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Abstract: Mechanical components, such as gears, are usually subjected to variable loads that induce
multiaxial non-proportional stress states, which in turn can lead to failure due to fatigue. However,
the material properties are usually available in the forms of bending or shear fatigue limits. Multiaxial
fatigue criteria can be used to bridge the gap between the available data and the actual loading
conditions. However, different criteria could lead to different results. The main goal of this paper is
to evaluate the accuracy of different criteria applied to real mechanical components. With respect
to this, five different criteria based on the critical plane concept (i.e., Findley, Matake, McDiarmid,
Papadopoulos, and Susmel) have been investigated. These criteria were selected because they
not only assess the level of damage, but also predict the direction of crack propagation just after
nucleation. Therefore, measurements (crack position and direction) on different fractured gear
samples tested via Single Tooth Bending Fatigue (STBF) tests on two gear geometries were used as
reference. The STBF configuration was numerically simulated via Finite Elements (FE) analyses. The
results of FE were elaborated based on the above-mentioned criteria. The numerical results were
compared with the experimental ones. The result of the comparison showed that all the fatigue
criteria agree in identifying the most critical point. The Findley and Papadopulus criteria proved to
be the most accurate in estimating the level of damage. The Susmel criterion turns out to be the most
conservative one. With respect to the identification of the direction of early propagation of the crack,
the Findley criterion revealed the most appropriate.

Keywords: gears; Single Tooth Bending Fatigue; STBF; Finite Element Model; FEM; material
characterization; multiaxial fatigue; critical plane

1. Introduction

In mechanical systems, gears are widely used components to transmit torque and mo-
tion (i.e., mechanical power) between non-coaxial shafts [1]. Due to their working principle
(i.e., meshing of conjugate profiles), teeth are subject to various damage mechanisms that
can lead to the failure of the entire mechanical system [2,3]. Wear, scuffing, and (micro)
pitting in the teeth flank are just a few examples of failure modes that, in turn, can be
attributable to high contact pressures and/or insufficient lubrication [4–8]. However, Tooth
(root) Bending Fatigue (TBF) is the most dangerous one [9,10].

TBF leads to the nucleation and propagation of a crack in the Tooth Root Radius (ρ f P)
due to the varying stress induced by tooth bending during meshing [11,12]. Therefore, a
fundamental aspect to be considered while designing gears is the capability to withstand
cyclic bending loads [13]. With this respect, different standards support the gear design to
avoid TBF failures, e.g., ISO 6336-3 [14,15] and ANSI/AGMA [16]. The above-mentioned
standards support gear design through the determination of Tooth Bending Strength (TBS).
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According to the Method B of ISO 6336-3 [15], the maximum stress σF at the ρ f P due to pure
bending has to not exceed the permissible bending stress σFP that, in turn, is proportional
to the material strength σFlim, i.e., a material property usually determined through Single
Tooth Bending Fatigue (STBF) tests [17–20].

In STBF tests, teeth belonging to a gear sample made of the material to be characterized
are loaded with two pulsating, competing, parallel, and discordant forces applied through
two anvils (having parallel faces) mounted on a universal (fatigue) testing machine [21,22].
Exploiting the Wildhaber property [1], these forces are applied perpendicularly to two tooth
flanks, resulting in tangent to the base circle [23]. STBF tests are interrupted if a tooth fails
or if it withstands the run-out condition (106–108) cycles [24–28]. The statistical elaboration
of failures and run-outs (the load levels are defined with the staircase approach [29,30])
leads to the determination of the load-carrying capacity [20]. The methods for translating
this load into stresses acting at the ρ f P (i.e., σFlim) can be different: (1) through the reverse
application of the standard (e.g., [31–34]), (2) by means of experimental measures (e.g.,
exploiting strain gauges [35]), (3) via Finite Element (FE) simulations (e.g., [36–39]).

With respect to the FE simulations, on the one hand, they allow us to obtain relevant
information on the principal stresses in the ρ f P, for each loading condition. On the other
hand, results of FE simulation have to be further elaborated to estimate the fatigue behavior
of a specific gear design [40,41]. In other words, numerical simulations of STBF tests
and further data elaboration based on fatigue criteria using material data obtained via
standard tests (i.e., torsion, bending and traction quasi-static and fatigue tests on standard
specimens) seems to be a valuable alternative to long experimental campaigns.

In recent studies, the authors pointed out that the FE simulation results of the STBF
configuration can be analyzed and elaborated via different fatigue criteria based on the
critical plane approach [41–43]. These allow for evaluating the criticality of each point
along the ρ f P. Moreover, it permits to individuate the potential propagation direction of
the crack after nucleation. Nevertheless, it has been observed that different fatigue criteria
could lead to different results in terms of TBS and/or crack propagation direction [42].

The goal of the present paper is to evaluate the most appropriate fatigue criteria for
characterizing the fatigue behavior in terms of the individuation of the nucleation point
and the determination of the direction of early propagation of the crack in real mechanical
components characterized by non-proportional multiaxial states of stress. This stress state,
i.e., any state of time varying stress where the orientation of the principal axes changes
with respect to a reference system integral with the studied component, can be found
in gears [38]. In this respect, STBF tests described in [35,38–40] have been numerically
reproduced and the FE results have been analyzed through different fatigue criteria based
on the critical plane, i.e., Findley [44], Matake [45], McDiarmid [46], Papadopoulos [47],
and Susmel et al. [48]. The outcomes of the elaboration have been compared with the
cracks observed in the above-mentioned experimental campaigns [35,38–40].

The present paper is organized as follows. In Section 2, the mathematical elaboration
of a generic time-dependent stress tensor σ(t) according to different fatigue criteria is
presented. In Section 3, FE modeling, numerical data processing, and experimental data
acquisition are shown. Comparison of numerical and experimental results are presented in
Section 4. Discussions and conclusion can be found in Section 5.

2. Background: Mathematical Modeling of Fatigue Criteria Based on the Critical Plane

In the present section, the mathematical modeling is presented of the main fatigue
criteria based on critical plane (i.e., Findley [44], Matake [45], McDiarmid [46], Papadopou-
los [47], and Susmel et al. [48]). Each fatigue criterion starts from the time-dependent stress
tensor σ(t) (Equation (1)) referred to the point whose fatigue behavior has to be evaluated.

σ(t) =

 σxx(t) τxy(t) τxz(t)
τyx(t) σyy(t) τyz(t)
τzx(t) τzy(t) σzz(t)

 (1)
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More specifically, a generic plane (including the point to be evaluated) can be defined
by means of its normal vector n that, in turn, can be defined according with its spherical
coordinates (ϕn, ϑn) with respect to a generic reference system (Figure 1).
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Figure 1. Components of Pn(ϕn, ϑn, t) on the plane n(ϕn, ϑn).

According to Equation (2), it is possible to calculate the stress vector Pn acting on the
afore-mentioned plane; the vector can, in turn, be decomposed into a normal component
σn and into a tangential component τn (Figure 1).

Pn(ϕn, ϑn, t) = σ(t) n(ϕn, ϑn) (2)

On the one hand, σn (which can be calculated through Equation (3)) presents a fixed
direction and a time-dependent modulus. On the other hand, τn has a time-dependent
modulus and direction. Therefore, τn has to be further decomposed into its components
along the u and v directions (Figure 2). The unitary vectors n, u, v are defined as in
Equation (4). In Equation (5), τn is defined.

σn(ϕn, ϑn, t) = nT(ϕn, ϑn)σ(t) n(ϕn, ϑn) (3)

u(ϕn, ϑn) =

 − sin ϑn
cos ϕn

0

v(ϕn, ϑn) =

 − cos ϑn cos ϕn
− cos ϑn sin ϕn

sin θn

; n(ϕn, ϑn) =

 sin ϑn cos ϕn
sin ϑn sin ϕn

cos ϑn

 (4)

τn(ϕn, ϑn, t) = uT(ϕn, ϑn)σ(t)u(ϕn, ϑn) + vT(ϕn, ϑn)σ(t)v(ϕn, ϑn) (5)
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Figure 2. u and v on the plane n(ϕn, ϑn) and definition of the curve Γn.

It is worth noting that, for periodic stresses (having a period T), the point of the arrow
of the vector Pn describes a closed tridimensional curve. Consequently, τn describes a
closed curve in the plane (Figure 2). In the Figure, this curve is indicated as Γn. On the
one hand, the normal stress σn ranges from a minimum σn,min to a maximum σn,max value
(Figure 2). Therefore, it is possible to define the value of the alternating stress (acting on
the plane having normal n) as σn,a defined according to Equation (6). On the other hand, to
define the value of alternate tangential stress τn,a (acting on the plane having normal n),
literature reports different methods. The most diffused one is the Minimum Circumscribed
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Circle (MCC) (Equation (7)) [49]. Considering that the curve Γn is representative of the
tangential stresses acting on the studied plane during the entire loading cycle, the MCC
method suggests determining τn,a as the radius of the smallest circle that can entirely
contain the curve Γn (Figure 3).

σn,a = max
T
{σn(t)} −min

T
{σn(t)} = σn,max − σn,min (6)

τn,a = MCC
T
{τn(t)} (7)
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By varying the spherical coordinates (ϕn, ϑn) systematically, it is possible to define
a series of different planes passing through the point to be evaluated. For each plane
it is possible to calculate the related stress parameters, i.e., τn,a, σn,min, σn,max, and σn,a.
Based on these stress parameters, it is possible to individuate the critical plane having
specific spherical coordinates (ϕc, ϑc). According to the Matake, the Susmel et al., the
Papadopoulos, and the McDiarmid criteria, the critical plane is defined as the plane that
displays the maximum value of τn,a (Equation (8)).

(ϕC, ϑC)→ max
ϕ,ϑ
{τn,a(ϕ, ϑ)} (8)

Conversely, according to the Findley criterion, the critical plane is defined as the plane
that presents the maximum value of the damage parameter (DP) defined as in Equation (9).
This is a function of the alternating tangential stress (τn,a) and the maximum stress reached
in a cycle (σn,max). Therefore, the Findley criterion could lead to a critical plane having a
different orientation with respect to the critical plane according to the other fatigue criteria.

(ϕC, ϑC)→ max
ϕ,ϑ

τn,a(ϕ, ϑ) +
2rτ/σ − 1

2
(√

rτ/σ − r2
τ/σ

)σn,max(ϕ, ϑ)

 (9)

where rτ/σ is the ration between the material fatigue limit at symmetrical alternating
torsional loading (τf ) and material fatigue limit at symmetrical alternating bending loading
(σf ) as in Equation (10). It is worth noticing that these material properties can be estimated
through simple fatigue tests.

rτ/σ = τf /σf (10)

Once the critical plane (ϕc, ϑc) has been identified, the various criteria require that the
damage parameter on this plane be calculated. In the present paper, the stress parameters
related with the critical plane are labeled with the subscript c, i.e., τc,a, σc,max, σc,a.

The various criteria differ on how the damage parameter (DP) is calculated. Accord-
ing to Findley, the damage parameter (DPFindley) is defined as in Equation (11). According
to the Matake criteria, the DPMatake is affected by the alternating (tangential) stress σc,a
(τc,a) (Equation (12)). The Susmel et al. criteria requires calculating the damage param-
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eter (DPSusmel et al.) according to Equation (13). With respect to the criteria proposed by
McDiarmid, it is necessary to consider the ultimate tensile stress σR (Equation (14)).

DPFindley = τc,a +
2rτ/σ − 1

2
(√

rτ/σ − r2
τ/σ

)σc,max (11)

DPMatake = τc,a + (2rτ/σ − 1)σc,a (12)

DPSusmel et al. = τc,a +

(
τf −

σf

2

)
σc,max

τc,a
(13)

DPMcDiarmid = τc,a +
τf

2σR
σc,max (14)

To implement the Papadopoulos’ criteria, it is important to define the maximum
octahedral stress σh,max (in the time window T). It can be calculated through Equation (15),
where σO is a vector with the principal stresses, i.e., the stresses that, for the same time
instant t, satisfies Equation (16). I is the identity matrix. The DPPapadopoulos can be calculated
according to Equation (17).

σh,max = max
T

{
1
3 ∑

i=1,2,3
σOi

}
(15)

det
∣∣∣∣σ(t)− σO

=
I
∣∣∣∣ = 0 (16)

DPPapadopoulos = τc,a +

(
3
2
(2rτ/σ − 1)

)
σh,max (17)

Eventually, each fatigue criteria (based on critical plane) state that the component
works safely as long as the value of the damage parameter, in each point, is below a specific
threshold. Therefore, it is possible to calculate a safety factor (SF) (for each criterion
and in each position) which formulation depends on the implemented criterion. For
example, SFFindlay is defined in Equation (18). In Equations (19)–(22) the SF for the Matake,
Susmel et al., McDiarmid, and Papadopoulos criteria can be found, respectively. SF > 1
means that the analyzed stress state has not reached the critical value according to the
studied criterion (and vice versa for SF < 1).

SFFindlay =

τf

2
(√

rτ/σ−r2
τ/σ

)
DPFindley

(18)

SFMatake =
τf

DPMatake
(19)

SFSusmel et al. =
τf

DPSusmel et al.
(20)

SFMcDiarmid =
τf

DPMcDiarmid
(21)

SFPapadopoulos =
τf

DPPapadopoulos
(22)

3. Materials and Methods

In the present paper, two different gear-samples geometries subjected to STBF loading
have been modeled by means of Finite Element Model (FEM). In Table 1, the geometrical
parameters of the gears are reported. The above-mentioned gears were studied experimen-
tally in [38,40]. The authors have collected experimental images of cracks in several teeth
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(related to the study conducted in [38,40]) in which failure by TBF occurred. Through these
images, it has been possible to extrapolate the position of the nucleation point of the cracks
in the teeth root region and the direction (angle) of early propagation (Section 3.1). FEM re-
sults have been elaborated through critical plane criteria to characterize the crack behavior
in the ρ f P (Section 3.2). The numerical and experimental results have been compared in
Section 4.

Table 1. Geometrical parameters of the simulated gears—Gear A [38], Gear B [40].

Description Symbol Unit Gear A Gear B

Normal module mn mm 3.77301 2.2
Normal pressure angle αn

◦ 22.5 17
Number of teeth z - 32 30
Face width b mm 15 20
Profile shift coefficient x - 0.0681 0.25
Dedendum coefficient h∗f P - 1.3153 1.675
Root radius factor ρ∗f P - 0.36 0.368
Addendum coefficient h∗aP - 1.1595 1.361

3.1. Individuation of Cracks Characteristic through Experimental Images

The crack propagation just after nucleation can be characterized by the two parameters
χ and β (Figure 4). Using these coordinates, it has been assumed that the early propagation
plane is always perpendicular to the view in Figure 4.
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Figure 4. Cracks characteristics (χ, β) in experimental tests.

• χ is a linear coordinate along the ρ f P. This coordinate can take any value from 0 (i.e.,
lower point in the radius at the foot) to 1 (i.e., connection point between the ρ f P and
tooth flank). Through χ, it is possible to define the position of each nucleation point.

• β is the angle between the tooth axis and crack direction in its early propagation.

In Figure 4, χ and β are reported for generic cracks (highlighted in red) in Gear A and
Gear B. In the figure, the point in which χ assumes its minimum and its maximum value
are indicated.

In Figures 5 and 6, experimental images on which χ and β have been identified are
shown. More specifically, Figure 5 shows six images of different teeth belonging to Gear A.
The same, referred to as Gear B, is shown in Figure 6.



Metals 2021, 11, 1871 7 of 17

Metals 2021, 11, x FOR PEER REVIEW 7 of 18 
 

 

In Figures 5 and 6, experimental images on which χ and β have been identified are 
shown. More specifically, Figure 5 shows six images of different teeth belonging to Gear 
A. The same, referred to as Gear B, is shown in Figure 6. 

 
Figure 5. Individuation of cracks characteristics (χ, β) in experimental tests performed on Gear A. Figure 5. Individuation of cracks characteristics (χ, β) in experimental tests performed on Gear A.

In the figures, the yellow dashed line represents the tooth profile (before the test) while
the red solid line represents the direction of early propagation of the crack. It is worth
noting that while in Gear B the crack always led to the complete detachment of the tooth,
as far as Gear A is concerned, the tests were interrupted when the crack was detected via
the variation of the stiffness of the system (even if it did not lead to the complete breakage
of the tooth). Therefore, in some images of Gear A, the crack is of limited size and is hidden
by the red line, which, however, represents its initial propagation direction.

With respect to Gear A (Figure 5), all the cracks nucleated in 0.382 ≤ χ ≤ 0.775 having
a direction 54.5◦ ≤ β ≤ 65◦. With respect to Gear B (Figure 6), all the cracks nucleated in
0.550 ≤ χ ≤ 0.664 having a direction 42◦ ≤ β ≤ 51.5◦. It is interesting to notice that, for
Gear A, three cracks nucleated in the proximity of χ = 0.400, while the other three cracks
nucleated in different points. The latter cracks may be nucleated at different locations due
to micro defects in the material. Moreover, in Gear B, the nucleation points have a lower
dispersion, but are located in the proximity of the end of the grinding zone where, most
likely, a micro notch has formed between the root radius and the beginning of the involute
tooth profile.

3.2. Numerical Elaboration Aimed to Characterize Cracks within Tooth Root Radius

The FEM has been set up into the open-source software, Salome-Meca/Code_Aster.
In Figures 7 and 8, it is possible to see the STBF test modeling for Gear A and Gear B,
respectively. In the present study, 3D simulations have been performed to also consider the
boundary effects.
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To reduce the computational effort, only a quarter of each gear has been modeled
exploiting symmetries. More specifically, on the one hand, half of the face width has been
modeled. On the other hand, gears are symmetric on a plane parallel to the contact-face of
the anvil and positioned at half of the Wildhaber distance (yellow line in Figures 7 and 8).

The models have been created through extruded meshes. Linear elements having
typical isotropic steel properties have been used i.e., a Young modulus equal to 205,000 MPa
and a Poisson’s ratio of 0.3. In each model, hexahedral elements have been exploited to
model the loaded tooth while TRIA6 elements, i.e., triangular base prisms, have been
used to model the remaining volume of the gear. The mesh density has been increased in
the loaded tooth after a sensitivity analysis. More specifically, the mesh density has been
increased by 10% until the results of the simulations present a variation of less than 1%.
The final models have the mesh characteristics listed in Table 2.

Table 2. Mesh characteristics of the simulated gears.

Characteristics Unit Gear A Gear B

Total nodes # 75,824 214,160
Hexahedral elements # 54,000 156,690
TRIA6 elements # 27,855 83,205
Element in the half-face width # 15 15
Nodes in the tooth flank # 480 800
Nodes in the tooth root radius # 496 816

Non-linear simulations have been performed to simulate the contact between the
anvil and the tooth flank for each gear. While the analyses are non-linear due to the
contacts, the state of stress never exceeded the yielding. In Figures 7 and 8, the contact
faces are indicated with green lines and the theoretical contact point is indicated with a
green circle. It is located in the intersection between the horizontal line tangent to the base
circle (represented in the figures) and the tooth flank. With respect to Gear A, a pulsating
compressive force varying sinusoidally from a minimum value of 3700 kN to a maximum
value of 37,000 kN has been applied to the anvil. With respect to Gear B, the minimum and
maximum value of the force applied result 1498 kN and 14,980 kN, respectively. Through
the above-mentioned loading configuration, taking into consideration the symmetries
exploited, it has been possible to replicate the experimental conditions, i.e., ratio between
the minimum and maximum force of 0.1 (applied in the experimentation). Those levels of
force are the loads that averagely lead to a failure in 106 cycles.
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The stress tensor σ(t) was extracted for both gears in the most critical areas where
fracture is expected to nucleate, i.e., within the ρ f P (nodes highlighted with the red line in
Figures 7 and 8). At this point, the approaches presented in Section 2 have been applied by
defining the material properties (σf , τf , σR). In particular, Gear A has been manufactured
with VAR 9310 having a bending fatigue limit σf = 1400 MPa, a torsional fatigue limit
τf = 1100 MPa, and an ultimate tensile strength σR = 2700 MPa. On the other hand, Gear
B has been manufactured through 20MnCr5 having σf = 516 MPa, τf = 303 MPa, and
σR = 1028 MPa.

Therefore, for each gear and for each point within the ρ f P, it has been possible to
elaborate the stress tensor σ(t) implementing the different fatigue criteria presented in the
previous section. In the present paper, the studied points are the nodes of the computational
grid belonging to the ρ f P. This choice was made in order to avoid the need of interpolation.
The workflow followed is graphically explained in Figure 9. For each gear, the workflow
is structured with four FOR loops. The innermost one analyses data for each simulated
time step (in these cases T = 40). The FOR loops on ϑ and ϕ aim to discretize the space by
defining the direction of different planes varying by 0.5◦ each cycle (from 0◦ to 180◦). The
FOR loop on the nodes within the ρ f P i.e., Nmax = 31 for Gear A and Nmax = 51 for Gear B,
aims to study the most critical positions. Indeed, for each node N(θc ϕc), belonging to the
symmetry section of the tooth (i.e., the most critical), the critical plane has been individuated
through the presented framework. This allowed for achieving a twofold objective. First,
it allows us to calculate the damage parameters for each node and each criteria (through
Equations (11)–(14) and (17)). Therefore, it has been possible to calculate SF for each node
and each criteria (Equations (18)–(22)) (green boxes in Figure 9). In this way, it has been
possible to estimate the differences between nodes in terms of criticality. Moreover, the
most critical node according to the different criteria implemented has been established.
Second, it has allowed us to identify the direction of the crack propagation (at least in in the
proximity of the studied nodes) if it nucleates in any of them (by differentiating between
the various fatigue criteria) (blue boxes in Figure 9).

The above-mentioned direction of the critical plane corresponds to the direction of
early propagation of the crack after nucleation (evaluated for each node and each criterion).
In addition, SF is representative of the criticality of the node (according to the criteria
in question). The combination of these two results, i.e., direction of critical plane and
SF, allowed for obtaining an overview of possible crack propagation scenarios in the ρ f P
according to the various criteria. These results have been compared with the experimental
ones in terms of crack positions and paths observed after performing STBF tests. The
comparison has allowed for assessing the effectiveness of each criterion to correctly predict
the failure.
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4. Results

As mentioned in the previous section, numerical and experimental results have been
compared. On the one hand, in STBF specimens, it has been possible to identify both the
point where the crack nucleated and the direction of crack propagation for each tooth that
failed during the test. On the other hand, through the elaboration of numerical results, for
each node within the ρ f P it has been possible to evaluate the damage parameter (it indicates
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the criticality of the node in question) and the direction of the critical plane (it indicates the
direction of the initial crack propagation if the crack nucleates in the studied node).

The comparison has allowed for assessing the effectiveness of each criterion to cor-
rectly predict the failure. More specifically, each criterion has been evaluated based on its
attitude to:

1. Provide a SF consistent with the experimental measurements, i.e., how the SF is close
to 1 since the simulated loading condition, according to the experimental results,
should lead to a maximum tensile stress σF equal to the permissible bending one σFP;

2. Identify the actual critical node, i.e., how close the numerically identified critical node
is to the crack nucleation point obtained through experimental tests;

3. Determine the actual crack direction, i.e., how the numerically calculated critical plane
direction (at the node closest to nucleation point) is similar to the experimentally
observed crack propagation direction.

In Table 3, the minimum SF calculated according with the investigated criteria and
the relative node location is reported for the two gears. With respect to the parameter χ,
all the criteria show a congruence in identifying the critical node (χ = 0.400 for Gear A
and χ = 0.435 for Gear B). In addition, it is interesting to highlight that, according to the
standard [14], the critical node should be located in χ = 0.508 for Gear A and χ = 0.430
for Gear B (the standard [14] defines the critical point as the point of the fillet tangent to a
straight line having 30◦ inclination with respect to the axis of the tooth). Therefore, on the
one hand, numerical results lead to individuate the critical node in the same position of the
standard for Gear B and in a different position for Gear A. On the other hand, experimental
results show a greater variability in the nucleation point that, in turn, are not in agreement
with the standard in either case but in very good agreement with the numerical results for
Gear A.

Table 3. Minimum SF calculated through different fatigue criteria and associated critical node
location χ.

Gear SFFindley(χ) SFMatake(χ) SFSusmel(χ) SFPapadopoulos(χ) SFMcDiarmid(χ)

A 1.08(0.400) 1.96(0.400) 0.79(0.400) 1.13(0.400) 2.14(0.400)
B 0.98(0.435) 1.23(0.435) 0.94(0.435) 0.95(0.435) 1.08(0.435)

With respect to the value of SF, in Table 3 it emerges that the implementation of the
Findley criterion leads to values of SF closer to the unity for both the gears. Comparable
values emerge even when implementing the Papadopoulos criterion. Moreover, while for
Gear B all SF values are close to unity (ranges from 0.94 to 1.23), for Gear A Matake and
McDiarmid criteria lead to very high values of SF i.e., 1.96 and 2.14, respectively. In both
the cases it is possible to assert that the Susmel criteria is the most conservative one.

In Figures 10 and 11, experimental and numerical results are graphically compared.
Figure 10 is related to the ρ f P of Gear A, Figure 11 concerns the ρ f P of Gear B. In particular,
for each of the criteria investigated, the direction of the critical plane calculated in different
nodes of the fillet are shown through blue lines. The length of the segments is proportional
to the damage parameter. The thicker blue line represents the critical plane having the
higher damage parameter. The red lines represent the experimental results and have length
as if it was a critical plane having a unit SF. For each criterion, only the ρ f P and the tooth
axis have been reported. The results can be represented graphically in 2D since the critical
planes are all perpendicular to the views in the figures.
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Naturally, the direction of the critical planes only varies between Findley and the other
criteria, which, in turn, identify the critical plane in the same way. What changes between
the various criteria is the value of the damage parameter associated with each node and,
therefore, the length of the blue segments.

With respect to Gear A, it is possible to notice that most of the experimentally measured
cracks are located in the proximity of the most critical node (i.e., the intersection between
the thickest blue line and the radius). However, only the Findley criterion is capable of
identifying, with very good approximation, the direction of early propagation of the crack.
In addition, Findley’s criterion also allows for identifying the direction of cracks even when
these nucleate in different positions of the radius, i.e., χ = 0.576, χ = 0.574, χ = 0.775
(most likely due to minor manufacturing or material defects in those positions).

The other criteria lead to very different angles with respect to the ones observed
experimentally, e.g., 59◦ difference between the plane with the maximum τc,a and the crack
observed in its proximity. Therefore, the Findley criterion is the criterion that better models
crack nucleation (and early propagation) at the ρ f P of Gear A.

With respect to Gear B, most of the experimentally observed cracks are not in the
proximity of the most critical plane calculated numerically. However, also in this case, the
Findley criterion is capable of better estimating the crack propagation direction within
the whole ρ f P. Indeed, the other criteria suffer from errors ranging from 15◦ to 25◦ while
Findley approximates the direction with an error of less than 5◦.

5. Discussion and Conclusions

In the present paper, a methodological approach for implementing five different
fatigue criteria based on the critical plane is presented. This relies on the elaboration
of the stress tensor σ(t) calculated via FE simulations on specific nodes modeling the
ρF in STBF loading condition. With the aim of evaluating the accuracy of the different
criteria, two different gear geometries have been studied. In both cases, the gears had
been experimentally tested and, therefore, it has been possible to obtain the force values
leading to the permissible stress, the crack nucleation points, and the crack propagation
(just after nucleation) directions in multiple tests. Therefore, the numerical results have
been compared with the experimental ones in terms of: (1) capability of the criteria to
provide a SF equal to one; (2) identify the actual critical node; and (3) determine the actual
crack direction.

With respect to the point (1), Findley and Papadopoulos are the criteria that lead
to the expected outcome most effective in both gears. The Matake criterion leads to
overestimating the material strength in both the gears. The Susmel et al. criterion tends
to underestimate the material properties and, therefore, it results in being a conservative
criterion. The McDiarmid criterion leads to two different results in the two gears, i.e., in
Gear B the value of SF is close to unity while it is more than double for Gear A. This may
be due to the high tensile strength of the Gear A material that, in turn, it is considered in
the formulation of the damage parameter according to McDiarmid. Eventually, in terms of
the point (1), the Findley and Papadopoulos criteria are the most appropriate ones to be
applied on gears for estimating fatigue behavior.

With respect to the point (2), all criteria agree in identifying the most critical node in
both gear geometries. However, the comparison with experimental results shows that in
Gear A, numerical results correctly identify the nucleation point of the crack, while in Gear
B, the nucleation point is not accurately identified. Nevertheless, the numerical results of
Gear B agree with the standard [14]. In addition, it is worth noting that some cracks in
Gear A are located in different points, probably due to micro defects of the material or in
the manufacturing process, while in Gear B all the cracks nucleate in the proximity of the
end of the grinding zone between the ρ f P and the tooth flank. Moreover, it is possible to
notice that the difference in the damage parameter between neighboring nodes is relatively
low (less than 3% of difference in the proximity of the most critical node). Therefore, it
is possible to state that about 25% of the studied area is subject to a damage parameter
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above 90% of the maximum damage parameter. Eventually, it is possible to assert that the
experimental cracks occur in different positions due to phenomena related to micro-defects
that, in turn, were not reproduced with the present FE modeling.

With respect to the point (3), Findley’s criterion is undoubtedly the most appropriate
for identifying the direction of crack propagation in each possible nucleation point of both
the studied gears. Therefore, it is possible to assert that the crack propagation direction
at the ρ f P does not follow the plane of maximum alternating shear stress but the plane of
maximum damage parameter according to Findley. Indeed, all experimentally identified
cracks follow a direction relevant to that indicated by the implementation of Findley’s
criterion. This result could open the door to the development of new fatigue criteria based
on the critical plane for the study of gear. Indeed, an interesting future research direction
would be to formulate and/or verify criteria defining the critical plane by the damage
parameter (as currently done by Findley’s criterion) and, therefore, taking into account also
the stress normal to the critical plane for its definition.

Eventually, it is worth noting that the method proposed in this paper has a general va-
lidity since it models three-dimensional geometries. However, in the specific case studied in
this article, two-dimensional models could also be used to speed up the simulations. In this
case, to implement the elaboration of the stress history, it would have been possible to use
cylindrical coordinates by setting an angle constant consistent with the simulated model.
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Nomenclature

TBF Tooth Bending Fatigue
TBS Tooth Bending Strength
STBF Single Tooth Bending Fatigue
FE Finite Element
MCC Minimum Circumscribed Circle
DP Damage Parameter
ρ f P Tooth Root Radius
σF Maximum tensile stress
σFP Permissible bending stress
σFlim Material strength
σ(t) Stress tensor history
Pn Stress exerting on a plane defined by a normal vector n
ϕn, ϑn Spherical coordinates of the plane defined by a normal vector n
σn Stress component normal to the plane defined by a normal vector n
τn Stress component tangential to the plane defined by a normal vector n
σn,min Minimum value assumed by σn
σn,max Maximum value assumed by σn
Γn Curve determined by τn along the time
τn,a Alternating tangential stress on the plane defined by a normal vector n
τn,m Average tangential stress on the plane defined by a normal vector n
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σc,max Maximum stress component normal to the critical plane
τc,a Alternating tangential stress on the critical plane
σf Material fatigue limit at symmetrical alternating bending loading
τf Material fatigue limit at symmetrical alternating torsional loading
rτ/σ Ratio between τf and σf
SF Safety Factor
χ Linear coordinate along the fillet in the tooth root radius
β Angle between the tooth axis and crack direction
T Time period in a loading cycle
Nmax Number of nodes modeling the tooth root radius
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