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Abstract: We are developing a Virtual Eye for in silico therapies to accelerate research and drug
development. In this paper, we present a model for drug distribution in the vitreous body that
enables personalized therapy in ophthalmology. The standard treatment for age-related macular
degeneration is anti-vascular endothelial growth factor (VEGF) drugs administered by repeated
injections. The treatment is risky, unpopular with patients, and some of them are unresponsive with
no alternative treatment. Much attention is paid to the efficacy of these drugs, and many efforts
are being made to improve them. We are designing a mathematical model and performing long-
term three-dimensional Finite Element simulations for drug distribution in the human eye to gain
new insights in the underlying processes using computational experiments. The underlying model
consists of a time-dependent convection-diffusion equation for the drug coupled with a steady-state
Darcy equation describing the flow of aqueous humor through the vitreous medium. The influence
of collagen fibers in the vitreous on drug distribution is included by anisotropic diffusion and the
gravity via an additional transport term. The resulting coupled model was solved in a decoupled
way: first the Darcy equation with mixed finite elements, then the convection-diffusion equation
with trilinear Lagrange elements. Krylov subspace methods are used to solve the resulting algebraic
system. To cope with the large time steps resulting from the simulations over 30 days (operation
time of 1 anti-VEGF injection), we apply the strong A-stable fractional step theta scheme. Using this
strategy, we compute a good approximation to the solution that converges quadratically in both time
and space. The developed simulations were used for the therapy optimization, for which specific
output functionals are evaluated. We show that the effect of gravity on drug distribution is negligible,
that the optimal pair of injection angles is (50◦, 50◦), that larger angles can result in 38% less drug at
the macula, and that in the best case only 40% of the drug reaches the macula while the rest escapes,
e.g., through the retina, that by using heavier drug molecules, more of the drug concentration reaches
the macula in an average of 30 days. As a refined therapy, we have found that for longer-acting drugs,
the injection should be made in the center of the vitreous, and for more intensive initial treatment,
the drug should be injected even closer to the macula. In this way, we can perform accurate and
efficient treatment testing, calculate the optimal injection position, perform drug comparison, and
quantify the effectiveness of the therapy using the developed functionals. We describe the first steps
towards virtual exploration and improvement of therapy for retinal diseases such as age-related
macular degeneration.

Keywords: numerical modeling; AMD treatment; drug distribution; drug diffusion; free convection;
partial differential equations; finite element methods

1. Introduction

Retinal diseases are unfortunately the most common cause of blindness in wealthy
countries and already the most common cause of childhood blindness worldwide [1–10].
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In people with retinal diseases, the light-sensitive neural cells in the retina are damaged
and, in the worst case, die. For a long time, little attention was paid to these diseases,
partly because they came to the fore late, and partly because in the past there were no
treatment options. This has changed drastically today and although there are still forms
of retinal degeneration for which there is no cure, it has been shown for many age-related
eye diseases that prevention is possible and successful treatment can also be available.
Accurate diagnostics and the resulting treatment require modern and expensive equipment.
Extraordinary progress has been made in research by integrating information from animal
and tissue culture models with clinical observations and with retinal biochemistry and
physiology [11–18]. Artificial Intelligence research has shown great promise, especially in
the classification of diagnostic images in this medical area [19,20].

Age-related macular degeneration (AMD) is the retinal disease that is the most com-
mon cause of vision loss in industrialized countries. It is a disease of the macula that results
from late-onset neurodegeneration of the pigment epithelium photoreceptor complex [21].
The disease affects 10% of those over 65 years of age and 25% of those over 75 years of age.
The characteristic sign of AMD is drusen in the macula. The exact pathology is not yet fully
understood, but it is thought to be a complex interaction of many factors. The formation
of drusen promotes loss of the retinal pigment epithelium (RPE), dysfunction of Bruch’s
membrane and further photoreceptor death. Progressive damage of Bruch’s membrane
along with upregulation of vascular endothelial growth factor (VEGF), a biomarker for
AMD, leads to uncontrolled growth of abnormal choroidal vessels under the RPE [21].
There is no standard treatment for dry AMD, and several innovative treatments are in
progress. For wet AMD significant advances has been made in recent years. Prior to the
introduction of the first anti-VEGF agent (Macugen) around 2004, laser photocoagulation
and photodynamic therapy were used. Since then, other more effective anti-VEGF agents
have been developed: Lucentis (ranibizumab), Avastin (bevacizumab), Eylea (aflibercept),
and the latest approved agents Beovu (brolucizumab, 2020) [22] and Vabysmo (faricimab,
2022) [23]. Treatment is not fixed; there are four dosing regimens in clinical use [21].
Monthly or bimonthly injections lead to long-term success, but do not take into account
individual disease progression. A pro-re-nata strategy requires many check-ups and does
not show good improvement, as reactivation of the disease is often detected too late, which
can lead to irreversible visual loss. A treat-and-extend regimen is a personalized treatment
in which the next injection is optimally planned [24,25]. An observe-and-plan regimen is
also a personalized treatment that includes a personalized treatment plan with multiple
injections [26]. Of course, the newly developed drugs are more effective and therefore
require fewer injections. There are still many unresolved issues regarding frequency of
treatment, proper dose, location of injection, effectiveness of therapy, choice of drug and
more. Nevertheless, due to the high cost of the drugs and the inconvenience of the in-
jections, as well as the increasing burden on patients due to the many consultations and
inconvenient injections, there is an urgent need for a personalized, long-lasting optimized
therapy solution for patients with AMD. One promising approach is treatment with a Port
Delivery System filled with a drug that can be refilled [27] or with drug loaded hydrogels
for sustained delivery [28,29].

In this article, we use mathematical modeling and numerical simulation to refine the
results of the therapeutic approach for AMD. These so-called in silico or virtual experiments
cost less than laboratory experiments, are not limited in performance, and do not have to
follow ethical rules. Once developed and implemented, they can be used as an additional
source of information in combination with experiments for parameter identification or
validation. They can help accelerate and improve insights for therapeutic approaches.
In addition, we have developed a model and algorithms that can also be used for various
retinal or other diseases or other mass transfer problems in the eye.

Initial studies on the treatment of age-related macular degeneration based on computer
simulations can be found in [30–33]. In [30], the influence of the diffusion coefficient, retinal
permeability, and vitreous humor flow on drug distribution was analyzed. The results
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showed that for rapidly diffusing drugs (drugs with high diffusion coefficients), aqueous
humor convection plays a minor role in drug transport. For slow diffusing drugs (drugs
with small diffusion coefficients) and low viscosity vitreous fluid, convection plays a
greater role and may result in higher drug concentrations reaching the retina. These higher
drug concentrations in one location can generally be potentially toxic. Each drug must be
evaluated in this regard. Delayed injection of the drug has been shown to avoid conditions
of retinal toxicity and allow lower drug concentrations with a longer residence time on
the retinal surface. Drugs with high diffusivity and retinal permeability cause uniform
distribution of the drug along the retinal surface, whereas drugs with low diffusivity
and retinal permeability localize the drug concentration along the posterior retinal surface.
The mathematical model uses the Navier Stokes equations for aqueous humor flow coupled
to the convection diffusion equation used for drug distribution. Here, an additional term
was used for release of the drug from the injection site at a specific rate. The simulations
were performed using Ansys Fluent [34]. In [32], the concentration distribution of the drug
around the macula of a rabbit eye was analyzed. For this purpose, the geometrical model
and some of the parameters of the mathematical model were calibrated with respect to
experimental results with rabbit eyes. Running a model and simulations together with
experiments has the advantage that the model is calibrated against the experiments and in a
sense validated. Two substances were considered in the experiment: Fluorescein and FITC-
Dextran. Fluorescein has a larger diffusion coefficient, DF = 6× 10−10 m2/s, than FITC-
Dextran, DD = 3.9× 10−11 m2/s, and therefore diffuses much faster, and higher fluorescein
concentrations are found around the macula. In the experiments and simulations the drug
distribution was observed for one day. Three simulation results are shown: the drug
distribution after 5, 15 and 24 h. The results were that fluorescein reaches the macula earlier
and in higher concentration, towards the end of the day nothing arrives at the macula
because fluorescein is depleted. The behavior of FITC-Dextran concentration is different,
due to the slower diffusion, the concentration around the macula builds up slowly but
steadily. The diffusion coefficient of FITC-Dextran has a similar magnitude to the diffusion
coefficient of bevacizumab [35] measured in a rabbit eye. Simulations were performed
using a finite volume method. In [33], the effects of injection time, needle gauge, and needle
angle are analyzed using an older, simpler mathematical model. Here, simulations in three
dimensions (3D) are presented for the first time in a simple idealized geometry. Previously,
only two-dimensional simulations had been performed. The distribution of fluorescein
in the vitreous is also analyzed. Two injection angles are compared in the plane of the
optical axes. The result was that more drug reaches the macula when the injection is in the
direction towards the macula. Depending on the injection, both the toxicity risk and the
drug effect may increase or decrease. The 3D geometry is roughly estimated and complex
to construct. We will present a solution for personalized geometry construction that can be
easily adapted to patient data (OCT and US).

In this paper, we present an extended model for drug distribution in the human eye.
Our mathematical model is based on the approach in [36]. There, a transport-diffusion
equation was used to describe drug distribution in the vitreous, and it was coupled with
the Darcy equation for vitreous humor flow. We use the same equations in 3D (large
computational cost and higher effort for grid construction) with a different inflow condition
for a better physical representation of the flow, we add gravity to discuss its effect on
drug distribution, we add anisotropic diffusion by including collagen fibres and we add
nonlinear diffusion for certain substances. First, we present a realistic geometry of the
vitreous body. For the geometry description in three dimensions, we use mathematical
functions fitted to our own experimental data. This is an advantage for the numerical
simulations, the grid can be constructed for the desired fineness. All previous models
in the cited papers have not taken gravity into account, with the exception of [37]. Here,
experiments have shown that gravity should play a role in drug distribution. An unusually
strong inflow profile was also used there. We systematically analyze the influence of
gravity on drug distribution in the vitreous and complete the model with the correct inflow
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conditions in the ciliary body region. First results of our simulations in two dimensions are
presented in [31]. In the following, we discuss the differences in the simulation methods
and in the obtained results compared to previous models. In addition, the success of the
therapy is investigated with respect to various optimization parameters.

2. Materials and Methods
2.1. Mathematical Models

We have developed a method to construct a patient-specific vitreous body from
an ultrasound scan. To describe the shape of the vitreous body, we have developed a
mathematical formula that describes a modified Limacon. The formula contains parameters
that are adjusted to the ultrasound data (see Figure 1). For ultrasound data, B-scans were
generated from left to right and from right to left. From every image 164 data points were
extracted. The data set tables can be found in Appendix A, Tables A1–A4. All data points
are used to perform the parameter estimation to determine the shape of the vitreous body.
Three of the parameters of the mathematical model can be adjusted to personalize the
vitreous shape. As proof of concept we used all quantitative data sets from 12 patients, each
with 164 data points, to describe an average vitreous shape that we use for our “Virtual Eye”
in the computer. The maximum deviation of the data is 0.34 mm. More ultrasound data
from a large number of patients may be included in a future study. The methods developed
can be easily applied to more data. Due to rotational symmetry, it is sufficient to describe
the two-dimensional profile of the vitreous:

x = R(q, φ) cos(φ) + mx, y = R(q, φ) sin(φ), R(q, φ) = q1 + q2 cos(φ̂) + q3 cos(φ̂)3, (1)

where q = (q1, q2, q3) ∈ R3, (mx, 0) is the center of the Limacon, mx ∈ R and φ ∈ [0, 2π].
With φ̂ we denote the dependency on the parameter mx after converting the data into polar
coordinates: φ(mx) = arccos( x−mx

r ) with r =
√
(x−mx)2 + y2. For more information,

see [38,39].
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Figure 1. The shape of the human vitreous described with a mathematical function, the modified
Limacon, obtained by fitting the US measurement data from 12 patients.

Next, we describe the physiology in the vitreous body of the human eye. We begin with
the flow of the aqueous humor produced in the ciliary body. Most of this fluid circulates
in the anterior chamber of the eye and is drained through the trabecular meshwork into
Schlemm’s canal. A smaller portion flows through the vitreous body, enters the retina,
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and is flushed out through the blood system. We describe the flow of aqueous humor with
the Darcy model [36,40]:

v = − κ

µ
∇p, div v = 0, (2)

where κ is the hydraulic conductivity, µ the viscosity of the fluid, v its velocity and p the
pressure. The Darcy model describes flow in porous media and represents a first approxi-
mation to the physiology in the human vitreous, since the flow penetrates a viscoelastic
medium containing a collagen network. In terms of boundary conditions, we know that the
vitreous is bounded by the retina and the lens. Between the lens and the retina, the aqueous
humor has room to enter through the hyaloid membrane. We denote the retinal boundary
by ΓR , the lens boundary by ΓL and the inflow boundary by ΓH . Thus, the boundary of Ω
is ∂Ω = ΓR ∪ ΓL ∪ ΓH . We assume that the lens is an impermeable organ so that aqueous
humor cannot penetrate. Thus, we obtain homogeneous Neumann boundary conditions at
the lens:

n · v = 0 on ΓL, (3)

where n is the normal vector. In the literature, the boundary conditions for the Darcy
equations are generally Dirichlet conditions for pressure. Our simulations have shown that
the flow near the inflow looks unphysical due to our mixed boundary conditions, so we
impose a Poiseuille velocity profile for the inflow:

n · v(x, y, z) = cp f low(R2
p f low − r2

p f low(x, y, z)) =: vp f low on ΓH, (4)

where cp f low is a parameter that regulates the strength of the inflow, Rp f low is half the
distance from the lens to the retina, and rp f low is the distance from a velocity particle to the
central circular ring between the lens and retina.

The epiretinal membrane is the outer layer of the retina connected to the vitreous body.
The flow of a fluid through this membrane is described with a permeability condition and
is a Robin-type boundary condition:

n · v = KRCS
p− Pv

L
on ΓR, (5)

where Pv is the episcleral pressure, KRCS the total hydraulic conductivity and L the thickness
of the retina.

Now we present the model of the anti-VEGF treatment of age related macular degen-
eration. We skip the injection process and start with long-term simulations for the drug
distribution when the drug is already in the vitreous. The drug distribution is given by the
following transport-diffusion equation:

∂tC + (v · ∇)C− D∆C = 0 (6)

where C is the drug concentration, which here depends on space and time t ∈ [0, T] and
D is the diffusion parameter of the drug in the vitreous. We use D = 4× 10−11 m2/s
for bevacizumab in a rabbit eye from [35] in our model for the human eye model. In our
simulations, we consider only one injection, i.e., we simulate the drug distribution during
one month. At the lens we assume homogeneous boundary conditions, the drug does not
penetrate the lens:

∂nC = 0 on ΓL × [0, T]. (7)

At the retina we have a Robin type boundary condition

PC + (n · v)kC = −D∂nC + (n · v)C on ΓR × [0, T], (8)

where k is a partition coefficient for the drug describing the fraction in the vitreous and
retina, and P is the permeability of the retina. At the hyaloid membrane, we assume a
homogeneous Dirichlet boundary condition C = 0 in this model, which means that the
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drug will not diffuse against the flow. In another project involving pharmacology in the
model [41], the concentrations of the different complexes may leak into the anterior part of
the eye through the boundary at the hyaloid membrane between the anterior chamber and
the vitreous.

2.2. Numerical Methods

The presented model (2)–(8) is solved numerically by the Finite Element (FE) method
using the C++ software library deal.ii [42,43]. In our model, the Darcy equation is time
independent and can be decoupled from the system. It is first solved using the mixed
Finite Element method, then the computed velocity can be substituted into the time-
dependent convection-diffusion equation, which is discretized using the Rothe method [44].
In the spatial discretization, we use trilinear Lagrange elements for the drug concentration,
Raviart-Thomas elements for the velocity, and discontinuous piecewise constant elements
for the pressure. To solve the time dependent model with sufficient accuracy, the time-
stepping method should be at least second order and stable, so the fractional step theta
scheme is used. A detailed description can be found in [45].

The resulting system of algebraic equations is transformed into a saddle point problem
in the Darcy case: (

M B
BT 0

)(
V
P

)
=

(
F
0

)
, (9)

where M is the mass matrix, B is the matrix resulting from the discretization of the diver-
gence, V is the vector with the degrees of freedom of the velocity, P is the vector with the
degrees of freedom of the pressure, and F is the vector of the right hand side. A detailed
derivation of this linear system of equations is described in [39]. The reason of this transfor-
mation into a saddle point problem is that often the initial problem is ill-conditioned or very
poorly conditioned, and cannot be solved directly. Therefore, the problem is represented
as a saddle point problem. This form of representation does not change the properties of
the system like invertibility, spectral properties, and conditioning, these are maintained,
but there is a well developed solution theory for this representation. Exact knowledge of
the system properties is important for the development of solution algorithms. In some
cases, the special structure of the saddle point problem can be exploited to avoid or mitigate
the ill-conditioning. The structure of the right-hand side also plays a role here. A common
solution method for (9) is the Schur complement technique, a segregated approach, which
is also very well suited for our problem. The difficulty here is that there is no so-called best
method for all kinds of problems, but different efficient solvers, which were developed
for certain model equations. Some solution methods are presented in [46]. With the Schur
Complement method one obtains the following system of linear equations:

MhVh = Fh − BhPh,

BT
h M−1

h BhPh = BT
h M−1

h Fh.
(10)

The matrix BT M−1B is here the Schur complement, and is symmetric and positive defi-
nite. The Conjugate Gradient (CG) method [47] can be used to solve the system of linear
Equations (10).

The fully discretized convection-diffusion equations for each time step are as follows:

(MC
h + θ∆tAh)Cm

h (t) = (Mh − (1− θ)∆tAh)Cm−1
h (t), (11)

where MC
h is the mass matrix and Ah the stiffness matrix, C is the vector with the degrees

of freedom for the concentration, θ and ∆t are parameters given by the fractional step theta
scheme. In this case, the resulting linear system has a nonsymmetric matrix. Iterative
methods such as GMRES with ILU preconditioning work well with a large sparse matrix
[48], i.e., when a solution is computed on a fine grid, and are also generally not affected by
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a single zero eigenvalue. Without preconditioning, the iterative Krylov subspace method
converges poorly. Preconditioning is a simple transformation of the linear system and leads
to a coefficient matrix with the required spectral property that all eigenvalues are contained
in the half-plane Re(z) > 0, z ∈ C, i.e., it is non-singular.

For the numerical implementation of our model, more than 6000 lines of code were
implemented in the existing deal.ii environment. The most time-consuming part of the
solution process is setting up and solving the algebraic system of equations. The code was
validated and a convergence analysis was performed.

2.3. Mathematical Functionals for Drug Comparison

With the methods developed, we are studying the effect of injection position in terms
of how much drug remains in the vitreous and how much drug operates in a specific region.
To quantify these effects, output functionals are developed and included in [38].

The functional JΩ(t, C) : R+ ×H1
0(Ω) → R+ denotes the relative amount of drug C

remaining in the vitreous at the current time,

JΩ(t, C) :=

∫
Ω C(t, x)dx∫
Ω C(0, x)dx

. (12)

The functional JM(t, C) : R+ ×H1
0(Ω)→ R+ denotes the amount of drug C present

in a specific region M at the current time,

JM(t, C) :=
∫

M
C(t, x)dx, M = Br(m) ∩Ω, (13)

where Br(m) is a sphere with center m at the macula and radius r. The drug is one of the
antibody therapies and blocks VEGF by binding to it and washing it out, preventing the
formation and growth of vessels around the macula. In our model, we focus on the drug
distribution by diffusion and convection. The kinetics of the drug is the subject of a separate
project and will be presented in a future paper. Here, we consider only the drug transport
to the macula and estimate the amount of drug that reaches this area without reactions in
the vitreous. Depending on the stage of the disease, VEGF may already be distributed in
the vitreous. In this case, the drug is already acting there.

Finally, we estimate the total amount of drug that can react with VEGF molecules in a
period [0, T]: JM,Ω(T, C) : R+ ×H1

0(Ω)→ R+

JM,Ω(T, C) :=
∫ T

0

∫
M C(t, x)dx∫
Ω C(0, x)dx

dt, M = Br(m) ∩Ω, (14)

where Br(m) is a sphere with the center m at the macula and radius r.
Due to the integration over time, the amount of drug reaching the macula is overes-

timated because it takes time for the drug to diffuse into this area as well. In addition,
the amount depends on the choice of the size of Br(m). In this paper, we choose r = 2 mm.
Furthermore, we can measure how much of the drug does not reach this area and is lost by
diffusion through the retina during the period [0, T]: JR(T, C) : R+ ×H1

0(Ω)→ R+

JR(T, C) := 1− JΩ(T, C) + JM,Ω(T, C). (15)

These functionals are used for the drug comparison study.

3. Results

We presented long-term finite element simulations of drug distribution in the vitreous
that include a period of 30 days. This period corresponds to the typical time from the first
to the second injection with, for example, ranibizumab. In Figure 2 we visualize the 3D
drug distribution in our Virtual Eye and the aqueous humor flow. The flow is produced at
the ciliary body, enters in the vitreous via the zonules and leaves the vitreous through the
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retina via permeability. The drug is distributed through diffusion and convection. At the
initial time there is a ball shaped concentration distribution near the lens (the injected drug)
and at the presented time already some diffusion and convection occured which is shown
in the Figure.

Figure 2. Our Virtual Eye with cornea, sclera, iris, lens, ciliary body, vitreous and retina; the drug
concentration at a given time visualized with isosurfaces and the vitreous humor flow represented
with arrows.

3.1. The Influence of Gravity on Drug Distribution

It is assumed that the patient’s head position after injection has a relevant influence on
drug distribution in the eye. The experiments in [37] confirmed the effect of gravity on the
distribution of bevacizumab in an undisturbed balanced salt solution in vitro. Bevacizumab
did not immediately dissolve and distribute evenly in the solution as expected, but rather
settled in the lower part of the tube than in the upper part due to gravity. This effect was
still observed after 7 days. Thus, whether the patient is standing or lying down may matter
when a rapid local effect is needed.

In our simulations we consider a patient with age-related macular degeneration in the
left eye. The drug is injected from the left side. For simplicity, we assume that the patient
has the usual head orientation, i.e., the face is directed forward. The drug distribution is
computed over 30 days for the following cases:

• The patient stands (over the total time).
• The patient lies on the back.
• The patient lies sideways on the left side.
• The patient lies sideways on the right side.
• The patient stands half the day and lies on the back for the rest of the day.

The results of our simulations are shown in Figure 3. The influence of gravity turns
out to be small. When the patient is lying on the right side, 38.4% of the injected drug
reaches the macula, and we calculate the highest concentration of 0.287 kg

m3 around the
macula at 6 days after injection. In all other cases, slightly less drug reaches the macula.
The worst case, if any, is when the patient is lying on the left side where the drug was
injected. Then 37.6% of the injected drug reaches the macula. The highest concentration
is 0.281 kg

m3 . To deliver more drug to the macula, it is advantageous if gravity points in the
direction of injection. In the other three cases, we observe a positive effect when gravity is
directed toward the macula. We measure 38.3% of the injected drug on the macula when
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the patient is lying on its back, 38% when the patient is standing, and 38.2% when the
patient stands half the day and lies on its back the rest of the day.
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Figure 3. The drug amount around the macula for different head positions: standing (black), lying
down on the back (red), lying down on the left side (blue), lying down on the right side (light blue),
and standing half the day and lying down on the back the other half of the day (green).

In summary, patients lying on their back or on the injection side showed the most
successful therapy, but in our models and simulations gravity does not play a significant
role. The results show a maximum difference of less than 1% in the concentration of injected
drug at the macula. However, we have considered a healthy homogeneous vitreous here.
In a heterogeneous vitreous with a more complex consistency, the situation may change.

3.2. Optimal Injection Position

The goal of an optimal treatment of age-related macular degeneration is the local
effect of the drug as a VEGF blocker at the macula. The drug should act in this way for
as long as possible to achieve the best results. The therapy is expensive and the injection
is uncomfortable, so the drug should be used effectively. Furthermore, too high drug
concentrations can lead to toxicity. Thus, only certain doses of the drug are injected over
several weeks.

In this section, we will analyze whether the healing process, as measured by the
amount of drug reaching the macula, depends on the injection position. Regardless of a
feasible initial concentration we will investigate which location is optimal for the injection.
Four different injection positions (see Figure 4) are considered as toy problems (virtual
experiments) to find out the relevance of the injection position. We do not discuss whether
the chosen positions are realistically reasonable. The first position we consider is the
standard position for an injection into the left eye: 3.5 mm from limbus across the pars
plana toward the center of the posterior pole (in geometry: 3.5 mm from the limbus and
5.5 mm to the left of the pupil axis). The needle depth is 5 mm. The second position we
consider is 10 mm from the limbus via the pars plana direction to the center of the posterior
pole. Here the needle penetrates to the center of the vitreous (∼10 mm). The third injection
position is 8 mm from the limbus via the pars plana direction laterally to the posterior
pole. The optic nerve serves as a point of orientation. The needle penetrates ∼7–8 mm.
The final injection position we will analyze is chosen 10 mm from the limbus via the pars
plana direction toward the center of the posterior pole. Here, the needle penetrates in the
direction of the optic nerve (∼18 mm).
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Figure 4. We test four different injection positions. Position 1 (called standard) is the standard
position for an injection in the left eye: 3.5 mm from the limbus via the pars plana direction to the
center of the posterior pole, needle depth about 5 mm; Position 2 (called center) is 10 mm from the
limbus via pars plana direction to the center of the posterior pole, needle depth about 10 mm; Position
3 (called nerve) is 8 mm from the limbus via pars plana direction laterally to the posterior pole and
the needle penetrates 7–8 mm; Position 4 (called macula) is chosen 10 mm from the limbus via the
pars plana direction to the center of the posterior pole with an 18 mm needle (injection site near the
macula) penetrating in the direction of the optic nerve.

A period of 30 days is used for all four simulations. The results are shown in Figure 5.
The standard injection always results in the lowest concentration on the macula. This
indicates that the therapy can be optimized. To achieve the highest drug concentration
around the macula, the most obvious option is the injection directly near the macula. This
goal is achieved only in the first eight of 30 days. After nine days, injection into the central
vitreous leads to the highest drug concentration at the macula. At the second injection
position, the drug remains around the macula the longest. At the fourth injection position,
the highest amount of drug (10 times higher) reaches the macula.

The pathology and permeability of the vitreous as well as of the retina, and the injection
site have a major impact on drug distribution. Injection in the second position is the best
choice for longer acting drugs, e.g., aflibercept: these drugs work best when injected into
the center of the vitreous, they must be effective for several weeks. Injection in the fourth
position is the best choice for intensified initial treatment, such as the treatment of a thick
edema: In the first 50 h, we have the highest amount of drug in the macula area (more than
10× higher), but after 50 h, the drug concentration is lower than with the injection at the
second position, which is close to the vitreous border and the retina, where part of the drug
escapes. The standard position also has the disadvantage of allowing some of the drug
to escape through the zonule into the anterior chamber, resulting in a relatively smaller
amount of drug reaching the macula. However, exactly how much reaches the macula
depends on the completeness of the model and the accuracy of the parameters used.
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Figure 5. The drug concentration at the macula for different injection positions over time: the
trajectory for the standard injection (black), for the injection into the center of the vitreous (red),
for the injection near the optic nerve (blue) and for the injection near the macula (light blue).

3.3. Optimal Injection Angle

This subsection analyzes the influence of the injection angle on the amount of drug
reaching the macula, the site of action. Although there are precise instructions for the
injection procedure, position and needle length, in practice there are slight differences in
position and penetration angle for each individual injection. In this section, we will perform
some virtual (toy) experiments to gain insights into the sensitivity of the amount of drug at
the macula with respect to the angle of injection. We will discuss injection positions that
may not be appropriate from a medical perspective, but help provide detailed information
about the physics and physiology behind the injection process and whole treatment.

We introduce a coordinate system to define two penetration angles ψxy and ψz for
orientation in space, see Figure 6. In our geometry, the x-axis is the optical axis and points
from the lens to the retina (in Figure 6, it points upward), the y-axis is the horizontal line
perpendicular to the optical axis, running from left to right in Figure 6, and the z-axis
is the vertical line perpendicular to the optical axis, pointing in Figure 6. We define the
penetration angle ψxy between the needle direction and the optical (x-) axis on the xy-plane
and the penetration angle ψz between the needle direction and the z-axis.

In [33], the standard injection was defined as ψxy = 50◦ and compared to the pen-
etration angle ψ̃xy = 75◦. The penetration angle ψz was set to 90◦ in both cases. In our
simulations, we analyze ψxy = 50◦, ψ̃xy = 75◦ and additionally ψ̂xy = 25◦ and we include
several other possibilities with ψz 6= 90◦, i.e., the needle is not injected along the xy-plane.
For comparison we calculate the functionals JM, JR, JM,Ω, JΩ from Section 2.3 for each
simulation configuration. First, we analyze the injections with ψz = 90◦ following [33].
Our simulations confirm the results in [33], a penetration angle of 75◦ results in much less
drug reaching the macula, see Figure 7. During the 30 days, we calculated about 31% more
drug on the macula at a penetration angle of 50◦. In [33], the differences in the amount of
drug reaching the macula between an injection angle of 75◦ and of 50◦ are even around
50%, because there an injection with a fast injection speed was considered. We neglect the
injection velocity in our model, since this would lead to a different type of equations and
thus to different solution methods. With our model, we only analyze the effect of drug
diffusion and not drug convection through the injection.
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Figure 6. On the left, our coordinate system in our Virtual Eye, and on the right, a schematic
representation of the two penetration angles ψxy and ψz of the injection for orientation in space.
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Figure 7. The amount of drug concentration at the macula, JM, depending on the penetration angle
ψxy: 25◦ (black), 50◦ (red) and 75◦ (blue).

In all cases considered, the concentration of the drug at the macula increases in the
first days. The highest concentration is reached after about 6 days, and after that we
measure a monotonic decrease of the concentration. The maximum is reached at 0.282 kg

m3

for a penetration angle of 50◦ and 0.214 kg
m3 for 75◦. The penetration angle of 25◦ leads

to a similar result as that for 50◦. We obtained about 2% more drug on the macula for a
penetration angle of 25◦ and the highest concentration is 0.291 kg

m3 . At both 25◦ and 50◦

angles, the injection needle is almost exactly aligned with the macula, which explains the
positive results. In contrast, at an angle of 75◦, the drug is injected farther from the macula
and closer to the lens. This results in more drug being cleared through the retina before it
can reach the macula. This effect is confirmed by analyzing the functionals JR and JM,Ω,
see Figure 8.

We calculate that at a penetration angle of 75◦, about 30% of the injected drug reaches
the macula and that about 70% diffuses through the retina and is washed out by the blood
vessels. The other two angles 25◦ and 50◦ show that 40% of the drug reaches the macula
and 60% of the drug diffuses through the retina. Furthermore, the functional JΩ shows us
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that more drug remains in the vitreous body for these two penetration angles for all times
than at 75◦. For 25◦, we measure slightly higher concentration of drug in the vitreous than
for 50◦.
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Figure 8. The fraction of the injected drug in the vitreous, JΩ, at the macula, JM,Ω, and at the retina,
JR, depending on the penetration angle ψxy.

In summary, an injection angle ψxy between 25◦ and 50◦ gives similar good results
and demonstrates that its influence on drug distribution is small. With an injection angle in
this range, a greater amount of drug reaches the macula than with larger injection angles.
However, an injection with ψxy = 75◦ leads to changes in the amount of drug around the
macula that are likely to have a negative effect on the therapy; therapy will be less effective
in this case.

When examining the penetration angle ψz, the simulations show that the larger the
angle, the less drug is around the macula. This result can be explained by the fact that a
larger amount of the drug escapes through the retina and cannot reach the site of action.
In Figure 9, the penetration angle ψxy is chosen to be 50◦. At a penetration angle ψz = 115◦,
we measure 10% less drug on the macula than at ψz = 90◦ and as much as 38% less at
ψz = 140◦. In addition, a penetration angle of ψz = 90◦ results in a loss of about 60% of
the injected drug through the retina, an angle of ψz = 115◦ of about 65%, and an angle of
ψz = 140◦ of about 75%. This suggests that changes in the penetration angle ψz may limit
the local effect of the drug as a VEGF blocker at the macula.

3.4. The Influence of the Diffusion Coefficient on Drug Distribution

In age-related macular degeneration, an anti-VEGF drug is injected as standard.
The choice of drug determines the course of therapy. Currently, the most commonly
used anti-VEGF drugs are ranibizumab (Lucentis, Genentech, San Francisco, CA, USA and
Novartis Ophthalmics, Basel, Switzerland), bevacizumab (Avastin, Genentech, San Fran-
cisco, CA, USA) and aflibercept (Eylea, Regeneron, Tarrytown, NY, USA). There are a large
number of studies and comparisons of these drugs for the treatment of age-related macular
degeneration, diabetic retinopathy, diabetic macular edema and retinal vein occlusions.
For example, in [49–51] all three anti-VEGF drugs are compared in patients with diabetic
macular edema. All three drugs result in improvement in visual acuity. However, it is
unclear which drug is best suited for which patient. In age-related macular degeneration,
roughly equivalent effects on the healing process are observed for the drugs bevacizumab
and ranibizumab in [52]. Aflibercept is a newer drug used to treat age-related macular
degeneration. In [53], it is reported that longer intervals between injections can be achieved
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with aflibercept. The most important process for the effectiveness of therapy is pharmacol-
ogy. We consider this in our models and simulations in another project. In this paper, we
analyze the effect of drug diffusion in the three-dimensional vitreous, i.e., how much drug
reaches the site of action. Our virtual experiments are designed with fixed parameters for
eye geometry and for injection. With the mathematical functionals we have developed, we
can evaluate the amount of drug used in the vitreous and around the macula over time, so
we can perform a systematic analysis to study the influence of certain parameters on drug
distribution. One very relevant parameter is the diffusion coefficient, as already recognized
in [30]. The molecular weight of bevacizumab is 148 kDa, so it is a large molecule with a
half-life twice as long as ranibizumab [50,51]. The molecular weight of ranibizumab is 48
kDa [54] and of aflibercept 115 kDA, which also has higher affinity than ranibizumab or
bevacizumab [55–57].
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Figure 9. Top: drug concentration at the macula, JM and bottom: fraction of injected drug in the
vitreous, JΩ, around the macula, JM,Ω, and lost through the retina, JR, as a function of penetration
angle ψz: with an injection angle of 90◦ (black) the largest amount of drug is inside the vitreous (black
solid line) and also at the macula (black dashed dotted line).
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In the following, we perform simulations for the diffusion parameter D = 4× 10−11 m2

s

from [35] and for some fictive diffusion parameters, one smaller, D = 2× 10−11 m2

s , and one

larger, D = 8 × 10−11 m2

s , to quantify the differences. This gives us insight into drug
diffusion and conclusions can be drawn for other diffusion coefficients as well. First, we
consider the comparison of drug concentration in specific regions of the eye as illustrated
in Figure 10.
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Figure 10. Top: the drug amount at the macula, JM, as a function of D, lighter molecules (blue)
are faster; bottom: the drug amount in the vitreous, JΩ, at the macula, JM,Ω, and lost through the
retina, JR, in dependence of D. Heavier molecules remain longer in the vitreous, the loss through the
retina is less than for lighter and faster molecules, and more of them finally reach the macula after
17 days, in the first 8 days more lighter molecules reach the macula and between 8 and 16 days more
intermediate weight molecules reach the macula.

The larger the diffusion coefficient, the faster the drug diffuses and reaches the macula
more quickly. Heavier molecules have smaller diffusion coefficients. However, after a few
days, only a small amount of the drug is observed around the macula. At the macula, a con-
centration greater than 0.1 kg

m3 can be achieved in the first days only with the larger diffusion
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coefficient, D = 8× 10−11 m2

s . The time period is about 10 days, then the concentration at

the macula decreases. For molecules with a slower diffusion coefficient, D = 2× 10−11 m2

s ,

this period is about 22 days and about 15 days for D = 4× 10−11 m2

s . In contrast, the highest
concentration is obtained for the largest diffusion coefficient. The maximum concentra-
tion 2.9 kg

m3 is reached for D = 8× 10−11 m2

s , 2.8 kg
m3 for D = 4× 10−11 m2

s and 2.7 kg
m3 for

D = 2× 10−11 m2

s . Furthermore, a greater amount of drug reaches the macula over the

30 days when the diffusion coefficient is smaller. After 30 days, for D = 2× 10−11 m2

s about
50% of the drug escapes through the retina, about 40% can act on the macula and 10% is
still in the vitreous body. For D = 8× 10−11 m2

s about 80% of the drug escapes through the
retina and only 20% acts on the macula, leaving nothing in the vitreous. The results for
D = 4× 10−11 m2

s are in between the values obtained for the previously mentioned cases.
Overall, a higher diffusion coefficient results in a significant loss of drug through the retina
and less drug can reach the macula.

4. Discussion

In this paper, we discuss the efficacy of anti-VEGF therapy against wet age-related
macular degeneration. For this purpose, we model the drug distribution in the vitreous
with a convection-diffusion equation. The convection is caused by the vitreous humor
flow, which is modeled with the Darcy equation, taking into account the consistency of the
vitreous, including the collagen network present within. Mathematically challenging are
the mixed boundary conditions describing realistic physiology in the complex geometry of
the eye, so even the Darcy equation here takes on a new face not found in the literature,
an inflow is prescribed by a Poiseuille velocity profile. The derived model is solved
numerically using the Finite Element method. For this purpose, over 6000 lines of code
were implemented in the existing deal.ii environment. Trilinear Lagrangian elements
are used to discretize the drug concentration, Raviart-Thomas elements are used for the
velocity of the vitreous humor, and discontinuous piecewise constant elements are used for
the associated pressure. The system is solved in a decoupled way, first solving the Darcy
equation using the Schur complement method and the CG method, and then solving the
time-dependent convection-diffusion equation using the Rothe method and the GMRES
method with an ILU preconditioner. To quantitatively evaluate the efficacy of therapy, we
introduce functionals, the relative amount of drug remaining in the vitreous at a given
time point, the amount of drug localized around the macula, and the total amount of
drug available to react with VEGF molecules over a given time. We perform long-term
simulations covering the period of one injection, i.e., 30 days.

We discuss the influence of gravity on drug distribution and found that unlike the
experiments performed in [37], where the gravity causes a higher drug concentration at the
bottom of the test tube than at the top, even after 7 days, that gravity does not play a signif-
icant role in our models and simulations. Furthermore, we compared 4 injection positions
and found that the standard position used in the treatment performed worst, namely then
the least amount of drug arrived at the macula. An injection into the center of the vitreous,
10 mm from the limbus via pars plana toward the center of the posterior pole with needle
depth about 10 mm, seems to be optimal, so that the highest drug amount reaches the
macula in 30 days. Our results are purely theoretical; if the injection positions considered
are reasonable from a medical point of view is another task that cannot be discussed here.
The optimal injection angles are 25◦ between the needle direction and the optical axis in the
xy-plane, and 90◦ between the needle direction and the z-axis. The differences between 25◦

and 50◦ are small, while the differences to 75◦ are large. The highest drug concentration
at the macula occurs 6 days after injection. The simulations are also useful to try different
diffusion constants and quantify the difference in the functionals. The following values
were compared: 2× 10−11 m2/s, 4×10−11 m2/s and 8× 10−11 m2/s, where 4× 10−11 m2/s
corresponds to bevacizumab. A smaller diffusion coefficient, corresponding to heavier
molecules, appears to be beneficial for treatment. The drug would not diffuse through the
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vitreous as quickly, allowing more of it to be transported to the macula by the vitreous
humor flow.

Our model is certainly already very complex and realistic, but there are further possi-
bilities for extension. In a current project, we are analyzing different physical boundary
conditions for the drug at the hyaloid membrane to also see the distribution in the anterior
chamber. We know that a large fraction of the drug is washed out through Schlemm’s
canal. In [41], we consider a viscoelastic vitreous model and thus include the collagen fibers
and the consistency of the vitreous. A fluid structure interaction model is also created to
include the elastic sclera and lens. A recently completed dissertation [58] covers the current
pharmacology of anti-VEGF therapy, including the life span of the drug. It would also be
useful to calibrate and validate the models with experimental data. This will require close
collaboration with experimentalists. It should also be noted that simulations of the different
models require different numerical methods that take time to be implemented. However,
once developed, numerous tests are readily available to provide insights into the physical
and chemical processes that can improve therapy. The in silico experiments proposed here
can be used together with studies, in vitro and animal experiments. However, they can
drastically reduce the number and thus the cost of these experiments, since numerous test
can be performed and preselected by the computer and its user.

5. Conclusions

It has been demonstrated that VEGF is only produced locally and also only acts
locally [59]. It is therefore important that the drug reaches the site of action, the macula. It is
also important that enough molecules reach this area so that the VEGF is completely blocked.
Since VEGF is also produced continuously, it is important that a sufficient concentration of
drug reaches the macula over a long period of time. The drug distribution and amount of
drug on the macula can be influenced by the choice of drug and the way of administration.
Based on our models and simulation results, we can recommend a refined AMD therapy.
Whether the findings are useful from a medical point of view and feasible in practice
remains an open question at present and can be communicated at a later time.

Refined Therapy:

• When the drug is injected centrally into the vitreous, a certain amount of the drug
reaches the macula the longest. This can be interesting for longer acting drugs,
e.g., aflibercept. Otherwise, a large portion of the drug escapes through the retina.

• If the drug is injected closer to the macula, a higher concentration arrives there, but for
a shorter period of time. This can be interesting for an intensified initial treatment,
e.g., for the treatment of a thick edema.

• The needle should be oriented in the direction of the macula. An unfavorable insertion
angle can lead to a loss of up to 38% of the drug at the macula.

• A larger diffusion coefficient for the drug, a lighter molecule, results in a higher
drug concentration at the macula, but on average over 30 days, it results in a lower
drug concentration at the macula because more drug also escapes through the retina
more quickly.
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Appendix A. Ultrasound Data

We used ultrasound diagnostics to detect the shape of the vitreous body, a popular
method because it is non-invasive, non-radiative, repeatable as often as desired, easy to
perform and highly informative. We used the thwo-dimensional B-scans which measure
grey values representing the structures of the eye. By means of a movable caliper we
can determine the diameter of the vitreous body in all directions, but also the distance
between arbitrarily selected points, or angle and area measurements. In this Appendix we
present our ultrasound data used in our parameter estimation for the construction of the
3D vitreous body.

Table A1. The coordinates (x, y) of the ultrasound data points for the shape of the vitreous for
12 patients (part 1).

x y1 y2 y3 y4 y5 y6 y7 y8 y9 y10 y11 y12

−0.2 1.7 1.67 1.74 1.58 1.67 1.65 1.56 1.73 1.55 1.63 1.59 1.59
−0.4 2.5 2.2 2.5 2.5 2.47 2.59 2.49 2.46 2.45 2.5 2.43 2.58
−0.6 3.0 3.15 3.21 3.3 3.4 3.5 3.15 3.37 3.65 3.21 3.3 3.2
−0.8 4.6 4.68 4.64 4.97 4.95 5.3 4.99 4.98 4.89 5.2 4.97 4.89
−1 5.0 5.1 4.87 5.02 5.12 5.4 5.01 5.15 4.9 5.5 5 4.9
−1.2 5.1 5.21 4.9 5.3 5.33 5.48 5.15 5.2 5.08 5.51 5.2 5.2
−1.4 5.2 5.35 5.13 5.46 5.68 5.52 5.37 5.32 5.12 5.59 5.38 5.4
−1.6 5.3 5.4 5.25 5.56 5.9 5.7 5.43 5.43 5.38 5.74 5.53 5.67
−1.8 5.5 5.62 5.49 5.68 6.08 5.84 5.61 5.59 5.48 5.89 5.6 5.7
−1.6 6.2 6.5 5.9 6.6 6.41 6.35 6 5.98 5.9 6.55 6.02 6.3
−1.4 6.1 6.3 6.01 6.34 6.15 6.06 5.89 5.7 5.39 6.2 5.9 6.02
−1.2 6.4 6.68 6.38 6.67 6.39 6.31 6.22 6.13 5.99 6.46 6.24 6.21
−1 6.5 6.69 6.49 6.76 6.58 6.59 5.47 6.3 6.39 6.69 6.44 6.38
−0.8 6.5 6.7 6.52 6.8 6.61 6.6 5.82 6.42 6.44 6.71 6.49 6.43
−0.6 6.6 6.79 6.62 6.84 6.7 6.74 6.26 6.52 6.48 6.79 6.57 6.5
−0.4 6.7 6.84 6.74 6.85 6.79 6.83 6.52 6.64 6.63 6.83 6.71 6.78
−0.2 6.8 6.92 6.89 6.97 6.89 6.88 6.73 6.87 6.79 6.89 6.84 6.86
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Table A1. Cont.

x y1 y2 y3 y4 y5 y6 y7 y8 y9 y10 y11 y12

0.2 7.0 7.12 7.08 7.22 7.09 7.12 7.11 7.14 7.03 7.12 7.13 7.13
0.4 7.1 7.15 7.22 7.34 7.23 7.24 7.21 7.26 7.17 7.3 7.24 7.22
0.6 7.2 7.23 7.31 7.49 7.35 7.39 7.32 7.47 7.26 7.41 7.42 7.34
0.8 7.3 7.37 7.44 7.53 7.48 7.49 7.51 7.54 7.39 7.53 7.53 7.48
1 7.4 7.49 7.58 7.61 7.59 7.56 7.62 7.64 7.58 7.67 7.66 7.57

1.2 7.5 7.6 7.63 7.72 7.7 7.63 7.71 7.81 7.82 7.76 7.8 7.79
1.4 7.7 7.78 7.74 7.83 7.89 7.74 7.86 7.94 7.92 7.88 7.89 7.85
1.6 7.7 7.82 7.85 7.9 7.93 7.8 7.92 7.98 7.99 7.94 7.96 7.96
1.8 8.0 8.05 8.09 8.18 8.23 8.12 8.34 8.28 8.26 8.19 8.22 8.3
2 8.3 8.42 8.44 8.51 8.57 8.59 8.64 8.62 8.5 8.49 8.58 8.6

2.2 8.7 8.78 8.83 8.88 8.89 8.92 8.94 8.91 8.86 8.84 8.95 8.98
2.4 8.9 8.89 9.12 9.19 9.2 9.16 9.08 9.08 9.18 9.18 9.2 9.21
2.6 9.1 9.16 9.21 9.27 9.26 9.22 9.19 9.2 9.24 9.23 9.27 9.26
2.8 9.2 9.24 9.32 9.33 9.28 9.29 9.26 9.25 9.26 9.29 9.34 9.31
3 9.2 9.31 9.39 9.37 9.35 9.32 9.36 9.3 9.32 9.34 9.39 9.38

3.2 9.3 9.37 9.42 9.4 9.41 9.38 9.43 9.37 9.39 9.38 9.42 9.41
3.4 9.3 9.42 9.46 9.47 9.46 9.42 9.48 9.43 9.45 9.44 9.48 9.48
3.6 9.4 9.46 9.5 9.51 9.49 9.46 9.52 9.47 9.5 9.49 9.52 9.5
3.8 9.4 9.5 9.52 9.54 9.53 9.49 9.53 9.5 9.53 9.52 9.52 9.51
4 9.5 9.62 9.62 9.63 9.62 9.59 9.63 9.59 9.63 9.63 9.63 9.61

4.2 9.6 9.7 9.72 9.74 9.72 9.72 9.74 9.71 9.74 9.77 9.76 9.74
4.4 9.7 9.82 9.84 9.85 9.84 9.85 9.86 9.82 9.86 9.88 9.84 9.84
4.6 9.8 9.94 9.95 9.96 9.94 9.96 9.98 9.94 9.97 9.99 9.95 9.93
4.8 9.9 10.0 10.0 10.0 10.0 10.0 10.0 10.0 10.0 10.1 10.0 10.0
5 10.1 10.1 10.1 10.1 10.1 10.2 10.2 10.2 10.1 10.1 10.2 10.1

5.2 10.1 10.2 10.2 10.2 10.1 10.2 10.2 10.2 10.2 10.1 10.2 10.2
5.4 10.1 10.2 10.2 10.2 10.1 10.2 10.2 10.2 10.2 10.2 10.2 10.2
5.6 10.2 10.2 10.2 10.2 10.2 10.2 10.2 10.2 10.2 10.2 10.2 10.2
5.8 10.2 10.2 10.2 10.2 10.2 10.2 10.2 10.2 10.2 10.2 10.2 10.2
6 10.2 10.2 10.2 10.2 10.2 10.2 10.2 10.3 10.2 10.2 10.2 10.2

6.2 10.2 10.3 10.3 10.3 10.2 10.3 10.3 10.3 10.3 10.3 10.3 10.3
6.4 10.3 10.3 10.3 10.3 10.3 10.3 10.3 10.3 10.3 10.3 10.3 10.3
6.6 10.3 10.3 10.3 10.3 10.3 10.3 10.3 10.3 10.3 10.3 10.3 10.3
6.8 10.3 10.3 10.3 10.4 10.4 10.4 10.4 10.4 10.4 10.3 10.4 10.3
7 10.4 10.4 10.4 10.4 10.4 10.4 10.4 10.4 10.4 10.4 10.4 10.4

Table A2. The coordinates (x, y) of the ultrasound data points for the shape of the vitreous for
12 patients (part 2).

x y1 y2 y3 y4 y5 y6 y7 y8 y9 y10 y11 y12

7.2 10.4 10.4 10.4 10.4 10.4 10.4 10.4 10.4 10.4 10.4 10.4 10.4
7.4 10.3 10.3 10.3 10.4 10.4 10.4 10.4 10.4 10.4 10.3 10.4 10.3
7.6 10.3 10.3 10.3 10.3 10.3 10.4 10.3 10.3 10.3 10.3 10.4 10.3
7.8 10.3 10.3 10.3 10.3 10.3 10.3 10.3 10.3 10.3 10.3 10.3 10.3
8 10.3 10.33 10.32 10.34 10.33 10.36 10.35 10.34 10.33 10.31 10.35 10.33

8.2 10.2 10.31 10.3 10.3 10.31 10.34 10.34 10.3 10.32 10.29 10.3 10.32
8.4 10.2 10.3 10.29 10.28 10.3 10.32 10.31 10.28 10.3 10.28 10.29 10.31
8.6 10.1 10.18 10.17 10.16 10.21 10.22 10.2 10.16 10.17 10.15 10.16 10.16
8.8 10.0 10.04 10.03 10.02 10.06 10.06 10.03 10.02 10.02 10.01 10.04 10.05
9 9.88 9.92 9.91 9.89 9.93 9.92 9.88 9.87 9.89 9.86 9.88 9.91

9.2 9.73 9.75 9.74 9.74 9.76 9.77 9.75 9.74 9.79 9.78 9.75 9.77
9.4 9.58 9.62 9.65 9.63 9.64 9.65 9.65 9.64 9.65 9.63 9.62 9.63
9.6 9.47 9.49 9.5 9.51 9.49 9.53 9.51 9.48 9.49 9.51 9.5 9.51
9.8 9.34 9.35 9.35 9.36 9.37 9.38 9.37 9.33 9.34 9.35 9.38 9.34
10 9.34 9.35 9.35 9.36 9.37 9.38 9.37 9.33 9.34 9.35 9.38 9.34

10.2 9.12 9.14 9.15 9.16 9.14 9.18 9.13 9.12 9.14 9.13 9.16 9.15
10.4 8.9 8.91 8.91 8.93 8.92 8.95 8.93 8.91 8.93 8.9 8.94 8.92
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Table A2. Cont.

x y1 y2 y3 y4 y5 y6 y7 y8 y9 y10 y11 y12

10.6 8.68 8.7 8.71 8.69 8.69 8.71 8.73 8.68 8.72 8.69 8.73 8.68
10.8 8.52 8.53 8.53 8.55 8.57 8.58 8.6 8.57 8.54 8.52 8.57 8.55
11 8.44 8.48 8.46 8.47 8.5 8.49 8.51 8.46 8.47 8.47 8.49 8.5

11.2 8.33 8.34 8.36 8.35 8.37 8.36 8.38 8.34 8.36 8.37 8.36 8.38
11.4 8.2 8.24 8.27 8.25 8.26 8.24 8.25 8.23 8.24 8.26 8.24 8.25
11.6 8.08 8.1 8.14 8.13 8.15 8.11 8.14 8.1 8.12 8.1 8.12 8.13
11.8 7.9 7.93 8.19 8 7.93 7.98 8.1 7.99 8.01 7.95 8.02 7.96
12 7.82 7.85 7.89 7.92 7.87 7.88 7.86 7.87 7.95 7.86 7.9 7.89

12.2 7.78 7.8 7.81 7.81 7.83 7.78 7.78 7.81 7.81 7.8 7.81 7.82
12.4 7.72 7.74 7.73 7.76 7.74 7.73 7.76 7.77 7.74 7.74 7.75 7.73
12.6 7.48 7.47 7.5 7.51 7.48 7.46 7.52 7.51 7.53 7.5 7.49 7.48
12.8 7.23 7.25 7.26 7.26 7.24 7.23 7.25 7.24 7.26 7.23 7.24 7.24
13 6.96 6.97 6.99 6.99 6.98 6.96 6.98 6.97 6.98 6.96 6.98 6.98

13.2 6.72 6.75 6.76 6.74 6.75 6.72 6.73 6.71 6.74 6.72 6.73 6.74
13.4 6.49 6.52 6.54 6.5 6.55 6.51 6.53 6.52 6.56 6.51 6.54 6.53
13.6 6.47 6.49 6.5 6.48 6.48 6.46 6.47 6.46 6.49 6.46 6.48 6.47
13.8 5.83 5.82 5.83 5.8 5.82 5.78 5.83 5.81 5.83 5.82 5.82 5.8
14 5.17 5.15 5.15 5.16 5.16 5.14 5.17 5.17 5.18 5.17 5.19 5.16

14.2 4.88 4.87 4.9 4.89 4.91 4.87 4.9 4.92 4.9 4.88 4.91 4.9
14.4 4.49 4.48 4.51 4.51 4.47 4.5 4.51 4.49 4.48 4.52 4.48 4.49
14.6 4.1 4 4.08 4.09 4.09 4.08 4.1 4.07 4.12 4.11 4.09 4.08
14.8 3.68 3.67 3.71 3.7 3.7 3.7 3.68 3.69 3.73 3.7 3.68 3.69
15 3.49 3.47 3.51 3.48 3.5 3.52 3.49 3.49 3.52 3.51 3.5 3.51

15.2 3.29 3.3 3.34 3.39 3.39 3.32 3.34 3.61 3.34 3.26 3.22 3.38
15.4 2.49 2.52 2.51 2.47 2.53 2.48 2.5 2.51 2.51 2.5 2.52 2.48
15.6 1.59 1.57 1.62 1.6 1.61 1.61 1.58 1.63 1.59 1.6 1.61 1.61
15.8 1.09 1.11 1.12 1.08 1.13 1.11 1.12 1.09 1.08 1.12 1.13 1.07
16 1.03 1.05 1.04 1.06 1.04 1.07 1.06 1.06 1.05 1.04 1.05 1.06

16.2 0.9 0.99 1.02 1.04 1.01 1.02 1.02 1.03 0.99 1.02 1.03 1.01
16.4 0.9 0.97 0.99 0.96 0.98 0.99 0.98 0.97 0.97 0.95 0.98 0.97
16.6 0.89 0.88 0.88 0.85 0.87 0.86 0.9 0.89 0.87 0.88 0.87 0.89
16.8 0.64 0.61 0.66 0.6 0.59 0.58 0.62 0.64 0.58 0.6 0.57 0.53
17.0 0.11 0.09 0.08 0.08 0.07 0.12 0.13 0.15 0.09 0.12 0.07 0.07
17 −0.1 −0.09 −0.07 −0.12 −0.08 −0.01 −0.13 −0.14 −0.09 −0.13 −0.09 −0.08

16.8 −0.6 −0.61 −0.6 −0.58 −0.59 −0.58 −0.6 −0.62 −0.59 −0.59 −0.6 −0.51
16.6 −0.89 −0.87 −0.87 −0.86 −0.88 −0.86 −0.89 −0.89 −0.88 −0.87 −0.86 −0.89
16.4 −0.91 −0.98 −0.92 −0.97 −0.98 −0.98 −0.96 −0.94 −0.99 −0.98 −0.97 −0.96
16.2 −0.9 −0.97 −1.03 −1.04 −0.99 −1.04 −1.02 −1.03 −1.01 −1.01 −1.03 −0.99
16 −1.02 −1.06 −1.03 −1.06 −1.02 −1.05 −1.07 −1.07 −1.04 −1.05 −1.04 −1.06

15.8 −1.09 −1.12 −1.09 −1.1 −1.12 −1.13 −1.09 −1.08 −1.09 −1.1 −1.14 −1.14

Table A3. The coordinates (x, y) of the ultrasound data points for the shape of the vitreous for
12 patients (part 3).

x y1 y2 y3 y4 y5 y6 y7 y8 y9 y10 y11 y12

15.6 −1.58 −1.59 −1.6 −1.58 −1.58 −1.62 −1.63 −1.6 −1.59 −1.61 −1.62 −1.6
15.4 −2.51 −2.48 −2.5 −2.52 −2.49 −2.49 −2.5 −2.51 −2.5 −2.49 −2.52 −2.5
15.2 −3.28 −3.32 −3.3 −3.2 −3.29 −3.34 −3.29 −3.31 −3.33 −3.28 −3.4 −3.3
15 −3.48 −3.47 −3.49 −3.5 −3.51 −3.5 −3.52 −3.49 −3.53 −3.5 −3.52 −3.5

14.8 −3.69 −3.67 −3.7 −3.71 −3.67 −3.7 −3.69 −3.68 −3.72 −3.7 −3.68 −3.69
14.6 −4.2 −4.1 −4 −4.07 −4.08 −4.08 −4.1 −4.08 −4.11 −4.12 −4.08 −4.07
14.4 −4.47 −4.48 −4.45 −4.5 −4.51 −4.49 −4.51 −4.48 −4.52 −4.51 −4.49 −4.5
14.2 −4.9 −4.89 −4.93 −4.92 −4.89 −4.88 −4.87 −4.93 −4.94 −4.8 −4.92 −4.91
14 −5.17 −5.16 −5.15 −5.14 −5.17 −5.16 −5.18 −5.14 −5.19 −5.17 −5.17 −5.18

13.8 −5.8 −5.81 −5.82 −5.86 −5.8 −5.84 −5.87 −5.87 −5.89 −5.88 −5.87 −5.87
13.6 −6.48 −6.47 −6.48 −6.49 −6.5 −6.48 −6.48 −6.47 −6.49 −6.5 −6.51 −6.48
13.4 −6.51 −6.52 −6.49 −6.54 −6.51 −6.5 −6.53 −6.53 −6.52 −6.5 −6.48 −6.5
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Table A3. Cont.

x y1 y2 y3 y4 y5 y6 y7 y8 y9 y10 y11 y12

13.2 −6.75 −6.72 −6.72 −6.73 −6.75 −6.72 −6.71 −6.71 −6.75 −6.73 −6.72 −6.75
13 −6.96 −6.97 −6.99 −7 −6.98 −6.96 −6.99 −6.97 −6.98 −7 −6.98 −6.98

12.8 −7.2 −7.24 −7.25 −7.25 −7.23 −7.26 −7.2 −7.28 −7.26 −7.27 −7.25 −7.24
12.6 −7.48 −7.46 −7.51 −7.52 −7.49 −7.46 −7.5 −7.53 −7.55 −7.52 −7.48 −7.52
12.4 −7.73 −7.72 −7.73 −7.72 −7.72 −7.74 −7.78 −7.71 −7.74 −7.75 −7.74 −7.73
12.2 −7.79 −7.78 −7.78 −7.8 −7.82 −7.79 −7.79 −7.79 −7.82 −7.74 −7.78 −7.76
12 −7.82 −7.85 −7.9 −7.92 −7.8 −7.9 −7.92 −7.87 −7.96 −7.86 −7.92 −7.88

11.8 −7.99 −8.03 −7.98 −7.96 −7.99 −7.92 −7.96 −8.05 −8.03 −7.95 −8.03 −8.02
11.6 −8.06 −8.04 −8.16 −8.12 −8.13 −8.11 −8.16 −8.14 −8.12 −8.1 −8.12 −8.14
11.4 −8.21 −8.23 −8.24 −8.24 −8.25 −8.23 −8.2 −8.26 −8.26 −8.24 −8.23 −8.26
11.2 −8.31 −8.32 −8.3 −8.34 −8.4 −8.38 −8.36 −8.34 −8.35 −8.37 −8.36 −8.38
11 −8.44 −8.4 −8.48 −8.5 −8.46 −8.47 −8.5 −8.47 −8.47 −8.48 −8.48 −8.49

10.8 −8.51 −8.51 −8.54 −8.56 −8.52 −8.56 −8.59 −8.57 −8.57 −8.54 −8.57 −8.58
10.6 −8.68 −8.72 −8.7 −8.7 −8.69 −8.7 −8.74 −8.75 −8.72 −8.69 −8.68 −8.69
10.4 −8.8 −8.9 −8.94 −8.92 −8.91 −8.92 −8.91 −8.92 −8.93 −8.94 −8.9 −8.92
10.2 −9.12 −9.11 −9.13 −9.11 −9.12 −9.16 −9.17 −9.15 −9.14 −9.18 −9.16 −9.17
10 −9.35 −9.36 −9.34 −9.33 −9.37 −9.4 −9.38 −9.32 −9.38 −9.36 −9.37 −9.38
9.8 −9.34 −9.36 −9.37 −9.36 −9.35 −9.37 −9.36 −9.33 −9.34 −9.35 −9.37 −9.34
9.6 −9.49 −9.46 −9.48 −9.46 −9.47 −9.5 −9.51 −9.48 −9.51 −9.49 −9.51 −9.48
9.4 −9.58 −9.69 −9.7 −9.63 −9.69 −9.65 −9.64 −9.71 −9.65 −9.64 −9.63 −9.62
9.2 −9.71 −9.74 −9.73 −9.75 −9.76 −9.78 −9.76 −9.74 −9.78 −9.77 −9.76 −9.78
9 −9.87 −9.89 −9.91 −9.89 −9.94 −9.9 −9.91 −9.88 −9.91 −9.9 −9.87 −9.87

8.8 −10.0 −10.0 −10.0 −10.0 −10.0 −10.0 −10.0 −10.0 −10.0 −10.0 −10.0 −10.0
8.6 −10.1 −10.1 −10.1 −10.1 −10.1 −10.1 −10.1 −10.1 −10.1 −10.1 −10.1 −10.1
8.4 −10.2 −10.2 −10.2 −10.2 −10.2 −10.2 −10.3 −10.3 −10.3 −10.2 −10.2 −10.3
8.2 −10.3 −10.3 −10.3 −10.2 −10.2 −10.3 −10.3 −10.3 −10.2 −10.2 −10.2 −10.3
8 −10.3 −10.3 −10.3 −10.3 −10.3 −10.3 −10.3 −10.3 −10.3 −10.3 −10.3 −10.3

7.8 −10.3 −10.3 −10.3 −10.3 −10.4 −10.3 −10.3 −10.3 −10.3 −10.3 −10.3 −10.3
7.6 −10.3 −10.3 −10.3 −10.4 −10.3 −10.3 −10.3 −10.3 −10.3 −10.4 −10.3 −10.3
7.4 −10.3 −10.3 −10.3 −10.4 −10.4 −10.4 −10.4 −10.4 −10.4 −10.3 −10.3 −10.4
7.2 −10.4 −10.4 −10.4 −10.4 −10.4 −10.4 −10.4 −10.4 −10.4 −10.4 −10.4 −10.4
7 −10.4 −10.4 −10.4 −10.4 −10.4 −10.4 −10.4 −10.4 −10.4 −10.4 −10.4 −10.4

6.8 −10.3 −10.3 −10.3 −10.3 −10.4 −10.4 −10.4 −10.4 −10.4 −10.3 −10.4 −10.3
6.6 −10.3 −10.3 −10.3 −10.3 −10.3 −10.3 −10.3 −10.4 −10.3 −10.3 −10.3 −10.3
6.4 −10.3 −10.3 −10.3 −10.3 −10.3 −10.3 −10.3 −10.3 −10.3 −10.3 −10.3 −10.3
6.2 −10.2 −10.2 −10.3 −10.3 −10.2 −10.2 −10.2 −10.3 −10.3 −10.2 −10.3 −10.3
6 −10.2 −10.2 −10.2 −10.2 −10.2 −10.2 −10.2 −10.3 −10.3 −10.3 −10.2 −10.2

5.8 −10.2 −10.2 −10.2 −10.2 −10.2 −10.2 −10.2 −10.2 −10.2 −10.2 −10.2 −10.2
5.6 −10.2 −10.2 −10.2 −10.2 −10.2 −10.2 −10.2 −10.2 −10.2 −10.2 −10.2 −10.2
5.4 −10.1 −10.2 −10.2 −10.2 −10.1 −10.2 −10.2 −10.2 −10.2 −10.2 −10.2 −10.2
5.2 −10.1 −10.1 −10.2 −10.2 −10.1 −10.2 −10.2 −10.2 −10.2 −10.2 −10.2 −10.2
5 −10.2 −10.1 −10.1 −10.1 −10.1 −10.1 −10.2 −10.1 −10.2 −10.1 −10.2 −10.2

4.8 −10.0 −10.0 −10.0 −10.0 −10.0 −10.0 −10.0 −10.0 −10.0 −10.0 −10.0 −10.0
4.6 −9.87 −9.97 −9.9 −9.86 −9.94 −9.98 −9.99 −9.92 −9.96 −9.97 −9.94 −9.96
4.4 −9.74 −9.8 −9.86 −9.85 −9.87 −9.88 −9.88 −9.87 −9.87 −9.87 −9.82 −9.84

Table A4. The coordinates (x, y) of the ultrasound data points for the shape of the vitreous for
12 patients (part 4).

x y1 y2 y3 y4 y5 y6 y7 y8 y9 y10 y11 y12

4.2 −9.75 −9.76 −9.69 −9.69 −9.71 −9.72 −9.69 −9.7 −9.69 −9.68 −9.75 −9.75
4 −9.6 −9.58 −9.59 −9.57 −9.62 −9.63 −9.59 −9.67 −9.64 −9.63 −9.63 −9.69

3.8 −9.5 −9.52 −9.48 −9.47 −9.53 −9.5 −9.51 −9.49 −9.54 −9.52 −9.52 −9.51
3.6 −9.46 −9.44 −9.45 −9.5 −9.52 −9.48 −9.46 −9.47 −9.51 −9.48 −9.51 −9.53
3.4 −9.42 −9.38 −9.44 −9.46 −9.45 −9.42 −9.47 −9.44 −9.45 −9.46 −9.47 −9.48
3.2 −9.37 −9.35 −9.36 −9.42 −9.41 −9.38 −9.42 −9.4 −9.39 −9.41 −9.42 −9.38
3 −9.28 −9.32 −9.36 −9.29 −9.37 −9.35 −9.29 −9.28 −9.28 −9.38 −9.4 −9.38
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Table A4. Cont.

x y1 y2 y3 y4 y5 y6 y7 y8 y9 y10 y11 y12

2.8 −9.25 −9.26 −9.31 −9.32 −9.3 −9.27 −9.28 −9.32 −9.25 −9.36 −9.29 −9.34
2.6 −9.17 −9.19 −9.21 −9.2 −9.18 −9.17 −9.23 −9.21 −9.18 −9.22 −9.25 −9.26
2.4 −8.93 −8.89 −8.99 −9.28 −9.21 −9.16 −9.08 −9.18 −9.21 −9.18 −9.18 −9.17
2.2 −8.87 −8.96 −8.74 −8.93 −8.88 −8.91 −8.94 −8.92 −8.87 −8.84 −8.79 −8.88
2 −8.4 −8.55 −8.56 −8.47 −8.56 −8.49 −8.6 −8.62 −8.48 −8.63 −8.6 −8.54

1.8 −8.29 −8.02 −8.21 −8.19 −8.17 −8.09 −8.08 −8.16 −8.24 −8.27 −8.22 −8.3
1.6 −7.89 −7.94 −7.99 −7.86 −7.89 −7.97 −7.93 −7.97 −7.93 −7.99 −7.6 −7.95
1.4 −7.74 −7.79 −7.78 −7.8 −7.83 −7.89 −7.9 −7.89 −7.79 −7.89 −7.89 −7.87
1.2 −7.65 −7.72 −7.73 −7.69 −7.74 −7.68 −7.64 −7.78 −7.69 −7.76 −7.74 −7.71
1 −7.63 −7.61 −7.61 −7.58 −7.59 −7.54 −7.64 −7.62 −7.6 −7.58 −7.57 −7.68

0.8 −7.32 −7.58 −7.39 −7.52 −7.38 −7.52 −7.49 −7.39 −7.55 −7.48 −7.53 −7.55
0.6 −7.29 −7.32 −7.4 −7.39 −7.38 −7.39 −7.35 −7.38 −7.37 −7.4 −7.3 −7.34
0.4 −7.21 −7.2 −7.25 −7.29 −7.21 −7.28 −7.24 −7.25 −7.19 −7.18 −7.26 −7.22
0.2 −7.05 −7.12 −7.08 −7.22 −7.09 −7.12 −7.11 −7.14 −7.03 −7.12 −7.13 −7.13
0 −6.95 −6.97 −6.94 −7.2 −6.96 −6.98 −6.91 −6.95 −6.93 −7.09 −6.98 −6.99
−0.2 −6.88 −6.92 −6.87 −6.84 −6.88 −6.84 −6.84 −6.86 −6.87 −6.89 −6.89 −6.88
−0.4 −6.82 −6.78 −6.76 −6.74 −6.81 −6.79 −6.48 −6.82 −6.81 −6.76 −6.73 −6.78
−0.6 −6.64 −6.68 −6.8 −6.84 −6.73 −6.74 −6.72 −6.48 −6.44 −6.58 −6.57 −6.53
−0.8 −6.58 −6.48 −6.59 −6.52 −6.49 −6.6 −6.46 −6.48 −6.51 −6.5 −6.47 −6.42
−1 −6.49 −6.41 −6.42 −6.43 −6.48 −6.49 −6.52 −6.51 −6.47 −6.44 −6.45 −6.34
−1.2 −6.39 −6.32 −6.34 −6.38 −6.35 −6.27 −6.42 −6.29 −6.36 −6.32 −6.39 −6.42
−1.4 −6.1 −6.19 −6.01 −6.25 −6.02 −5.95 −5.89 −6.01 −5.98 −5.91 −5.97 −5.87
1.2 −7.65 −7.72 −7.73 −7.69 −7.74 −7.68 −7.64 −7.78 −7.69 −7.76 −7.74 −7.71
1 −7.63 −7.61 −7.61 −7.58 −7.59 −7.54 −7.64 −7.62 −7.6 −7.58 −7.57 −7.68

0.8 −7.32 −7.58 −7.39 −7.52 −7.38 −7.52 −7.49 −7.39 −7.55 −7.48 −7.53 −7.55
0.6 −7.29 −7.32 −7.4 −7.39 −7.38 −7.39 −7.35 −7.38 −7.37 −7.4 −7.3 −7.34
0.4 −7.21 −7.2 −7.25 −7.29 −7.21 −7.28 −7.24 −7.25 −7.19 −7.18 −7.26 −7.22
0.2 −7.05 −7.12 −7.08 −7.22 −7.09 −7.12 −7.11 −7.14 −7.03 −7.12 −7.13 −7.13
0 −6.95 −6.97 −6.94 −7.2 −6.96 −6.98 −6.91 −6.95 −6.93 −7.09 −6.98 −6.99
−0.2 −6.88 −6.92 −6.87 −6.84 −6.88 −6.84 −6.84 −6.86 −6.87 −6.89 −6.89 −6.88
−0.4 −6.82 −6.78 −6.76 −6.74 −6.81 −6.79 −6.48 −6.82 −6.81 −6.76 −6.73 −6.78
−0.6 −6.64 −6.68 −6.8 −6.84 −6.73 −6.74 −6.72 −6.48 −6.44 −6.58 −6.57 −6.53
−0.8 −6.58 −6.48 −6.59 −6.52 −6.49 −6.6 −6.46 −6.48 −6.51 −6.5 −6.47 −6.42
−1 −6.49 −6.41 −6.42 −6.43 −6.48 −6.49 −6.52 −6.51 −6.47 −6.44 −6.45 −6.34
−1.2 −6.39 −6.32 −6.34 −6.38 −6.35 −6.27 −6.42 −6.29 −6.36 −6.32 −6.39 −6.42
−1.4 −6.1 −6.19 −6.01 −6.25 −6.02 −5.95 −5.89 −6.01 −5.98 −5.91 −5.97 −5.87
−1.6 −6.23 −6.3 −6.2 −6.19 −6.32 −6.25 −6.24 −6.24 −6.23 −6.25 −6.19 −6.18
−1.8 −5.58 −5.69 −5.68 −5.67 −5.67 −5.59 −5.61 −5.67 −5.68 −5.72 −5.79 −5.79
−1.6 −5.31 −5.39 −5.24 −5.57 −5.9 −5.69 −5.42 −5.42 −5.36 −5.72 −5.53 −5.67
−1.4 −5.39 −5.38 −5.36 −5.42 −5.44 −5.39 −5.37 −5.48 −5.38 −5.34 −5.38 −5.37
−1.2 −5.19 −5.22 −5.02 −5.03 −5.34 −5.42 −5.15 −5.21 −5.16 −5.49 −5.2 −5.29
−1 −5.1 −5.09 −5.08 −5.08 −5.12 −5.11 −5.1 −5.09 −5.08 −5.07 −5.09 −5.12
−0.8 −4.6 −4.89 −4.64 −5.19 −4.97 −5.2 −4.89 −4.97 −4.98 −4.98 −4.9 −4.97
−0.6 −3.2 −3.26 −3.3 −3.29 −3.29 −3.27 −3.34 −3.35 −3.35 −3.28 −3.4 −3.19
−0.4 −2.5 −2.49 −2.48 −2.44 −2.46 −2.48 −2.46 −2.49 −2.45 −2.51 −2.52 −2.48
−0.2 −1.62 −1.64 −1.61 −1.63 −1.64 −1.62 −1.62 −1.61 −1.65 −1.64 −1.68 −1.66

References
1. Gilbert, C.E.; Canovas, R.; Hagan, M.; Rao, S.; Foster, A. Causes of childhood blindness: Results from west Africa, south India

and Chile. Eye 1993, 77, 184–188. [CrossRef] [PubMed]
2. Steinkuller, P.G.; Du, L.; Gilbert, C.; Foster, A.; Collins, M.L.; Coats, D.K. Childhood blindness. J. Am. Assoc. Pediatr. Ophthalmol.

Strabismus 1993, 3, 26–32. [CrossRef]
3. Gilbert, C.; Foster, A. Childhood blindness in the context of VISION 2020: The right to sight. Bull. World Health Organ. 2001, 79,

227–232. [PubMed]
4. Taylor, H.R.; Keeffe, J.E. World blindness: A 21st century perspective. Br. J. Ophthalmol. 2001, 85, 261–266. [CrossRef] [PubMed]
5. Yorston, D. Retinal diseases and vision 2020. Community Eye Health 2003, 16, 19–20.
6. Rahi J.S. Childhood blindness: A UK epidemiological perspective. Eye 2007, 21, 1249–1253. [CrossRef]

http://doi.org/10.1038/eye.1993.39
http://www.ncbi.nlm.nih.gov/pubmed/8325414
http://dx.doi.org/10.1016/S1091-8531(99)70091-1
http://www.ncbi.nlm.nih.gov/pubmed/11285667
http://dx.doi.org/10.1136/bjo.85.3.261
http://www.ncbi.nlm.nih.gov/pubmed/11222327
http://dx.doi.org/10.1038/sj.eye.6702837


Diagnostics 2023, 13, 975 23 of 25

7. Nazimul, H.; Rohit K.; Anjli H. Trend of retinal diseases in developing countries. Expert Rev. Ophthalmol. 2008, 3, 43–50. [CrossRef]
8. Kong, L.; Fry, M.; Al-Samarraie, M.; Gilbert, C.; Steinkuller, P.G. An update on progress and the changing epidemiology of causes

of childhood blindness worldwide. J. Am. Assoc. Pediatr. Ophthalmol. Strabismus 2012, 16, 501–507. [CrossRef] [PubMed]
9. Gabrielle, P.H.; Nguyen, V.; Wolff, B.; Essex, R.; Young, S.; Hunt, A.; Cheung, C.M.G.; Arnold, J.J.; Barthelmes, D.; Creuzot-

Garcher, C.; et al. Intraocular pressure changes and vascular endothelial growth factor inhibitor use in various retinal diseases:
Long-term outcomes in routine clinical practice: data from the Fight Retinal Blindness! Registry. Ophthalmol. Retin. 2020, 4,
861–870. [CrossRef]

10. Heath Jeffery, R.C.; Mukhtar, S.A.; McAllister, I.L.; Morgan, W.H.; Mackey, D.A.; Chen, F.K. Inherited retinal diseases are the most
common cause of blindness in the working-age population in Australia. Ophthalmic Genet. 2021, 42, 431–439. [CrossRef]

11. Rattner, A.; Sun, H.; Nathans, J. Molecular genetics of human retinal diseases. Annu. Rev. Genet. 1999, 33, 89–131. [CrossRef]
[PubMed]

12. Bok, D. Contributions of genetics to our understanding of inherited monogenic retinal diseases and age-related macular
degeneration. Arch. Ophthalmol. 2007, 125, 160–164. [CrossRef] [PubMed]

13. Kiser, P.D.; Palczewski, K. Retinoids and retinal diseases. Annu. Rev. Vis. Sci. 2016, 2, 197–234. [CrossRef] [PubMed]
14. Kanow, M.A.; Giarmarco, M.M.; Jankowski, C.S.; Tsantilas, K.; Engel, A.L.; Du, J.; Linton, J.D.; Farnsworth, C.C.; Sloat, S.R.;

Rountree, A.; et al. Biochemical adaptations of the retina and retinal pigment epithelium support a metabolic ecosystem in the
vertebrate eye. elife 2017, 6, e28899. [CrossRef]

15. Amin, S.V.; Khanna, S.; Parvar, S.P.; Shaw, L.T.; Dao, D.; Hariprasad, S.M.; Skondra, D. Metformin and retinal diseases in
preclinical and clinical studies: Insights and review of literature. Exp. Biol. Med. 2022, 247, 317–329. [CrossRef]

16. Barnstable, C.J. Epigenetics and degenerative retinal diseases: Prospects for new therapeutic approaches. The Asia-Pac. J.
Ophthalmol. 2022, 11, 328–334. [CrossRef]

17. Chen, Y.; Coorey, N.J.; Zhang, M.; Zeng, S.; Madigan, M.C.; Zhang, X.; Gillies, M.C.; Zhu, L.; Zhang, T. Metabolism dysregulation
in retinal diseases and related therapies. Antioxidants 2022, 11, 942. [CrossRef]

18. Platania, C.B.M.; Drago, F.; Bucolo, C. The P2X7 receptor as a new pharmacological target for retinal diseases. Biochem. Pharmacol.
2022, 114942. [CrossRef]

19. De Fauw, F.; Ledsam, J.R.; Romera-Paredes, B.; Nikolov, S.; Tomasev, N.; Blackwell, S.; Askham, H.; Glorot, X.; O’Donoghue, B.;
Visentin, D.; et al. Clinically applicable deep learning for diagnosis and referral in retinal diseases. Nat. Med. 2018, 24, 1342–1350.
[CrossRef]

20. Jin, K.; Yan, Y.; Chen, M.; Wang, J.; Pan, X.; Liu, X.; Liu, M.; Lou, L.; Wang, Y.; Ye, J. Multimodal deep learning with feature level
fusion for identification of choroidal neovascularization activity in age-related macular degeneration. Acta Ophthalmol. 2022, 100,
e512–e520. [CrossRef]

21. Al-Zamil, W.N.; Yassin, S.A. Recent developments in age-related macular degeneration: A review. Clin. Interv. Aging 2017,
12, 1313. [CrossRef] [PubMed]

22. Tadayoni, R.; Sararols, L.; Weissgerber, G.; Verma, R.; Clemens, A.; Holz, F.G. Brolucizumab: A newly developed anti-VEGF
molecule for the treatment of neovascular age-related macular degeneration. Ophthalmologica 2021, 244, 93–101. [CrossRef]
[PubMed]

23. Heier, J.S.; Khanani, A.M.; Ruiz, C.Q.; Basu, K.; Ferrone, P.J.; Brittain, C.; Figueroa, M.S.; Lin, H.; Holz, F.G.; BPharm, V.P.; et al.
Efficacy, durability, and safety of intravitreal faricimab up to every 16 weeks for neovascular age-related macular degeneration
(TENAYA and LUCERNE): Two randomised, double-masked, phase 3, non-inferiority trials. Lancet 2022, 399, 729–740. [CrossRef]
[PubMed]

24. Hufendiek, K.; Pielen, A.; Framme, C. Strategies of Intravitreal Injections with Anti-VEGF: “Pro re Nata versus Treat and Extend”.
Klin. Monatsblatter Augenheilkd. 2017, 235, 930–939.

25. Augsburger, M.; Sarra G.M.; Imesch, P. Treat and extend versus pro re nata regimens of ranibizumab and aflibercept in neovascular
age-related macular degeneration: A comparative study. Graefe’s Arch. Clin. Exp. Ophthalmol. 2019, 257, 1889–1895. [CrossRef]

26. Mantel, I.; Zola, M.; De Massougnes, S.; Dirani, A.; Bergin, C. Factors influencing macular atrophy growth rates in neovascular
age-related macular degeneration treated with ranibizumab or aflibercept according to an observe-and-plan regimen. Br. J.
Ophthalmol. 2019, 103, 900–905. [CrossRef]

27. Sarkar, A.; Sodha, S.J.; Junnuthula, V.; Kolimi P.; Dyawanapelly, S. Novel and investigational therapies for wet and dry age-related
macular degeneration. Drug Discov. Today 2022, 27, 2322–2332. [CrossRef]

28. Herlihy, K.P.; Williams, S.; Owens, G.; Savage, J.; Gardner, L.; Robeson, R.; Maynor, B.; Navratil, T.; Gilger, B.C.; Yerxa, B.R.
Extended release of microfabricated protein particles from biodegradable hydrogel implants for the treatment of age related
macular degeneration. Investig. Ophthalmol. Vis. Sci. 2014, 55, 1960.

29. Seah, I.; Zhao, X.; Lin, Q.; Liu, Z.; Su, S.Z.Z.; Yuen, Y.S.; Hunziker, W.; Lingam, G.; Loh, X.J.; Su, X. Use of biomaterials for
sustained delivery of anti-VEGF to treat retinal diseases. Eye 2020, 34, 1341–1356. [CrossRef]

30. Kathawate, J.; Acharya, S. Computational modeling of intravitreal drug delivery in the vitreous chamber with different vitreous
substitutes. J. Abbr. 2008, 51, 5598–5609. [CrossRef]

31. Dörsam, S.; Friedmann, E.; Stein, J. Modeling and Simulations of Drug Distribution in the Human Vitreous. Top. Probl. Fluid Mech.
2017, 95–102. [CrossRef]

http://dx.doi.org/10.1586/17469899.3.1.43
http://dx.doi.org/10.1016/j.jaapos.2012.09.004
http://www.ncbi.nlm.nih.gov/pubmed/23237744
http://dx.doi.org/10.1016/j.oret.2020.06.020
http://dx.doi.org/10.1080/13816810.2021.1913610
http://dx.doi.org/10.1146/annurev.genet.33.1.89
http://www.ncbi.nlm.nih.gov/pubmed/10690405
http://dx.doi.org/10.1001/archopht.125.2.160
http://www.ncbi.nlm.nih.gov/pubmed/17296891
http://dx.doi.org/10.1146/annurev-vision-111815-114407
http://www.ncbi.nlm.nih.gov/pubmed/27917399
http://dx.doi.org/10.7554/eLife.28899
http://dx.doi.org/10.1177/15353702211069986
http://dx.doi.org/10.1097/APO.0000000000000520
http://dx.doi.org/10.3390/antiox11050942
http://dx.doi.org/10.1016/j.bcp.2022.114942
http://dx.doi.org/10.1038/s41591-018-0107-6
http://dx.doi.org/10.1111/aos.14928
http://dx.doi.org/10.2147/CIA.S143508
http://www.ncbi.nlm.nih.gov/pubmed/28860733
http://dx.doi.org/10.1159/000513048
http://www.ncbi.nlm.nih.gov/pubmed/33197916
http://dx.doi.org/10.1016/S0140-6736(22)00010-1
http://www.ncbi.nlm.nih.gov/pubmed/35085502
http://dx.doi.org/10.1007/s00417-019-04404-0
http://dx.doi.org/10.1136/bjophthalmol-2018-312430
http://dx.doi.org/10.1016/j.drudis.2022.04.013
http://dx.doi.org/10.1038/s41433-020-0770-y
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2008.04.053
http://dx.doi.org/10.14311/TPFM.2017.013


Diagnostics 2023, 13, 975 24 of 25

32. Haghjou, N.; Abdekhodaie, M.J.; Cheng, Y.L.; Saadatmand, M. Computer Modeling of Drug Distribution after Intravitreal
Administration. World Acad. Sci. Eng. Technol. 2011, 5, 194–204.

33. Jooybar, E.; Abdekhodaiea, M.J.; Farhadia F.; Cheng, Y.L. Computational modeling of drug distribution in the posterior segment
of the eye: Effects of device variables and positions. Math. Biosci. 2014, 255, 11–20. [CrossRef] [PubMed]

34. Ansys Fluent. Southpointe 2600 Ansys Drive Canonsburg. Available online: https://www.ansys.com/ (accessed on 28
December 2022).

35. Penkova, A.N.; Martinez, J.C.; Humayun, M.; Tadle, A.; Galesic, A.; Calle, A.; Thompson, M.; Pratt, M.; Sadhal, S.S. Bevacizumab
diffusion coefficient in vivo measurement of rabbit vitreous humor with flourescein. Investig. Ophthalmol. Vis. Sci.. 2019, 60,
1552–5783.

36. Friedrich, S.; Cheng, Y.L.; Saville, B. FE modeling of drug distribution in the vitreous humor of the rabbit eye. Ann. Biomed. Eng..
1997, 25, 303–314. [CrossRef]

37. Kim, R.Y.; Kwon, S.; Ra, H. Gravity influences bevacizumab distribution in an undisturbed balanced salt solution in vitro. PLoS
ONE 2019, 14, e0223418. [CrossRef]

38. Friedmann, E.; Dörsam, S.; Olkhovskiy, V. Test and Optimization of Medical Treatments for the Human Eye. European Patent
Application EP3776566. 2018. Available online: https://register.epo.org/espacenet/regviewer?AP=19714667&CY=EP&LG=en&
DB=REG (accessed on 2 January 2023)

39. Dörsam, S. Finite Element Simulations for the Design of Therapeutical Approaches for Retinal Diseases. Ph.D. Thesis, University
of Kassel, Kassel, Germany, 2022.

40. Stein, J. Modeling of Drug Distribution in the Human Vitreous for the Treatment of Retinal Diseases. Ph.D. Thesis, University
of Kassel, Kassel, Germany, 2021. Available online: https://kobra.uni-kassel.de/handle/123456789/13993 (accessed on 28
December 2022).

41. Drobny, A.; Friedmann, E. Numerical simulation of viscoelastic fluid-structure interaction problems and drug therapy in the eye.
Proc. Appl. Math. Mech. 2021, 20, e202000260. [CrossRef]

42. Bangerth, W.; Heister, T.; Heltai, L.; Kanschat, G.; Kronbichler, M.; Maier, M.; Turcksin, B.; Young, T. The textttdeal.II Library,
Version 8.2. In Archive of Numerical Software; University of Heidelberg: Heidelberg, Gemany, 2015; Volume 3, pp. 1–8. [CrossRef]

43. Bangerth, W.; Hartmann, R.; Kanschat, G. Deal.II—A General Purpose Object Oriented Finite Element Library. ACM Trans. Math.
Softw. 2007, 33, 24/1–24/27. [CrossRef]

44. Großmann, C.; Roos, H.G.; Stynes, M. Numerical Treatment of Partial Differential Equations; Springer: Berlin/Heidelberg, Germany;
New York, NY, USA, 2007.

45. Meidner, D.; Richter, T. Goal-oriented error estimation for the fractional step theta scheme. Comput. Methods Appl. Math. 2014,
288, 45–59. [CrossRef]

46. Benzi, M.; Golub, G.H.; Liesen, J. Numerical solution of saddle point problems. Acta Numer. 2005, 14, 1–137. [CrossRef]
47. Hestenes, M.R.; Stiefel, E. Methods of conjugate gradients for solving linear systems. J. Res. Natl. Bur. Stand. 1952, 49, 409–436.

[CrossRef]
48. Saad, Y.; Schultz, M.H. A Generalized Minimal Residual Algorithm for Solving Nonsymmetric Linear Systems. SIAM J. Sci. Stat.

Comput. 1986, 7, 856–869. [CrossRef]
49. Heier, J.S.; Bressler, N.M.; Avery, R.L.; Bakri, S.J.; Boyer, D.S.; Brown, D.M.; Dugel, P.U.; Freund, K.B.; Glassman, A.R.;

Kim, J.E.; et al. Comparison of Aflibercept, Bevacizumab, and Ranibizumab for Treatment of Diabetic Macular Edema: Ex-
trapolation of Data to Clinical Practice. JAMA Ophthalmol. 2016, 134, 95–99. [CrossRef] [PubMed]

50. Wells, J.A.; Glassman, A. R.; Ayala, A.R.; Jampol, L.M.; Bressler, N.M.; Bressler, S.B.; Brucker, A.J.; Ferris, F.L.; Hampton, G.R.;
Jhaveri, C.; et al. Aflibercept, Bevacizumab, or Ranibizumab for Diabetic Macular Edema: Two-Year Results from a Comparative
Effectiveness Randomized Clinical Trial. Ophthalmology 2016, 123, 1351–1359. [PubMed]

51. Cai, S.; Bressler, N.M. Aflibercept, bevacizumab or ranibizumab for diabetic macular oedema. Curr. Opin. Ophthalmol. 2017, 28,
636-643. [CrossRef] [PubMed]

52. CATT Research Group. Ranibizumab and Bevacizumab for Neovascular Age-Related Macular Degeneration. N. Engl. J. Med.
2011, 364, 1897–1908. [CrossRef] [PubMed]

53. Sarwar, S.; Clearfield, E.; Soliman, M.K.; Sadiq, M.A.; Baldwin, A.J.; Hanout, M.; Agarwal, A.; Sepah, Y.J.; Do, D.V.; Nguyen, Q.D.
Aflibercept for neovascular age-related macular degeneration. In Cochrane Database of Systematic Reviews; John Wiley and Sons,
Ltd.: Hoboken, NJ, USA, 2016; Volume 2, pp. 1465–1858.

54. Park, S.C.; Su, D.; Tello, C. Anti-VEGF therapy for the treatment of glaucoma: A focus on ranibizumab and bevacizumab. Expert
Opin. Biol. Ther. 2012, 12, 1641–1647. [CrossRef]

55. Andreoli, C.M.; Miller, J.W. Anti-vascular endothelial growth factor therapy for ocular neovascular diseaser. Curr. Opin.
Ophthalmol. 2007, 18, 502–508. [CrossRef]

56. Al-Latayfeh, M.; Silva, P.S.; Sun, J.K.; Aiello, L.P. Antiangiogenic therapy for ischemic retinopathies. Cold Spring Harb. Perspect.
Med. 2012, 2, a006411.

57. Chang, J.H.; Garg, N.K.; Lunde, E.; Han, K.Y.; Jain, S.; Azar, D.T. Corneal neovascularization: An anti-VEGF therapy review. Surv.
Ophthalmol. 2012, 57, 415–429.

http://dx.doi.org/10.1016/j.mbs.2014.06.008
http://www.ncbi.nlm.nih.gov/pubmed/24946303
https://www.ansys.com/
http://dx.doi.org/10.1007/BF02648045
http://dx.doi.org/10.1371/journal.pone.0223418
https://register.epo.org/espacenet/regviewer?AP=19714667&CY=EP&LG=en&DB=REG
https://register.epo.org/espacenet/regviewer?AP=19714667&CY=EP&LG=en&DB=REG
https://kobra.uni-kassel.de/handle/123456789/13993
http://dx.doi.org/10.1002/pamm.202000260
http://dx.doi.org/10.11588/ans.2015.100.18031
http://dx.doi.org/10.1145/1268776.1268779
http://dx.doi.org/10.1515/cmam-2014-0002
http://dx.doi.org/10.1017/S0962492904000212
http://dx.doi.org/10.6028/jres.049.044
http://dx.doi.org/10.1137/0907058
http://dx.doi.org/10.1001/jamaophthalmol.2015.4110
http://www.ncbi.nlm.nih.gov/pubmed/26512939
http://www.ncbi.nlm.nih.gov/pubmed/26935357
http://dx.doi.org/10.1097/ICU.0000000000000424
http://www.ncbi.nlm.nih.gov/pubmed/28837425
http://dx.doi.org/10.1056/NEJMoa1102673
http://www.ncbi.nlm.nih.gov/pubmed/21526923
http://dx.doi.org/10.1517/14712598.2012.721772
http://dx.doi.org/10.1097/ICU.0b013e3282f0ca54


Diagnostics 2023, 13, 975 25 of 25

58. Drobny, A. Mathematical Modeling and Adaptive Finite Element Simulation of Viscoelastic Fluid-Structure Interaction Systems
and Chemical Processes with Applications to Ophthalmology. Ph.D. Thesis, University of Kassel, Kassel, Germany, 2022.
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