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Abstract: The ultrafast fs laser pulse heating of thin metal films is studied for the first time using the
two-temperature model on the basis of the Fokker–Planck formalism. The incident laser radiation is
multi-modal, while the electron temperature is described during the first 2 fs. The predictions are
intended for use by experimentalists in optoelectronics, photonics, laser processing, electronics, and
bio- and nanomedicine. The crucial role of the nano-sized spatial dimensions of the metal sample
is highlighted. A significant result of this study is the interdependence between the target’s size,
the phonon/lattice characteristics, and the coefficient β (the quotient of non-diffusive phenomena),
which varies between zero (pure diffusive case) and one (pure non-diffusive case).

Keywords: two-temperature model; Fokker–Planck analytical approach; laser heating of metals; fs
laser pulses; analytical simulations; β parameter

1. Introduction

The laser heating of metals is a dynamic research field that was initiated along with the
debut of lasers in the early 1960s. It has had a continuous evolution since then, in particular
from the first continuous wave to pulsed laser systems, generating trains of pulses of shorter
and shorter duration (τ). This ‘’explosion” has already extended to fs, and now laser pulses
simultaneously cover both the experimental and theoretical domains [1–3]. It was thus
shown that the process evolution in a chemically ambient fluid (e.g., air or atmospheres of
any sort) provides positive feedback, generally leading to the acceleration of the oxidation
processes and an overall increase in the induced temperatures [4]. It is, however, generally
accepted that the laser radiation/field is coupling, in this case, to electrons [4]. Studies are
presently mainly intended to pave the way towards higher-performance technologies with
minimal losses and low prices in top R&D fields like bio-nanomedicine, optoelectronics,
communications, and bio-chemistry, among many others [4–6].

Phenomena in solid-state physics, including electronic and thermal transport, su-
perconductivity, spin caloritronics, and laser-induced phase transitions, require a more
profound understanding of the fundamental scattering processes, as expressed by interac-
tions between lattice vibrations and electrons. In the case of ultra-short laser pulses, the
substantial difference in heat capacity between electrons/phonons and the lattice is the
source of the selective perturbation which allows the direct observation of electron gas
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scattering processes. The interaction therefore requires appropriate developments in this
case to describe the features of this very complex process. This is the main objective of this
contribution, and for the sake of a better understanding of the mathematical model and
numerical simulations on this basis, the main physical quantities involved in this study are
collected in Table 1.

Table 1. Physical quantities in the present study.

Symbol Name of Physical Quantity International Unit of Measurement

X Cartesian space coordinate m
Y Cartesian space coordinate m
Z Cartesian space coordinate m
t Time s
Ce Caloric capacities for electrons J/(kg·K)
Ke Thermal conductivity for electrons W/(m·K)
Cl Caloric capacities for lattice J/(kg·K)
Kl Thermal conductivity for lattice W/(m·K)
G Electron–phonon coupling factor W/(m3·K)
S Source term J/(m3·s)
Te Electron temperature K
Tl Lattice temperature K
R Target reflectivity %
F Laser fluence J/m2

Hm,n Hermite polynomials of order m and n Real number
wx,y 1/e radii of the laser spot (beam waist) along x and y directions m
zs Maximum penetration length after one laser pulse m
δ Optical penetration depth m
δb Non-diffusive length m
tl Irradiation time s
γ Thermal diffusivity m2/s
τ Laser–Au relaxation time s
α 1/τ s−1

ξ Increment (real number) Real number
ϕ Phase function Real number
β Coefficient indicating the proportion of non-diffusive phenomenon Real number between 0 and 1
f(x) From Tl(x, 0) K
σ Increment (real number) Real number
L Total thickness nm
R R = z/L, where z is the depth inside the thin film and L the total thickness a.u.
ρ Mass density Kg/m3

The energy relaxation and conversion processes between electrons and vibration sys-
tems can be monitored in real time using thermo-modulation spectroscopy techniques.
Therefore, it was not difficult to monitor the non-equilibrium between electrons and vi-
bration states in metals using short-pulsed time-domain thermo-reflectance (TDTR). This
confirmed earlier theories based upon the assumption that the electrons/phonons and
lattice could be described by two different temperatures and validated the two-temperature
model (TTM) developed by Anisimov [7]. Namely, the TTM consists of two coupled heat
equations: one for electrons/phonons and one for the lattice. At the fs scale, one good
approximation can imply a separation of the two equations of the TTM, i.e., of Te (electron
temperature) and Tl (lattice phonon temperature) [8]. It should be noted that in the case of
dielectrics and semiconductors, multiphoton absorption plays a significant role.

In particular, femtosecond laser pulses are appropriate to resolve the time required for
the electronic system to transfer its energy to the lattice, allowing for the inferring of the
electron–phonon coupling (G), i.e., the volumetric energy rate. It has been shown [9] that
the laser–matter interaction can be classified as non-thermal for τ ≥ 10−15 s and τ ≤ 10−13 s
and as thermal for longer durations. In fact, any non-thermal process starts with the
absorption of radiation in the femto- and atto-second range.
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Therefore, all the above studies assumed that electron thermalization takes place on a
time scale shorter than the laser pulse duration. In contrast to the theoretically calculated
Fermi relaxation time of 40 fs, Fann et al. [10] showed that in photoemission measurements
the thermalization time of the electron gas in Au is 1 ps, which is comparable to the
electron–phonon (e-p) relaxation time. This is supported by pump–probe femtosecond
measurements, which have also revealed a long-lived non-Fermi distribution of electrons in
Au on the order of the e-p relaxation time. A recent computational study also showed that
the thermalization time of the electron gas can range from 10 fs to picoseconds, depending
on the laser irradiance [11]. The electron temperature can be considered “effective” since
the time required for the electron gas to relax to a Fermi distribution is of the order of the
e-p relaxation time.

On the other hand, the effect of electron–electron (e-e) thermalization on the e-p cou-
pling has not yet been rigorously studied for the absorption of high fluences and large
e-p non-equilibria. This led the way to more than 20 years of experimental investigation
of e-p coupling dynamics during non-equilibrium. As a consequence, the non-thermal
electron–phonon interaction behavior during high-energy, short-pulse laser heating experi-
ments have not yet been well quantified. Specifically, the dynamics of the e-e interactions
influencing the e-p relaxation were investigated via electron relaxation in thin Au films over
a wide range of lattice temperatures (77–300 K) and absorbed laser fluences using TDTR.
Au’s weak electron–lattice interaction strength for its relatively long Fermi relaxation time
has well-characterized band structures and intensively studied thermal properties and
transport dynamics that were brought together in an improved output to survey the e-p
relaxation mechanisms at high electron temperatures with large laser perturbations.

A quasi-linear dependence of the electron relaxation rate on the lattice temperature in-
crease has been reported for the low perturbation limit of the electron system [12]. For large
fluences and higher degrees of e-p non-equilibrium, the lattice temperature dependence on
G is much less pronounced and becomes nearly constant for the largest fluences.

Two-temperature models (TTMs) were recently widely disseminated to describe laser–
metal interactions [4,6,13–17]. High-energy electrons are generated. Then, in a “cold”
crystalline network, a phenomenon accurately described via TTMs is governed by the
“balance” between the flow of excited electrons and the network, as expressed by the
electron–phonon coupling.

Non-linear TTM equations can be written in this case as follows:

C(Te) = ∇[ke(Te, Tl)∇Te]− G(Te)(Te − Tl) + S(X, Y, Z, t) (1)

And
C(Tl)Tl = ∇[kl( Tl)∇Tl ] + G(Te)(Te − Tl) (2)

Here, t is the current time, while X, Y, and Z are the Cartesian space coordinates, and
Ce,l and ke,l are the caloric capacities and the thermal conductivities for electrons (e) and
lattice/phonons (l), respectively. G stands for the electron–phonon coupling factor, while S
is the source term in the laser–target interaction [18]. G thus quantifies the volumetric rate
of energy transfer between the two states.

A new model is proposed, which allows for a focus on diffusive and non-diffusive
phenomena based upon the Fokker–Planck formalism applied to the second equation of
the TTM.

In a diffusive case, the heat is transferred from higher- to lower-temperature regions.
The non-diffusive phenomena refer to the cases when the photons cross the target without
any interaction. The factor β introduced by the Fokker–Planck model describes the balance
between diffusive and non-diffusive phenomena.

Transient heat transport is mainly performed by phonons. Although the behaviors
of different phonons are often considered independent, phonon transport depends on
their mean path. In the case of short Mean Free Paths (MFPs), the phonon transport is
non-diffusive and becomes diffusive for long MFPs, while the opposition originates from
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scattering processes experienced by phonons. The two transport regimes coexist, however,
in many cases of interest. Depending on the temperature gradients, the photons obey the fol-
lowing order: non-diffusive phonons < diffusive phonons. Non-diffusive–diffusive phonon
transport is expected to occur in nanoscale structures, making both low-dimensional and
nanoscale effects possible. The significance of non-diffusive–diffusive transport phonons
results in a large amplitude of tuning of the heat flux [15,18–20].

Based on previous results, we applied two semi-analytical numerical methods of
integral transformations on finite domains to solve the TTM [21]. However, a comparison
with experimental values was extremely difficult in this case due to the ultra-short duration
of the laser pulses (within the (10−15–10−13) s range) as well as the incertitude introduced
by the substantial Heat-Affected Zone (HAZ) of ≥10−7 m, i.e., more than 100 nm. That is
why theoretical and computational physics should be used in this field as a simple and
reliable, if not unique, approach.

We recently managed to solve Equations (1) and (2) using integrated transformations
on finite domains in combination with some experimental data [22]. The analysis has been
extended to include TTM solutions for the case under examination. Namely, we considered
the interaction of multi-mode laser pulses of fs duration with metallic (Au) targets. To solve
the heat equation, we used the technique of heat operators [5,23].

2. Mathematical Modeling of Electronic Thermal Fields

If one considers flash laser irradiation by a single very short pulse, Te � Tl and
consequently:

∂2Te

∂x2 +
∂2Te

∂y2 +
∂2Te

∂z2 =
1
γ

∂Te

∂t
− S

ke
+

(
G
ke

)
Te (3)

where γ and ρ are the thermal diffusivity and the mass density of the target, respectively,
and G stands for the electron–photon coupling factor.

One should mention here the shielding effect of the generated laser plasma, which
might cause a slowdown of the ablation rate/heating effect [1]. In this process, one fraction
of the incident laser energy is absorbed by free electrons. The relaxation time of this
phenomenon is usually in the 100 fs range. Due to the difference in free electrons, the
heavy ions in the plasma cannot significantly absorb laser radiation. This is because the
field oscillations act quicker than those of the heavy ions. The electron–phonon relaxation
time is therefore superior to that of the collision of electrons or ions. That is why the laser
irradiation of metals with fs laser pulses is often described as phonon lattice cooling.

Therefore, we further use 1 fs for the laser pulse duration, which allows us to design a
generalized model to describe the thermal distribution in the metal after laser irradiation.

Next, we introduce the term S in accordance with the Lambert–Beer law:

S(X, Y, Z, t) = ∑
m,n

√
4ln2

π

(1− R)F
tp(δ + δb)

[
Hm

(√
2 x

wx

)
exp
(
− x2

w2
x

)]2

·

[
Hn

(√
2 y

wy

)
exp

(
− y2

w2
y

)]2

exp
(
− z− zs

δ + δb

)
exp

[
−4ln2

(
t− 2tp

tp

)2
]

(4)

Here, Hm,n are Hermite polynomials of order m and n; R is the target reflectivity; δ
is the optical penetration depth; δb is the non-diffusive length; F is the laser fluence; and
wx,y are the 1/e radii of the laser spot (beam waist) along the x and y directions, respectively,
while zs is the maximum penetration length after one laser pulse.

To pin down ideas, one may consider one variable only; let us say x. In Figures 1–5
it is considered that the target is a Au thin film that has a Zmax = 20 nm (the thickness of
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the thin film is 20 nm, and z is the direction of the laser propagation). In this case, the
generalized heat equation takes the following form:

∂Te(x, y, z, t)
∂t

= γ
∂2Te(x, y, z, t)

∂x2 + αTe(x, y, z, t) (5)

with the solution

Te(x, y, z, t) = etα C
2
√

παt

∫ +∞

−∞
e−

(x−σ)2
4tα

exp

[
−2
(

σ

wx

)2
Hm

(√
2σ

wx

)]2
dσ (6)

C ≡
√

4ln2
π

1− R
tl(δ + δb)

[
Hn

(√
2y

wy

)
exp

(
− y2

w2
y

)]2

exp
(
− z− zs

δ + δb

)
exp

[
−4ln2

(
t− 2tl

tl

)2
]

(7)

where σ is an increment (real number); γ represents the thermal diffusivity of Au; α is
equal to 1/τ, where τ is the relaxation time of the laser–Au interaction (1 ps); and t is the
time, while tl depicts the irradiation time of 1 fs and Te is the electron temperature.
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The solution (Equation (6)) to the heat equation (Equation (5)) was tested in two
analytical examples. An incident laser pulse with a 1 fs duration was considered to reach
a laser power density of 1017 W/cm2 and a Gaussian spatial distribution in the first case
and a transversal (TEM01) distribution in the second one. The results of the analytical
simulations are represented in Figures 1–5, where T is measured in 104 K.

A remarkable similarity is observed between the intensity and electron temperature
distributions. This similitude provides convincing proof in favor of Equation (6), which
can predict the thermal field/electron temperature distribution in a plausible, pertinent
manner, with values close to the actual ones at the irradiation site.

One notices an excellent concordance between our results in Figures 1 and 2 and other
experimental and numerical models [1]. Thus, in the particular case of Au, the temperature
range of (5 × 103–104) K predicted by our simulations is in good agreement with the results
obtained under irradiation with pulses of 5 TW/cm2 intensity.

3. Mathematical Modeling of Lattice/Phonon Temperature Field

Next, we consider the laser heating of a semi-infinite metallic target for incident
intensities of up to 1017 W/cm2 and the application of the Fokker–Planck formalism, which
is a stronger version of the one presented by Zhukovsky [23]. In order to analytically
solve the Fokker–Planck equation, the Zhukovsky–Dattoli treatment was employed. This
procedure was extended to calculate the lattice temperature, Tl, after irradiation with a 1 fs
laser pulse.

In this case, the inferred heat equation takes the following form:

∂Tl(x, t)
∂t

=
∂2Tl(x, t)

∂x2 + βxTl(x, t) (8)

where β is a coefficient indicating the proportion of the non-diffusive phenomenon; the
phenomenon is purely non-diffusive when β = 1 and purely diffusive when β = 0.

The initial conditions in this case are written as follows: Tl(x, 0) = f(x), while
Tl(x, 0) = f(x) = 〈Te〉. This actually means that 〈Te〉 constitutes the source term for
the second (lattice) TTM heat equation (〈Te〉 stands for the mean value of the electron
temperatures).

Accordingly, the corresponding solutions of Equations (1) and (2) in this case are
as follows:

Tl(x, t) = eϕ(x,t,β) 1
2
√

πt

∫ +∞

−∞
dξe−

(x+βt2−ξ)
2

4t f (ξ) (9)

ϕ(x, t, β) =
1
3

β2t3 + βtx (10)

Here, ξ is an increment (real number) andϕ is a phase function defined by Equation (10).

4. Results and Discussion: Diffusion and Non-Diffusive Phonons

Figures 1 and 2a,b illustrate the evolution of the computed electron temperatures in
the TTM for incident pulses with 1 fs durations. One should notice that the analyses in
both [6] and the new model are based upon the application of a Fourier approach, according
to which the thermal waves propagate with an infinite velocity. This allows for a more
realistic description of electron temperatures for 1 fs than 100 fs in [6] because the heat
propagation velocity is closer, in the first case, to the speed of light in a vacuum, if not to
infinity. It is also why the thermal distribution of electrons bears, in this case, the ‘’im-print”
of the source term for the difference in [6].

One can further obtain the mode-resolved phonon temperatures using a 20 nm thick
Au thin film by excluding/including phonon–phonon coupling. The lattice temperature
(Tl) in the two cases is further used as a guiding value.

To assign the difference between the two cases more clearly, three representative
phonon modes have been selected from the (three) phonon categories. They have MFPs
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of 100, 5, and 1 nm, representing the non-diffusive, semi-diffusive, and diffusive phonon
modes, respectively.

Simulation results of the lattice/phonon temperature (Tl), namely, Equations (9) and (10)
for the three cases of interest (i.e., for different values of parameter β), are displayed in
Figures 3–6. Here, z is the depth into the thin film and L is the total thickness of 20 nm.
The application of the Fokker–Planck formalism in this case allows for clear discrimination
between diffusive and non-diffusive phenomena.

A pure typical diffusive case is visible in Figure 3.
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Figure 3. The lattice temperature distribution relating to β = 0, i.e., the case when the mean free pass,
which coincides with the wavelengths of phonon collisions, is much larger than the target dimensions,
a situation known as the diffusion case.

Figure 4 corresponds to the situation when the diffusion length is almost equal to the
target dimensions, a situation described as a semi-diffusion case. This is precisely the case
of the Au target in our study (of ~38 nm) [18]. It is notable that in this case β is equal to 0.4.

In Figure 5, the wavelength of a phonon is much larger than the target dimension
but the thermal field becomes saturated for a constant value, a case that is described as
non-diffusive. The β parameter in this case is 0.6.

Figure 6 presents the totally non-diffusive case, when the β parameter is 1. The reality
is always between the extreme cases, when both diffusive and non-diffusive phenomena
are simultaneously presented, like in Figures 4 and 5.

The information available in Figures 3–6 has been confirmed by many other simu-
lations, so one may conclude that the β parameter plays a key role in determining the
difference between the diffusive and non-diffusive mechanisms.

Both cases (with and without phonon–phonon coupling) share common features. First,
they both predict large local non-equilibrium phonon temperatures, i.e., different phonon
modes with different Tl values at the same location, in agreement with the molecular
dynamics (MD) simulation results [24]. Second, the temperature of the non-diffusive
phonon deviates the most in the two cases from the lattice temperature and exhibits an
almost flat profile, i.e., a small temperature gradient. Third, the boundary temperature (on
the hot side) of each phonon mode increases evenly when decreasing the MFP, meaning
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that the more diffusive phonons exhibit a higher temperature on the hot side but a lower
one on the cold side. Fourth, the lattice temperatures are comparable in the two cases.
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There are, however, major differences between the two cases. Thus, the phonon
temperature gradient increases evenly when decreasing the MFP in the case of no phonon–
phonon coupling. The order is ∇Tdiffusive > ∇Tsemi-diffusive∼∇Tl > ∇Tnon-diffusive. This is
due to the longer MFPs of non-diffusive phonons, which support fewer collisions or less
energy loss after a certain distance [19]. Due to the truly short duration of irradiation, we
do not have a phonon–phonon coupling factor [19]. Finally, we should mention that our
model loses any physical significance for a β superior to unity.

The proposed model can be extended to other metal targets with similar thermal
behavior: Al, Ag, Cu, Zn, and so on.

Indeed, according to Figure 12 in Ref [1], the thermal spectra in the TTM for Au, Cu,
and Al have similar behaviors. This refers to either the electron or phonon temperature in
the entire fs–ps range. A higher phonon temperature is, however, observed for Au, which
might be due to its superior mass density with respect to other metals.

These analyses could be coupled to other thermal models that focus on monitoring
the temperature and status (diffusive or non-diffusive) of phonons. Examples are models
based on Boltzmann or Fourier equations, molecular beam dynamics, or memory versions
of Fokker–Planck equations [19,25].

5. Conclusions

1. A generalized model was elaborated to describe the electron temperature field in
the case of metal (Au) irradiation with 1 fs multi-mode laser pulses. A remarkable
relationship was shown between the laser beam intensity distribution at the irradiation
spot and the electron temperature field on and beneath the target surface.

2. An analytical Fokker–Planck model was developed in order to describe the lat-
tice/phonon temperature under the same irradiation conditions using a parameter (β)
that has values within the 0–1 range, corresponding to the transition from the diffusive
phonon case to the non-diffusive phonon case. It should be noted that outside the
range of 0–1 the model generates nonsensical situations.

3. The model is simple, versatile, and can be operated on a commercial PC. The simula-
tion time using the MATHEMATICA 11.00 software package is generally less than
20 s, which is much shorter than the Monte Carlo simulation, which may take hours.
Details of solving a heat equation via a semi-analytical approach are provided in
Ref. [26].

4. It should be mentioned that the two-temperature model, which was initially designed
to describe laser–metal interactions, was extended in recent years to be generalized to
laser–solid interactions [27–31].
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