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Abstract: We explicitly calculate the branching functions arising from the tensor product
decompositions between level 2 and principal admissible representations over sl. In addition,
investigating the characters of the minimal series representations of super-Virasoro algebras,
we present the tensor product decompositions in terms of the minimal series representations of

super-Virasoro algebras for the case of principal admissible weights.
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1. Introduction

One of the basic problems in representation theory is to find the decomposition of a tensor
product between two irreducible representations. In fact, the study of tensor product decompositions
plays an important role in quantum mechanics and in string theory [1,2], and it has attracted much
attention from combinatorial representation theory [3]. In addition, recent studies reveal that tensor
product decompositions are also closely related to the representation theory of Virasoro algebra and
W-algebras [4-6].

In [6], the authors extensively study decompositions of tensor products between integrable
representations over affine Lie algebras. They also investigate relationships among tensor products,
branching functions and Virasoro algebra through integrable representations over affine Lie algebras.

In the present paper we shall follow the methodology appearing in [6]. However, we will focus
on admissible representations of affine Lie algebras. Admissible representations are not generally
integrable over affine Lie algebras, but integrable with respect to a subroot system of the root system
attached to a given affine Lie algebra. Kac and Wakimoto showed that admissible representations
satisfy several nice properties such as Weyl-Kac type character formula and modular invariance [5,7].
In their subsequent works, they also established connections between admissible representations of
affine Lie algebras and the representation theory of W-algebras [4,8]. In addition, Kac and Wakimoto
expressed in ([9], Theorem 3.1) the branching functions arising from the tensor product decompositions
between principal admissible and integrable representations as the g-series involving the associated
dominant integral weights and string functions.

One of the main results of this paper is the explicit calculations of the branching functions
appearing in ([9], Theorem 3.1). We are particularly interested in the calculations of the
branching functions obtained from certain tensor product decompositions of level 2 integrable and
principal admissible representations over sl, (see Theorem 4). We shall see that these branching
functions connect the representation theory of affine Lie algebras with the representation theory of
super-Virasoro algebras.

We usually apply the theory of modular functions for calculations of string functions [10].
However, in the current work we shall not use the tools of modular functions for the calculations of the
string functions appearing in ([9], Theorem 3.1). Instead, we shall use both the invariance properties of
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string functions under the action of affine Weyl group and the character formula whose summation is
taken over maximal weights (see Theorem 5). It seems like that this approach provides a simpler way
for computations of the string functions in our cases.

We would like to point out that in ([5], Corollary 3(c)) the authors expressed the branching
functions in terms of theta functions. We shall show that our expressions for the branching functions
appearing in Theorem 4 are actually same as those of ([5], Corollary 3(c)) through the investigations
of the characters of the minimal series representations of super-Virasoro algebras. Comparing our
calculations of the branching functions over s, with the characters of the minimal series representations
of super-Virasoro algebras, we also present the tensor product decompositions between level 2
integrable and principal admissible representations in terms of the minimal series representations
of super-Virasoro algebras (see Theorem 6). This generalizes the decomposition formula appearing
in ([6], Section 4.1(a)) to the case of principal admissible weights.

2. Preliminaries

Let A = (aif)1<i,j<n
algebra associated with A. Let h be a Cartan subalgebra of g. Fix the set of simple roots IT =
{a,- -+ ,ay} of b and simple coroots ITV = {ay,---,ay} of h*, respectively. Assume that IT and
IT" satisfy the condition &; («;) = a;;. We denote by ( | ) the non-degenerate invariant symmetric
bilinear form on g. Write A, A and A_ for the set of all roots, positive roots and negative roots of g,
respectively. Put A = {& € A | (a|a) > 0} and A" = {a € A| (a|a) <0}. Foreachi=1,---,n, we
define the fundamental reflection r,, of b* by

be a symmetrizable generalized Cartan matrix and g the Kac-Moody Lie

ro; (A) =A—A(a))a; (A €bh").

The subgroup W of GL (h*) generated by all fundamental reflections is called the Wey! group of g.

Among symmetrizable Kac-Moody Lie algebras, the most important Lie algebras are affine Lie
algebras whose associated Cartan matrices are called affine Cartan matrices. It is known that every
affine Cartan matrix is a positive semidefinite of corank 1. Each affine Cartan matrix is in one-to-one
correspondence with the affine Dynkin diagram of type X,([), where X = A, B, C, D, E, For G and
r = 1, 2 or 3. The number r is called the tier number (see [11,12] for details). Given an affine Cartan
matrix A = (aif)ogi,jgl , two (I 4 1)-tuples (4;') ., and (a;)y<;<; of positive integers are uniquely
determined by the conditions

0<i<

1. (af,af, - ,a/)A=0,
ag

a
2. A . =0,

ap
3. ged(ay,af,---,a)) =gcd(ag, a1, ,a) =1,

where O is the zero vector. We call (“i)ogi < (resp. (alV) ) the label (resp. colabel) of the affine matrix

0<i<l
A. The corresponding positive integer h = Eﬁzo a; (resp. h" = Zfzo a) is called the Coxeter number
(resp. dual Coxeter number). Notice that the element K = 25:0 alytxiv satisfies a;(K) = 0 for 0 <i <,
and we call this element the central element. Through the non-degenerate bilinear form ( | ) defined on
g, the central element K corresponds to § = 25:0 a;o; in h*.

Suppose that g is the affine Lie algebra associated to an affine Cartan matrix A = (aif)o <ij<l’
and let h be a Cartan subalgebra of g. The Cartan subalgebra h is (I + 2)-dimensional, and we can
decompose h and h* as follows:

h=hapCKaCd,
h* =5 @ Co@® CA,,
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whereh = Y, Ca and b =Y Cu.
The lattice Q = 25:0 Za; and QY = 25:0 Za}' are called the root lattice and coroot lattice,
respectively. Set

M= gv ifrzlorA:Ag),
Q ifr>2and A £ AY.

For an element & € Q, we define t, € GL (h*) by

Jo?

te (A) = A+ (Al6) & — {2 (A1) + (Aa)}é (Aeb?).

We call t, (« € Q) the translation operator. It is known that the Weyl group W of the affine Lie algebra g
is also given by W x tp;, where W = (r, |1 <i <) and ty; = {ts|a € M}.
For a non-twisted affine Lie algebra (i.e., r = 1), recall that

A™ = {né|n € Z— {0}}

and
A ={né+alneZ ach},

where A is the set of all roots of the finite-dimensional simple Lie algebra associated with the finite
Cartan matrix A = (a;;)

1<i, i<l
Set
P = {Aeb*A(a)) €eZfor0<i<I},
P" = {A€PMK)=m},
P, = {AebfA(a)) €Zspfor0<i<I},
P = P"NP..

An element in P (reps. Py) is called an integral weight (resp. a dominant integral weight). Let p be the
dominant integral weight defined by p () =1 for 0 < i < I. The element p is called the Wey! vector
of g. It is sometimes convenient to choose the Weyl vector satisfying the additional condition p(d) = 0,
and we get p = p + hV A in this case.

Define the fundamental weights A; € h* (0 <i <) by A; (oc]-v) =0; (0<j<I)and A;(d) =0.
Similarly, we define the fundamental coweights A} € b (0 <i <1I) by (A/]a;) = &;j (0<j<I)and
(A]d) =0. Let A; and X,\/ be the restrictions of A; and A} to " and b, respectively. Put P = Y\_; ZA;
and P’ = Y!_, ZA;, and let us introduce a lattice

vl P’ ifrzlorA:Ag),
P ifr22andA#Ag).

Then, the group W = W i t 1 is called the extended affine Weyl group of g.

3. Branching functions for admissible weights

Let g be the Kac-Moody Lie algebra associated to a symmetrizable generalized Cartan matrix A,
and h a Cartan subalgebra of g. An element A € h* satisfying conditions

1. (A+pa’)eQ—Zforalla € AT := ANAL,
2. Q-spanof {a € A’¢| (A +p,a") € Z} = Q-span of A”f
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is called an admissible weight. When A is an admissible weight, the corresponding irreducible highest
weight g-module L (A) is called an admissible g-module or admissible representation. Write

Ay = {a"|n € Aand (A+p,a") € 2o}

Then, it is easy to see that A}"® forms a subroot system of the coroot system A”. We denote by IT) a
base of A} "¢, and put W) = (ru|a € IT}).

An admissible weight A is called a principal admissible weight if ITY is isomorphic to ITY. In general,
the level of a principal admissible weight is a rational number. In fact, it is known from [7] that a
rational number m = 2 (u € Z>1, v € Z, gcd(u,v) = 1) is the level of principal admissible weights if

and only if it satisfies

1. ged(u,rV) =1,
2. u(m+h')>hv,

where 7V is the tier number of the transposed generalized Cartan matrix A" and 1" denotes the dual
Coxeter number of g.

Henceforth, we assume that g is an affine Lie algebra with a simple coroot system 11V =
{a, - ).

Givenu € Zxy, put yo = (u—1)c +aj and 9; = &) (1 <i <I). Define S,y = {7; |0 <i <I}.
Then, S, becomes a simple coroot system of AN (Ef:o Z’yi) if ged (u,r") = 1 (see [13], Lemma 3.2.1).
Moreover, the following theorems are known.

Theorem 1. Let m = 2 withu € Z>1, v € Z and ged(u,v) = 1. Assume that y € W satisfies y (S(u)) C
AY. Write Py, for the set of all principal admissible weights A of level m with I =y (S (u)>. Then, we have

Py = {y (\ = (=1) (m+1") Ag+p) —p | A” € PLOHIIT

Proof. See ([7], Theorem 2.1) or ([9], Proposition 1.5). O

Theorem 2. Let m = S withu € Z>q, v € Z and ged(u,v) = 1. Let P be the set of all principal admissible
weights of level m (we use the same notation as the case of dominant integral weights). Then, P =, P,/

where y runs over {y c Wy (S(u)) C AYF}

Proof. See ([9], Proposition 1.5). O

Let us now review branching functions and their connections with the Virasoro algebra.
Recall the Virasoro algebra is an infinite dimensional Lie algebra Vir = (@,czCl,) @ Cc
with brackets
[lm,c] =0forallm e Z

and 3
%5,,””/0 cforallm,n € Z.

Let g be a finite dimensional simple Lie algebra, and g = C [t, til] ® g D CK @ Cd the non-twisted
affine Lie algebra over g. Let V be the highest weight g-module of level m such that m + 1Y # 0.
Define the operators Lj} (n € Z) via

[Em/ En] = (m - n)€m+n +

dimyg
L9(z) = Y Liz"?%= 2(ml+hV) Zg cul(2)ui(z) ;, 1)

nez i=1
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where {ui} and {u;} are bases of § satisfying (ui|uf ) = dij. It is well-known that V becomes a
Vir-module by letting
mdimg

The Virasoro action (2) satisfies the following properties:
[zn,ﬂ'@@x]:-jtf+”®x(XEg,nez—{O},jeZ), 3)
_ (A+20(A)
by = ACEND Id —d. 4)

Let p be a reductive subalgebra of g. Then, p is decomposed as p = py © p; @ - - - & ps, where g is
the center of p and each p; (i =1,---,s) is a simple Lie algebra. Assume that

S
Po @ <Z hi) Ch
i=1
and
S
Y Py CO
i=1

where b; (resp. h) is a Cartan subalgebra of p; (resp. §) and p;. (resp. g,.) is the sum of the positive
root spaces of p; (resp. g). Consider the affinization p = ((C[t, t1® ﬁ) ® CK @ Cd of p. Since V is the
highest weight g-module, V is also the highest weight p-module. However, the action of the central
element K on V is somewhat complicated. We refer to ([11], Chapter 12) for the details of the action of
the central element K. Let 1z be the level of V as a p-module, and write ( | )’ for the standard bilinear
form on p. Set

LP = Z [Py n=2 _ #diﬁﬁ . L'li(z)b'l'(z) . (5)
= R0 I =T

where {11’} and {1i;} are bases of p satisfying (1'|u j), = 6;jand h" is the dual Coxeter number of p.
Using (1) and (5), define
L9P(z) = L8 — LV = ) LPz "2
nez
Due to (3), it follows that

[Lﬂ;p,tj(@X} =0forallXe€p, ne€Z—{0} andj € Z. (6)

Applying the operator product expansions, we can verify that L%¥(z) is, in fact, a Virasoro field with
the central charge c%* = % — % (see [13,14] for the details). We call the Virasoro field L%P(z)
the coset Virasoro field.

In the remaining part of this section, we assume that V = L (A) for a dominant integral weight A

of level m. Let E be a Cartan subalgebra of p, and p the positive part of p. For v € (5 &) (CK) *, set
VP = {v €L(A)|Xo=0 (VX €py), Ho=v(H)v (VHeE@CK)}.

Due to (4) and (6), Vi¥? is stable under the actions of L® (n€Z). So, V¥ becomes a
Vir-module. We call this module the coset Virasoro module. Notice that L (A) is decomposed as a
Vir @ [p, p]-module into

L(A) = PD (V¥ & L(v)), @)

% . .
veh &Cé mod Cs
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where L(v) is the irreducible [p, p]-module with highest weight v and ¢ is identified with K via the
non-degenerate bilinear form on p. From (7), we define a function

c}(g) = Trygnq ™ = Y multy (v—j5ip) ¢ (7=¢7"), ®)

jGZzo

where the multiplicity is defined as in ([6], Section 1.6). The function (8) is called the string function.
Using the string function (8), the decomposition (7) yields the following formula for the character of
L(A):
chL (A) = Y ey (q)chL (v). ©)
veh ®Cé mod ¢4

Let us now introduce the following numbers:

_ Ia+pP P
®  MAT 30ty T 2RV
)

° Ty, =

2(mm+hv) 20V
where g is the Weyl vector associated with p.

Then, we define the branching function as b (1) = g"a~"c (g) for g = €*™7. By the strange
formula and (4), we see that the branching function also can be written as b} (7) = ¢~ 2 Tryav g

(see [11] (Chapter 12) for the strange formula).
Recall that the normalized character ch'L (A) is defined as

ch'L(A) =e "MchL (A).

Introducing the coordinate (t,z,t) for h = 2mi(—td+z+tK) € b, we obtain that
ch/L(A) (t,2,t) = quchL(A) (1,2, t). So, the Formula (9) can be rewritten as

chyp) (T,2,1) = Yy, b2 (1) ch’.L(V) (1,2,1).
veh ®Cé mod Cs

4. Tensor Product Decompositions

In this section, we fix an affine Lie algebra g = ((C [t,t‘l} ®§) @® CK & Cd over a finite
dimensional simple Lie algebra g. We also fix a Cartan subalgebra h of §. For A, u € h*, let L (A) and
L (1) be irreducible highest weight modules over g. We denote by 71; and 7, the representations
of gon L(A) and L (i), respectively. Put m = A (K) and m' = yu (K). Assume that m +h" # 0,
m +hY #0and m+m 4+ hY # 0. It follows from (2) that the Virasoro algebra Vir acts on L (A) and
L (u). The corresponding Virasoro fields are

AZ =¥dl‘m§‘ﬂ u\z))m uiz :
L&) = 5y & ¢ ) m (1)

and
dimg
Z(m/l—khv) Zg st (ui(2)) 7Ty (u’(z)) i,

i=1

LH*(z) =
Notice that the Virasoro algebra Vir acts on L (1) ® L (i) via the tensor product action
L/\’H(Z) = L/\(Z) ® IdL(y) + IdL(/\) ® LV(Z)

m,dimﬁ
m +hV "

with the central charge % +
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On the other hand, we may consider the whole tensor product L (A) ® L (¢) as the highest
weight g-module. Applying (2) to the highest weight g-module L (A) ® L (), we get the associated
Virasoro field

N 1 dimg )
LM (z) = m 1:21 (A @ 11y) (ui(2)) (7 @ 71) (ul(z)>
(m-i—m/)dimﬁ

with the central charge

mtm' +hY
Using (3), we have

(Lt e X] = —nt" " @ X (Xeg meZ {0}, ne),

[Lf‘f”,t”@X] = "M@ X (XegmeZ—1{0}, neZ). (10)

Set L(z) = LM(z) — L'#(z) = Y¥ez Lnz "~ 2. According to ([15], Proposition 10.3), the field L(z)
+m' ) ding
yields the coset Virasoro field on L (A) ® L (u) with central charge md""g + "y:ld_i';llf (Z +:V;/Z_;:/ng‘

For i € §” @ C6, we define
V;’”: {velL(A)®L(u)|Xo=0 (Vxegy), Ho=pu(H)v (VHebh&CK)}.

It follows from (10) that the space Vlj\ * becomes a Vir-module via the coset Virasoro field L(z).
Notice that L (A) ® L () is decomposed as a Vir & [g, g]-module into

LA)®L(p) = Y Vit @ L (). (11)
neh eCs mod Cs

We obtain from (11) a string function

e (g) = Trypg @ = 3 multyey (1~ jo0) g (12)
jEZZO

Using (11) and (12), we get

ch (A) ch () = Y (@)L (v). (13)

neh eCs mod Cs
If we define the normalized branching function by

by (x) = g e (),

then the Formula (13) yields

ch/L(A) (T,z,t) ch (T,z,t) Zb)‘w ) chy L (T2 1). (14)

Let A be a dominant integral weight and p a principal admissible weight of the affine Lie algebra
g. Then, the branching function of the tensor product L (A) ® L (i) can be expressed in terms of the
string functions of L (A) as follows.

o

Theorem 3. Let g be any affine Lie algebra and m € Z>(. Let m = 2 withu € Z>1, v € Z and

u

gcd(u,v) = 1. Assume that A and u° are dominant integral weights of level m and u (m, + hv) —hY,
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2
respectively. Write Eé\ (q) for the modified string function qm/\_%cé\(g.g) (q) for ¢ € b @ C3, where
Cé\,(g;g) (q) is the string function defined with respect to the pair (g; g) (i.e., p = g in (8)). Then, for a principal

admissible weight i =y (;40 —(u—-1) (ml + hv> N + p) —pE€ P,’jf;, the following formula holds:

/ / A® !
chypy (T,2,t) chy,y (T,2,t) = , Y b, " (1) chy iy (T,2t),
vePp ™ s.t. v=A+pu mod Q

where
2

(m, +h\/) (m+ml +hv)

2m

w(v4e) 404
mam’ +hY o Y

by (1) = Y e(w)g

~A
Cy(w(0+p)— (10+0)— (u—1)mAg) (1) -
weW

Proof. See ([9], Theorem 3.1). [

In the next section, we simply write ¢4 for ¢} (g) if no confusion seems likely to arise, and will
calculate explicitly the branching functions for some specific cases.

5. Explicit Calculations of Branching Functions

Let Ag and A be the fundamental weights of 5l5, and A a principal admissible weight of sl. In this
section, we explicitly calculate the branching functions arising from the tensor product decompositions
of (L (2A9) ® L(2A1)) ® L(A) and L (p) ® L (A).

Let us write IT = {a} for the simple root system of sl,. Then it is easy to check

hV:2,p2A0+A1:ﬁ+th0andA1:Ao+%a (15)

for sly. Let m = 2 (u € 2Z>1, v € 2Z+ 1), and choose a principal admissible weight A of level m
satisfying A = A — (u —1)(m +2)Ag € P, for A0 e Pi(m”)_z (see Theorems 1 and 2).
Applying Theorem 3 to the tensor product representations L (2Ag) ® L (A) and L (2A1) ® L (A),

we obtain

Ch,L(ZAO) (T/ z, t) Ch/L(/\) (T, z, i’)

- y B0 () ey, (T,2,8), (16)
VEP;{:;Z s.t. v=2A¢+A mod Q

where s
(mt2)(mt4) [©(+0) A0,
2 A0 RA m+4 m+2 2A,
b (1) = ) elwg Colu 1)~ (19-+p) ~2u-1)g
weW
and
! !
chyan) (1,2, t) chyyy (t,2,t)
2A1®A /
= )» g (D) chyg (T2,8), (17)
ﬁeP;’ffrz s.t. 7=2A14+A mod Q
where

w(Vo+p) /\0+p 2

(m+2)(m+4) _
m+4 m+2

M (1) = Y e(w)g

weW

2M
w(0+p)—(A0+p)—2(u—1)Ag’
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Similarly, if we apply Theorem 3 to the tensor product representation L (p) ® L (A) then we have

ch/L(p) (1,2,t) chlL(A) (1,z,t)

= Y b (1) ch/L(V) (t,2,t), (18)
VEP;'TZ s.t. v=p+A mod Q

where s

z¢r(v0+p) )\O+p

(m+2)(m+4) _
m+4 m+2

W (1) = Y e(w)g

weW

Cw(0+p)—(A+p)~2(u-1)Ao"
For AV € Pi(mﬂ)*z and 1° € Pi(mﬂ)fz, let us write

A = (u(m+2) —2—n) Ag+nhy,
0 = (u(m+4) —2-— n’) Ao +1' Ay (19)

for some n € Zand ' € Z. Then, we can rewrite A and v in (16) as
A=A —(u—=1)(m+2)Ag = (m —n)Ag + ni

and
v=1"—(u—1)(m+4)Ag = (m—n,—i-Z) Ag+n Ay

Since 2Ag — (v — A) € Qand 2A; — 2Ag = &, we should have n = ' (mod 2).
Similarly, for 1 = (u(m +4)-2- n”) Ao +1n'A € Pi(mH)*z, we obtain v =
(m —n"+ 2) Ao +n' Ay (n” € Z). From the condition 2A1 — (V — A) € Za, we have the same

condition n = n” (mod 2) as the case of v. For this reason, we shall identify v with v in the following
Theorem 4. The same argument yields that the condition v = p + A mod Q in (18) is equivalent to the
condition ' = n+1 (mod 2) in (19).

Theorem 4. Let m = 2 for u € 27>y and v € 2Z+1,and let p = u(m +4) and p’ = u(m +2).

1. Suppose that
AY = (u(m +2) =2 —n) Ag+niAy
and

W0 = (u(m—i—Z) —2—n,) Ag+1 A

for some n € 4Z and n ez satisfying n = ' (mod 2). Then, the branching functions in (16) and (17)
are explicitly given by

RReA 7y = Zqﬁ(prlj+(n'+l)p'f(n+l)p)2
=

—Zqﬁ

jEL

(pr/j— (n/+1) p/—(n-l-l)p)zB (20)
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and
PN () = Y qﬁ<2Pp’j+<n’+1>p’7(n+l)l7>2
; —
jEZ
/. ! / 2
3 Z q$(2pp j— (n +1)p 7(n+1)p) A 1)
jez

!

~2A 2Ny
here {A:CZAS, B=¢," ifn =0 (mod4)
~2A 2Ny e _

A=0Gn), B=20G) ifn =2 (mod4).
2. Assume that

AV = (u(m+2)—2—n)Ag+niy

and
W0 = (u(m +2)—-2— n/) Ag+1 M

for some n € 47 and n' € 47+ 1. Then, the branching function in (18) is explicitly given by

o™ (v)
1 /. ’ r 2 1 1o (o r 2
_y (qup, (@opj (n'+1)p ~(nt)p)” e (2pp'j= (n'+1)p = (n+1)p) ) Eﬁ. )
jez
Proof. We first prove (20) and (21).
Recall that the Weyl group W of sly is givenby {tj,, tjatalj € Z}.
By (15) and (19), we have
0 n +1
vo+po=u(m+4)Ag+ «
and .
A 4o = u(m+2)Ag + nt Q.
So, we get
tin (VO + p) — (/\0 + p) —2(u—1)Ag
=2A0+ (u(m+4)j+nz_n>a—(u(m+4)j2+(n'+1)j)5 (23)
and
tiaTa (1/0 + p) - (AO + p) —2(u—1)Ag
o on 2 . / .
=2A0+ (u(m+4)]—n+;+>oc+<u(m+4)]2— (n +1>]) J. (24)
Notice from ([11], (12.7.9)) that we have
~2Ag — 2o (25)

w()\')+27+11(5 o CA

for ' eb*,we W,y € Zaand a € C. Since W = {1,7,}, we see from (25) that

240 _ 2A _ 2N
A(@2n+1)a+as — ~(A4a)+2na+ad T TA+a
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and
~2A¢ 2Ag 270

Hence, in any case we obtain
~2A¢ _ =2
Czu(/\)+(2n+l)a+m5 = Chta (26)

for w € W. Since u is even, we have

! !
n—n_n-—n

u(m+4)j+ > >

(mod2)

and

. n/+n+2 n/+n+2
u(m+4)j— > = - 5

Since n € 4Zand n = n' (mod 2), we obtain ' = 0 (mod 4) or n’ =2 (mod 4). If #’ =0 (mod 4),
then 2> =0 (mod 2) and —“H*2 =1 (mod 2). Thus, by (23), (24), (25) and (26) we get

(mod 2).

2A 2N\
00~ (W040) ~2(u-1)A — 200 27)

and
"'ZAO _ ~2A0 _ ~2A0
Ctara(W+0)—(A04p)—2(u—1)Ag  2Ap+a — C2Ay" (28)

Similarly, if n' = 2 (mod 4), then % =1 (mod2) and —2H*2 = 0 (mod 2). So, in this case
we have

~2A ~2A ~2A
(0 +)— (1 +p)-2(u—1)80 Aot = C2y @)
and
2A 2A
A+ )~ +)-2(u-1)Ag ~ 200 (30)
0 2
We now compute the exponent (m+2)4(m+4) w(mv J:;p) — /}sj:g of gin (16) and (17).
Since p = u(m + 4) in assumption, we see that
t; (vo—i— )— Ao + '—i—ﬂ a— (pit+(n +1)j)s (31)
ju P = PHo p] 2 p] J)e.
and )
. n + 1 X / .
tinTa (vo —|—p> = pAo+ (p] - 2) x— (p}z - (n + 1) ]) d. (32)

It also follows from the assumption p = u(m 4 2) that

2
(m+2)(m+4) |w(°+p) A%4p
4 m—+4 m—+2
uz(m+2)(m+4) w(v0+p) )\O—i-p

(33)

4

u(m+4) u(m+2)
w(+p) A°+p’2

/

p p

pr
4
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Notice from (31) and (32) that

e (0 +p)  A%4p

p p

| 1 / n+1
(Ao—i-(]—i- 2 )DC)—p,<pA0+ > oc) mod CJ

oon+1 n+1
(]—i— 2w 2p,>amod(€§

and

taru (VW +p)  A%4p

p p

(e () e e

B (,_n’+1_n+1

— | « mod CJ.
2p 2p

Thus, we obtain

t; V0+p /\O—|— 2 1 I, ! ’ 2

Ja(P )7 p,P‘ :z(pp/)z(z;apﬁr(n +1)p—(n+1)p) ,

t]‘ai’,x (V0+p) )\O+p 2 1 ’. / ’ 2
T T 3T (2ppi— (v +1) p' = (n+1)p) . (34)

Hence, if n' = 0 (mod 4), then we obtain from (27), (28), (33) and (34) that

L (2pp i+ (0 +1)p —(n+1)p ZN
bsA()@A (T) - jZEqupp/( ( ) ) Cgﬁg
L (2ppj— (' +1)p ~(n41)p 2~
jEeZqup,( ( ) ) C%ﬁ(l)

Ifn =2 (mod 4) then we also obtain from (29), (30), (33) and (34)

L (2ppj+(n' +1)p = (n+1)p 2~
bsA()@A (r) = ]'EZZqup/( ( ) ) C%ﬁ?
1 (2pp - (1) —(n+1)p)
e g

The Formula (20) now follows.
Applying the same argument as above to the case of b51“" (1), we obtain

2A DA T
Ctj,x(1v0+p)7()\0+p)72(1¢71)A0 = C2A(1) ifn =0 (mOd 4) (35)
~2A 2\ e
Cora(W0+p)—(101p)2(u-1)ag — C2n, i1 =0 (mod 4).
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and
24 2A1 e
c =c ifn =2 (mod 4
b (W0-+p) —(A0+0)~2(u—1)Ag — C2A, (mod 4) 6)
i = &8 ifn' =2 (mod 4)
tiara (V0 +p)—(A04p) —2(u—1)Ag 270 - ’
Notice that we have Ef\f//\\oojﬁ?l = “i\x\o 0:7%\/1\1 due to the outer automorphism of sl,.
Hence, we obtain that
2A1 _ 2N 2A1 _ 2
ay = Con, and ¢, Ay = Cang (37)

Therefore, if n' =0 (mod 4) then we get from (35), (36), (33), (34) and (37) that

/. ’ / 2
) = g (i) =)
je
/. / / 2
g B e
jE

Similarly, if i’ =2 (mod 4) then we obtain that

L (oppj+ (0 +1)p = (n+1)p 2~
bgAlw () = JEGZ‘,‘?S”’/( ( ) ) Céﬁg
L (2ppj— (' +1)p ~(n+1)p 2~
_,Zez qspp'( (r'+1) ) 2o,

The Formula (21) now follows.
Let us now prove (22).
The proof is exactly the same as those of (20) and (21) except for calculations of the string function

Efu (0p)— (A0+p)—2(u—1)Ag" Recall from the assumption that n € 4Z and n € 4Z + 1. Then, by (23)—(25)

we obtain

_ P
= Cp

& o 0 / =c 1
tja(V +0)—(A%4p)—2(u—1)Ag 2Ag+1 511a 20Np+5a

and

c = = =
tjara(v0+p)f(/\0+p)72(u71)A0 2AQ_n’+2n+2a 2A0*2D¢+%!X e
The result now follows. [

It is immediate from Theorem 4 that the branching function of (L (2Ag) ® L (2A1)) ® L (A) for sl
is given by

b12/A0®A (T) + b5A1®/\ (T)

2qﬁ(2pp,j+(nl+1)p/—(”+1)l7)2 (EZAO ~2/\0)

280 T G204
JjEZ
1 /. ’ ’ 2
B Z W(pr ]7<n +l)p 7(n+l)p) 52/\0 n 52/\0
q 2N 2N )
jez

In the following theorem, we explicitly calculate E%ﬁg + Egﬁ? and Eﬁ in terms of the Dedekind

eta function.

~2A0 ~2A0 o 17 .
Theorem 5. Y™ + O = 7’7(%)}7(%) and Cp =

where 17 (T) = qzliﬂff:l (1—4g").
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Proof. It follows from the Weyl-Kac character formula that

chL (2Ag) = epiR e(w)e?rote), (38)

weW

where
W = {tia, tiarulj € Z}
and
R=1IT2, (1—g") (1—eq"1) (1—e'g").
Calculating w (2A¢ + p) for w € W, we obtain from (38)
chL (2Ag) = pl = (Z e ée“o*ﬁ(ﬁl)“””)zf = 1“) . (39)
]

Similarly, we can evaluate chL (2A1) as follows:

1 1 v (D)2 (441 di oy, (4224 (-4j-2)
ﬁq 3 (Z 62A0+P+(4]+1)0( fﬁ _ Z €2A0+‘0+( 4j Z)IX fé . (40)
JEL JEZL

Using (39), (40) and the Jacobi triple product identity, we have

chL (2A¢) — q2chL (2A1)

_ 1 (—1)fehotptin-TgTs
e’R !
JEZ
21\0 L. 24
— eR Y (—1)leig
jEZ
21\0 00

_ (1 B (1-eg?) (1-e9") (41)
) (1™ ) (1-et ™)
— 2AoH 17" %f’j[ (1—eq2n21)(1—e anzl)
= ZAOH Z Jef“qé
n=1 €L

Recall from ([11], (12.7.1)) that

chL(2Mg) = Y. hoeh. (42)
Aemax(2Ag)
and
chL(2A) = Y Meh (43)
Aemax(2A;)

From (42) and (43), the coefficient of e?0 in chL (2Ag) — q%chL (2A\1) should be equal to

2A¢ 1oop
Cong — 1 2¢; Ay’ (44)
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Comparing (44) with the coefficient of €20 in (41), we obtain

! 1 q”_%
2/\0 4 2[\1 _ -
Cong ~9°Con, = H 1_gn
n=1 q

By substituting x = q%, we obtain from (45)

00 2n—1
2o _ 20 _ 1—x
200 ~ XC2n, [ l1 1 2n

By letting x — —x, we get

and this implies

1
o) n—s
A0 | L 2A; 1+4"2
C2A0+‘72C2A0—H 1T—an "
n=1 q
2
On the other hand it is easy to check that mop, — |2/>1°‘ = 1 and myp, —

yield that cgﬁo =q 16 cgﬁx\o and céﬁl = q16 c5 Al So, (46) gives rise to

1
1 2A ~1+g"2
q <C2A0+CZA(1)> =11 1_agn "
n=1 q
Thus,

1 (7)
1(z) 7 (27)
_ q_
T (1- %) Ty (1+47)

1
g T, (1 +fﬁ)
(

s=

Hn 1(1_ )Hn:l 1+qn)
. qiﬁnn:l <1+qn—%
B [Tz (1 —4")

= BN+ (see (47)).

Next, we compute Ez.

280

15 0f 19

(45)

(46)

= 1—76, and these

(47)

Replacing all positive roots a by ka (k € Z=1), we obtain from the denominator identity that

& TT (1_871@4)“‘““ = Y e(w)e?®),

aEAL weW
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Thus, it follows from the Jacobi triple identity that

hL (p)

1
= e(w)e®?)
1

B H ( >mu1t(0¢)

:ﬁ - f>(1(1—e212(] 1>)<§155i?2) (o= ‘48)
=TT ) (e ) (e

TR R

Mz

On the other hand, we get from ([11], (12.7.1)) that

chL(p)= ) cﬁeA (49)

Aemax(p)

Comparing the coefficients of e in (48) and (49), we have

[ee] 1+q]
:Hl,

j=1

2
Moreover, it is easy to check m, — % = 0 which implies Eg = CS'

The result now follows. [

6. Super-Virasoro algebras

In this section, we shall investigate relationships between our results on branching functions and
the representation theory of super-Virasoro algebras. As by-products, we generalize the tensor product
decomposition formulas ([6], (4.1.2a) and (4.1.2b)) to the case of principal admissible weights.

Let us first review the theta functions associated to an affine Lie algebra g = C [t, t’l} RgPCKP
Cd and its Cartan subalgebra b.

For A € P (m € Z>g), the theta function 6, is defined as

‘Q,‘n 6 Y etk

acQ

where Q is the root lattice of g. Using the coordinate (7, z, t) for the Cartan subalgebra b, we get

. (a2 .
0, (’l’, z, t) — pmimt Z g2 [ eme('ﬂz),
yeQ+2

where A is the projection of A onto b.



Axioms 2019, 8, 82 17 of 19

In particular, if we take A = md + Jna +rK € P™ for g = s, then the corresponding theta

function is
0, (T, z, t) — p2rtimt Z quzeZT(im(kudz). (50)
keZ+;

Evaluating (50) at (7,0,0), we have
N )
0(7,0,0)= ¥ g"0t4)" (q=eir). (51)
JEZ
For convenience, we shall simply write 8, ,; for (51) in the remaining part of this section.

Next, we review the super-Virasoro algebras Vir, (e =0, %) (Fore =0or %, Vire is called the
Ramond and Neveu-Schwarz superalgebra, respectively.)

The super-Virasoro algebra Vire is the complex superalgebra with a basis
{c, t;,gml|j € Zand m € € +Z}, and it satisfies commutation relations

Lo [6,4]) = (i— )i+ 15 (B =) 6isj0C,
2. [C, ij = 0,

3. {gmrfn] = (m - %) Sm+ns

4. [gmc] =0,

5. {gm/ gn} = 2£m+n + % <m2 - %) 5m+n,0cz

where {, } denotes an anti-commutator bracket between two odd elements.
Recall that every minimal series irreducible module of Vir. corresponds to the pair of numbers

/ , , ot 2 ’
<z<p i >,h,(,5;f >> Here, z(p i ) is the central charge equals z(p’p ) =3 <1 - 2(2;)> , and hr(,g,.f )

/ r\2 2
is the minimal eigenvalue of {y equals hff: ) = <pr7p szpp/<p ! ) + 15 (1 —2¢) for p, p.rs €,

2 < pl < p,p—p, EZZ,gcd<p_2p,p,> =1,1<r< pl—l,l <s<p-—1landr—s € 27Z (we refer
to ([16], Theorem 5.2) for the details).

. N (e . . . .
Write V. (z(p & ),hgs;e) for the minimal series module over Vir. corresponding to

<z(p'p >, hflff >> . According to [17,18], it follows that

T
where 7 (T) = 0@ ife =1
1(3)1(25) i
By (51), we see that
L (opyjrpry's)’
Gp,_p’s = Zq pp p
2 12 ]EZ
L (apyjprep's)”
Ol’rﬂi/s PP/ - Z qspp ‘

22 JEZ
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So, the normalized character of V. (z (p’p ), hgff )> is

22 @
/. 1 \2 . 7 \2
- (Z qﬁ(m jror=p's)” Y qﬁ(m jprp's) ) , (52)
JjEZ JEZL

where )(,(]:f ) (1) = q_%z(w >chV€ (z <p’p,),h,</§;f )>

Letr = —(n+1)ands = (n, + 1) in (52). Then, by Theorem 4, Theorem 5 and (52), we obtain
the following result.

v

Proposition 1. Let m = 7 (u € 2Z>1, v € 2Z+1). Suppose that A is a principal admissible weight of
sly such that A = A% — (u—1)(m +2)Ag € pm for A% € Pi(mﬂ)*z. Then, the branching function

pENOEN (1) 4 p2MEN (1) (resp. B (1)) of (L (2A0) @ L (2A1)) @ L (A) (resp. L (p) @ L (A)) is the same as

the normalized character FZ’:H) Wil (T) (resp. x p(fH) W 410 (7)) of the Neveu-Schwarz (resp. Ramond)
- o411 _ 41

superalgebra.

It follows from Section 4 that

(LA &L M) @ L(A) =Y (W e M) @ L(v) (53)

and
L) oL =y Vi oL (1/) ) (54)

where v and v’ are taken over Pg‘fr 2 such that v = 2Ag + A mod Q and v' = p + A mod Q, respectively.

According to [17] the coset Virasoro action introduced in Section 4 can be extended to the action of
super-Virasoro algebras, and (53) and (54) can be considered as decompositions of V, & [g, g]-module.
Thus, (14) and Proposition 1 imply that v g vt (resp. V) should be isomorphic to the

(resp. Vo (zP'P/,hp P )) as Vir%—modules

/ !
minimal series module V; ( zP? , hP? /
2 —(n+1),n +1,0

—(n+1),n/+1;%
(resp. Virp-modules). Hence, we obtain the following theorem.

Theorem 6. Let m and A be the same as Proposition 1. Then, we have

(L(2A0) ® L (2A1)) ®L(A) = ;V% (zm’ ,h”'i’n+l)m,+l}%) ® L (v)

and

_ oy o '
L(p) ®L(A) = Z/VO (Z ’h(n+l),n'+l;0> ®L (V ) !

where v and v' are taken over prr 2 such that v = 2Ag + A mod Q and v' = p + A mod Q, respectively.
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