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Abstract: In this paper, we present a new self-adaptive inertial projection method for solving
split common null point problems in p-uniformly convex and uniformly smooth Banach spaces.
The algorithm is designed such that its convergence does not require prior estimate of the norm of
the bounded operator and a strong convergence result is proved for the sequence generated by our
algorithm under mild conditions. Moreover, we give some applications of our result to split convex
minimization and split equilibrium problems in real Banach spaces. This result improves and extends
several other results in this direction in the literature.
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1. Introduction

Let H; and H; be real Hilbert spaces and C and Q be nonempty, closed and convex subsets of
H; and H,, respectively. We consider the Split Common Null Point Problem (SCNPP) which was
introduced by Byrne et al. [1] as follows:

Find z€ H; suchthat ze A~1(0) N T-YB~1(0)), (1)

where A : H; — 2M and B : H, — 2/ are maximal monotone operators and T : H; — Hj is
a linear bounded operator. The solution set of SCNPP (1) is denoted by Q). The SCNPP contains
several important optimization problems such as split feasibility problem, split equilibrium problem,
split variational inequalities, split convex minimization problem, split common fixed point problems,
etc., as special cases (see, e.g., [1-5]). Due to their importance, several researchers have studied
and proposed various iterative methods for finding its solutions (see, e.g., [1,4-9]). In particular,
Byrne et al. [1] introduced the following iterative scheme for solving SCNPP in real Hilbert spaces:

X0 € Hi,A >0,
{ 2

Xpi1 = J{H(xn + AT*(JAB)Txn), n>0,
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where J{x = (I+AA)~!x, for all x € H. They also proved that the sequence {x, } generated by (2)
converges weakly to a solution of SCNPP provided the step size A satisfies

AE <Oi> , 3)

where L is the spectral radius of T. Furthermore, Kazmi and Rizvi [10] proposed a viscosity method
which converges strongly to a solution of (1) as follows:

X0 € Hi,A >0,
= J2 (xn + AT*(JE — 1) Axy), @
Xpy1 = anf(xn) + (1 —an)Suy, n>0,

where {a,} C (0,1) satisfies some certain conditions and S : H; — Hj is a nonexpansive mapping.
It is important to emphasize that the convergence of (4) is achieved with the aid of condition (3). Other
similar results can be found, for instance, in [11,12] (and references therein). However, it is well known
that the norm of bounded linear operator is very difficult to find (or at least estimate) (see [13-15]).
Hence, it becomes necessary to find iterative methods whose step size selection does not require
prior estimate of the norm of the bounded linear operator. Recently, some authors have provided
breakthrough results in the framework of real Hilbert spaces (see, e.g., [13-15]).

On the other hand, Takahashi [8,16] extends the study of SCNPP (1) to uniformly convex and
smooth Banach spaces as follows: Let E; and E; be uniformly convex and uniformly smooth real
Banach spaces with dual E] and E3, respectively, and T : E; — E, be a bounded linear operator.
Let A : E; — 2B and B : E; — 2F2 be maximal monotone operators such that A~1(0) # @,
B~1(0) # @ and Qy, is a metric resolvent operator with respect to B and parameter y > 0. Takahashi
and Takahashi [17] introduced the following shrinking projection method for solving SCNPP in
uniformly convex and smooth Banach spaces:

x1€Cu >0,

zZn = %n = Ja,Jg, T Ty (Totw — Qu, Ton),

Chy1 ={z€Cn:(zn— 2 Jg, (xn —z0)) > 0},
Xp1 = Pc,,,x1, foralln €N,

©)

where [, are the normalized duality mapping with respect to E; for i = 1,2 (defined in the next
section). They proved a strong convergence result with the condition that the step size satisfies

0<a§/\nHT||2<b<l and 0<c<py, forallneN.

Furthermore, Suantai et al. [18] introduced a new iterative scheme for solving SCNPP in a real
Hilbert space H and a real Banach space E as follows:

X1 € H,
Yn = ],1\4" (xn + /\nT*]E(Qyn - I)Txn)/ (6)
Xn+1 = D‘nf(xn) + ﬁnxn + YuYn, N >1,

where {a, }, {Bn}, {7} C (0,1) such that a, + B + v, = 1 and f : H — H is a contraction mapping.
They also proved a strong convergence result under the condition that the step size satisfies

0 < A||TI? < 2.
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Recently, Takahashi [19] introduced a new hybrid method with generalized resolvent operators
for solving the SCNPP in real Banach spaces as follows:

2w = ] (Jexn =t T*(JET20 = JFQpu, Txn)),

Yn = ])\nzn/

Co={z€ E:2(xy —z,Jexu — JEZn) > 1u@r(Txn, Qu, Txn)},
Dy ={z € E: (yn — 2 J6zu — Jrya) > 0},

Qn =1z € E:(xy —z,Jgx1 — Jexa) > 0},

Xut+1 = Ilc,np,nQ, X1, for alln € N.

@)

He also proved that the sequence generated by Algorithm (7) converges strongly to a solution of
SCNPP provided the step sizes satisfy

1
0<a§rnﬁw, and0<b§)\n,yn for alln € N.

It is evident that the above methods and other similar ones (see, e.g., [6,9,20]) require prior
knowledge of the operator norm, which is very difficult to find. Thus, the following natural
question arises.

Problem 1. Can we provide a new iterative method for solving SCNPP in real Banach spaces such that the step
size does not require prior estimate of the norm of the bounded linear operator?

Let us also mention the inertial extrapolation process which is considered as a means of speeding
up the rate of convergence of iterative methods. This technique was first introduced by Polyak [21] as
a heavy-ball method of a two-order time dynamical system and has been employed by many authors
recently (see, e.g., [22-27]). Moreover, Dong et al. [27] introduced a modified inertial hybrid algorithm
for approximating the fixed points of non-expansive mappings in real Hilbert spaces as follows:

X0, x1 € C,

Wy = Xy + On (X0 — X4_1),

Zp = (1 - ,Bn)wn + BuTwy,

Co= {x € C it flzw — x| < a — x|2},
Qun=A{xeC:{xy,—x,x0—x,) >0},

®)

Xny1 = Pc,ng,Xo,

where {6, } C [a1,a2], a1 € (—00,0], a5 € [0,400), {Bn} C (0,1) are suitable parameters.
More recently, Cholamjiak et al. [28] introduced an inertial forward-backward algorithm for
finding the zeros of sum of two monotone operators in Hilbert spaces as follows:

Xxo,X1 € H,ry, >0,

Yn = Xn 4 0n (X0 — x5_1),

Zn = &nlYn + (1 — ay) Ty,

On = Bnzn+ (1= Bu)JB (1 — ruA)zy,

Cpr1 = {0 € Cu: lon —0l* < [lxn — 0> + Ku},

Xp41 = Pe, x1,m > 1,

©)
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where K, = 262|x, — x,_1]| — 20, (xp — 2,%0-1 — x), JE = (I+r,B)~},{6,} C [0,6] for some
6 €10,1) and {a,}, {Bn} are sequences in [0, 1]. The authors proved that the sequence {x, } generated
by (9) converges strongly to a solution x € (A + B)~1(0) under some mild conditions.

Motivated by the above results, in this paper, we aim to provide an affirmative answer to
Problem 1. We introduce a new inertial shrinking projection method for solving SCNPP in p-uniformly
convex and uniformly smooth real Banach spaces. The algorithm is designed such that its step size
is determined by a self-adaptive technique and its convergence does not require prior knowledge
of the norm of the bounded operator. We also prove a strong convergence result and provide some
applications of our main theorem to solving other nonlinear optimization problems. This result
improves and extends the results in [6,8,9,11,12,16,19,20] and many other recent results in the literature.

2. Preliminaries

Let E be a real Banach space with dual E* and norm || - ||. We denote the duality pairing between
f € Eand g* € E* as (f,g*). The weak and strong convergence of {x,,} C E to a € E are denoted by
xn — a and x, — a, respectively, ¥ by “for all” and < by “if and only if”. The function ¢ : [0,2] —
[0,1] defined by

se(o) =int {1~ L8 =1 = fg 15 gl 2 0}

is called the modulus of convexity of E. The Banach space E is said to be uniformly convex if ¢ («) > 0.
If there exists a constant C;, > 0 such that dg(a) > Cpa” for any & € (0,2], then we say E is p-uniformly
convex. In addition, the function pg(B) : [0,00) — [0, +c0) defined by

pe(p) = { ULEBLI =P8l gy — g =1}

is called the modulus of smoothness of E. The Banach space E is said to be uniformly smooth if
limg ;4o p‘& = 0. If there exists a constant D; > 0 such that pg(B) < D;B7 for any g > 0, then E
is called g-uniformly smooth Banach space. Let1 < g < 2 < p with % + 1 = 1. We Remark that
a Banach space E is p-uniformly convex if and only if its dual E* is g-uniformly smooth. Examples
of g-uniformly smooth Banach spaces include Hilbert spaces, Ly(or I,) spaces, 1 < p < o and the
Sobolev spaces, Wk, 1< p < oo (see [29]). Moreover, the Hilbert spaces are uniformly smooth while

— uniforml th ifl<p<2
Ly(or 1) or W, is p — uniformly smooth i p <
2 — uniformly smooth if p > 2.

Let ¢ : R™ — R be a continuous strictly increasing function. ¢ is called a gauge function if

¢(0) =0, lim ¢(t) = +oo.

t—o0

The duality mapping with respect to ¢, i.e., J, : E — E* is defined by

Jo(x) = {j € E*: {x,j) = llx|[ljll+ [ljll« = ¢(llxI)}, x € E.

When ¢(t) = t, then we call ], = | a normalized duality mapping. In addition, if ¢(t) = t/~!

where p > 1, then, ], = ], is called a generalized duality mapping defined by

Jp(w) ={f € E < (u f) = lul I fll+ I« = JullP~"}, x€E.

In the sequel, C is a nonempty closed convex subset of E and F(T) = {x € C: Tx = x} is the set
of fixed pointof T : C — C.
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Definition 1. Ref. [30] Let E be a Banach space, |, : E — E* a duality mapping with gauge function ¢,
and C a nonempty subset of E. A mapping T : C — E is said to be

(i)  @-firmly non-expansive if
(Tu = To, J(Tu) = Jo(To)) < (Tu = To, Jo(u) = Jp(v))

forallu,v e C.
(ii)  @-firmly quasi-non-expansive if F(T) # @ and

(Tt — 2, J (1) — Jp(Tu)) > 0
forall uin C and z in F(T).
Definition 2. Given a Giteaux differentiable and convex function f : E — R, the function
Af(u,0) == f(v) — f(u) = (f'(u),v—u), for allu,v € E (10)

is called the Bregman distance of u to v with respect to the function f.

Moreover, since Jf is the derivative of the function f,(u) = %||u||p, in that case, the Bregman
distance with respect to f, becomes
Lo — g7 Lo
Ap(uv) = —|[ullP = (Jpu, 0) + — |||
q p
1

= ;(IIUII”—IIM\I”)+<]Epu,u—v>
1
= E(Hull” —[[oll”) = (Jpu — Jzo, v).

Remark 1. It follows from the Definition of Ay that
Ap(u,v) = Ap(u,z) + Dp(z,0) +(z -0, ]gu — ]£z>, for all u,v,z € E, (11)
and
Ap(u,0) + Ap(v,u) = (u—v, Jou — Jio), for all u,v,z € E. (12)
Although the Bregman is not symmetrical, it however has the following relationship with || - || distance:
allu —o||P < Ap(u,v) < (u—v,Jbu—Jio), for allu,v € E, a > 0. (13)
This indicates that Bregman distance is non-negative.
Definition 3. The Bregman projection mapping Ilc : E — C is defined by

IMcu = argmi(rjl Ap(u,v), for allu € E. (14)
ve

The Bregman projection can also be characterized by the following inequality

<]£u — ]gl‘[cu,z —TIcu) <0, for allz € C, (15)
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This is equivalent to
Ap(Tlcu,z) < Ap(u,z) — Ap(u,Icu), for allz € C. (16)

Lemma 1. Ref. [31] Let E be a g-uniformly smooth Banach space with g-uniformly smoothness constant ¢, > 0.
For any u,v € E, the following inequality holds:

e = ol|7 < [Jull? = q(o, Jfu) + cqllo]7.

Definition 4. A mapping T : C — C is said to be closed or has a closed graph if a sequence {x,} C C
converges strongly to a point x € C and Tx, — y, then Tx = y.

Lemma 2. Ref. [29] It is known that the generalized duality has the following properties:

() JE(x) is nonempty bounded closed and convex, for any x € E.
(II)  If E is a reflexive Banach space, then | Z is a mapping from E onto E*.
(II)  If E is smooth Banach space, then ]} single valued.
(IV)  If E is a uniformly smooth Banach space, then | E is norm-to-norm uniformly continuous on each bounded

subset of E.

Lemma 3. Ref. [32] Forany {x,} C E, {t,} C (0,1) with Y"N_, t, = 1, the following inequality holds:
N N
Ap(TL, (Y taJf(xn)),x) < Y tnAp(xn, x) for all x € E.
n=1 n=1

We now define some important operators which play key role in our convergence analysis.

Definition 5. Let A : E — 2F" be a multi-valued mapping. We define the effective domain of A by D(A) =
{x € E: Ax # 0} and range of A by R(A) = Uxen(a) Ax. The operator A is said to be monotone if
(x —y,u*—v*) > 0forall x,y € D(A), u* € Ax and v* € Ay. When the graph of A is not properly
contained in the graph of any other monotone operator, then we say that A is maximally monotone.

Let E be a smooth, strictly convex, and reflexive Banach space and A : E — 2E be a maximal monotone operator.
The metric resolvent operator with respect to A is defined by Qf (u) = (I + Ty LAY~ (u). It is easy to see that

0 € Jp(QF (1) — u) +rAQf (u), (17)
and F(QY) = A0 for all r > 0 (see, e.g., [20]). Moreover, by the monotonicity of A, we can show that
(QF (u) = QF (v), Jo(u — QF () — J(v — QY (v))) > 0 (18)
for all u,v € E. In addition, if A=10 # @, then
(QF () —z,Jp(u— QF (1)) > 0 (19)

forallu € Eandz € A7'0.In the case ¢(t) =tV with p € (1,+c0), we denote Qf by Q = (I+r], 1 A)~!
(see, e.g., [33]).

Proposition 1. Ref. [30] Let A : E — 2E" be an operator satisfying the following range condition
D(A) C CC J,"R(Jp+AA) for all A > 0.
Define the @-resolvent operator Rf : C — 2F associated with operator A by

RY(x) ={z € X:]p(x) € (Jo+AA)z}, xeC.
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Then, for any u € C and A > 0, we see that

0cAu & Jp(u) e (Jop+AA)u
& u€ (Jo+AA) Hp(u)
& u € F(RY).

Proposition 2. Ref. [30] Let C be a nonempty, closed, and convex subset of a reflexive, strictly convex Banach
space E and let |, : E — E* be the duality mapping with gauge ¢. Let A : E — 2E" be a monotone operator
satisfying the condition D C C C ], YR(Jp + AA), where A > 0. Let RY be a resolvent operator of A; then,

(a) Ri is @-firmly non-expansive mapping from C into C.
(b) F(R})=A"10.

Let E be a uniformly convex and smooth Banach space. Let A be a monotone operator of E into
2E" . From Browder [34], we know that A is maximal if and only if, for any r > 0,

Remark 2.

(i)  The smoothness and strict convexity of E ensures that Rﬁ’A is single-valued. In addition, the range
condition ensure that R/"\) single-valued operator from C into D(A). In other words,

Ry(x)?(x) = (Jo + AA) p(x), for all x € C.

(ii)  When A is maximal monotone, the range condition holds for C = D(A).

In the sequel, we denote Rg\o by Ry = (J, + /\A)’ljp for convenience.
Let E and F be real Banach spaces and let T : E — F be a bounded linear. The dual (adjoint)
operator of T, denoted by T*, is a bounded linear operator defined by T* : F* — E*

(T*y,x) :== (y,Tx), for allx € E,j € F*

and the equalities || T*|| = ||T|| and R(T*) = R(T)* are valid, where R(T)* := {x* € F* : (x*,u) =
0, for allu € §R(T)} (see [35,36] for more details on bounded linear operators and their duals).

Lemma 4. Ref. [9] Let E and F be uniformly convex and smooth Banach spaces, Let T : E — F be a bounded
linear operator with the adjoint operator T*. Let R be the resolvent operator associated with a maximal monotone
operator A on E and let Q, be a metric resolvent associated with a maximal monotone operator B on F. Assume
that A=10NT~Y(B~10) # @. Let A, u,r > 0 and z € E. Then, the following are equivalent:

(@) z=Ry(JE(JE(z) — uT*J}(Tz — Q — rTz))); and
() ze A-0NnT1(B~10).

3. Main Results

In this section, we present our algorithm and its convergence analysis. In the sequel, we assume
that the following assumption hold.

(i) Ej and E; are two p-uniformly convex and uniformly smooth real Banach spaces.
(i) T:Eq — Episabounded linear operator with T # 0 with adjoint T* : E; — EJ.
(iii) A:E; — 2F1 and B : E; — 252 are maximal monotone operators.
(iv) R, is the resolvent operator associated with A and Q); is the metric resolvent operator associated
with B.
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In addition, we denote by ]gl and | gz the duality mappings of E; and E;, respectively, while | ZT is the
duality mapping of EJ. It is worth mentioning that, when EJ and E7 are two g-uniformly smooth and
uniformly convex Banach spaces, ]gl = ( ]Zl*)_l where 1 < g <2 < p < 400 with % + % =1
Algorithm SASPM: Given initial values xg,x; € C; = Ej, the sequence {x,} generated by the
following iterative algorithm:

Wy = ]Zf ]Elxn + 911]1’;71 (xn - xnfl)} ’

Pl (w, *
Zp = ]Zi‘ ]El (wn> - Pn HT*(]EZ(];wnfuérlTwn))HpT ]gl(Twn - anTw?’l> 7

vu = JL, (anTb 20+ (1= an) 2 Ray2n )
Chy1 = {u € Cp: Ap(yn,u) < Ap(zn,u) < Ap(wp,u)},

xn+1 = g, X0

(20)

where {7y}, {An} C (0,00),Tl, , is a Bregman projection of E; onto C,, 1, the sequence of real number
{an} C [a,b] € (0,1) and {6} C [c,d] C (=00, +00), f(wn) := (I~ Qr,)Twnl?, and {pu} C
(0, +o0) satisfying

q—1
lim infp, (p - qu"q > > 0.

n—+00

To prove the convergence analysis of Algorithm SASPM, we first prove some useful results.

Lemma 5. Let E; be a p-uniformly convex and uniformly smooth real Banach space, and C; = Ej. Then,
for any sequence {yn}, {zn} and {wy} in E;, the set

Chy1 = {u € Cp: Ap(yn,u) < Ap(zn,u) < Ap(wy,u)}
is closed and convex for each n > 1.

Proof. First, since C; = Ej, C; is closed and convex. Then, we assume that C, is a closed and convex.
For each u € Cy, by the definition of the function A,, we have

Ap(yn,u) < Ap(zn,u) if and only ifoE]Zn - ]Zlymw < =(llzall? = Mlyall?),

| =

and

Ap(zn,u) < Ap(wy,u)if and only if2<]Eplwn - ]glzm”> < =(Jlwa|IP = ||zu||?)-

- | -

Hence, we know that C,, ;1 is closed. In addition, we easily prove that C,;1 is convex. The proof is
completed. O

Lemma 6. Let E1, E,, T T* A, B, and ]gl, ]EZ. ]gz, ]Z* be the same as above such that Conditions (1)—(4) are
1
satisfied. IfY = {z:z € A"10N T (B~10)}, then Y C Cy, forany n > 1.

Proof. If Y = @, it is obvious that Y C C,,. Conversely, for any z € I, according to Lemma 3 and using
the fact that the resolvent R, is non-expansive, we easily obtain

Ap(Yn,z) = APUZT (txn]glzn +(1- uan)]{:le,\nzn),z)
< wnAp(zn, z) + (1 — ) Ap(R), 20, 2)
< Ap(zu, z). (21)
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From (20), let u,, = ]Zl(wn) pn{‘g( (Z;)ﬁ,),g(wn) for all n > 1, where g(wy,) = T*]El(Twn —
Qy, Twy,). We see from Lemma 1 that
r—1(w,
oy = 178, o) = oo S st
fP 1 (wn) f( ~Vi(w,)
< n p_ ny /... \Nlln nrs n + Yli n q
[P Hwn) q f”(wn)
n P n nrs n + n N 22
Then, by (16) and (22), we get
Ap(zn,z) < Ap(]]é)l(”n)rz)
= B Dt e - e
_ ||Z||p +;|un”(ql)p_ <z,un>
_ ||Z|| 1”“ ” (q— 1)( I _ (z,un)
- ”ja"+;|un||q—<z,un>
ro1 p-1
= ”ZH-l—|un||q—<z,]£1(wn)>+pnw<z 8(wn))
Iz ( fP~ (wn) g fP(wn) )
< 7’! - nNyN /- \Nlln ns + n
S S el Gl e AR S e T
p—1
— (a8, o)) +ou 5 G ()
1217 | llwall? p CgfnfP(wn) fP 1 (wn)
= —+— - ’ n + n - Wny n
b g IR )+ e ST e e e )
q -1
qfPn  fP(wn) fP~ (wn)
= A ns + d n - Wn, n 23
P02+ = Tigtwn P P gt & 8L *)
On the other hand, observe that
(§(wn),z —wn) = (T*J,(I = Qr,Twn),z — wn)
= (LI - Qs Twy), Tz — Twy)
= (I, (wn)(I = Qr,) Twy, Qp, Twy — Twy) + (J, (I = Qr,) Twn, Tz — Qy, Tewn)
< == Qr)Twn|lP = —pf(wy). (24)
By using (23) and (24), we get
" P(wy
Ay(znz) < Ap(wn,z)+<cq: B pnp> M , (25)
which implies by our assumption that
Ap(zn,z) < Ap(wn,2). (26)

From (21) and (26), we have that z € C,, 1, thatis, Y C C,, foralln > 1.

O
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Theorem 1. Let E{, E, T, T*, A, B, and ]gl, ]22, ]ZT be the same as above such that Conditions (1)—(4) are

satisfied. If Y = {z:z € A10NT~1(B~10)} # @, then the sequence generated by Algorithm (20) converges
strongly to a point z = Ilyxg € Y.

Proof. By Lemmas 5 and 6, we know that TI¢, REORE well defined and Y C C,. According to
Algorithm (20), we know that x, = Il¢c,xp and x, 41 = Il¢,,,xo for each n > 1. Using Y C C,
and (16), we have

Ap(x0,xn) = Ap(x0,11c,x0) < Ap(x0,2) z€Y, Vn > 1. (27)
It implies that {A,(xo, x,) } is bounded. Reusing (16), we also have

Ap(xXn, Xpy1) = Dp(Tle, x0, Xpg1) < Ap(xo, Xp41) — Ap(x0, T, x0)
= Ap(x0,Xn1) — Dp(xo, Xn). (28)

It follows that {Ap(xo, X,41) } is nondecreasing. Hence, the limit nLiIEOOAP(xO’ X, ) exists, and

HETOO Ap(xn, Xn1) =0 (29)
It follows from (13) that
Jim [l = = 0 @0

For some positive m, n with m > n, we have x,,, = Ilc, x; € C;. Using (16), we obtain

Ap(xn, xm) = Dp(Tlc,x0,Xm) < Ap(x0,Xm) — Ap(xo, T, x0)

= Ap(x0, Xm) — Ap<x01 Xn). (31)

Since the limit lim Aj,(xo,x,) exists, it follows from (31) that lLim A,(x,,x,) = 0 and
n—+o00 n—+00

lim ||x;, — x|| = 0. Therefore, {x,} is Cauchy sequence. Further, there exists a point x* € C

n—-—+oo
such that x,, — x*.

From Algorithm (20), Definition 2, and Lemma 1, we have

Bytaonz) = U+ OulE, (o = w4 el
— (T, Xn + OnJp, (X0 = Xu-1),2)
= U Ol (x| el
(L o+ 0uTL, (0 — % 1),2)
B 5l Sl = G ) = 0 (0 = 0-2),2)

cq(0n)1

IN

+0n (T, (Xn = Xp—1), ) + 1TE, Gen = 2 —1) |7

1 1 )
= gllxnII" + EIIZII” — (J,xn, %) = 65 (JE, (%n — Xn-1),2)

0 (JE (Xn = Xn1), %n) + cq(6,)7

ITE, (xn = x—1)|17

cq(0n)

q
= Dp(xn,2) +60n(JE, (xn — xn—1), X0 —x°) + [[xn — xn—1|F. (32)
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By virtue of Remark 1 and the definition of w;, we know

Ap(wn,z) = Dp(wn, xun) + Dp(xn,2) + (xu — 2, ]glwn — ]£1x”>

= Ap(wn/ xn) + Ap(xn/z) + 9n<xn -z, ]E] (xn - xn—1)>'

11 0f 20

(33)

By (32) and (33), we get Ap(wy, x,) < Wﬂxn — x,_1]|P. Then, using (13) and (30) and the

boundedness of the sequence {6, }, we can obtain

ngffoo [wn — xu = 0.

Using a similar method, we can get

Ap(wn/an) = Ap(wn/xn> + Ap(xn/an) + (xn — xn+1/]£] Wy — IZ] Xn).

By setting n — 400, we have

Tim o, — x5 = 0.

Since x,, 11 = Il %9 € Cy11 € Cy, we have

n+1
Ap (]/n/ xn+l) < Ap (Zn/ xn+l) < Ap (wn/ xn-&-l)‘
According to (35), we obtain

nl—i>r-&l?oo Ap (]/nr xn+1) =0, nl—ig-loo Ap (an xn+l) =0,

which implies that nlir£1m||yn —x,11] =0, nErJrrloonn — x,41]| = 0. Hence,
10 = Zull < llxn41 = Xnll + [ %041 = 2ul| = 0, asn — +oo,
and
I — 2l < et — vl [ nsr — zall = 0, a5 1 = +oo.
We also get from (34) and (37) that

As] Zl is norm to norm uniformly continuous on a bounded subset of E;, we obtain

||]£] (wn) — ]Zl(zn)H — 0, as n — +oo.

(34)

(35)

(36)

(37)

(38)

(39)

(40)

Since E; is a p-uniformly convex and uniformly smooth real Banach space, then ]gl is uniformly
norm-to-norm continuous. Thus, it follows from Algorithm (20) and real number sequence {«; } in

[a,b] C (0,1) that

1
. p _ 7P =0= li
ngTw ||]E1R)‘nzn IElan _O_ngrfwl—an

H]Eplyn - ]glan =0,
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which also implies that grf IR, zn — zu|| = 0. From (25), and z being in Y, we get
n o0

—1
Ap(znz) < Ap(wn,z) + pu <CqPZ B ) P (wy)

q 18 (wn) [P
q—1
CqPn fF (wn)
= Ap(wn,z) —pn — 1 .
pn:2) P<P 7 )mwmw
This implies that
q—1
CqPn [P (wn)
n|p— < Ap(wn,z) — Bp(zn, 2
P<p i )mwmw p(tn,2) = Bplan,2)

1 1
waan - a“anp - <]£1wn - ]lenrz>

= Dp(wn,zu) + (JE,Wn = Jf, 21,20 — 2)

< (lwn = zull + llzu — zIDIITE, w0 — JE, znl-

By setting of n — o0, the right-hand side of the last inequality tends to 0. This implies that

q—1
bt fr(wn)
n - 0, 0. 41
p<p 7 )mwww% no “4h

. g-1
Since l%r_r} Rf"” (p — quq) > 0, we get

fF (wn)

lsoyr 7% T

and hence

f(wn)
1§ (wn)[[P

Furthermore, since {g(w,)} is bounded, we obtain from (42) that

ogﬂw)_|mwmé$&|
i S0

18 (wn)l

0, n— +oo (42)

— 0, n — +o0,

for some My > 0. Therefore,
lim f(wy,) =0.

n— 00

Hence,
lim [|(I = Qy,)Twn| = 0.

n—-+oo
In addition,

IT*JE, (I = Qr,)) Twull < [ITII(I = Qr,)Twn | — 0, 1 — oo,

Since ||xy — wu|| — 0, as n — +oo, there exists a subsequence {xy} of {x,} such that x,, —
w € Ey, as well as [[x, — wy|| — 0, as n — +oo there exists a subsequence {wy, } of {w,,} such that
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Wn; = W € E;. From || Tw, — Qy, Twy|| — 0 and by the boundedness and linearity of T, we have

Twn/. — Twand Q;,, Twn/. — Tw. Since Q;, is a metric resolvent on B for r,, > 0, we have
]

]Ez (Twn - Qr, Twn)
T'n

€ BQy, Twy

for all n € N, thus we obtain

T,
1

]Z (Twn- - an.Twn-)
0 S <U - anj Twﬂ]’Twi’lj/ U* - 2 ! : !

for all (v,v*) € B. It follows that
0<{v—Tw,v* —0)
for all (v,0*) € B. Since B is maximal monotone, Tw € B~'0 and hence w € T~!(B~10).
Letb, = R, zy and k;, = Tw,, — Qr, Tw, Vn € N
by =i, (]Z;i« (])}571 (wn) — )\nT*]EZ(kn)>)
b= (10 +20A) " 2 (1.7 — AaT*JP (k)
n ]ElJF n ]El ]El*(IEl(wn) n ]Ez n
-1
by = (JE, +2uA)  (JE, (n) = MaTTE, (k)
JE (wn) = AuT*JE (kn) € T, (bu) + A Aby

Ji, (wn) = JE, (bn)
An

Pttt

—T*J, (kn) € Aby.

Note that

||]£1(wn) *]Zl(bn)

I7E, (wn) = JE, (R, zn) |

< (wn) = JE, (za)ll + ITE, (z0) = T, (Ra,zn)|l = 0, 1 — +oo.  (43)

By the monotonicity of A, it follows that

P n) — 4 bn
0< <vbn,v* - I, (@ ))\ JE, (bn) +T*]£2(kn)>

for all (v,v*) € A. Then,

]gl(w”i) _]gl(b”i)
A,

1

0< <v—bn,v*— +T*]£z(kni)>.

Since by, — w, (40) and (43), it follows that 0 < (v —w,v* —0) and hence w € A~10.

This concludes thatw € A~10N T~ (B~10). Then, from (28) and (20), we have
<]£1x0 - ]len,p —xy), for allp €Y.
By setting n — 4-co in (44), we obtain

<]£1x0 — ]glx*,p —x*) <0, for allpe.

(44)

(45)

Again, from (15), we have x* = ITyx. Definitely, we obtain that {x, } generated by Algorithm (20)

strongly converges to x* = Ilyxy € Y. The proof is completed. O
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As a corollary of Theorem 1, when E; and E; reduces to Hilbert spaces, the function A, is equal
to 3 |lx — y||? and the Bregman projection I1c is equivalent to the metric projection Pc. Then, we obtain
the following result.

Theorem 2. Let Hy and Hj be Hilbert spaces, A : Hy — 2t gnd B : Hy — 2H2 be maximal monotone
operators, T : Hy — Hj be a bounded linear operator with T # 0, and T* : Hy — Hj be the adjoint of T. Let
R be the resolvent operator associated with a maximal monotone operator A on Hy and Q, be metric resolvent
associated with a maximal monotone operator B on Hy. Suppose that Y = A~10N T~1(B~10) # @. For fixed
xg € Hy, let {x, ::6 be iteratively generated by x1 € Hy and

Wy = Xn + 6n(xn - xn—l)/

2 =0 = pu e e (T = Qn) T

Yn = anzp + (1 — an)Ry, zn (46)
Cor1 ={u€Cn:lyn —ull < llzn —ull < [Jwy —ull},

Xn+1 = Pc, X0,

where Pc, ., is the metric projection of Hy onto Cy 1, the sequence of real numbers, {an} C [a,b] C (0,1)
and {0,} C [c,d] C (—o0,+00). f(wy) := L||(I — Qr,) Twyl? and {p,} € (0,4). Then, the sequence {x,}
generated by (46) converges strongly to a point zg = Pyxg € Y.

4. Applications

In this section, we provide some applications of our result to solving other nonlinear
optimization problems.

4.1. Application to Minimization Problem

First, we consider an application of our result to convex minimization problem in real Banach
space E. Let & : E — (—00, 00| be a proper, convex and lower semicontinuous function. The convex
minimization problem is to find x € E such that

¥(x) <9(y), for ally e E.

The set of minimizer of ¢ is denoted by Argmin ¢. The subdifferential of 9¢ of ¢ is defined
as follows
d%(u) ={w e E* : %(u) + (v —u,w) < d(u), for allv € E},

for all u € E. From Rockafellar [37], it is known that d¢ is a maximal monotone operator. Let C be a
nonempty, closed, and convex subset of E and let i¢ be the indicator function of C i.e.,

. 0, uecC
ic(u) = oo, 1 ¢ C

Then, ic is a proper, convex, and lower semicontinuous function on E. Thus, the subdifferential
dj. of ic is a maximal monotone operator. Then, we can define the resolvent R, of 9. for A > Oi.e.,

Ryu = (Jp + /\Bic)_l]pu



Axioms 2020, 9, 140 15 of 20

forallu € Eand p € (1, 4c0). We have that forany x € Eand u € C
u=R)x if and only if J,x € Ju+ Ad;.u
. 1
if and only if X(]px — Jpu) € 9 u
if and only if icy > (y— (]px — Jpu)) +icu for ally € C

}\(]px—] pu)), for ally € C
if and only if (y—u,Jpx — Jyu) <0, for allx € C

if and only if 0> (y—

if and only if u = Ilcx.

Let E; and E; be real Banach spaces and ¢ : E; — (—o0,+o0] and ¢ : E; — (—00, +-00] be proper,
lower semicontinuous, and convex functions such that Argmintd # @ and Argmin¢ # @. Consider the
Split Proximal Feasibility Problem (SPFP) defined by: Find x € E; such that

x € Argmin ¢ and Ax € Argmin¢, 47)

where Argmin ¢ := {% € E; : (%) < ¢(x), for allx € E1}, and Argmin § = {jj € Ey : () <
¢(y), for ally € E;}. We denote the solution set of (47) by Q). The PSFP is a generalization of the
split feasibility problem and has been studied extensively by many authors in real Hilbert space (see,
e.g., [36-42]).

By setting A = 0% and B = 9d¢, we obtain a strong convergence result for solving (47) in real
Banach spaces.

Theorem 3. Let Eq be a p-uniformly convex and uniformly smooth Banach space and E; be a uniformly convex
smooth Banach space. Let © and & be proper, lower semicontinuous, and convex functions of Ey into (—oo, 400
and Ej into (—o0, 4-00] such that (99) 10 # @ and (9&) 10 # @, respectively. Let T : E; — E be a bounded
linear operator such that T # 0 and let T* be the adjoint operator T. Suppose that Q) # @. For fixed xg € Eq,
let {x, }5_ be iteratively generated by x € Eq and

Wy = ]Z"i« []len + 971]}’571 (xn — xn—l)} ’
on = argminyer, {E(y) + 7-[lyl1* — 7 (v, Jg, Twn) }
2o = 11y [ 1,00 = oo e 2 T (oo =00

P E Taon— vn)l\”
= argminger, {9(3) + 2 x| — i (x, .20 #8)
vn =T, (b 20+ (1= ) F ua)
Chp1 = {u € Cp: Ap(yn,u) < Dp(zn,u) < Ap(wy,u)},

xn+1 = g, X0

where {0y}, {pn} C (0,+00), ¢, ,, is a Bregman projection of Ey onto C, 1, the sequence of real number
{an} Ca,b] C (0,1)and {6,} C [c,d] C (—00,+00), f(wy) := %HTwn —vy||P, and {p,} C (0,+00) satisfies

q—1
lim infp, (p — qun ) > 0.

n—r4o00 q

where cg is the uniform smoothness coefficient of Ey. Then, x, — zg € (99)"'0N T~1((ag)~10),
where zy 1= I 58)-10n7-1((2¢)-10) X0
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Proof. We know from [43] that

1
= i — |lyl|2 = = P
ou = argmin(2(y) + 7yl ~ -} (0., Twn)
is equivalent to
Loy Loy
0. € @)xn+ T, xn = =T, Tom

From this, we have | gz Tw, € ] gzvn + un(9¢)vy ie., vy, = Qp, Twy. Similarly, we have that

. 1 1
Up = arggllsr:{ﬁ(x) + 7n||x||2 T

(x, T, zn) }

is equivalent to u,;, = R, z,. Using Theorem 1, we get the conclusion. [

4.2. Application to Equilibrium Problem

Let C be a nonempty closed and convex subset of a Banach space Eand let G: C x C —+ Rbea
bifunction. For solving the equilibrium problem, we assume that G satisfies the following conditions:

(Al) G(x,x)=0, VxeC.
(A2) Gismonotone,ie., G(x,y)+ G(y,x) <O0foranyx,y € C.
(A3) G isupper-hemicontinuous, i.e., for each x,y,z € C,

limsup G(tz+ (1 —t)x,y) < G(x,y).

t—0+t

(A4) G(x,0)is convex and lower semicontinuous for each x € C.

The equilibrium problem is to find x* € C such that
G(x*,y) >0 for ally € C.
The set of solution of this problem is denoted by EP(G).

Lemma 7. [44] Let g : E — (—o0, +00] be super coercive Legendre function, G be a bifunction of C x C into
R satisfying Conditions (A1)-(A4), and x € E. Define a mapping S‘é : E — C as follows:

S3(x) ={z€C:G(zy)+ (y—zVg(z) — Vg(x)) > 0for ally € C}.
Then,

(i) domS$. =E.

(i) S% is single-valued.

(iii) Sg is a Bregman firmly nonexpansive operator.

(iv) The set of fixed point of S{; is the solution set of the corresponding equilibrium problem,
ie, F(S%) = EP(G).

(v) EP(G) is closed and convex.

(vi) Forallx € Eand forallu € F(SgG), we have

Dg(u, S%.(x)) + Dg(S%(x),x) < Dg(u, x).
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Proposition 3. [45] Let g : E — (—o0, +0c0| be a super coercive Legendre Frécht differentiable and totally
convex function. Let C be a closed and convex subset of E and assume that the bifunction G : C x C —+ R
satisfies the Conditions (A1)~(A4). Let A be a set-valued mapping of E into 2F" defined by

{z€e E*:G(x,y) > (y—x,z) for ally € C}, x € C
Aalr) = ©, x€eE-C

Then, A is a maximal monotone operator, EP(G) = Aél(O) and S% = RgAG.

Let E; and E; real Banach spaces and C and Q be nonempty, closed, and convex subsets of E;
and Ej, respectively. Let G; : C x C = Rand G; : Q x Q — R be bifunctions satisfying Conditions
(A1)~(A4) and T : E; — E; be a bounded linear operator. We consider the Split Equilibrium Problem
(SEP) defined by: Find x € C such that

x € EP(G) and Tx € EP(Gy). (49)

The SEP was introduced by Moudafi [46] and has been studied by many authors for Hilbert and
Banach spaces (see, e.g., [47-50]). We denote the set of solution of (49) by SEP(Gy, Gp).

Setting A = Ag, and B = Ag, in Algorithm (20), Lemma 7, and Proposition 3, we obtain a strong
convergence result for solving SEP in real Banach spaces.

Theorem 4. Let Eq be a p-uniformly convex and uniformly smooth Banach space, Ep be a uniformly smooth
Banach space, and C and Q be nonempty closed subsets of E1 and Ej, respectively. Let G : C x C — R and
H : Q x Q — R be bifunctions satisfying Conditions (A1)—(A4) and g : E; — Rand h : E; — R be super
coercive Legendre functions which are bounded, uniformly Frechet differentiable, and totally convex on bounded
subset of Ey. Let T : Ey — Ej be a bounded linear operator with T # 0 and T* : E; — EJ be the adjoint of T.
Suppose that SEP(Gy, Gy) # @ for fixed xo € Ey, let {x,,}5_ be iteratively generated by x1 € Eq, and

Wy = ]ZT ]glxn + Gnﬂél (xn — xn—l)} ,
_ 1 | fP ! (wn) TP h
Zy = ]Ei‘ ]El (wn) —Pn ”T*(IEZ(TZUH_ZJ;;_IWTw;q)Hp)T ]El(TWn - SHnTwn) ,
o= T o 1 a0 )
Chp1 ={u € Co: Ap(yn,u) < Dp(zu,u) < Ap(wy,u)},

xn1 = Ilg, X0

(50)

where {H, } and {G,} C (0,+), f(w,) = %H I— S’}_In)Tuan, Ic,,, is a Bregman projection of E;
onto C,+1, the sequence of real number {«,} C [a,b] C (0,1) and {6,} C [c,d] C (—o0,+0), and

{on} C (0, +00) satisfies

q—1
lim infpy, (p — qu”q ) > 0.

n——+0o
where ¢, is the uniform smoothness coefficient of E;. Then, x, — zo € Isgp(g, c,)%o-

5. Conclusions

In this paper, we introduce a new inertial shrinking projection method for solving the split
common null point problem in uniformly convex and uniformly smooth real Banach spaces.
The algorithm is designed such that its step size does not require prior knowledge of the norm
of the bounded linear operator. A strong convergence result is also proved under some mild
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conditions. We further provide some applications of our result to other nonlinear optimization
problems. We highlight our contributions in this paper as follow:

1.

A significant improvement in this paper is that a self-adaptive technique is introduced for selecting
the step size such that a strong convergence result is proved without prior knowledge of the
norm of the bounded linear operator. This improves the results in [6,8,9,11,12,16,19,20] and other
important results in this direction.

The result in this paper extends the results in [4,5,10,11] and several other results on solving split
common null point problem from real Hilbert spaces to real Banach spaces.

The strong convergence result in this paper is more desirable in optimization theory (see, e.g., [51]).
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