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Abstract: An accurate determination of transport coefficients in liquids, such as diffusivity, is crucial
for studying fundamental chemical processes, for constructing and verifying model theories of liquid,
and for the optimization of technological processes. However, a reliable experimental determination
of the diffusivity is a difficult and sometimes nearly impossible task. In this regard, the development
of model theories that allow calculating characteristics of atomic transport is of special interest.
Here, the concentration dependencies of the self-diffusion coefficients of the components in Cu-Ag,
Cu-Au, and Ag-Au liquid alloys at T = 1423 K and T = 1573 K are calculated in the framework
of the linear trajectory approximation in conjunction with the square-well model and the semi-
analytical representation of the mean spherical approximation. We reveal that peculiarities in the
behavior of the obtained dependencies are related to the peculiarities of the phase diagrams of
the alloys under consideration. Additionally, we verify our calculation method on Al80-Cu20 and
Al80-Au20 liquid alloys. The results obtained are in good agreement with available experimental
and molecular-dynamic simulation data. In the cases when the experimental information is not
available, the presented results can be considered as predictive to estimate the quantities under
consideration approximately.

Keywords: liquid binary metal alloy; noble metal; diffusion; square-well model; mean spherical
approximation; linear trajectory approximation

1. Introduction

Diffusion coefficients are relevant quantities for many important processes, in partic-
ular for solidification and microstructure formation in alloys. Progress in experimental
and computer-simulation techniques during last two decades has stimulated a great in-
terest for researchers in diffusion in liquid binary metal and metal-like alloys in both
experimental [1–21] and theoretical [3,5,21–56] areas. However, the liquid binary alloys of
noble metals remain, to our knowledge, not studied enough from this point of view.

Some years ago, we suggested a new solution [57] for the mean spherical approx-
imation (MSA) [58] for the square-well (SW) model. This solution, in conjunction with
the linear trajectory approximation (LTA) [59,60], gives an opportunity to calculate the
self-diffusion coefficients in pure liquid metals and in their binary alloys.

Recently, we successfully applied the SW-MSA-LTA approach to study the self-
diffusivities in liquid binary alloys of alkali metals [61] and in liquid pure noble metals [62].
Here, we apply this approach for the same aim to liquid Cu-Ag, Cu-Au, and Ag-Au alloys.
The chosen alloys have different types of phase diagrams in spite of the similar electron
structures of pure Cu, Ag, and Au. It makes the study of these alloys interesting from the
point of view of investigating which one from these factors has more influence on their
properties. On the other hand, due to the high resistance to the chemical activity as well
as the high electro- and heat-conductivities, the alloys of noble metals are widely used in
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the industry. Moreover, Au-Ag and Au-Cu are jewelry alloys, for manufacturing of which
it is necessary to know the velocity of the concentrations’ convergence at melting, which
depends on the diffusion properties.

2. Theory

In accordance with Einstein’s well-known expression [63], the self-diffusion coefficient
of the i-th-kind atom in the mixture Di is inversely proportional to the friction coefficient of
the same atom, ξi:

Di = (βξi)
−1 (1)

where β = (kBT)−1; kB is the Boltzmann constant; T is the temperature.
In the LTA suggested by Helfand [59] for pure fluids described by the hard-core (HC)

pair potentials,
ξ = ξHC + ξnon−HC (2)

where ξHC is the hard-core part of the pair interaction [64]; ξnon−HC is the contribution to
the friction coefficient caused by the non-hard-core part of the pair interaction:

ξHC =
8
3

ρσ2g(σ) (π M/β)1/2 (3)

ξnon−HC = − (βπ M)1/2

12π2

∞∫
0

[S(q)− 1]φ(q) q3dq (4)

Here, ρ is the mean atomic density; σ is the diameter of the hard core; g(r) is the pair
correlation function; M is the atomic mass; S(q) is the structure factor; φ(q) is the Fourier
transform of the pair potential, φ(r), outside the hard core.

Davis and Palyvos [60] modified Equation (2) by taking into account the cross effect between
HC and non-HC forces, and generalized the resulting expression to γ-component mixtures:

ξi = ξHC
i + ξnon−HC

i + ξcross
i (5)

where

ξHC
i =

8
3
(2π/β)1/2

γ

∑
j=1

ρjσ
2
ijgij(σij) µij

1/2 (6)

ξnon−HC
i = − (2πβ)1/2

12π2

γ

∑
j=1

ρjµij
1/2

∞∫
0

hij(q) φij(q) q3dq (7)

ξcross
i = − (2β/π)1/2

3

γ

∑
j=1

ρjµij
1/2 gij(σij)

∞∫
0

(xij cos(xij)− sin(xij)) φij(q)dq (8)

Here, ρi = ciρ; ci is the concentration of the i-th component; σij is the partial HC
diameter; gij(r) is the partial pair correlation function; µij = Mi Mj/(Mi + Mj); Mi is the
atomic mass of the i-th component; hij(q) is the Fourier transform of (gij(r)− 1); and φij(q)
is the Fourier transform of the partial pair potential, φij(r), at r ≥ σij; xij = qσij.

For the SW binary mixture, Equations (6)–(8) are being rewritten as

ξHC
i =

8
3
(2π/β)1/2

2

∑
j=1

ρjσ
2
ijg

SW
ij (σij) µij

1/2 (9)

ξnon−HC
i = − (2πβ)1/2

12π2

2

∑
j=1

√
cj

ci
µij

1/2
∞∫

0

(
SSW

ij (q)− δij

)
φSW

ij (q) q3dq (10)
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ξcross
i = − (2β/π)1/2

3

2

∑
j=1

ρjµij
1/2 gSW

ij (σij)

∞∫
0

(xij cos(xij)− sin(xij)) φSW
ij (q)dq (11)

where

δij =

{
1, i = j
0, i 6= j

(12)

Sij(q) is the Ashcroft-Langreth [65] partial structure factor:

Sii(q) =
1− cjρ cjj(q)

[1− c1ρ c11(q)][1− c2ρ c22(q)]− c1c2 ρ2c2
12(q)

(13)

S12(q) =
√

c1c2ρ c12(q)
[1− c1ρ c11(q)][1− c2ρ c22(q)]− c1c2 ρ2c2

12(q)
(14)

where i 6= j; cij(q) is the Fourier transform of the partial direct correlation function, cij(r);

φSW
ij (q) = 4πεij [sin(λijxij)− sin(xij)− λijxij cos(λijxij) + xij cos(xij)] /q3 (15)

where εij is the partial SW depth and (λij − 1)σij is the partial SW width. For the additive
mixture exploited here, the Lorentz–Berthelot rule is used to describe parameters attributed
to the unlike-atoms’ interaction:

σ12 = (σ11 + σ22)/2,
ε12 = −√ε11ε22,

λ12 = (λ11σ11 + λ22σ22)/(σ11 + σ22).
(16)

The Fourier transform of the partial direct correlation function is calculated here in the
framework of the semi-analytical method [57] of solving the Ornstein–Zernike equation [66]
for the square-well fluid within the mean spherical approximation [61,67,68]:

cSW
ii (q) = −βϕSW

ii (q) +
(

4π

q3

){n+2

∑
m=1

x2−m
ii

∂m sin(xii)

∂xm
ii

n

∑
l=0

biil

m−2

∏
k=0

(l + 1− k)+
[(n+1)/2]

∑
m=1

(−1)m+1(2 m)!bii(2m−1)

x2m−1
ii

}
(17)

cSW
12 (q) = −βϕSW

12 (q) +
(

4π

q3

){n+2

∑
m=1

x2−m
11

∂m sin(x12)

∂xm
12

n

∑
l=0

b12l

m−2

∏
k=0

(l + 1− k) + y12b120 cos(x12) +
n

∑
m=1

(m + 1)!b12m
xm

11

∂m sin(y12)

∂ym
12

}
(18)

where n ≥ 3 (we take n equal to 5); y12 = q(σ22 − σ11)/2 at σ22 > σ11; [(n + 1)/2] is
the integral part of (n + 1)/2; and bijm are coefficients determined numerically from the
condition that the partial pair correlation functions must be equal to zero inside the HC:

gij(r) = 0, r < σij (19)

where i, j = 1, 2.
The condition (19) is fulfilled numerically by the simplex method using the well-known

Fourier-transform relation:

gij(r) = 1 +
1

2π2ρ
√cicj

∞∫
0

[Sij(q)− δij]
sin(qr)

qr
q2dq (20)

3. Results and Discussion

Self-diffusion coefficients of the components in liquid Cu-Ag, Cu-Au, and Ag-Au
alloys at different compositions are studied at two temperatures (T = 1423 K and T = 1573 K)
for which we have the obtained earlier [62] SW-parameters’ values of all three pure metals
forming the alloys under consideration. We use the experimental values of the required
mean atomic densities of alloys under consideration taken from the work [69] for Cu-Ag
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and Ag-Au systems and from the work [70] for Cu-Au system. Values of the SW parameters
for the alloy’s components (σii, εii, λii) are taken to be the same as ones for the pure metals
from the work [62].

The calculated concentration dependencies of the self-diffusion coefficients of alloys’
components in Cu-Ag, Cu-Au, and Ag-Au alloys are shown in Figure 1, Figure 2, and
Figure 3, respectively. For the convenience of the readers, all obtained results are duplicated
in Tables 1–3.

Table 1. Self-diffusion coefficients of Cu and Ag in liquid Cu-Ag alloy at T = 1423 K and T = 1573 K.

T (K) D × 109 (m2/s) cCu

0 0.2 0.4 0.6 0.8 1

1423 Cu 3.52 3.545 3.58 3.625 3.71
Ag 3.24 2.25 3.265 3.29 3.32

1573 Cu 4.63 4.675 4.74 4.82 4.91
Ag 4.41 4.435 4.46 4.49 4.53

Table 2. Self-diffusion coefficients of Cu and Au in liquid Cu-Au alloy at T = 1423 K and T = 1573 K.

T (K) D × 109 (m2/s) cCu

0 0.25 0.5 0.75 1

1423 Cu 3.20 3.30 3.50 3.71
Au 2.28 2.30 2.40 2.50

1573 Cu 4.38 4.50 4.64 4.91
Au 3.08 3.15 3.27 3.40

Figure 1. Self-diffusion coefficients of Cu (circles) and Ag (squares) in liquid Cu-Ag alloy at T = 1423 K
(dashed line) and T = 1573 K (solid line).
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Figure 2. Self-diffusion coefficients of Cu (circles) and Au (triangles) in liquid Cu-Au alloy at
T = 1423 K (dashed line) and T = 1573 K (solid line).

Figure 3. Self-diffusion coefficients of Ag (squares) and Au (triangles) in liquid Ag-Au alloy at
T = 1423 K (dashed line) and T = 1573 K (solid line) in comparison with the self-diffusion coefficients
of Au in pure Ag at T = 1300 K (rhombus) and at T = 1500 K (asterisk) taken from the experiment [71].
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Table 3. Self-diffusion coefficients of Ag and Au in liquid Ag-Au alloy at T = 1423 K and T = 1573 K.

T (K) D × 109 (m2/s) cAg

0 0.25 0.5 0.75 1

1423 Ag 2.90 3.00 3.10 3.24
Au 2.28 2.38 2.49 2.61

1573 Ag 3.89 4.05 4.22 4.41
Au 3.08 3.22 3.37 3.51

Unfortunately, the experimental information needed for the comparison with obtained
results is absent for the alloys under consideration. Therefore, we calculated the self-
diffusion coefficients of Cu and Au in two Al-rich binary alloys with 20% of Cu and Au,
respectively, at the same temperatures as we take for Cu-Ag, Cu-Au, and Ag-Au alloys, to
estimate the accuracy of our results in comparison with available literary information [7,51].
To realize these calculations, we used the experimental values of the mean atomic densities
of Al80-Cu20 and Al80-Au20 alloys taken from the works [51,72], respectively. The obtained
results listed in Table 4 agree well with both experimental data [7] and the results of classical
molecular-dynamic (MD) simulations [51]. Note that the range of the experimental error in
the work [7] (as it was reported in Figure 4 of the work [9]) is equal to approximately 8.5%.
On the other hand, the uncertainty in determination of values for the SW parameters in our
work can spread up to 4% in dependence on the kind of the parameter and the kind of the
element. This leads to a calculation error for the self-diffusion coefficients in the range of
approximately 8%. These facts show that our calculated results and experimental results [7]
lie within the limits of the mutual error. For the results of the work [51], the range of the
simulation error is not presented, and we can conclude only that the named results lie in
the limits of our error.

Table 4. Self-diffusion coefficients of Cu and Au in liquid Al80-Cu20 and Al80-Au20 alloys, respectively,
at T = 1423 K and T = 1573 K calculated in the present work in comparison with the experimental [7]
and MD-simulation [51] results for Al80-Cu20 and Al80-Au20 alloys, respectively.

D × 109 (m2/s) T (K) Our Results Literature Results

Cu 1423 7.95 7.86 [7]
1573 10.47 10.28 [7]

Au 1423 2.50 2.41 [51]
1573 3.43 3.10 [51]
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Figure 4. Arrhenius plot of the self-diffusivity of Cu in Al80 -Cu20 liquid alloy obtained by different
methods [7,15,73,74] in comparison with our results (the red area restricts the 95% confidence interval
of the linear fit).

As far as we know, there has only been work carried out [51] where self-diffusivities
of Au in Al-Au liquid alloy were studied. At the same time, for Al80-Cu20 melt, there
are several available sources with data on the self-diffusivities of Cu at different temper-
atures: experimental data of Brillo et al. [7] and Dahlborg et al. [15], results of ab initio
molecular dynamics (AIMD) obtained by Wang et al. [73], and results of classical MD
simulations with modified embedded atom model (MEAM) obtained by Trybula [74], who
used both the mean square displacement (MSD) and the Stokes–Einstein (SE) equation. To
estimate the accuracy of our results more correctly, the statistical analysis of the named
above data was performed as follows: all these data were collected together and fitted by
linear function, after which the 95% confidence interval of the fit was calculated and com-
pared with our calculations (Figure 4). One can see that our data are within the obtained
confidence interval.

Thus, this additional study and our earlier results on the self-diffusivities of liquid Cu,
Ag, and Au in the pure state [62] show a satisfactory agreement of the calculated results
with the ones in the literature, and allow us to hope for the high reliability of the results for
Cu-Ag, Cu-Au, and Ag-Au presented in Figures 1–3.

From Figures 1–3, one can see that the behavior of the concentration dependencies of
the self-diffusion coefficients is slightly different for all three systems. In Ag-Au system,
having the full mutual solubility of components in the solid state, these dependencies are
the straight lines (Figure 3). In the Cu-Ag eutectic system, some concavities are observed
on all calculated curves (Figure 1). In the Cu-Au system, all obtained curves are slightly
fractured and, herewith, the positions of the bends correspond approximately to the alloy’s
compositions at which the chemical compounds exist in this system in the solid state at low
temperatures (Figure 2).
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The comparison of the results obtained at different temperatures show that the chang-
ing of the temperature leads to a significant change in magnitude of the self-diffusivity, but
has almost no effect on the behavior of the concentration dependencies under consideration.

In Figure 3, the experimental self-diffusion coefficients of Au in pure Ag at T = 1300 K
and at T = 1500 K [71] are shown. It can be seen that our results are slightly understated in
comparison with this experiment.

4. Conclusions

This work shows that the SW-MSA-LTA approach allows the obtaining of satisfactory
results for the diffusion coefficient in liquid binary alloys of noble metals as well as for the
liquid binary alloys of alkali metals, as it was shown earlier [61].

Since the experimental data for the objects under study are absent, the results obtained
can be used for an approximate estimation, encouraging experimental or MD-simulation
studies of the systems under consideration.
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