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Abstract: An integrated precipitation and strengthening model, incorporating the effect of precipitate
morphology on precipitation kinetics and yield strength, is developed based on a modified
Kampmann–Wagner numerical (KWN) framework with a precipitate shape factor. The optimized
model was used to predict the yield strength of Al-Si-Mg-Mn casting alloys produced by vacuum high
pressure die casting at various aged (T6) conditions. The solid solution strengthening contribution
of Mn, which is a common alloying element to avoid die soldering, was included in the model to
increase the prediction accuracy. The experimental results and simulations show good agreement
and the model is capable of reliably predicting yield strength of aluminum die castings after T6 heat
treatment, providing a useful tool to tailor heat treatment for a variety of applications.

Keywords: precipitation hardening; Kampmann–Wagner numerical (KWN) model; Al-Si-Mg-Mn
casting alloys; microstructure modeling

1. Introduction

Al-Si-Mg-Mn alloys produced by a vacuum high pressure die casting process (HPDC) are
commonly used for high integrity structural components in the automotive industry. However,
the mechanical properties of as-cast Al-Si-Mg-Mn alloys can rarely meet the structural requirements
for these applications. Therefore, castings are generally subjected to subsequent heat treatment to
further improve/optimize mechanical properties by spheroidizing eutectic Si particles and controlled
precipitation of semicoherent and/or incoherent secondary phase particles that hamper dislocation
motions (precipitation hardening). Engineers can tailor the mechanical properties by controlling
the physical properties, such as number density, size, and volume fraction of secondary phase particles,
using prescribed heat treatment schedules.

Si content in Al-Si-Mg-Mn alloys can range from 6 to 11 wt.% to achieve desired alloy fluidity
depending on the intricacy of the casting geometry, while Mg concentration can vary between 0.1 and
0.6 wt.% to optimize the strength of the component. In addition to Si and Mg, Mn is also present
in these alloys to mitigate the die soldering problem that is the source of increased scrap rate and
downtime in die casting plants. While Si and Mg form the metastable β”(Mg5Si6) phase with needle
morphology responsible for peak strength, Mn provides solid solution strengthening (SSS) due to its
high solubility within the aluminum matrix [1]. The heat treatment schedule development is a daunting
task considering the wide compositional range for the Al-Si-Mg-Mn alloy family and the large variety
of specific property requirements for different applications.
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The experimental design and validation of heat treatment schedules is a meticulous process
that requires multiple iterations, since variations in alloy composition and processing conditions
(cooling rate, quenching, room temperature storage, etc.) have a profound effect on the final
mechanical properties of the heat-treated alloys. Therefore, it is of significant importance to predict
critical heat treatment parameters using thermodynamic and kinetic modeling tools to accelerate
the development of heat treatment schedules for different property requirements and reduce the cost
by only performing selected experiments. The Kampmann–Wagner numerical (KWN) model [2],
based on classical nucleation and growth theories (CNGTs), is the most common analytic method
used to simulate the precipitation kinetics, and it allows prediction of the properties of precipitates,
such as volume fraction, number density, the evolution of particle size distribution (PSD), and mean
precipitate radius (spherical precipitates). The KWN model has been extensively used for simulation
of precipitation kinetics in wrought aluminum alloys [3–5], but its application in cast aluminum alloys
is still limited [6–8].

The casting process allows for production of complex components with a lower cost compared
with many other production routes. Multiple wrought parts can often be consolidated into a single
component by casting, which eliminates complicated joining operations. Al-Si-Mg-Mn alloys offer
excellent castability, since Si forms a low-temperature eutectic with aluminum which improves
alloy fluidity and reduces casting defects. Modeling of solidification microstructure and defect
formation in Al-Si-Mg-based alloys has been well documented with recent progress in using the cellular
automaton (CA) method for three-dimensional grain structure [9], gas porosity [10], and shrinkage
porosity [11] in aluminum castings. Recently, a CA-FEA (finite element analysis) model has been
developed to predict as-cast yield strength of Al-Si-Mg alloys based on location-specific solidification
microstructure including porosity [12]. This model can be used to calculate the initial as-cast yield
strength in precipitation modeling. It should be pointed out that gas porosity can be minimized
by vacuuming the die cavity in the HPDC process, and the shrinkage porosity content is expected to
be low for high Si content aluminum alloys.

For precipitation microstructure, the KWN model has been applied to numerous alloy systems
including aluminum alloys [6,13–16], magnesium alloys [17,18], nickel alloys [19–21], and steels [22–25].
The classical KWN model was originally developed for simulating the precipitation of secondary
phase particles with spherical morphology in a binary system [2]. Over the years, it has been
extended to multi-component systems by coupling to CALPHAD. The accuracy and predictive
capability of the KWN model can be improved further by incorporating the effect of particle
morphology in nucleation and growth models. In recent studies, researchers investigated the effect
of precipitate morphology on the precipitation kinetics, and the mechanical properties were modeled
for multi-component Al-Mg-Si and Al-Si-Mg alloy systems [26–31]. The non-spherical precipitates
have different interface properties and variation in their misfit strain energies due to anisotropy, which
leads to differences in atomic attachment rates causing variations in nucleation and growth kinetics
compared to spherical particles. Therefore, thermodynamic and kinetic parameters must be corrected
using a shape factor ( f (δ)) to account for the precipitate morphology. In addition, the non-spherical
particles can block dislocation slip more effectively and improve the peak strength [32]. Apart from
the precipitate shape, it is also crucial to consider SSS contribution from Mn and complete phase
equilibria for the Al-Si-Mg-Mn alloy, since precipitation kinetics and yield strength of heat-treated alloys
can be significantly altered due to changes in solute content in the matrix. The accurate consideration
of phase equilibria (including all existing phases in the cast alloy microstructure) during solution and
aging heat treatment processes using CALPHAD tools and incorporating shape factor in the modeling
of precipitation and yield strength are critical.

In this study, an integrated precipitation and strengthening model, fully coupled with PanEngine,
a module in multi-component thermodynamic calculation software from CompuTherm LLC.
(Madison, WI, USA), is developed based on the KWN framework. Since the main strengthening
phase β”-Mg5Si6 in Al-Si-Mg-Mn alloys is needle-shaped [8,26,33], the effect of non-spherical
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morphology must be considered along with the effect alloying elements on thermodynamic and kinetic
parameters for accurate simulation. Therefore, the continuous nucleation, growth, and coarsening
of the metastable β”-Mg5Si6 phase with needle morphology in Al-Si-Mg-Mn casting alloys were
investigated using a modified KWN model that includes the effect of non-spherical precipitate
morphology on the precipitation kinetics and resulting yield strength in the quaternary (Al-Si-Mg-Mn)
system. The continuous size distribution of β” precipitates is discretized into size classes, which contain
a constant number density of precipitates of the same size. The time evolution of the tip radius of needle
precipitates of each size class is tracked (Lagrange-like multi-class approach [34]) throughout the aging
process. The evolution of yield strength is calculated based on the size distribution of needle-shaped
precipitates and contribution of Mn content in the matrix to SSS.

The microstructure of cast Al-Si-Mg-Mn alloys in this study is more complex compared to
wrought Al-Mg-Si alloys. The phase equilibria simulation was carried out to include secondary
phases (Si, α-Al15(Fe,Mn)3Si2, etc.) with high volume fractions to obtain accurate solute contents
available in the matrix. Additionally, the dislocation and particle interaction equations for simulating
precipitation hardening strength were included to modify the yield strength contribution from
the needle-shaped precipitates.

2. Materials and Methods

2.1. Model Description

The precipitation from super saturated solid solution (SSSS) starts with formation
cluster/co-clusters of Si and/or Mg that will eventually turn into spherical GP zones. The GP zones
grow in the <100> directions of aluminum matrix to form a rod/needle-shaped coherent β”-Mg5S6

phase. In this model, a shape factor, i.e., the effect of precipitate morphology on nucleation and growth,
was incorporated through modifying the governing equations of CNGTs. The shape factor is given
as f (δ) = 2δ/(3δ− 1), and it is a function of aspect ratio which is defined as δ = l/2r and assumed to
be constant throughout the aging process in the current model. The precipitate morphology becomes
spherical when δ = 1, while the precipitate morphology evolves to a rod/needle shape and the CNGT
equations are modified by a numerical factor to incorporate the morphology effect on nucleation and
growth kinetics, when δ > 1. Only nucleation and growth of β” phase were considered in the present
model. The morphology of β” phase particles were approximated to a cylinder with a length of l− 2r
and radius of r. The schematic of approximate β” phase morphology is given in Figure 1. The interfacial
energy between precipitate and matrix phases is assumed to be identical at the precipitate tip and
side walls. To implement the model, the following assumptions were made: (1) the average matrix
composition (xM

i ) is identical for every precipitate (mean-field approach); (2) the precipitates do
not interact with one another; (3) the growth of precipitates is controlled by long-range diffusion
of solute atoms; (4) the precipitates are stoichiometric; (5) the precipitates nucleate and grow parallel to
[001]Al directions.
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Figure 1. Schematic description of β”-Mg5S6 phase. The precipitates are assumed to grow at the needle
tip and their length changes based on the aspect ratio.

2.1.1. Nucleation Model

The classical nucleation theory describes the formation rate of stable clusters in a supersaturated
matrix. Time-dependent homogeneous nucleation rate of β” precipitates is given by:

dN
dt

= N0Zβ∗exp
(
−

∆G∗

kBTAHT

)(
1− exp

[
−

t
τ

])
(1)
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where N0 is the number of homogeneous nucleation sites (number of sites/m3); Z the Zeldovich factor
(dimensionless) which accounts for the thermodynamic stability of critical nuclei; β∗ (s−1) is the atomic
attachment rate to the critical nuclei; τ is the incubation time for homogeneous nucleation; ∆G∗ is
the critical nucleation energy barrier for homogeneous nucleation of precipitates; t, kB, and TAHT are
time, Boltzmann constant, and aging heat treatment temperature, respectively. The thermodynamic
stability of needle-shaped β” precipitates is expressed by Zeldovich factor:

Z =
vβat(s

P
Mg + sP

Si)

(3δ− 1)πR2
c

√
δγ

kBTAHT
(2)

where vβat is the average atomic volume, γ is the interfacial energy, Rc is the critical nuclei radius, and sP
Mg

and sP
Si are stoichiometric numbers of Mg and Si in the precipitate phase. In the treatment of attachment

rate from Svoboda et al. [24], the effect of compositional difference between the precipitate and matrix
phases was considered and attachment of solute atoms to the critical nucleus in multi-component alloys
was assumed to controlled by the same combination of diffusive processes as the growth of precipitates.
The attachment rate based on treatment of Svoboda et al. [24] is:

β∗ =
4πδR2

c

a4


n∑

i=1

(
xP

i − xM
i

)2

xM
i Di


−1

(3)

where a is the interatomic distance within the matrix phase; Di is the tracer diffusion coefficient
of the solute atom; xM

i and xP
i are the mean solute content in the matrix and solute content

in the precipitate phase.
When the homogeneous solid solution is quenched to a temperature where it becomes metastable,

the energetically stable solute-rich clusters (nuclei) form because of thermal compositional fluctuations.
The amplitude of the thermal compositional fluctuations must be large enough to reduce the free energy
of the system (∆G < 0), so that can induce the formation of stable nuclei. Therefore, the nucleation
process is characterized by an energy barrier needed to be overcome and incubation period which
accounts for initial cluster formation through short-range diffusion. The critical nucleation energy and
critical nuclei size were given as:

Rc = −
2γ

∆Gvol

2δ
3δ− 1

(4)

∆G∗ =
16π

3
γ3

(∆Gvol)
2

4δ3

(3δ− 1)2 (5)

where ∆Gvol is the volume free energy change which is comprised of chemical driving force (∆Gchem
vol )

and volume misfit free energy (∆Gel
vol). In this model, volume misfit free energy, ∆Gel

vol, was assumed
to be zero. The incubation time, τ, for sFigure nuclei to form within the supersaturated matrix is a
function of atomic attachment rate β∗ and Zeldovich factor Z and given as τ = 2/πβ∗Z2.

The nucleated particle with critical size of Rc is in thermodynamic equilibrium with the surrounding
matrix. In order for a precipitate to grow, its size must be larger than by the half of the Zeldovich
factor, since the reciprocal of the Zeldovich factor is equal to the width of the nucleation energy barrier
at a distance kBT below its maximum. Therefore, the size of a stable cluster that can grow within
the matrix is defined as [22]:

Rstable = R∗ +
1
2

√
kBT
πδγ

(6)
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2.1.2. Growth Model

The stable nuclei of a precipitate phase are embedded in a supersaturated matrix. A concentration
gradient between the particle and surrounding matrix exists, which provide the driving force
for diffusion of solute atoms that will be attached to the surface of the precipitate, and thus, result
in a steady growth. The solubility product growth model, which was first proposed by Maugis [22]
and modified by Chen [8], for needle-shaped β”-Mg5Si6 phase particles was adopted in this work.
The growth/dissolution rate of precipitate particles:

v =
dR
dt

=
2δ

3δ− 1

∑
j=Si,Mg

DM
ij

R

xM
j − xM

j (R)

εxP
j − xM

j (R)
(7)

where DM
ij is the chemical diffusivity of elements defined as in reference [35], ε = VM

at /VP
at, is the ratio

of atomic volume of solute atoms within the matrix and precipitates, xP
j is the mole fraction of solute

atoms at the precipitate side of the interface, and xM
j is the mole fraction of solute atoms at the matrix

side of the interface. The concentrations at the interface, xM
j (R), are given by the equilibrium phase

diagram for a planar precipitate/matrix interface. However, the equilibrium concentrations of two
phases at the interface depend on the interface curvature associated with the size of the precipitates,
which is called the Gibbs–Thomson effect [36,37]. The Gibbs–Thomson equation for calculating
the interface composition at the matrix side is given as:

(
xM

Mg(R)
)sP

Mg(
xM

Si (R)
)sP

Si =
(
xM

Mg,eq

)sP
Mg

(
xM

Si,Eq

)sP
Mg

exp

2γVβ
m

RRgT

(
sP

Mg + sP
Si

) 2δ
3δ− 1

 (8)

where Vβ
m is the molar volume of the precipitate, and xM

Mg,eq and xM
Si,Eq are equilibrium interface

compositions on the matrix side of precipitate/matrix interface.
The growth/dissolution rate of precipitate of the same size and associated interface

compositions of xM
Mg(R) and xM

Si (R) are obtained by numerically solving Equations (7) and (8) using
a Newton–Raphson algorithm. The total volume fraction of precipitates is the sum of volume fraction
of individual size classes that has different number density and precipitate size. The total volume
fraction of precipitate is:

ftot =
n∑

k=1

(
2δ−

2
3

)
πR3

i Ni (9)

where n is the number of size classes; Ri and Ni are the number density and precipitate tip radius
for size class i. Once the volume fraction of precipitates is known, the solute content in the matrix can
be calculated from the mass balance:

xM
i =

x0
i − ε ftotxP

i
1− ε ftot

(10)

2.1.3. Yield Strength Model

The yield strength of an artificially aged alloy is the sum of the base yield strength (σ0), solid
solution strengthening (σSS), and precipitation hardening (σP). The overall yield strength of the alloy
can be estimated by linearly adding these strengthening contributions:

σYS = σ0 + σSS + σP (11)

The value of base yield strength, σ0, depends on the thermal history of the casting alloy, and it can
be determined by subtracting solid solution strength contribution from the as-quenched yield strength(
σYS,as−quenched = σ0 − σss

)
under the assumption of no precipitate existing in the microstructure after
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the solution heat treatment. The base yield strength, σ0, of an alloy depends on alloy composition,
casting conditions that determine microstructural features (grain size, morphology and size of Si phase,
morphology and size of Fe-containing intermetallics, etc.) and casting defects (gas and shrinkage
porosities). Since the modeling of complex solidification microstructure and resulting mechanical
properties is not the focus of this manuscript, σ0 was determined experimentally for different
alloy compositions.

Precipitation Hardening Model

The precipitates can increase the strength of an alloy by impeding the dislocation motion.
The degree of strengthening is determined by size distribution, volume fraction, morphology, crystal
structure of the particles, and the nature of the particle/matrix interface (coherent, semi-coherent,
or incoherent). These parameters determine the nature of dislocation–particle interaction, which controls
the macroscopic yield strength of the material. The governing equations for the precipitation model
are presented in Table 1. The details of the model can be found in reference [8].

Table 1. The governing equations of precipitation hardening model.

- Weak Obstacle Strong Obstacle

The resistance force of precipitates
in a class Fi(Ri) = 2βGb2

(
Ri
R∗

)
Fi(Ri) = 2βGb2

The average resistance force of
obstacles F

w
=

∑
Ri≤R∗ Ni(Ri)Fi(Ri)∑

Ri≤R∗ Ni(Ri)
F

s
=

∑
Ri>R∗ Ni(Ri)Fi(Ri)∑

Ri>R∗ Ni(Ri)

The average mean distance LF =
( √

3Γ
F

w

) 1
2
L LF = L =

√
2∑

Ri>R∗ Ni(Ri)li

The critical resolved shear stress
(CRSS) τw

c = F
w

bLF
τs

c =
F

s

bLF

The precipitation hardening
contribution ∆σppt = M

(
(τw

c )
q + (τs

c)
q
)1/q

The model assumes that the needle-shaped precipitates are parallel to [001]Al directions and
intersected by a (111)Al plane. The contribution of precipitates to the overall yield strength is
size-dependent. Precipitates with a size larger than a predetermined critical radius (R∗) are considered
as strong particles and interact with dislocations through Orowan looping, while the weak particles
were cut by the dislocations and their contribution to the yield strength was scaled by Ri/R∗. In addition,
the average mean distance (LF) for weak and strong particles is adjusted. The CRSS values, τw

c and
τs

c, are calculated based on average resistance of force and the average mean distance of the weak
and strong precipitates. Then, precipitation hardening contribution is calculated by converting CRSS

values to equivalent strength using ∆σppt = M
(
(τw

c )
q + (τs

c)
q
)1/q

.

Solid Solution Strengthening Model

The yield strength of an aged alloy also has a contribution towards forming solid solution
strengthening. Solute atoms can occupy lattice positions or interstitial sites in the crystal lattice
of solvent atoms depending on their size. The presence of solute atoms dilates the solvent lattice,
producing different types of stress fields surrounding the solutes. The interactions between the stress
fields of dislocations and solute atoms usually result in improvements in the macroscopic strength
of the alloy. The contribution of solute atoms to the overall yield strength is assumed to be additive
and it can be calculated using the following expression:

σSS =
∑

i

ki
(
wαi

)ϕ
(12)
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where wαi is the weight percent of the alloying element in the matrix phase, ki is the scaling factor related to
size, modulus, and electronic mismatch of solute i, andϕ is a constant. As previously mentioned, Mn can
contribute overall alloy strength through SSS. In this work, scaling factors kSi = 33 MPa/wt.%2/3,
kMg = 15 MPa/wt.%2/3, and kMn = 80 MPa/wt.%2/3 were used in the calculation of SSS [38],
since tested HPDC Al-Si-Mg-Mn alloys contain up to 0.6 wt.% Mn.

2.2. Casting Trials and Heat Treatment Schedules

Vacuum HPDC castings were produced at Ryobi die casting plant, Shelbyville, Indiana. Ingots
provided by Alcoa Technical Center, New Kensington, Pennsylvania were melted in a reverberatory
furnace and were degassed and fluxed in the transfer using a rotary degassing unit. Plate castings
of 100 mm × 300 mm with 3 mm thickness were cast on a 350-ton HPDC machine equipped with
a vacuum system. The compositional analysis was conducted on the produced samples and results are
presented in Table 2. Alloy compositions were adjusted to achieve two different levels of Si and three
different Mg concentrations for each Si content.

Table 2. Composition of the produced alloy.

Alloy Si Mg Fe Mn Zn Sr Ti Cr

A1 6.66 0.184 0.123 0.552 0.005 0.0133 0.063 0.002
A2 6.61 0.306 0.124 0.546 0.005 0.0132 0.062 0.002
A3 6.58 0.441 0.123 0.538 0.005 0.0160 0.062 0.002
B1 8.54 0.189 0.133 0.567 0.016 0.0144 0.064 0.003
B2 8.54 0.316 0.137 0.558 0.017 0.0140 0.063 0.003
B3 8.45 0.451 0.143 0.553 0.017 0.0137 0.062 0.003

Casting plates were solution heat treated at three different temperatures of 470/490/510 ◦C
for 45 min and quenched in hot water. Then, solutionized plates were subjected to artificial aging at 180
and 200 ◦C for 2 h. The selected heat treatment schedule is in line with T6 heat treatment commonly
used in industry to achieve peak strength in castings.

Flat tensile specimens were machined from casting plates according to ASTM E8 standard and
tested per ASTM B155 specification. To ensure repeatability of the results, five specimens were tested
for each condition.

3. Results and Discussions

3.1. Model Implementation and Optimization

The precipitation and strengthening models were coded using C++ language to couple with
the PanEngine thermodynamic calculation software (2019, CompuTherm LLC, Madison, WI, USA),
which was developed and deployed in the C++ environment. The PanAl2019 thermodynamic
and kinetic database was used for all calculations. The coupling of CNGTs to the PanEngine
provides information on phase equilibria and changes in the kinetic parameters with composition and
temperature that are critical to the accuracy of the model.

The initial composition of the metastable solid solution is calculated using the point calculation
function of PanEngine. It is assumed that the maximum solubility of elements is achieved at the end
of the solution heat treatment. α-Al15(Fe,Mn)3Si2 phase, which is a common phase constituent
in Al-Si-Mg-Mn alloys, was included in phase equilibria calculation at solution heat treatment
temperatures along with eutectic Si for accurate prediction of solute contents (Si, Mg, and Mn)
that contribute in the aging process. Only the phase equilibria between the aluminum matrix and
β”-Mg5Si6 phase were considered for thermodynamic and kinetic calculations performed at aging heat
treatment temperatures.
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The flow chart of the precipitation model is presented in Figure 2. The classical nucleation
and growth models were implemented using the “Lagrange-like multi-class approach”, as described
by Perez et al. [34], to simulate concurrent nucleation, growth, and coarsening of β′′ precipitates.
In this multi-class approach, the population of a size class stays constant, while time evolution of the
radius of precipitates in a size class is tracked.Metals 2020, 10, x FOR PEER REVIEW 8 of 14 
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To accurately predict the physical properties of precipitates and the evolution of yield strength
of Al-Si-Mg casting alloys, the precipitation and strength models need to be calibrated using
the experimental data obtained for different heat treatment conditions and varying concentrations
of alloying elements. The prediction accuracy of the model depends on establishing a good correlation
between experiment and simulation during the calibration process. The input parameters for both
precipitation and yield strength models are given in Table 3. The driving force for precipitation,
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temperature, and composition-dependent atomic mobility and chemical diffusivity of solute atoms are
all calculated using the PanAl2019 thermodynamic and mobility database.

Table 3. Parameters used in precipitation and strength model.

Parameter Value Reference

γ
(
Jm−2

)
0.3 Fitted

Vβ′′

at

(
m3

)
1.92× 10−29 [30]

Vβ′′

m

(
m3/mol

)
3.95× 10−5 [39]

aβ′′ (m) 2.86× 10−10 [30]
N0

(
number of sites/m3

)
5.8× 1028 Calculated

M 3.1 [4]
G

(
Nm−2

)
2.7× 1010 [4]

rc
p(m) 2× 10−9 Fitted
β 0.1 Fitted

b(m) 2.84× 10−10 [4]
δ 3324.9 ∗ T−1.184

AHT Fit to experimental data [8]
kSi

(
MPa/wt.%2/3

)
33

[38]kMg
(
MPa/wt.%2/3

)
15

kMn
(
MPa/wt.%2/3

)
80

σ0 - Alloy dependent

The model was optimized using physical property and yield strength data from references [8,26].
Figure 3a shows the evolution of mean precipitate radius for the Al-7 wt.% Si-0.4 wt.% Mg-0.12 wt.%
Fe-0.01 wt.% Mn alloy that was solutionized at 550 ◦C and aged at 180 ◦C. The simulated mean radius
of the tip of needle shaped β′′ −Mg5Si6 is in good agreement with the experimental data. The evolution
of volume fraction of β′′ −Mg5Si6 precipitate at temperatures of 180 and 200 ◦C for Al-7 wt.% Si-0.4 wt.%
Mg-0.12 wt.% Fe-0.01 wt.% Mn alloy is presented in Figure 3b. The experimental results obtained
by Chen et al. [8] are included for comparison. The simulated volume fraction and experimental results
are in good agreement for 180 ◦C. However, the simulated volume fraction changes more quickly
than experimentally measured values at 200 ◦C, yet the model was able to predict the time which
equilibrium volume fraction is achieved. The model predicts a steep increase in the volume fraction
of precipitates in a shorter period at 200 ◦C. The higher aging temperature increased the discrepancy
between simulation and experiment in the early stages in contrast to better agreement achieved in the
coarsening stage.

The evolution in nucleation rate and number density of precipitates for the Al-7 wt.% Si-0.4 wt.%
Mg-0.12 wt.% Fe-0.01 wt.% Mn alloy at 180 ◦C are presented in Figure 3c. The nucleation rate
significantly decreases before the coarsening stage. The number density plateaus as the particles
coarsen and it starts to decrease as the small size particles were consumed by the coarsening particles.
The evolution of particle size distribution (PSD) is presented in Figure 3d for the same alloy composition
and aging conditions. The PSD becomes broader with increasing time.

3.2. Yield Strength Prediction and Validation

Figure 3e shows the calculated yield strength of the Al-7 wt.% Si-0.4 wt.% Mg-0.12 wt.% Fe-0.01 wt.%
Mn alloy at 180 and 200 ◦C compared with experimental data from Chen et al [8]. The experimental
data are consistent with the calculated yield strength at under-aged and peak-aged conditions for
180 ◦C. The peak-aged condition was also accurately predicted at 200 ◦C. However, the calculated yield
strength is overpredicted for over-aging conditions for both temperatures. In addition, the strength
increases more rapidly at 200 ◦C for the under-aged condition. The deviation from the experimental
results in the over-aging regime becomes more significant as the aging time and temperature increases.
The overestimation of yield strength in the over-aging regime is persistent in all the calculations
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that were performed. The deviation from experimental data in the over-aged regime becomes more
prominent for higher aging temperatures and lower Mg contents. The increased equilibrium solubility
of Si obtained at higher solution heat treatment temperatures did not alter the calculated aging
response at the over-aging regime. The discrepancy between the simulation and experiment is due to
the idealized nature of the precipitation and strengthening models.Metals 2020, 10, x FOR PEER REVIEW 10 of 14 
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Figure 3. The optimization of integrated precipitation and strengthening models: (a) calculated mean
tip radius of needle β′′ precipitates and comparison to the experimental data; (b) calculated volume
fraction of needle β′′ precipitates and comparison to the experimental data; (c) the evolution of particle
nucleation rate and number density at 180 ◦C (d); the evolution of particle size distribution (PSD)
with time; (e) the comparison of simulated and experimental yield strength for two different aging
temperatures; (f) the comparison of simulated and experimental yield strength for three different levels
of Mg.
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In the precipitation model, the only precipitating phase considered is the stoichiometric and
coherent β′′ −Mg5Si6 phase, which is responsible for peak age hardening in Al-Si-Mg alloys.
The over-aging period involves the formation of metastable semi-coherent β′ phase and stable
non-coherent β phase. The resistance of these precipitates to the movement of dislocations within
the slip plane are lower compared to β′′ phase, since their lattice mismatch with the matrix is
less compared to the β′′ phase. Therefore, the stress field associated with the misfit of β′ and β
phases will be less, and they will provide lower resistance to dislocation motion, which explains the
accelerated decrease in yield strength during the over-aging regime. Since the model does not consider
the nucleation and growth of these phases, the model overestimates the yield strength in the over-aging
regime [8].

The effect of Mg content on the physical properties of precipitates and evolution of yield strength
are also considered for the calibration of the model using experimental data from Chen et al. The Mg
concentrations of 0.26, 0.4, and 0.58 wt.% were simulated at 180 ◦C. The simulated evolution of yield
strength for different concentrations of Mg in comparison with the experimental data is presented
in Figure 3f. The simulated curves fit the experimental data relatively well in the early stages
of the precipitation process for 0.26 and 0.4 wt.% Mg, while 0.58 wt.% deviates and the calculated
strength is overestimated within the under-aging region. However, the peak strength prediction for all
three compositions was relatively accurate.
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The calibrated model was used to predict the yield strength of EZCast alloy, which is the trademark
name of the Al-Si-Mg-Mn alloy family from Alcoa, samples that were aged to the T6 condition.
The composition of samples and heat treatment conditions are provided in Section 2.2. The experimental
and simulated yield strength values that were obtained after 2 hours of aging were compared to evaluate
the model’s predictive capability. The comparison results are presented in Figure 4. In Figure 4a,b,
the results for 6.5 and 8.5 wt.% Si concentrations were plotted, respectively. Most of the results are
within the 90% confidence range, regardless of the alloy composition (difference in Mg) and processing
conditions (solution heat treatment and aging heat treatment temperatures). In Figure 4c,d, the samples
were grouped based on aging temperature and the accuracy of predictions were evaluated. In the case
of samples that were heat treated at 180 ◦C (Figure 4c), the model tends to underestimate yield strength
based on comparison.

4. Conclusions

An integrated precipitation and strengthening model was developed based on a modified KWN
framework including a precipitate shape factor, i.e., the effect of non-spherical precipitate morphology.
The model is fully coupled to thermodynamic calculation software PanEngine for calculations
of composition and temperature-dependent thermodynamic and kinetic material properties, which are
important for accurate prediction of evolution of precipitates and overall yield strength. In addition,
the effect of particle morphology and temperature dependency of aspect ratio, as well as the solid
solution strengthening contribution of Mn were included in the new yield strength model.

This new model can predict the evolution of yield strength for under-aged and peak-aged
conditions with reasonable accuracy. However, it slightly overpredicts the yield strength during
the over-aged regime, which is more noticeable with high aging temperature and low Mg content.
The main reason of overprediction of yield strength in the over-aging period was that other
metastable precipitate phases, such as metastable phases β′ (Mg9Si5), B′ (Mg9Al3Si7), U1 (MgAl2Si2),
and U2 (MgAlSi), would not be considered in the model. These phases would have different elastic
strain fields due to the incoherent nature of their interfaces with the aluminum matrix that alters their
interaction with dislocations. Nonetheless, peak-aged conditions are most important in tailoring aging
treatment for casting applications, and this model can be used to design and validate heat treatment
parameters for a variety of applications of cast aluminum alloys.
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