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Abstract: In this paper, using an infinite matrix of complex numbers, a modulus function and a
lacunary sequence, we generalize the concept of Z-statistical convergence, which is a recently
introduced summability method. The names of our new methods are AZ-lacunary statistical
convergence and strongly AZ-lacunary convergence with respect to a sequence of modulus functions.
These spaces are denoted by Sg‘ (Z,F) and Né“ (Z,F), respectively. We give some inclusion relations
between S4 (Z,F), S§! (Z,F) and N{! (Z, F). We also investigate Ceséro summability for A" and we
obtain some basic results between A" -Cesaro summability, strongly A’ -Cesaro summability and the
spaces mentioned above.
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7 -statistical convergence
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1. Introduction

As is known, convergence is one of the most important notions in mathematics. Statistical
convergence extends the notion. After giving the definition of statistical convergence, we can easily
show that any convergent sequence is statistically convergent, but not conversely. Let E be a subset

n
of N, and the set of all natural numbers d(E) := nlgn L'y xe(j) is said to be a natural density of E
oo

whenever the limit exists. Here, xr is the characteristic function of E.

In 1935, statistical convergence was given by Zygmund in the first edition of his monograph [1].
It was formally introduced by Fast [2], Fridy [3], Salat [4], Steinhaus [5] and later was reintroduced by
Schoenberg [6]. It has become an active research area in recent years. This concept has applications in
different fields of mathematics such as number theory [7], measure theory [8], trigonometric series [1],
summability theory [9], etc.

Following this very important definition, the concept of lacunary statistical convergence was
defined by Fridy and Orhan [10]. In addition, Fridy and Orhan gave the relationships between the
lacunary statistical convergence and the Cesaro summability. Freedman and Sember [9] established
the connection between the strongly Cesaro summable sequences space |o1| and the strongly lacunary
summable sequence space Np.

Axioms 2018, 7, 24; doi:10.3390 / axioms7020024 www.mdpi.com/journal/axioms


http://www.mdpi.com/journal/axioms
http://www.mdpi.com
https://orcid.org/0000-0001-6844-3092
http://www.mdpi.com/journal/axioms
http://www.mdpi.com/2075-1680/7/2/24?type=check_update&version=2
http://dx.doi.org/10.3390/axioms7020024

Axioms 2018, 7, 24 20f12

Z-convergence has emerged as a generalized form of many types of convergences. This means
that, if we choose different ideals, we will have different convergences. Koystro et al. [11] introduced
this concept in a metric space. Also, Das et al. [12], Koystro et al. [13], Savas and Das [14] studied ideal
convergence. We will explain this situation with two examples later. Before defining Z-convergence,
the definitions of ideal and filter will be needed.

Anideal is a family of sets Z C 2N such that ()@ €, (ii) A, B € T implies AU B € 7, (iii), and,
foreach A € Z, each B C A implies B € Z. An ideal is called non-trivial if N ¢ 7 and a non-trivial
ideal is called admissible if {n} € Z for each n € N.

A filter is a family of sets F C 2N such that (i) @ ¢ F, (i) A, B € F implies AN B € F, (iii) For
each A € F,each A C Bimplies B € F.

If 7 is an ideal in N, then the collection

F(I)={ACN:N\A €T}

forms a filter in N that is called the filter associated with 7.

The notion of a modulus function was introduced by Nakano [15]. We recall that a modulus f is a
function from [0, c0) to [0, ) such that (i) f (x) = 0if and only if x = 0; (ii) f (x +y) = f (x) + f (y)
for x, y > 0; (iii) f is increasing; and (iv) f is continuous from the right at 0. It follows that f must be
continuous on [0, o0) . Connor [16], Bilgin [17], Maddox [18], Kolk [19], Pehlivan and Fisher [20] and
Ruckle [21] have used a modulus function to construct sequence spaces. Now, let S be the space of
sequences of modulus functions F = (fi) such that lim,_,y+ sup; fi (x) = 0. Throughout this paper,
the set of all modulus functions determined by F is denoted by F = (fi) € S for every k € N.

In this paper, we aim to unify these approaches and use ideals to introduce the notion of
A”-lacunary statistically convergence with respect to a sequence of modulus functions.

2. Definitions and Notations

First, we recall some of the basic concepts that will be used in this paper.
Let A = (ay) be an infinite matrix of complex numbers. We write Ax = (Af(x)),

[e9)

if Ay (x) = Y ayixy converges for each k.
i=1

Definition 1. A number sequence x = (xy) is said to be statistically convergent to the number L if for every
e>0,

lim S|{k < n:|x —L| > e} =0,

n—oo 1

In this case, we write st — lim xx = L. As we said before, statistical convergence is a natural generalization of
ordinary convergence i.e., if lim x, = L, then st — lim x; = L (Fast, [2] ).

By a lacunary sequence, we mean an increasing integer sequence 6 = {k,} such that ky = 0 and
hy = ky — k,_1 — o0 as r — co. Throughout this paper, the intervals determined by 6 will be denoted
by I = (kr—l/ kr]~

Definition 2. A sequence x = (xy) is said to be lacunary statistically convergent to the number L if, for every
e>0,

1
lim h—|{k €l |xx—L| >¢}| =0.
T

r—00

In this case, we write Sy — lim x; = L or x — L(Sg) (Fridy and Orhan, [10] ).
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Definition 3. The sequence space Ny is defined by

.1
Ny = {(xk)irlg{}oh Y | — L] :0}

" kel

(Fridy and Orhan, [10] ).

Definition 4. Let Z C 2N be a proper admissible ideal in N. The sequence (x,,) of elements of R is said to be
ZI-convergent to L € R if, for each € > 0, the set

Ale)={neN:|x,—L|>¢e}eZ
(Kostyrko et al. [11] ).

Example 1. Define the set of all finite subsets of N by Ly . Then, Iy is a non-trivial admissible ideal and
Z¢-convergence coincides with the usual convergence.

Example 2. Define the set Z; by Z; = {A CN:d(A)=0}. Then, I; is an admissible ideal and
1 -convergence gives the statistical convergence.

Following the line of Savas et al. [22], some authors obtained more general results about
statistical convergence by using A matrix and they called this new method AZ-statistical convergence
(see, e.g., [17,23]).

Definition 5. Let A = (ay;) be an infinite matrix of complex numbers and (fy) be a sequence of modulus
functions in S. A sequence x = (xy) is said to be A% -statistically convergent to L € X with respect to a sequence
of modulus functions, for each e > 0, for every x € X and § > 0,

{neN:i|{k§n:fk(|Ak(x)L|)2£}|25}€I.

In this case, we write x;, — L (S (Z,F)) (Yamancu et al. [23] ).

3. Inclusions between S4 (Z, F), Si (Z, F) and N§! (Z, F) Spaces
We now consider our main results. We begin with the following definitions.
Definition 6. Let A = (ay;) be an infinite matrix of complex numbers, 8 = {k,} be a lacunary sequence and

F = (f;) be a sequence of modulus functions in S. A sequence x = (xy,) is said to be AT-lacunary statistically
convergent to L € X with respect to a sequence of modulus functions, for each € > 0, for each x € X and § > 0,

{reN:}}r|{kelr:fk(|Ak(x)—L|)Zs}|2(5}GI.

Definition 7. Let A = (ay;) be an infinite matrix of complex numbers, 8 = {k,} be a lacunary sequence and
F = (fx) be a sequence of modulus functions in S. A sequence x = (xy) is said to be strongly A%-lacunary
convergent to L € X with respect to a sequence of modulus functions, if, for each e > 0, for each x € X,

{rEN:hlkaﬂAk(x)—LDzs} 1.

" kel,

We shall denote by S§' (Z, F), Nj! (Z, F) the collections of all AZ-lacunary statistically convergent
and strongly AZ-lacunary convergent sequences, respectively.
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Theorem 1. Let A = (ay;) be an infinite matrix of complex numbers and (f) be a sequence of modulus
functions in S. (S§' (Z,F)) Nm (X) is a closed subset of m (X) if X is a Banach space where m(X) is the space
of all bounded sequences of X.

Proof. Suppose that (x") C (S (Z,F)) Nm(X) is a convergent sequence and it converges to
x € m (X). We need to show that x € (S{! (Z, F)) Nm (X). Assume that x" — L, (S4 (Z,F)), Vn € N.
Take a sequence {¢,}, . of strictly decreasing positive numbers converging to zero. We can find an
r € N such that ||x — fooo < % forallj > r. Choose 0 < § < %

Now,

A= {reN:hlr {ke b fi(|Ac(x") = Lul) = %}\ <5} € F(I)
and
B= {reN:hlr {ke b fi (1A (x") = Lusal) 2 %}’ <5} e F(I).

Since ANB € F(Z)and @ ¢ F (Z), we can choose r € AN B. Then,

hlr’{ke I : fi (| A (x") = La|) = 84—’\/fk (lAk (x”“) —Ln+1\) > Z—r}‘ <25 < 1.

Since hy — o0 and ANB € F(ZI) is infinite, we can actually choose the above r so that
hy > 5. Hence, there must exist a k € I, for which we have simultaneously, |x}! — Ln| < %’ and

‘XZ_'_l — L?’H—l‘ < %
Then, it follows that

Lo = Lyl < Lo —x¢[+

n__ n+l1
X — X ‘—i—

n+1
X~ — Ln+1’

S |x]r<l_Ln|+

A = Ly |+ [l = 27l + 2 = 241

< F+F+F+5F =6

This implies that {L; }, . is a Cauchy sequence in X. Since X is a Banach space, we can write
L, — L € X as n — oo. We shall prove that x; — L (S (Z,F)). Choose ¢ > 0 and r € N such that
&r < 1, ||x — xull < §- Now, since

kel fi (A(x) — L) = €}

|

IN

i [k € It fie (A (x = xn) ) + fie (| Ak (x") = Lu|) + fic (ILw — L|) > €}

< kel fi (|A(x") = Lal) > 5}

It follows that
{r eEN:E{kel: fi (|A(x) —L|) > €} > 5}
c {reN:hir|{kelr:fk(|Ak(x)—L|) > s} zfs}

for given 6 > 0. This shows that x; — L (Sg1 (Z,F)) and this completes the proof of the theorem. [

Theorem 2. Let A = (ay;) be an infinite matrix of complex numbers, 6 = {k,} be a lacunary sequence and
(fx) be a sequence of modulus functions in S. Then, we have
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(i) Ifxy — L (N{(Z,F)), then x; — L (S§! (Z,F)) and N§* (Z,F) C S§' (Z, F) is proper for every ideal Z;
(i) If x € m(X), the space of all bounded sequences of X and x, — L (S§(Z,F)), then x; —
L(Nf (Z.F);
(iii) S (Z,F)Nm (X) = N (Z,F) nm (X).

Proof. (i) Lete > O and x; — L (Ng' (Z, F)). Then, we can write

kEZI fe(lAx(x) = L)) = Y fu(JA(x) = L))

kel,
fe(|Ak(x)—L[)>e

v

el{ke I : fi (JA(x) — L) = €}

Thus, for given § > 0,

{reN:hl|{k61,:fk(|Ak(x)—L|) > e} 25} - {reN:hl Y fi (JAdx) — L) 28(5}.
r " kel,

Since x; — L (N§4 (Z,F )), the set on the right-hand side belongs to Z and so it follows that
xx = L (S§ (Z,F)).
To show that (S (Z,F)) ¢ (N§! (Z,F)), take a fixed K € T. Define x = (x) by

ku, fork,_1 <k <k._1+4 [Vh],r=123.,r¢K,
(xk) =< ku, fork,_1 <k<k,_1+[Vh],r=123.,r€k,
0, otherwise,

where 1 € X is a fixed element with ||u|| = 1 and 6 is the null element of X. Then, x ¢ m (X) and for
every 0 < & < 1since

Wi

ke 1 e (1Ax() — o)) > e} = Vi

Asr — ooandr ¢ K, forevery 6 > 0,

{r eN: h%' {kel: fiy(JAk(x) = 0|) > e} | > 5} cMuU{L,2,..,m}

for some m € N. Since T is admissible, it follows that x; — 8 (S§' (Z, F)). Obviously,

LY (1) — ) = o,

T kel,

ie, xx - 0 (N{ (Z,F)). Note that, if K € T is finite, then x; - 0 (S3'). This example shows that
AZ-lacunary statistical convergence is more general than lacunary statistical convergence.
(ii) Suppose that x € I and x; — L (Sg‘ (Z,F)). Then, we can assume that

fe(|Ak(x) = L[) <M

for each x € X and all k.
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Given € > 0, we get

LY fla@-1) = = T fillAd) L)

r kel, hr kel
J{1<(|1“~1<X*L|)ZS
+- L fiel[A(x) L)
r kel
Ffe(JAgx—L[)<e

ke I fi(|A() — L) > e+

IN

Note that

A(e):{reN:;r{kEIr:fk(|Ak(x)L|)2£}|2;I} eT.

Ifn € (A(e)), then

1
I’T Z fk|Ak(x) — L| < 2e.
" kel,

Hence,

{rEN:hl Y fil Ax(x) — L| 228} C A(e)

" kel

and thus belongs to Z. This shows that x; — L (N (Z, F)).
(iii) This is an immediate consequence of (i) and (ii). O

Theorem 3. Let A = (ay;) be an infinite matrix of complex numbers and (f) be a sequence of modulus
functions in S. If 0 = {k;} is a lacunary sequence with liminf, g, > 1, then

5= L(SYTF) = x —L(S{(TP).

Proof. Suppose first that liminf, g, > 1, then there exists 6 > 0 such that g, > 1 + ¢ for sufficiently
large r, which implies that

If xp — L (S (Z,F)), then for every & > 0, for each x € X and for sufficiently large r, we have

PRk AA) ~ LD 2 e} = [k e s fi (A — L) 2 e}

6 1

T ke b (Al L) 2 8)].

v

Then, for any J > 0, we get

{reN:herke L fe (|Ap(x) — L|) > e} 25}

C{reN: Ltk <k fi(|An) —L) > e} > g2} e T

This completes the proof. [

For the next result, we assume that the lacunary sequence 8 satisfies the condition that, for any set
CeF(I),U{n:kpg1<n<k,reC}eF(I).
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Theorem 4. Let A = (ay;) be an infinite matrix of complex numbers and (f) be a sequence of modulus
functions in S. If 8 = {k;} is a lacunary sequence with limsup, g, < oo, then

xp — L (Sé‘1 (I,P)) implies xp — L (SA (I,P)) .

Proof. If limsup, g, < oo, then, without any loss of generality, we can assume that there exists a
0 < M < oo such that g, < M for all > 1. Suppose that x; — L (Sg1 (Z,F)),and for ¢, 6, 61 > 0 define
the sets

C:{rEN:;i|{k€Ir:fk(|Ak(x)L|)2€}|<5}

and
T—{neN:111|{k<n:fk(Ak(x)—L|)>e}|<(51}.

It is obvious from our assumption that C € F (Z), the filter associated with the ideal 7.
Further observe that

K]':]jokEIj:fk“Ak(x)—LD Z£}| <0

forallj € C. Let n € Nbe such thatk,_; < n <k, for some r € C. Now,

Pk flA - Lz e £ o [k <hs follAd) — L) 2 e}

_ % {[{k € I : fi (|Ak(x) — L|) > €} |}

+% ({ke L f(|Ax — L|) > e}|}

- krl_l (ke L : flA(x) — L] > e} |}

kg 1
= o Hke i ilAx) L] > ¢}
r—11"1

ko — ki 1

_l’_ _
ky—1 ho

[{k € L fi ([A(x) = L|) = €}

ky —ky g 1

+... + —
krfl hr

[{k e lr: fi (|Ak(x) = L[) = e}

k1 ko
= K
kr—l v

— ki ky —ky 1
Ko+..+ —K
kr—l 2 kr—l ’

IN

{sup]-GC K]} kf—il < M.

Choosing d; = % and in view of the fact that U{n : k,_qy <n <k, r € C} C TwhereC € F (1),

it follows from our assumption on @ that the set T also belongs to F (Z) and this completes the proof
of the theorem. [

Combining Theorems 3 and 4, we get the following theorem.
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Theorem 5. Let A = (ay;) be an infinite matrix of complex numbers and (f) be a sequence of modulus
functions in S. If 8 = {k;} is a lacunary sequence with 1 < liminf, g, < limsup, q, < oo, then

L (sg‘ (I,P)) — x> L (sg‘ (I,P)) .

4. Cesaro Summability for AZ

Definition 8. Let A = (ay;) be an infinite matrix of complex numbers and (fy) be a sequence of modulus
functions in S. A sequence x = (x) is said to be AZ-Cesaro summable to L if, for each ¢ > 0 and for each

x e X,
>s}eI.

Definition 9. Let A = (ay;) be an infinite matrix of complex numbers and (fy) be a sequence of modulus
functions in S. A sequence x = (xy.) is said to be strongly AT-Cesaro summable to L if, for each e > 0 and for
each x € X,

{neN:‘ifqukm—L)
k=1

In this case, we write x; — L ((0’1);; (Z, F)) .

{neN:an:fk(Ak(x)LDZe} €T,
k=1

In this case, we write x; — L (|o1|4! (Z, F)) .
Theorem 6. Let 6 be a lacunary sequence. If liminf, g, > 1, then
X — L (wg (I,F)) = x> L (Né“ (I,F)) .

Proof. If liminf, g, > 1, then there exists § > 0 such that g, > 1+ ¢ forall » > 1. Since h, =k, — k,_1,

we have :—: < 1(5i5 and k;;l

< % Let ¢ > 0 and define the set

ky
S:{krGNIklka(|Ak(x)—L|)<€}.
" k=1

We can easily say that S € F(Z), which is a filter of the ideal Z,

k, k1
w L fillA@—L) = 5 ¥ A(A®) L) -5 T fi (1A (x) — L)
kel, k=1 k=1

kr krfl
= RE L Al — L) =52k K il (x) — L)

T r

1+4 1
< -
B < 4 )s 5°

1+4
0

|
=

for each k, € S. Choose 7 = ( ) £ — %s’ . Therefore,

" kel,

{reN: Y fillA ()~ L) <n} e F(D),

and it completes the proof. [
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Theorem 7. Let A = (ay;) be an infinite matrix of complex numbers and (f) be a sequence of modulus
functions in S. If (x) € m (X) and x; — L (S§ (Z,F)), then x; — L ((Ul)g (I,F)).
Proof. Suppose that (x;) € m (X) and x; — L (S§ (Z, F)). Then, we can assume that

fe(|Agx — L)) <M

for all k € N. In addition, for each ¢ > 0, we can write

L A -D)| < 1T fellA) L)
k=1 k=1
< - E AA L)
k=1

IN

MO{k<n fi (A ()~ L) 2 €} | +e

Consequently, if 5 > € > 0, § and ¢ are independent, and, putting §; = § — e > 0, we have

{neN; 25}

c{neN:iffk<n:fi(lA L) 2el =g} el

L A -D)

ngi=1

This shows that x; — L ((crl)g1 (I,F)). O
Theorem 8. Let 0 be a lacunary sequence. If limsup, q, < oo, then
X — L (Né“ (I,F)) = x =L (|(71|§‘ (I,F)) .

Proof. If limsup, g, < oo, then there exists M > 0 such that g, < M for all » > 1. Let xp —
L (N{' (Z,F)) and define the sets T and R such that

T = {TEN: hl ka(\Ak(x)—LD <€1}
T kel,
and

R = {neN:rllikaAk(x)—LD <£2}.
k=1

Let

Aj = hfij}.fk (A (x) = L|) < &



Axioms 2018, 7, 24 10 of 12

forall j € T. Itis obvious that T € F(Z). Choose n as being any integer with k,_1 < n < k,, where
reT,

R A L) < g Y i (1A (x) — L)

S kel

= 0 (kZ fe(|Ag (x) = L[) + X fi (|4 (x) — L)

+oot T fi (JAR (x) = L|)>

kel,

= &4 (ékg fic (14 (3) —L>> = (hkz fie (14 (x) —L|>)

o R (,} Y fi (|Ak (x) —L|>>
kel

_ K ky_ky ky—ky—1
= &5 A1+ o Ay + ...+ oy A,

IN

k
(supjeTAf) ﬁ
< g M.

Choose ¢, = % and in view of the fact that U{n : k,_1 <n < k., r € T} C R, where T € F(I),
1t follows from our assumption on 6 that the set R also belongs to F(Z) and this completes the proof
of the theorem. O

Theorem 9. If x, — L (|o1|§ (Z,F)), then x; — L (S4 (Z, F)).

Proof. Let x; — L (|o1|4 (Z,F)) and ¢ > 0is given. Then,

Y A(A@-L) > % fi(lA(x)—L))
= (At

> el{k<n:fi (JAx (x) - L|) > €}

and so
;nkak(lAk(X) ~L|) > % {k<n:fe (A (x) — L|) > e}
=1

Thus, for a given 6 > 0,

{meN: Lk A L) 2 e} 2 6}

- {neN: %kéfkﬂAk(x)—LD zs(s} eT.

Therefore, x; — L (S4(Z,F)). O
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Theorem 10. Let (x;) € m (X). If xx — L (S*(Z,F)) . Then, x, — L (|1 |§ (Z, F)).

Proof. Suppose that (x;) is bounded and x; — L (S4(Z,F)). Then, there is an M such that
fr (JAg (x) = L|) < M for all k. Given ¢ > 0, we have

% 5 fi (1A (x) — L)) fie (1A (x) = L|)
k=1

|
S| =

Y fe(lAc(x) — L))

< M|k <t fi(lA ) - L) > €}
Frel{k<n: fillAe(x) — L) < e}

< Pik<n:flam -tz e +e

Then, for any § > 0,

{wen:l £ fillacw 1) 20
k=1

g{neN:111|{k§n:fk(|Ak(x)—L|)Ze}|2]f/l}el.

Therefore, xx — L (|o1|5 (Z,F)). O

5. Conclusions

T-statistical convergence gained a different perspective after identification of the AZ-statistical
convergence with an infinite matrix of complex numbers. Some authors have studied this new method
with different sequences. Our results in this paper were developed with lacunary sequences. By also
using a modulus function, we obtain more interesting and general results. These definitions can be
adapted to many different concepts such as random variables in order to have different results.
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