain rate of 0.001–30 s´1,
respectively. In order to make the results of the experiment representative, the core area and the edge
of the fine grain zone were avoided. The size of cylindrical specimen is Φ10 ˆ 16 mm. In order to
reduce the influence of friction on the stress state, the end surfaces of the specimen were coated with
glass lubricant with the thickness of 1 mm. In addition, the deformation conditions of the superalloy
such as temperature and displacement velocity were automatically controlled by a computer system.

Table 1. Chemical compositions of the studied superalloy.

Element Cr C Mo Al Ti Nb Fe Ni

Content (wt. %) 14.50 0.042 3.18 1.70 2.68 2.02 <0.2 Bal.
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After the compression tests, the specimens were immediately immersed in water. Then the
compression specimens were lapped and polished, and finally etched in a corrosive solution consisting
of HCl (100 mL), C2H5OH (100 mL), and CuCl2 (20 g) at room temperature for 30–180 s. Eventually,
the surfaces of the specimens were observed by optical microscope to observe the phenomenon of
DRX. Then, in order to observe the distribution of defects such as dislocation, the specimens were cut
into slices with the thickness of 5 mm firstly, and then the slices were eventually thinned into 20 µm
by ion-thinning method. After the treatment, the microstructures of the specimens were observed by
transmission electron microscope (TEM) [27].

3. Results and Discussion

3.1. Thermal Deformation Behavior

The true stress-strain curves of the nickel-based superalloy under different forming temperatures
and strain rates by thermal compression tests are illustrated in Figure 1. It can be seen that almost all
experimental conditions have the same tendency. The flow stress rapidly increases to the peak value in
initial stage, and then gradually decreases to a relatively steady state with the increase of the strain.
This is due to the comprehensive influence of work-hardening and softening behavior in the thermal
deformation process.
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Figure 1. The true stress-strain curves of the superalloy under different conditions: (a) temperature
of 1223 K; (b) strain rate of 3 s´1.

It can be found that the true stress-strain curve can be divided into three stages: work hardening
stage, softening stage, and steady stage [22,28]. In the work hardening stage, the strain is lower, and the
external stress contributes to internal defects such as dislocations, which constantly increase and rapidly
accumulate with the diffusion of various alloying elements. Therefore, rapidly increased dislocation
density and gathered residual stress lead to a sharp increase in subsequent deformation resistance.
When the density of the accumulated dislocations reaches a threshold, recovery recrystallization occurs.
However, the effect of DRV is too weak to balance the work hardening effect. As a consequence, the
flow stress increases rapidly with the increase of strain. In the softening stage, the dislocations still
continue to climb and accumulate with the effect of thermal deformation under different experimental
conditions, and DRX occurs more easily. Thus, the softening effect is more dominant than the work
hardening. In addition, the nucleation and grain growth are also constantly occurring, and the flow
stress decreases slowly with the increase of strain in this period. In the steady stage, the flow stress
is maintained at a relatively stable level due to the dynamic balance between the softening and the
work-hardening effects.

In addition, a lot of information can be obtained from the true stress-strain curves. The flow stress
of the superalloy is sensitive to the deformation temperature and strain rate under all experimental
conditions. With the increase of deformation temperature and the decrease of the strain rate, the
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flow stress increases obviously. This indicates that the higher the deformation temperature and the
lower strain rate are, the smaller the deformation resistance is. The reasons for this regular pattern
are that the mobility of the grain boundaries increases with increasing deformation temperature, and
the reduction of plasticity deformation time increases with the effect of work-hardening and restrains
DRX at higher strain rate.

The metallographs of the superalloy under different deformation conditions are shown in Figure 2.
It can be seen that the recovery and recrystallization promote grain refining in the process of thermal
deformation. Figure 2c shows that the effect of recovery and recrystallization is more obvious than that
in Figure 2b. The stronger the softening effect is, the smaller the sizes of grains are. Figure 3 shows the
TEM microstructure photos of the superalloy under different deformation conditions. The Figure 3a is
the TEM microstructure photo of the initial crystal grains of the alloy. The density of the dislocation is
relatively lower. The Figure 3c shows the TEM microstructure of the material, and the dislocations pile
up seriously under these deformation conditions. From Figure 3b,d, it can be seen that the density of
dislocations or dislocation tangles is more serious and obvious. As mentioned above, this is due to
the fact that the deformation resistance is smaller under a higher deformation temperature and lower
strain rate.
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3.2. Arrhenius Constitutive Model

It is well known that thermal deformation of materials is controlled by thermal deformation
parameters, such as deformation temperature and strain rate. The high temperature deformation
of alloy belongs to a thermal activation process, and based on characteristics of different materials,
a constitutive model is proposed to describe the relationship between flow stress, strain rate, and
temperature, especially at high temperatures, by Sellars and Tegart [29,30]. That is the Arrhenius
model, which is a widely used common equation. This equation is expressed as follows [31]:

.
ε “ AFpσqexpp

´Q
RT
q (1)

In this equation, A is the material constant,
.
ε is the deformation strain rate (s´1), T is the absolute

temperature in Kelvin (K), and Q is the thermal deformation activation energy, which is a very
important parameter of mechanical properties in the process of thermal deformation and is also a
standard to measure the degree of difficulty of thermal deformation of the material (J/mol). R is the
gas constant (8.314 J/(mol¨K)) and F(σ), the function of flow stress, can be expressed as follows:

Fpσq “

$

’

’

&

’

’

%

σn1 , ασ ă 0.8

exppβσq, ασ ą 1.2

rsinhpασqsn, for all σ

(2)



Metals 2016, 6, 161 6 of 19

Here α, β, n1, n are the material constants and α = β/n1. In general, the first equation is a power
law description, which is suitable for relatively lower stress levels (i.e., ασ < 0.8). The second equation
is an exponential law description, which is usually applied for higher stress levels (i.e., ασ > 1.2). The
last one, the hyperbolic sine law, can be used for a wide range of stress levels. Therefore, the hyperbolic
sine law is generally preferred to the power and exponential law description. However, the first two
equations are commonly applied in order to determine β and n1, and then calculate α.

As mentioned above, the following equation is well suitable for all stress levels (including lower
and higher stress levels):

.
ε “ Asinhpασqnexpp´Q{RTq (3)

The next step is to determine the deformation activation energy Q. Taking the natural logarithm
of two sides of Equation (3) gives:

ln
.
ε “ lnA` nlnrsinhpασqs ´Q{RT (4)

By partial differentiation of Equation (4), the following expression gives:

n “
„

Bln
.
ε

Blnrsinhpασqs



T
(5)

and

Q “ R ¨
„

Bln
.
ε

Blnrsinhpασqs



T
¨

„

Blnrsinhpασqs
Bp1{Tq



.
ε

(6)

By applying the peak flow stress data, the values of n can be obtained for all slopes by plotting
ln

.
ε-lnrsinhpασqs at different deformation temperatures (Figure 4a). The final model parameters are

listed in Table 2. Ultimately, the deformation activation energy of the studied superalloy is estimated
at 646.341 kJ/mol, which is close to the result (691 kJ/mol) of Yu et al. [32].
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Table 2. Material parameters for peak stress.

Constant n1 β (MPa´1) α (MPa´1) A (s´1) n Q (kJ/mol)

Value 6.691416 0.026792 0.003849 2.764 ˆ 1024 4.672582 646.341

In general, the combined effects of deformation temperature and strain rate on the forming
performance of metals or alloys can be described by Zener-Hollomom (Z) parameter [33–35]. The
function Z can be expressed as Equation (7):

Z “
.
εe

Q
RT “ Arsinhpασqsn2 (7)
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where Q is the aforementioned thermal deformation activation energy and n2 is the material constant.
By taking the natural logarithm of both sides of the Equation (7), the following result is obtained:

lnZ “ lnA` n2lnrsinhpασqs (8)

The straight line relationship is obtained by using the linear regression fit of lnZ-lnrsinhpασqs,
the correlation coefficient of which reaches 0.97725, as follows in Figure 5. The hyperbolic sine
model between the Z parameter and σ is validated to be suitable to describe the thermal compression
deformation behavior of the nickel-based superalloy. By getting the slope and intercept of the fitted
line individually, the value of n2 = 4.61991 can be obtained. Thus, the relationship between

.
ε, T and σ

can be expressed as follows:

.
ε “ e56.27881rsinhp0.0038486σqs4.61991expp´Q{RTq (9)

By substituting Z “
.
εexprQ{pRTqs, the peak stress can be expressed as Equation (10):
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By substituting the strain rate and temperature of thermal deformation into Equation (10), the
peak stress in the abovementioned function can be calculated under the corresponding deformation
conditions. The comparison of the calculated and measured values under the constitutive relation of
the aforementioned power-exponential function is shown in Figure 6. There is good correlation of the
calculated and measured values, and the correlation coefficient is 0.97414.

3.3. Determination of the Critical Strain

It is well known that the critical strain of DRX is indispensable data to calculate the recrystallization
volume fraction. When the strain reaches a critical level, DRX will occur, so critical strain is an important
parameter of DRX. Although it can be obtained from metallographic testing, this requires a great deal of
work and often entails some measurement error, as well as difficulty in the observation and analysis of
metallographic models [36,37]. Lin et al. [38] applied an empirical model (εc = 0.8 εp) to establish a flow
stress constitutive model considering DRX. In fact, the empirical model could have large errors because
it is very difficult to guarantee the applicability of an empirical model to a particular material. In recent
years, some researchers put forward mathematical models to determine critical DRX strain: Poliak and
Jonas [39] put forward a critical condition that is based on the one-way principle of thermodynamics
and determined that the dynamic critical condition was corresponding to the minimum value in the
plot of ´Bθ/Bσ~σ and the inflection point on the curve of θ~σ (or lnθ~ε). The value of k (εc = k εp)
was summarized as 0.618 for AISI 304 stainless steel [40], and it was determined to be 0.81 for AZ31B
alloy [41]. Xu and Peng et al. [42] adopted the relationship between work-hardening and flow stress to
determine the critical condition of DRX. Therefore, this paper will use the method of work-hardening
rate θ (θ = dσ/dε) to determine the critical conditions of DRX of the superalloy.

The plots of θ~σ all show a turning point on the DRX softening stage, whether or not the stress
peak appeared, as shown in Figure 7 [24]. Figure 7 illustrates work hardening rate versus flow
stress variation. It can be seen that the θ~σ curve can be divided into five segments, and there is
an inflection point in segments IV and V. The schematic shows that the work-hardening rate of the
material decreases rapidly and becomes negative after the inflection point. Accordingly, the stress
value of the inflection point is the critical stress, so the critical strain can be determined by the true
stress–strain curve correspondingly. In addition, the value of the work-hardening rate is changed from
positive to negative, which corresponds to the peak stress, and the slope of the stress-strain curve
is zero.
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Figure 7. Schematic of the work-hardening rate versus flow stress [22].

We used the relationship between θ and σ to determine the critical condition of DRX of the
superalloy. Considering the actual true stress-strain curve is not smooth, it is difficult to directly
determine the accuracy value of θ. Firstly, a nonlinear fitting of the true stress-strain curve is necessary.
Then, according to the fitting curve, θ is obtained. In this paper, the stress-strain curve under the
deformation temperature of 1223 K and the strain rate of 30 s´1 is taken as an example to discuss the
concrete steps to determine the critical conditions of the DRX. In order to fit the curve well, the critical
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strain value is lower than the peak one. Thus, selecting partial data before the peak stress to obtain the
nonlinear fitting of the true stress-strain curve is an excellent idea. The fitting equation can be written
as follows:

σ “ 3.13487ˆ 108ε7 ´ 3.95426ˆ 108ε6 ` 2.04824ˆ 108ε5 ´ 5.62187ˆ 107ε4

`8.80879ˆ 106ε3 ´ 7.92089ˆ 105ε2 ` 3.88259ˆ 104ε´ 72.11378
(11)

By polynomial fitting the near partial curve of the inflection point in Figure 8a, the fitting curve
can be obtained as shown in Figure 8b, and the fitting equation (Equation (12)) is expressed as follows:

θ “ ´3.79807ˆ 10´4σ4 ` 1.12748σ3 ´ 1254.18557σ2 ` 619566.6σ´ 1.14676ˆ 108 (12)
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Figure 8. The plot of θ~σ at 1223 K and 30 s´1.

The derivative of Equation (12) can be obtained as follows:

f pσq “ dθ{dσ “ ´1.51923ˆ 105σ3 ` 3.38244σ2 ´ 2508.37114σ` 619566.6 (13)

The relationship between dθ/dσ and σ can be obtained from Equation (13). When Equation (13)
has a maximum value, the corresponding stress in the highest point of the Figure 9 is the critical stress,
and σc = 762.4 MPa is obtained. Then, from the true stress–strain curves, the critical strain can be
obtained from the corresponding critical stress, i.e., εc = 0.09623. According to the above method,
the critical stress and corresponding critical strain can be obtained under other temperatures and
strain rates.Metals 2016, 6, 161  10 of 19 
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Generally, the critical strain model of the DRX can be written in the following form [24]:

εc “ kεp (14)

εp “ a1 ˆ Za2 (15)

where εc is the critical strain of DRX, εp is the peak strain, a1 and a2 are material constants,
and Z is the Zener-Hollomon parameter. In order to determine the unknown parameters of the
Equations (14) and (15), the plots of lnεp-lnZ and εc-εp are shown as follows in Figure 10.

Metals 2016, 6, x 10 of 19 

 

720 730 740 750 760 770 780 790 800
-60

-50

-40

-30

-20

-10

0

T=950C   30s-1

d

d


True stress  , (MPa) 

 

 

 

Figure 9. The plot of dθ/dσ~σ at 1223 K and 30 s−1. 

Generally, the critical strain model of the DRX can be written in the following form [24]: 

c pk    (14) 

2

p 1

a
a Z    (15) 

where εc is the critical strain of DRX, εp is the peak strain, a1 and a2 are material constants, and Z is 

the Zener-Hollomon parameter. In order to determine the unknown parameters of the Equations (14) 

and (15), the plots of lnεp-lnZ and εc-εp are shown as follows in Figure 10. 

 

45 50 55 60 65 70

-3.0

-2.8

-2.6

-2.4

-2.2

-2.0

-1.8

ln
 p

lnZ

 

 

y=-5.39492+0.05223x(a)

  

Figure 10. The plots of (a) lnεp-lnZ and (b) εc-εp. 

Through the analysis of the above, the critical strain model of the DRX of the superalloy can be 

obtained as follows (Equation (16)): 

c p

3 0.05223

p

3 0.05223

c

0.73866

4.5396 10

3.3532 10

Z

Z





  

  

  

 (16) 

3.4. Constitutive Model of Flow Stress 

It can be found from the analysis of the true stress-strain curves for the material that the flow 

stress of the nickel-based superalloy can be divided into three stages. Figure 11 is a general schematic 

of stress-strain curves during the occurrence of recrystallization and the only occurrence of recovery 

in the deformation process of alloy [12]. In what follows, the constitutive model of flow stress for the 

Figure 10. The plots of (a) lnεp-lnZ and (b) εc-εp.

Through the analysis of the above, the critical strain model of the DRX of the superalloy can be
obtained as follows (Equation (16)):

$

’

&

’

%

εc “ 0.73866εp

εp “ 4.5396ˆ 10´3Z0.05223

εc “ 3.3532ˆ 10´3Z0.05223
(16)

3.4. Constitutive Model of Flow Stress

It can be found from the analysis of the true stress-strain curves for the material that the flow
stress of the nickel-based superalloy can be divided into three stages. Figure 11 is a general schematic
of stress-strain curves during the occurrence of recrystallization and the only occurrence of recovery in
the deformation process of alloy [12]. In what follows, the constitutive model of flow stress for the
nickel-based superalloy will be divided into two parts [13,14]: Part I. The constitutive model based on
work hardening and DRV; Part II. The constitutive model based on DRX.
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3.4.1. Part I. Constitutive Model Based on Work Hardening and Dynamic Recovery

Considering the work hardening and DRV, the evolution of the dislocation density with strain is
generally controlled by the competition between the multiplication and annihilation of dislocation,
and the dislocation density are depended on strain, which can be expressed by [14,43]:

dρ
dε
“ U ´Ωρ (17)

where ρ is the dislocation density. U represents the dislocation multiplication caused by work
hardening due to plastic deformation, and can be regarded as a constant with respect to strain;
Ωρ represents the dislocation annihilation caused by DRV and Ω is often called the DRV coefficient [8].
Integrating Equation (17) gives:

ρ “
U
Ω
´ p

U
Ω
´ ρ0qexpp´Ωεq (18)

where ρ0 is the initial dislocation density. It is known that the effective stress is negligible compared to
the internal stress at high temperature [44]. Thus, the applied stress can be related approximately to
the square root of dislocation density:

σ “ αµb
?
ρ (19)

where α is a material constant, µ is the shear modulus, and b is the distance between atoms in the slip
direction. Substituting Equation (19) into Equation (18), the flow stress of the studied alloy during the
work-hardening and DRV period can be represented as:

σ “

b

σ2
s ` pσ

2
0 ´ σ

2
sqexpp´Ωεq (20)

where σ is the flow stress and σ0 and σs are the yield stress and the saturated stress due to DRV,
respectively. σ0 and σs are equal to αµb?ρ0 and αµb

a

U{Ω, respectively.
Obviously, in order to calculate the flow stress, the three parameters of σ0, σs, and Ω need to

be determined. Usually, σs can be determined as the horizontal intercept of the tangent line of θ-σ
plot through the inflection point, as shown in Figure 7. Figure 12 shows that there is a good linear
relationship between σp and σs; the mathematical expression of this relationship can be expressed as:

σs “ 11.02788` 0.99971σp (21)
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The σ0 at different deformation temperatures and strain rates can be directly obtained from
the true stress-strain curves. Figure 13 shows the relationship between the σ0 and Zener-Hollomon
parameter (Z). Thus, σ0 can be expressed as Equation (22). Figure 14 shows the relationship between
Ω and Zener-Hollomon parameter. Ω can be expressed by Equation (23):

σ0 “ 2225.39918´ 104.61726plnZq ` 1.22546plnZq2 (22)

lnΩ “ 1.82268` 0.01213lnZ (23)
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Therefore, the constitutive model of the superalloy during the work hardening and DRV period
of thermal deformation can be determined through Equation (24):

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

σ “
b

σ2
s ` pσ

2
0 ´ σ

2
sqexpp´Ωεq

σs “ 11.02788` 0.99971σp

σ0 “ 2225.39918´ 104.61726plnZq ` 1.22546plnZq2

lnΩ “ 1.82268` 0.01213lnZ
Z “

.
εexpr646.341{pRTqs

(24)

3.4.2. Part II. Constitutive Model Based on Dynamic Recrystallization

In the thermal deformation process, with the increase of the strain, the internal microstructure of
the superalloy changes continuously. When the strain exceeds the critical strain, DRX occurs, nucleates,
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and grows gradually. Especially under the higher deformation temperature and lower strain rate, DRX
occurs more easily.

It can be seen that the volume fraction of DRX can be estimated by using the extrapolation method
on flow stress data from Figures 7 and 11. The DRX volume fraction can be expressed as Equation (25):

Xd “
σs ´ σ

σs ´ σss
(25)

where Xd is the DRX volume fraction, σs is the saturated stress on the curve of only recovery, σss is the
steady stress on the curve of DRX, and σ is the corresponding stress at any time when the DRX occurs.

The saturated stress σs and the steady stress σss can be expressed as follows:

sinhpασsq “ n3 ˆ Zn4

sinhpασssq “ n5 ˆ Zn6
(26)

where n3, n4, n5 and n6 are the material constants. Taking the natural logarithm of both sides of
Equation (26) leads to:

lnrsinhpασsqs “ lnn3 ` n4lnZ (27)

lnrsinhpασssqs “ lnn5 ` n6lnZ (28)

Eventually, the values of the material constants are obtained from the plots of lnrsinhpασsqs-lnZ
and lnrsinhpασssqs-lnZ (Figure 15a,b).Metals 2016, 6, 161  14 of 19 
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Therefore, the DRX volume fraction can be derived as the following equations:
$

’

&

’

%

Xd “
σs´σ
σs´σss

σs “ 259.835ˆ sinh´1
p7.793ˆ 10´6Z0.20971q

σss “ 259.835ˆ sinh´1
p5.145ˆ 10´5Z0.17486q

(29)

It is well known that the conventional DRX kinetics is often modeled on the well-known equation
as follows [14,35]:

Xd “ 1´ expr´k1 ˆ p
ε´ εc

εp
qk2spε ě εcq (30)

Here, k1 and k2 are the material constants, εp is the peak strain, and εc is the critical strain of the
DRX. In order to determine the material constants (k1 and k2), Equation (30) can be simply deduced
as follows:

lnr´lnp1´ Xdqs “ lnk1 ` k2lnp
ε´ εc

εp
q (31)
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By combining Equations (16) and (29), it is easy to attain the relationship between Xd and strain ε
from Equation (31) through linear analysis as shown in Figure 16.
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That is to say, the kinetic model of DRX of the superalloy is as follows:

Xd “ 1´ expr´0.12424ˆ p
ε´ εc

εp
q1.59399s (32)

Therefore, the constitutive model of the superalloy during DRX period of thermal deformation
can be determined as:

$

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

%

σ “ σs ´ pσs ´ σssq
!

1´ expr´0.12424ˆ pε´εc
εp
q1.59399s

)

σs “ 259.835ˆ sinh´1
p7.793ˆ 10´6Z0.20971q

σss “ 259.835ˆ sinh´1
p5.145ˆ 10´5Z0.17486q

εp “ 4.5396ˆ 10´3Z0.05223

εc “ 3.3532ˆ 10´3Z0.05223

(33)

From Equations (16) and (29), we know that the critical strain for recrystallization and the steady
state stress are all affected by the deformation temperature and strain rate. Figure 17a,b show how the
temperature and strain rate affect the critical strain model and steady stress, model respectively.

3.4.3. Verification of the Developed Constitutive Model

In order to verify the developed constitutive model for the superalloy, a comparison of the
experimental data and predicted flow stress data by the model under the different test deformation
conditions is shown in Figure 18. It indicates that the predicted flow stress data are in good agreement
with the experimental data. Especially, the developed constitutive model considering DRX has higher
accuracy. However, there is larger relative deviation between the predicted and experimental data
for the developed constitutive model considering work hardening and DRV. The reasons for this
phenomenon can be explained form the following two aspects. On the one hand, there are not obvious
yield points on the true stress-strain curves of the superalloy, which makes it difficult to obtain more
accurate yield stress. On the other hand, the calculation procedure contains many multiple steps of
polynomial fitting, which may greatly decrease the accuracy of the model.
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Figure 18. The comparison between the predicted and experimental flow stress curves under different
deformation conditions: (a) 1223 K; (b) 1273 K; (c) 1323 K; (d) 1373 K; (e) 1423 K.
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The accuracy of the constitutive model can also be expressed by quantitative parameters, such as
correlation parameters R and AARE. They are expressed as:

R “

N
ř

i“1
pEi ´ EqpPi ´ Pq

d

N
ř

i“1
pEi ´ Eq2

N
ř

i“1
pPi ´ Pq2

(34)

AAREp%q “
1
N

N
ÿ

i“1

ˇ

ˇ

ˇ

ˇ

Ei ´ Pi
Ei

ˇ

ˇ

ˇ

ˇ

ˆ 100 (35)

where Ei is the experimental value, Pi is the predicted value, and N is the number of data points used.
The correlation coefficient is a commonly used statistical parameter and provides information about
the strength of the linear relationship between the experimental and the calculated values.

In order to further evaluate the prediction accuracy of the developed constitutive model, the
scatter map of the predicted and experimental flow stress data for all the tested conditions are shown
in Figure 19. The calculated correlation coefficient (R) is 0.998, which indicates that there is a good
correlation between the predicted and experimental data. Meanwhile, the average absolute relative
error (AARE) is only 3.58%, which indicates that the developed model has very good prediction
capability. Therefore, the developed constitutive model can be used to describe the flow behavior of
the nickel-based superalloy under thermal deformation conditions.
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Figure 19. The scatter map of the predicted and experimental stress values.

4. Conclusions

(1) The flow stress of the nickel-based superalloy is significantly sensitive to the deformation
temperature and strain rate under all experimental conditions. The flow stress decreases with the
increase of temperature and the decrease of strain rate. In addition, DRX occurs more easily under
higher deformation temperature and lower strain rate in the process of thermal deformation.

(2) Critical strain of DRX is indispensable data to calculate the recrystallization volume fraction. The
stress value of the inflection point is the critical stress. Based on the conventional work-hardening
rate curves, the critical strain model can be determined by analyzing the θ~σ curve. There is a
good linear relationship between peak strain and critical strain. This method for determining
the critical strain is also more conducive to the establishment of a flow stress constitutive model.

(3) Based on the dislocation density theory and kinetics of DRX, the constitutive model of flow
behavior for the nickel-based superalloy can be divided into two parts: Part I. The constitutive
model based on work hardening and dynamic recovery. Part II. The constitutive model
based on DRX. Comparisons between the predicted and experimental flow stress under
different deformation conditions indicate that the developed constitutive model has very good
prediction capability.
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