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Abstract: Theoretical kinematics and dynamics is one of the research fields where LaMaViP (Labo-
ratory of Mechatronics and Virtual Prototyping) operates, which is the lab leaded by the author at
the University of Ferrara. In the last two decades, this research activity at LaMaViP has produced,
among others, many novel results that highlight how instant centers’ (ICs) locations condition the
kinetostatic and dynamic behaviors of planar mechanisms, and that provide tools suitable for design
purposes. This paper reviews/summarizes the tools devised at LaMaViP for PM analysis and synthe-
sis through ICs, and shows that they are a complete set of tools, which make the full description of
PMs’ kinematics and dynamics possible, and that the new IC features, identified while setting up
these tools, are relevant in machine design.
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1. Introduction

Planar mechanisms (PMs) enter in many even spatial machines. That is why ample
literature has been devoted to them (e.g., [1–16]). Instantaneous kinematics and statics of
PMs can be fully described [1–3] by using instant centers (ICs), which are also relevant in
many design problems. For instance, vehicle-suspension design [17], lower-limb prostheses
for amputees [18], and Remote Center of Compliance (RCC) systems [19] are only some of
these problems.

The use of ICs in PMs’ analysis and synthesis requires the availability of techniques
for determining their positions on the motion plane. In single-DOF PMs, the IC positions
depend only on the mechanism configuration. Common methods to locate the ICs in single-
DOF PMs, are based on the direct application of the Aronhold–Kennedy (AK) theorem.
Unfortunately, when the mechanism architecture becomes complex, these methods fail [1,20].
In the literature, the PMs whose ICs cannot be located by directly applying the AK theorem
are called “indeterminate” [5].

Graphic methods to locate the ICs of indeterminate PMs have been proposed in the
literature [1,5–7]. In [1], Klein proposed a graphic trial-and-error method based on the fact
that (a) some theorems of projective geometry guarantee the existence of an alternative
geometric locus for each secondary IC, not locatable through the AK theorem, and that
(b) such a locus can be determined by arbitrarily assuming a number of positions of
another secondary IC, for which the AK theorem gives only one straight line, and, then,
by coherently determining the positions of the sought-after IC through the AK theorem.
So doing, a number of points of the alternative geometric locus are determined, which
are sufficient to draw the locus; then, the intersection of the so-determined alternative
locus with another locus of the same IC, provided by the AK theorem, gives the correct IC
position. In [7], Foster and Pennock proposed another graphic method that can be applied
to all the indeterminate PMs. Their work also presents analytical relationships that could be
used to formulate an analytical method. Their relationships contain kinematic coefficients
whose analytical determination would require the computation of the derivative of the
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mechanism closure equations. Previously, Yan and Hsu [4] presented another analytic
approach, applicable also to multi-DOF PMs, based on a similar principle, which, in
practice, requires the solution of the velocity analysis to determine the IC positions. Such
analytical approaches, when applied to single-DOF PMs, take no advantage from the fact
that the IC positions of these PMs depend only on the mechanism configuration.

In this context, at the Laboratory of Mechatronics and Virtual Prototyping (LaMaViP) [21],
an exhaustive analytic technique for the IC-positions’ determination of single-DOF PMs
has been conceived which uses only the mechanism-configuration data. Then, in [22], the
IC determination in multi-DOF PMs has been addressed and some theoretical results have
been proved which make their systematic determination possible.

The availability of analytic techniques for determining the IC positions open to the
possibility of devising algorithms that fully describe the instantaneous kinematics of PMs
through the ICs. PMs’ singularity analysis is a relevant problem to address when studying
PMs’ instantaneous kinematics. Indeed, it is central in the design of parallel PMs (PPMs)
since it deeply affects their kinetostatic performances [23]. Singularities are mechanism con-
figurations where mechanism’s instantaneous kinematics becomes indeterminate [24–28].
Hunt [28] identified two special types of mechanism configurations where the instanta-
neous kinematic behavior is singular: the stationary configurations and the uncertainty
configurations. Stationary configurations are mechanism configurations where the rate of
a joint variable is instantaneously equal to zero (i.e., the joint is instantaneously inactive
which can be alternatively said as follows: “the joint is at a dead center position”). Uncer-
tainty configurations are configurations where the mechanism locally gains extra additional
DOFs (transitory mobility). With reference to single-DOF PMs, Hunt [28] highlighted that
some of the ICs coincide when the mechanism assumes a stationary configuration; whereas
the same ICs fall on particular straight lines when the mechanism assumes an uncertainty
configuration. Then, Yan and Wu [29,30] gave a geometric criterion to identify which ICs
coincide at a stationary configuration [29] and developed a geometric methodology to
generate single-DOF PMs at dead center positions [30].

In this context, at LaMaViP, firstly [31,32], an exhaustive geometric and analytic
technique for identifying the singular configurations of single-DOF PMs has been devised
which is based on ICs’ positions. Then [22], new theoretical results, which relate ICs
positions of multi-DOF PMs with the positions of the same ICs in the single-DOF PMs
generated from the multi-DOF one by locking all the actuated joints but one, have been
used to set up a novel technique for identifying singularities of multi-DOF PMs.

The IC positions can be also used to compute the velocity (influence) coefficients
(VCs) [2,33] of single-DOF PMs and the entries of velocity-coefficient-vectors (VCVs) [34]
of multi-DOF PMs, which are indeed VCs of the single-DOF PMs generated from the multi-
DOF PM by locking all the generalized coordinates but one. VCs are by definition the ratios
between the first-time derivatives (rates) of any two motion variables. In single-DOF PMs,
they only depend on the mechanism configuration and enter in both the kinematics [2,33]
and statics analyses [32] of these mechanisms. By exploiting this fact with reference to PMs,
at LaMaViP, new dynamic formulations [35–38] have been conceived which fully highlight
the role of ICs in PMs’ dynamics.

This paper reviews the tools devised at LaMaViP for PM analysis and synthesis
through ICs and shows that they are a complete set of tools, which make the full description
of PMs’ kinematics and dynamics possible, and that the new IC features, identified while
setting up these tools, are relevant in machine design.

The paper is organized as follows. Section 2, over reminding some background
concepts, illustrates the tools devised for ICs’ position determinations and PMs’ singularity
analysis. Section 3 illustrates the dynamic formulations. Eventually, Section 4 draws
the conclusions.
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2. Planar Kinematics Revisited through Instant Centers (ICs)

The instant center, Cji, of the relative (planar) motion between links j and i (Figure 1) is
the point of the motion plane that has the same velocity, no matter whether it is considered
fixed to one or the other of the two links, whatever be the third link, link k in Figure 1, fixed
to the observer that measures its velocity.
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Figure 1. Diagram of the Aronhold-Kennedy theorem.

Prismatic (P)/revolute (R) pairs and rolling (Cr)/slipping (Cs) contacts are the only
kinematic pairs that appear in PMs. P, R and Cr are single-DOF kinematic pairs; whereas,
Cs is a two-DOF kinematic pair. In a PM, if links j and i are joined by any of these pairs
(see Figure 2), the instant center, Cji, of their relative motion has a known position for the
three single-DOF pairs, that is, P, R and Cr (see Figure 2a–c); whereas, it must lie on the
common normal at the contact point for Cs contacts (Figure 2d). These four kinematic
pairs generate only holonomic and time-independent (scleronomic) constraints [33,34].
Therefore, in PMs, a possible time-dependent (rheonomic) constraint can only be generated
by a mobile frame, and, even in this special case, the relative motions between links are
scleronomic. Accordingly, in PMs internal motion (i.e., the one with respect to the frame),
any motion variable not chosen as generalized coordinate depends only on the chosen
generalized coordinates. This fact involves that in l-DOF PMs, the VCs, over depending on
the mechanism configuration, depend also on (l − 1) ratios between generalized-coordinate
rates (see [22] for details).
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Figure 2. Position of the IC, Cji, in the four kinematic pairs that can appear in PMs: (a) revolute pair,
(b) prismatic pair, (c) rolling contact, and (d) slipping contact.
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In a PM with m links, m(m − 1)/2 relative motions can be identified and as many
are the ICs (i.e., one for each relative motion). The relative motion theorems [39] bring the
conclusion that only (m − 1) of such motions (e.g., the ones of the mobile links with respect
to the frame) are independent (i.e., are sufficient to determine all the remaining ones).
Accordingly, determining the positions of (m − 1) ICs is sufficient to solve the velocity
analysis of any PM and to fully identify its instantaneous-kinematics features. The ICs
whose positions can be determined through a simple inspection of the PM (i.e., the ones
related to the single-DOF kinematic pairs) are named “primary” ICs; all the other ICs are
named “secondary” ICs [5].

The Aronhold-Kennedy (A-K) theorem states that, in planar motion, the ICs (Cji, Cik,
and Cjk in Figure 1) of the three relative motions definable among three rigid bodies (links i,
j, and k in Figure 1) must lie on the same line. This condition together with the IC definition
brings one to compute the following VCs’ explicit expressions (see Figures 1 and 3).

.
θji
.
θki

=
(Ckj −Cki) · (Ckj −Cji)

‖Ckj −Cji‖2 ;
.
sji
.
θki

= −(Ckj −Cki) · uji;
.
sji
.
sri

=
(Ckj −Cki) · uji

(Ckr −Cki) · uri
(1)
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In Equation (1), a bold capital letter denotes the position vector of the point, the capital
letter refers to, in a reference system fixed to the motion plane. The angle θji (θki), positive
if counterclockwise, identifies the orientation of link j (link k) with respect to link i (see
Figure 3a). The unit vector uji (uri) is obtained through a counterclockwise rotation of 90◦

from the unit vectors tji (tri) (Figure 3b), which gives the positive directions of instantaneous
translation, in a relative motion where the IC Cji (Cri) is a point at infinity, and

.
sji (

.
sri) is the

signed magnitude of the instantaneous-translation velocity,
.
sjitji (

.
sritri).

Equation (1) and the fact that, in l-DOF PMs, VCs depend on (l − 1) ratios between
generalized-coordinate rates bring the conclusion that, in single-DOF PMs, the IC posi-
tions depend uniquely on the mechanism configuration; whereas, in l-DOF PMs, they,
over depending on the mechanism configuration, depend also on (l − 1) ratios between
generalized-coordinate rates [22].

2.1. Instant Center Determination

The analysis of Figure 2 reveals that, in a reference system fixed to PM’s frame, the
coordinates of all the primary ICs and, in Cs contacts, the pose parameters of all the normal
lines at the contact points depend only on PM’s configuration. Therefore, they can be
analytically determined by solving the constraint-equation system once the generalized
coordinates of the PM are assigned.
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2.1.1. Single-DOF PMs

In single-DOF PMs [21], firstly, the coordinates of all the primary ICs and, in Cs
contacts, the pose parameters of all the normal lines at the contact points must be computed
as functions of the assigned generalized coordinate. Then, these data must be used together
with the AK theorem (Figure 1) for determining the pose parameters of two lines where
one secondary IC must lie on. In addition, the equations of the two lines must be written
and the system constituted by these two linear equations must be solved to determine the
coordinates of the secondary IC that lie on the two lines. Successively, the coordinates of
the just-determined secondary IC together with the previously determined data must be
used to repeat this algorithm to compute the coordinates of another secondary IC and so
on until the coordinates of all the secondary ICs are determined. The central issues to solve
for automatically using such a procedure are

(i) the determination of the sequence, hereafter called S0, with which the secondary
ICs must be computed;

(ii) the alternative algorithm to use when the determined data are not sufficient to iden-
tify two lines where another secondary IC must lie on, which is the case of indeterminate
linkages [1,5–7,20,21].

If the PM is not indeterminate, issue (i) (i.e., the determination of S0) can be solved by
implementing an algorithm easy to deduce from the “circle diagrams” [20,40]. Differently,
for indeterminate PMs, the solution of issue (i) is much more cumbersome [1,5–7,21] since
it is connected to the solution of issue (ii). In [21], both the issues have been solved by using
the “table” shown in Figure 4, and a filling procedure for the proposed “table”, which
identifies both the sequence S0 in the case of not-indeterminate PMs and the alternative
algorithm to use for indeterminate PMs. Such a general technique is illustrated below.
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the diagonal black cells. In the last q columns, only the two cells whose row indices corre-
spond to one or the other of the two links joined by the Cs-contact the column refers to are 
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and q Cs-contacts. The first row (column) just contains the column (row) index and it is just a heading
row (column).

The table to use (Figure 4) for a single-DOF PM with m links and q Cs-contacts has m
rows, which one-to-one correspond to the m links, and (m + q) columns with the first m
columns corresponding one-to-one to the m links and the last q columns corresponding
one-to-one to the q Cs-contacts. In the first m columns, the cells with the row index equal
to the column index are black; whereas, all the remaining cells are empty at the beginning
of the filling procedure. In these columns, the cell indices identify the IC with the same
lower-right indices, that is, the cell (i, j) corresponds to the IC Cij. Since Cij and Cji are the
same IC, there are two cells for each IC, which are symmetrically disposed with respect
to the diagonal black cells. In the last q columns, only the two cells whose row indices
correspond to one or the other of the two links joined by the Cs-contact the column refers
to are filled with the symbol “X” and the remaining cells are left empty. In these other
columns the two filled cells indicate that the pose parameters of a line, which the IC with
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indices given by the two row indices of the two filled cells lies on, are known. The central
filling rule is that, in the first m column, an empty cell can be filled only when the data
necessary to compute the corresponding IC are known. So doing, in the first m column,
two filled cells mean that two ICs with one common index (i.e., the one of the column)
have known coordinates and identify the pose parameters of a line (i.e., the one passing
through the two ICs) on which the IC with indices given by the two row indices of the two
filled cells lies. Therefore, the following filling procedure/computation algorithm can be
conceived (see Figure 5).

(a) in the first m columns the cells corresponding to the primary ICs are filled with the
symbol “X” and the coordinates of these ICs are computed by solving the constraint-
equation system;

(b) the rows with at least two filled cells are selected and compared to identify all the
couple of rows that have two filled cells in the same two columns;

(c) for each couple of rows identified in the previous step, the two linear equations are
written which correspond to the lines identified by the two columns with filled cells.
The so-obtained system of two linear equations is solved to determine the coordinates
of the secondary IC with indices given by the indices of the two rows; then, the
corresponding cells are filled with the roman number “I”;

(d) focusing only on the row couples whose indices correspond to the ones of the still
empty cells of the first m columns, the steps (b) and (c) are repeated until either all the
cells of the first m columns are filled or at step (b) is not possible to identify any couple
of rows (i.e., the mechanism is indeterminate). At each repetition of the steps (b) and
(c) the roman number used to fill the cells is increased of one unit (see, Figure 5d);

(e) if step (d) brings to fill all the cells of the first m columns, the coordinates of all
the secondary ICs have been computed and the algorithm is stopped; otherwise
(i.e., in the case of indeterminate mechanisms) the following steps are implemented:

(e.1) focusing only on the row couples whose indices correspond to the ones of the
still empty cells of the first m columns, a row couple that has two filled cells in
the same column is selected. Moreover, the two cells with indices coincident
with the row indices of the selected row couple are filled with the starred
roman number “I*”;

(e.2) the coordinates of the secondary IC, whose indices coincide with the two row
indices of the row couple selected in the previous step, are written as the
ones of a point lying on the line passing through the two IC identified by
the two filled cells located in the above-mentioned same column. That is, a
line parameter, say λ, is introduced and the two IC coordinates are explicitly
written as linear functions of λ;

(e.3) focusing only on the row couples whose indices correspond to the ones of the
still empty cells of the first m columns, the steps (b) and (c) are repeated by
taking into account also the cells filled with “I*” and analytically solving the
two-linear-equations system of step (c) still to identify a secondary IC that must
lie on three lines. During this step, the cells corresponding to the located ICs
are filled with “I*” and the analytic solutions of the above-mentioned equation
systems bring to explicitly write the coordinates of these ICs as functions of
the parameter λ introduced in the previous step;

(e.4) the equations of the three lines, which the secondary IC identified in the
previous step lies on, are written. Such equations constitute a system of three
equations in three unknowns, the two coordinates of the IC and the parameter
λ, and the three equations are all linear in the two coordinates of the IC;

(e.5) the coordinates of the above-mentioned IC are explicitly expressed as functions
of λ by solving the first two equations of the system deduced in the previous
step. Then, the so-obtained expressions are introduced in the third equation of
the same system to obtain one equation in the unique unknown λ;
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(e.6) the equation in λ deduced in step (e.5) is solved and the computed value of λ
is back substituted in the explicit expressions of the coordinates of all the ICs
deduced in the previous steps to compute their numeric values;

(e.7) jump to step (d)
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Figure 5. The three PMs (a–c) share the same table (d).

It is worth noting that the coordinates of the ICs with the same roman number
(see Figure 5d) in the table can be simultaneously computed by using the coordinates
of the primary ICs and/or of the secondary ICs with a lower roman number. Accordingly,
once the table of Figure 4 has been filled, the roman numbers that appear in it give the
sequence S0 with which the secondary-ICs’ positions must be computed.

The table of Figure 4 reveals the following pieces of information about the PM it
refers to: the number and the type (binary, ternary, etc.) of links; how many two-DOF and
one-DOF pairs (i.e., Cs and primary ICs) there are, and which links they join. Such pieces
of information are sufficient to compute the DOF number with the Kutzbach criterion [2].
Since the table does not provide any piece of information about the types of one-DOF pairs
the primary ICs refer to, it does not change if a R-pair is replaced by either a P-pair or a Cr
contact and vice versa. Consequently, different PMs can be solved together by using the
same table. For instance, the table of Figure 5d holds for the three PMs of Figure 5a–c and
for many others. Consequently, once the table has been filled for one PM, it gives the IC
sequence to use for computing the IC positions of all the PMs that share that table and the
computation algorithm is much faster for all the other PMs of this family since the sequence
S0 is already known for all of them.

In addition, the proposed table is able to identify both the presence of an over con-
straint (i.e., a structure or a substructure) and the DOF number of a multi-DOF PM. In-
deed, if, during the filling procedure without assuming the position of any secondary IC
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(i.e., without inserting any starred roman number in the table), either of the following
condition is found

(i) a primary IC must lie on one or more known lines,
(ii) a still-unknown secondary IC is found which must lie on three or more lines,

particular geometric conditions must be satisfied to make the primary IC lies on the
known line(s) (case (i)) or to make the lines have a common intersection (case (ii)), that
is, an over constraint is present. In this case, the order of the over constraint is given by
the number of lines in case (i) and by the number of lines, which must have a common
intersection, minus two in case (ii). Moreover, if, for determining the positions of all the
secondary ICs, the positions of a number, say n, of secondary ICs must be assumed on
known lines without reaching any over-constraint condition, the PM has n + 1 DOF.

2.1.2. Multi-DOF PMs

In the motion of a generic link j relative to another generic link i (see Figure 3), both
belonging to one l-DOF PM, letωji (=

.
θji) and ivO|j denote the signed magnitude, positive if

counterclockwise, of the angular velocity and the velocity, measured from link i, of a generic
point, O, considered fixed to link j, respectively. The relationship between the 3-tuple (ωji,
ivO|j) and the rates,

.
qr for r = 1, . . . , l, of the generalized coordinates, qr for r = 1, . . . , l,

of the l-DOF PM is linear and homogeneous. Such a property makes the superposition
principle applicable. In [22], the superposition principle has been exploited to deduce the
instantaneous-kinematics relationships that relate an l-DOF PM to the l single-DOF PMs
generated from the l-DOF PM by locking all the generalized coordinates but one. Hereafter,
for the sake of brevity, the phrase “the r-th single-DOF PM” will mean “the single-DOF PM
generated from the l-DOF PM by locking all the generalized coordinates, but the r-th one,
that is, with

.
qk = 0 for any k∈{1, . . . , l | k 6= r}.”

Indeed, the application of this principle yields the following relationships (see Figure 6)

ωji = ∑
r=1,l

ωji,r (2a)

ivO|j = ∑
r=1,l

iv(r)
O|j (2b)

whereωji,r (iv(r)
O|j) isωji (ivO|j) computed by locking all the generalized coordinates but qr,

that is, measured in the r-th single-DOF PM. From now on, (·)ji,r will denote the quantity
(·)ji evaluated in the r-th single-DOF PM. By using complex numbers to represent planar
vectors in the Cartesian/Argand reference Oxy (see Figure 6), the following relationships
hold (hereafter, a bold letter will denote a planar vector and/or the corresponding complex
number according to the context and i =

√
−1):

ivO|j = −i
.
hjidji (3a)

iv(r)
O|j = −i

.
hji,rdji,r (3b)

where, with reference to Figures 3 and 6, if ωji 6= 0 (ωji,r 6= 0), then
.
hji = ωji =

.
θji

(
.
hji,r = ωji,r =

.
θji,r) and dji = Cji (dji,r = Cji,r), else

.
hji =

.
sji (

.
hji,r =

.
sji,r) and dji = uji

(dji,r = uji,r). The introduction of Equations (3a) and (3b) into Equation (2b) transform
system (2) as follows

ωji = ∑
r=1,l

ωji,r (4a)

.
hjidji = ∑

r=1,l

.
hji,rdji,r (4b)
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the unit vector tji,r).

Equations (4a) and (4b) make it possible to determine the position of Cji in the l-DOF
PM once the positions of all the Cji,r for r = 1, . . . , l (i.e., of the same IC in all the single-
DOF PMs generated from the l-DOF PM) are known together with the PM configuration
and the generalized-coordinate rates

.
qr for r = 1, . . . , l. It is worth stressing that this

determination can be conducted even in the case Cji is a point at infinity. This result,
deduced in [22], together with the algorithm for the determination of the IC positions in
single-DOF PM, presented in [21] and summarized in the previous subsection, makes it
possible to determine analytically the IC positions in any PM.

In the case thatωji 6= 0 and all the Cji,r for r = 1, . . . , l are finite points of the motion
plane, Equation (4) becomes

ωji = ∑
r=1,l

ωji,r (5a)

ωjiCji = ∑
r=1,l

ωji,rCji,r (5b)

which bring the conclusion that, in this case, the following statement is true:

Statement 1. From a geometric point of view, if the points Cji,r for r = 1, . . . , l are considered
heavy points whose signed weight is ωji,r, Cji is the centroid of these heavy points.

This conclusion makes it possible to employ the simple geometric rules of mass point
geometry [41], which, for instance, yield that, in a 2-DOF PM, Cji must lie on the line
passing through Cji,1 and Cji,2.

2.2. Singularity Analysis

The instantaneous kinematics (IK) of a mechanism can be described by considering it
as an input/output (I/O) device [24–26] where the input variables are the actuated-joint
rates and the output variables are the ones that uniquely identify the twist of one link
chosen as output link. In PMs and, in general, in all the mechanisms with holonomic and
time-independent constraints, the analytic relationship (I/O instantaneous relationship)
between actuated-joint rates and output-link twist is a linear and homogeneous system
where the two coefficient matrices (Jacobians) that multiply the actuated-joint rates and
the output-link twist, respectively, depend only on the mechanism configuration. The
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I/O instantaneous relationship brings one to define two IK problems: the forward IK
(FIK) problem and the inverse IK (IIK) problem. The FIK problem is the determination of
the output-link twist for assigned actuated-joint rates; vice versa, the IIK problem is the
determination of the actuated-joint rates for an assigned output-link twist.

In this context, the mechanism configurations where one or the other or both of the two
Jacobians are rank deficient make the FIK or the IIK or both the IK problems undetermined
and are the mechanism’s singularities. Accordingly [24], three types of mechanisms’
singularity are identifiable: (I) those that make the IIK problem undetermined (serial
singularities), (II) those that make the FIK problem undetermined, (parallel singularities),
and (III) those that make both the IIK and the FIK problems undetermined.

At a serial singularity, the output link has a limitation on the possible twists that
it can assume, that is, it has a reduction in its instantaneous mobility. Such a condition
identifies the workspace boundary. Consequently, serial singularities are configurations
where the output link reaches the borders of its motion range, which, in single-DOF PMs,
correspond to the extreme values (dead center positions) of one or more variables related
to the output-link pose.

At a parallel singularity, the output-link twist can be different from zero even though
all the actuated joints are locked, that is, the actuated joints are not able to control the
output-link pose any longer and, somehow, the instantaneous mobility of the output link
increases. Such singularity can occur inside the output-link workspace and must be avoided
during the mechanism motion. In addition, parallel singularities are configurations where
at least one of the input links (i.e., those links related to the actuated joints) reaches the
borders of its motion range, which, in single-DOF PMs, correspond to the extreme values
(dead center positions) of one or more input variables. According to Hunt’s definitions [28],
in single-DOF PMs, both serial and parallel singularities are stationary configurations;
whereas, type-(III) singularities are uncertainty configurations.

The I/O instantaneous relationship of a single-DOF PM can be written in the following
canonical form [31]:

b
.
z = a

.
q (6)

where q is the generalized coordinate (input variable), z is any possible output vari-
able; whereas, a and b are two coefficients uniquely depending on the PM configuration
(i.e., on q). In Equation (6), the input (output) variable q (z) can be either an angle, θji
(Figure 3a), related to a relative rotation (Rot) or a linear variable, sji (Figure 3b), related to
a relative translation (Tra). Therefore, according to the types of input and output variables,
there are only four possible types of Equation (6) (the first (second) acronym refers to the
type of input (output) variable): Rot-Rot, Rot-Tra, Tra-Rot, and Tra-Tra. Let “i”, “o”, “f”, and
“k” denote the indices of the input link, of the output link, of the reference link that is used
to evaluate the rate of the input variable, and of the reference link that is used to evaluate
the rate of the output variable, respectively. The positions of the six ICs corresponding
to all the possible relative motions among these four links are geometrically related by
the AK theorem (Figure 1) as shown in Figure 7. The analytic expressions (see [31] for
demonstration and further details) of the coefficients a and b of Equation (6) are reported in
Table 1 where Cmn (tmn) with mn∈{if, ok, ik, kf, oi, of} is the complex number that gives the
IC position (the unit vector of the positive translation direction (Figure 3b) in the relative
motion of link m with respect to link n. Also, as indicated in the note of Table 1, if, for
special choices of the indices “i”, “o”, “f”, and “k”, a and b share common factors such
factors must be simplified.
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Table 1. Analytic expressions of the coefficients a and b appearing in the I/O instantaneous relation-
ships (Equation (6)) of single-DOF PMs deduced in [31] (Cmn (tmn) with mn∈{if, ok, ik, kf, oi, of} is
the complex number that gives the IC position (the unit vector of the positive-translation direction
(Figure 3b) of the relative motion of link m with respect to link n).

Input-Output
.
q

.
z a (*) b (*)

Rot-Rot ωif =
.
θif ωok =

.
θok (Cof − Cif)(Coi − Cik) (Cok − Cik)(Coi − Cof)

Rot-Tra ωif =
.
θif

.
sok (Cof − Cif)(Coi − Cik) i tok (Coi − Cof)

Tra-Rot
.
sif ωok =

.
θok i tif (Coi − Cik) (Cok − Cik)(Cof − Coi)

Tra-Tra
.
sif

.
sok i tif (Coi − Cik) i tok (Cof − Coi)

(*) If, for special choices of the indices “i”, “o”, “f”, and “k”, a and b share common factors such factors must
be simplified.

Equation (6) reveals that, in single-DOF PMs, a serial (a parallel) singularity occurs
at PM configurations for which the coefficient a (the coefficient b) is equal to zero and,
accordingly, a type-III singularity occurs when both the coefficients a and b are equal to
zero. These conditions and Table 1 yield the geometric conditions to check for identifying
single-DOF PMs’ singularities, through the IC positions, reported in Table 2.

Table 2. Geometric conditions on the IC positions that identify the singularities of single-DOF PMs.

Input-Output
.
q

.
z a = 0

(Serial Singularity)
b = 0

(Parallel Singularity)

Rot-Rot ωif =
.
θif ωok =

.
θok Cof = Cif or Coi = Cik Cok = Cik or Coi = Cof

Rot-Tra ωif =
.
θif

.
sok Cof = Cif or Coi = Cik Coi = Cof

Tra-Rot
.
sif ωok =

.
θok Coi = Cik Cok = Cik or Cof = Coi

Tra-Tra
.
sif

.
sok Coi = Cik Cof = Coi

In an l-DOF PM, Equations (4a) and (4b) can be exploited to deduce the general I/O
instantaneous relationship [22]. Indeed, the replacement of the subscript “ji” with “ok” in
Equation (4) transforms them as follows:

ωok = ∑
r=1,l

ωok,r (7a)
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.
hokdok = ∑

r=1,l

.
hok,rdok,r (7b)

where, for each
.
hok,r, the following relationship, deduced from Equation (6), holds

br
.
hok,r = ar

.
qr r = 1, . . . , l (8)

with ar and br that are the coefficients a and b of Table 1 when referred to the r-th single-
DOF PM, that is, they are the ones reported in Table 3. It is worth noting that, in Table 3,
the values of the indices “i” and “f” depend on the particular r-th single-DOF PM.

Table 3. Analytic expressions of the coefficients ar and br appearing in the I/O instantaneous
relationship (Equation (8)) of the r-th single-DOF PM (Cmn,r (tmn,r) with mn∈{if, ok, ik, kf, oi, of} is
the complex number that gives the IC position (the unit vector of the positive-translation direction
(Figure 3b) of the relative motion of link m with respect to link n in the r-th single-DOF PM).

Input-Output
.
qr

.
hok,r ar

(*) br
(*)

Rot-Rot ωif,r =
.
θif,r ωok,r =

.
θok,r (Cof,r − Cif,r)(Coi,r − Cik,r) (Cok,r − Cik,r)(Coi,r − Cof,r)

Rot-Tra ωif,r =
.
θif,r

.
sok,r (Cof,r − Cif,r)(Coi,r − Cik,r) i tok,r (Coi,r − Cof,r)

Tra-Rot
.
sif,r ωok,r =

.
θok,r i tif,r (Coi,r − Cik,r) (Cok,r − Cik,r)(Cof,r − Coi,r)

Tra-Tra
.
sif,r

.
sok,r i tif,r (Coi,r − Cik,r) i tok,r (Cof,r − Coi,r)

(*) If, for special choices of the indices “i”, “o”, “f”, and “k”, ar and br share common factors such factors must
be simplified.

The introduction of the analytic expressions of
.
hok,r, for r = 1, . . . , l, obtained from

Equation (8) into Equations (7a) and (7b) transforms system (7) as follows

ωok = ∑
r=1,l

ar

br
δr

.
qr (9a)

.
hokdok = ∑

r=1,l

ar

br
dok,r

.
qr (9b)

where δr is a binary digit that, if ωok,r 6= 0, is equal to 1, else (i.e., ifωok,r = 0) is equal to 0.
System (9), with simple algebraic manipulations, can be put in the following form ∏

p = 1, l
δp 6= 0

bp

ωok = ∑
r=1,l

ar

 ∏
p = 1, l

δp 6= 0&p 6= r

bp

δr
.
qr (10a)

(
∏

p=1,l
bp

)
.
hokdok = ∑

r=1,l
ar

 ∏
p = 1, l
p 6= r

bp

dok,r
.
qr (10b)

which constitute the I/O instantaneous relationship of the l-DOF PM expressed through the
ICs. In this relationship, the output-link twist is given through the three-tuple (ωok,

.
hokdok).

In [22], the analysis of Equation (10) brought this author to demonstrate the following
statements and theorems (see [22] for the demonstrations):

Statement 2. The union of the serial-singularity sets of all the l single-DOF PMs generated from
an l-DOF PM is a subset of the set of all the serial singularities of that l-DOF PM.



Machines 2022, 10, 732 13 of 20

Theorem 1. For l ≥ 3 and provided that all the ar and br coefficients are different from zero, a
serial singularity of the l-DOF PM occurs if and only if three ICs, Cok,r, are either aligned or all
ideal points.

Statement 3. The set of all the parallel singularities of an l-DOF PM is the union of the l sets of
parallel singularities of the single-DOF PMs generated from the l-DOF PM.

Theorem 2. The coincidence of all the Cok,r, r = 1, . . . , l, (the Cok,r that are point at infinity are
included) identifies a particular parallel singularity where all the br coefficients vanish.

It is worth noting that, since Theorem 1 identifies all the serial singularities that are not
serial singularities of any single-DOF PM generated from the l-DOF PM, in two-DOF PMs,
the serial-singularity set is the union of the two serial-singularity sets of the two single-DOF
PMs generated from the two-DOF PM.

Eventually, both the IIK and the FIK problems are unsolvable (i.e., a type-III singularity
occurs) when, at a given configuration, at least one serial-singularity condition together
with at least one parallel-singularity condition occur. In particular, if at least one out of
the br coefficients together with at least one out of the ar coefficients are equal to zero, a
type-(III) singularity will occur. Therefore, the following statement holds [22]:

Statement 4. The union of the l sets of type-(III) singularities of the single-DOF PMs generated
from an l-DOF PM is a subset of the set of all the type-(III) singularities of the l-DOF PM.

The above-reported statements and theorems demonstrate that the singularities of
an l-DOF PM can be collected into two classes: (a) configurations that are singular for
at least one single-DOF PM generated from the l-DOF PM, and (b) singularities of the
l-DOF PM that are not singularities of any single-DOF PM generated from that l-DOF
PM (i.e., those identified by Theorem 1). In addition, all the above-listed singularity
conditions relate l-DOF PM’s singularities to the IC positions in the single-DOF PMs
generated from the l-DOF PM. By exploiting the fact that all the ICs of single-DOF PMs
can be analytically/geometrically determined [21] and that the coefficients ar and br to-
gether with their vanishing conditions are expressible through the IC of single-DOF PMs
(see Tables 1–3), an analytic/geometric algorithm for determining l-DOF PM’s singularities
has been proposed in [22]. Such an algorithm systematically uses IC positions of single-DOF
PMs for identifying the singularities of any PM.

The above-reported singularity conditions are illustrated in Figure 8 through the
3-RRR parallel PM, which is a 3-DOF PM. In this PM (see Figure 8a), links 7 and 0 are
chosen as output link (i.e., o = 7) and reference link for all the variables (i.e., k = f = 0);
whereas, qr for r = 1, 2, 3 are the actuated-joint (input) variables, and, in the r-th single-DOF
PM for r = 1, 2, 3, the input link is link r. So, the three Cok,r for r = 1, 2, 3 are C70,1, C70,2,
and C70,3 (see Figure 8). With these choices, the analysis of Figure 8 brings to the following
conclusions. The configuration of Figure 8a does not match any singular condition (i.e., it
is a non-singular configuration). The configuration of Figure 8b satisfies the singularity
condition Coi,1 = Cik,1 (C71,1 = C10,1) of Table 2, that is, it is a serial singularity of the
3-DOF PM, which is also a serial singularity of the 1st single-DOF PM. The configuration
of Figure 8c satisfies the geometric condition of Theorem 2 (i.e., the coincidence of all the
Cok,r) thus, it is a parallel singularity both of the 3-DOF PM and of all the single-DOF PMs.
The configuration of Figure 8d satisfies the geometric condition of Theorem 2 (i.e., the
coincidence of all the Cok,r) and the serial-singularity condition Coi,1 = Cik,1 (C71,1 = C10,1)
of Table 2, that is, it is a type-(III) singularity.
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also a serial singularity of the 1st single-DOF PM (i.e., the one obtained by locking q2 and q3),
(c) parallel singularity that satisfy Theorem 2, (d) type-(III) singularity that satisfies Theorem 2 and,
simultaneously, is a serial singularity of the 1st single-DOF PM.

3. Influence of IC Locations on Planar-Mechanism Dynamics

At LaMaViP, the research on ICs properties, over PMs’ kinematics, addressed also PMs’
dynamics and has brought to provide an exhaustive set of tools for addressing/modelling
PMs’ dynamics [35–38,42]. Since a complete presentation of these tools would require
much more room in term of pages than what would be reasonable for a journal paper, the
present review was intended to be mainly focused on PMs’ kinematics. Nevertheless, a
short summary of the results obtained on PMs’ dynamic is necessary and is presented in
this section.

3.1. Single-DOF PMs

The analytic determination of ICs’ positions [21] together with Equation (1) makes
the analytic determination of all the VCs in single-DOF PMs possible. The VCs together
with their derivative with respect to the generalized coordinate of the single-DOF PM are
the only terms necessary to build the dynamic model of a single-DOF PM by using the
Eksergian’s equation [43]. This approach has been adopted in [35] to deduce a general
dynamic model for single-DOF PMs based on ICs’ positions, which explicitly appear in it.
In [35], over the model, the algorithms for systematically solving the two main dynamics
problems (i.e., inverse and direct dynamics problems [15]) with this approach have been
presented. Then, in [37], by expressing the acceleration of each link’s barycenter through
the acceleration of the IC of the relative motion between the same link and the frame,
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single-DOF PMs’ dynamic models deduced both from Newton-Euler formulation and from
D’Alembert’s principle have been built which systematically use ICs’ position. All the
dynamic approaches proposed in [35,37] relate single-DOF PMs’ dynamic behavior to ICs’
positions, but are mainly analytic.

From a different point of view, in [38], D’ Alembert’s principle has been revisited and
by using a new type of diagram, named “active-load diagram”, a novel geometric and
analytic technique for studying single-DOF PMs’ dynamics has been presented which refers
PM’s dynamic behavior to ICs’ positions. An active load is, by definition, any internal or
external load (force or moment) that provides a non-null virtual work when the mechanism
changes its configuration. Accordingly, the active-load diagram of a single-DOF PM is
a sketch of the PM, at a given configuration, that also show the active internal loads in
the joints and, for each mobile link, all the pieces of information (active loads, Cj1 or uj1,
etc.) reported in Figure 9, which are necessary to systematically write the terms appearing
in D’ Alembert’s principle. Such a diagram makes it possible to write immediately the
dynamic model of the single-DOF PM without any analytic consideration. Indeed, for
instance, Figure 10 shows the active-load diagram of a shaper mechanism where the active
loads are the external forces F4 and F6, and the moment M12, applied inside the actuated
joint, and where, for the sake of simplicity, the hypothesis that inertia forces are negligible
is introduced. With reference to Figure 10, from a geometric point of view, the following
model of the shaper mechanism can be immediately deduced (here, F4 =|F4| and F6 =|F6|):

M12 = F4b4
C42C21

C42C41
+ F6b6 (11)

which gives the following analytic model (here, (xA, yA) are the coordinates of a generic
point, A, and (Fj,x, Fj,x) are the components of the force Fj measured in the Cartesian
reference C21xy fixed to link 1 (see Figure 10)

M12 = −
[
(xP4 − xC41)F4,y − (yP4 − yC41)F4,x

]C42C21

C42C41
−
[
(xC62 − xC21)F6,y − (yC62 − yC21)F6,x

]
(12)

where the ratio C42C21
C42C41

is the VC
.
θ41.
θ21

and can be analytically expressed through the first

formula of Equation (1).
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Figure 9. Active-load diagram of the j-th link of a single-DOF PM (link 1 is the frame and O1×1y1 is a
Cartesian reference fixed to link 1; Fj (Mj) is a generic external force (moment) applied to link j; mj,
Gj, and Ij are mass, barycenter and mass moment of inertia about Gj of the j-th link, respectively):
(a) instantaneous rotation of the j-th link, (b) instantaneous translation of the j-th link.
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With reference to Figure 10 and the above-reported relationships, the necessary ICs
that are not primary ICs are only two: C31 and C51. Indeed, in this case, since θ31 = θ41, the

relationship C42C21
C42C41

= C32C21
C32C31

holds. Nevertheless, it is worth noting that, when the method
is applied to solve only one configuration, it is possible to determine some additional IC (in
this case C62) to write also the term associated to the active forces applied to a translating
link (link 6) in the form of a moment about an IC. Indeed, in this case, the virtual work of
force F6 can be computed as follows:

δLF6 = F6 · δP6 = δθ21F6 · [k× (C62 − C21)] = k · [(C62 − C21)× F6]δθ21 = −F6b6δθ21 (13)

where k is the unit vector perpendicular to the motion plane that points toward the reader
and F6 =|F6|.

For a single-DOF PM with m links where link 1 is the frame, all the approaches
presented in [35,37,38] require the determination of the positions of all the Cj1 for j = 2, . . . ,
m (i.e., of (m − 1) ICs). Nevertheless, only a few of these ICs are secondary ICs and really
require additional computations. In addition, as it is shown in the case studies presented
in [35,38], these additional computations bring to determine VCs that are necessary to write
the model; therefore, they are not additional in practice.

In [38], how to write the model in an analytical and systematic form is presented together
with the algorithms for solving the two main dynamics problems by using the proposed
approach. Eventually, the active-load diagrams, presented in [38], (see Figures 9 and 10, and
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Equation (11)) immediately reveal that an external force Fj, applied to link j, whose line of
action passes through Cj1 (i.e., with bj = 0 (see Figure 9a), if the link rotates, or with vj = uj1
(see Figure 9b), if the link translates) is inactive. That is, it is directly equilibrated by the
mechanism structure without requiring the application of a generalized torque in the actuated
joint. This result is relevant in PMs’ design since it provides a criterion for reducing the
generalized torque in the actuated joint.

3.2. Multi-DOF PMs

At LaMaViP, two formulations [36,42] have been developed which relate multi-DOF
PMs’ dynamics to ICs’ position. The first one [36] introduces, for planar motion, rigid-
body’s (link’s) configuration space (c-space), which is a three-dimensional space whose
coordinates are the “pose coordinates” of the link, that is the two coordinates, say (x, y),
of a point fixed to the link plus the slope angle, say θ∈]−π, +π], which identifies the
link orientation. Then, it gives the structure of an affine space to the c-space by defining
three-dimensional vectors, named planar-pose vectors. Eventually, by using the planar
wrench, it formulates the “motion laws” of c-space’s point. Such laws make it possible to
study PMs’ dynamics as a number of c-space points that interact one another and stand
external planar wrenches. This approach, over providing a coherent, autonomous and
self-contained set of tools and laws that model PMs’ kinematics and dynamics, has brought
to confirm the above-reported statement 1 and to demonstrate the following new statement
on ICs (see [36] for details and examples):

Statement 5. A planar passive kinematic chain with l-DOF can transmit between links j and i only
a force system whose central axis passes through all the instant centers Cji,r for r = 1, . . . , l.

Statement 5 implies the following corollaries:
(5.a) a single-DOF planar passive kinematic chain can transmit only force systems

whose central axis belongs to the pencil of lines passing through the unique Cji;
(5.b) a two-DOF planar passive kinematic chain can transmit only one force with line

of action that passes through Cji,1 and Cji,2;
(5.c) an l-DOF planar passive kinematic chain with l ≥ 3 cannot transmit any force sys-

tem unless the ICs Cji,r for r = 1, . . . , l are all aligned (i.e., only in particular configurations).
The second formulation [42], by reinterpreting D’ Alembert’s principle, relates the

dynamics behavior of an l-DOF PM to the ones of the l single-DOF PMs generated from
the l-DOF PM and uses the “active-load diagrams” of these single-DOF PMs to provide a
geometric interpretation that fully discloses the role of ICs in multi-DOF PMs’ dynamics.
Such diagrams can also be used to write immediately the dynamic model of the l-DOF PM
without any analytic consideration. Indeed, for instance, Figure 11a–c show the active-load
diagrams of the three single-DOF PMs generated from the 3-RRR parallel PM (Figure 8)
with link 7 (mobile platform) loaded by a force system whose resultant force, located on
its central axis, is force F7 of Figure 11 and by the generalized torques, τr for r = 1, 2, 3,
applied in the actuated joints. With reference to Figure 11, from a geometric point of view,
according to this formulation (see [42] for demonstrations) the following model of the
3-RRR parallel PM can be immediately deduced (the signs refer to the configuration of
Figure 11 and F7 =|F7|): 

τ1 = F7b7,1

.
θ70,1.
θ10,1

= −F7b7,1
C71,1C10,1
C71,1C70,1

τ2 = F7b7,2

.
θ70,2.
θ20,2

= F7b7,2
C72,2C20,2
C72,2C70,2

τ3 = −F7b7,3

.
θ70,3.
θ30,3

= F7b7,3
C73,3C30,3
C73,3C70,3

(14)
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Figure 11. Active-load diagrams of the three single-DOF PMs generated from the 3-RRR parallel
PM: (a) r = 1 (i.e., q2 and q3 are locked), (b) r = 2 (i.e., q1 and q3 are locked), (c) r = 3 (i.e., q1 and
q2 are locked), (d) extract of the previous diagrams that is useful to visualize how an active force is
redistributed among the actuators.

Moreover, in [42], how to write the model in an analytical and systematic form is
presented together with the algorithms for solving the two main dynamics problems by
using the proposed formulation. Eventually, let link 0 be the frame, this formulation
immediately reveals (see Figure 11 and Equation (14)) that an external force Fj, applied to
link j, whose line of action passes through Cj0,r (i.e., with bj,r = 0 (see Figure 11)) has no
effect on the r-th generalized torque τr. This consideration can be further detailed to give a
clear graphical idea on how an active load is redistributed among the actuators. Indeed,
diagrams such as the ones of Figure 11d where the distances bj,r, of Fj from the ICs Cj0,r,
for r = 1, . . . , l, are drawn all together can be used during design to optimize the load
distribution among the actuators.

4. Conclusions

At LaMaViP (Laboratory of Mechatronics and Virtual Prototyping) of Ferrara Uni-
versity, Italy, the research on planar mechanisms’ (PMs) kinematics and dynamics of the
last two decades has brought to highlight how the instant-centers’ (ICs) positions can be
exploited to identify relevant properties of PMs’ behavior. The results of this research have
been summarized/reviewed here to give the reader a guide to use them in PMs’ analysis
and design.
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In particular, an exhaustive technique for analytically determining IC positions, even
for indeterminate PMs, has been obtained and the relationship between one IC in a multi-
DOF PM and the same IC in the single-DOF PMs generated from that multi-DOF PM has
been identified.

The geometric conditions that ICs’ positions satisfy when a PMs is at a singular
configuration have been exhaustively enumerated and analytic techniques that exploit such
conditions to implement PMs’ singularity analysis have been developed.

The role that ICs’ positions play to determine PMs’ dynamic behavior has been fully disclosed
and PM-dynamics formulations that explicitly contain ICs’ positions have been developed.

Such findings provide a complete set of tools that can be easily used for PMs’ analysis
and design.
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