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Abstract: This paper deals with translational regular and rapid variations. By using a new method of
proving the Galambos-Bojani¢-Seneta type theorems, we prove two theorems of this type for transla-
tionally regularly varying and translationally rapidly varying functions and sequences, important
objects in the asymptotic analysis of divergent processes. Also, we introduce and study the index
functions for translationally regularly varying functions and sequences. For example, we prove that
the index function of a translationally regularly varying function is also in the same class of functions.
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1. Introduction

Classical Karamata theory (see, for instance, [1-3]) was initiated in 1930 in the in-
vestigation of the qualitative asymptotic behavior of the Riemann-Stieltjes integral (and,
in particular, of Dirichlet and power series). This theory has had interesting and diverse
applications in both theoretical and applied mathematics as well as in other sciences. Its use
in applied mathematics is more intensive in various disciplines: summability theory, differ-
ential and difference equations [4-9], Tauberian theorems [10,11], probability theory [12],
selection principles theory, game theory, Ramsey theory, number theory, complex analysis,
generalized inverses, machine learning, and so on. Also, the theory has applications in
energetic electronics [13] and cosmology [14]. For more details see [15-18].

Karamata’s theory of regular variability has functional and sequential aspects which
are related to each other through theorems of the Galambos-Bojani¢-Seneta types ([19-21]).
Also, this theory has a number of modifications. For example, in [22] it was observed that
the theory of regular variation can be considered in a more general setting, i.e., in a Banach
algebra of operators by taking a sequence of regular elements of that algebra which satisfies
(2) below.

A function f : [a,00) — (0,00),a > 0, is reqularly varying (in the sense of Karamata) if
it is measurable and

f(Ax)

I F )

= T’f()\) < (1)

for each A > 0.
The class of all such functions is dented by RV .
A sequence of positive real numbers ¢ = (c;) is said to be regularly varying (in the

sense of Karamata) if
. ClAn)
lim —
n—oo  Cp

=rc(A) < o0 ()

for each A > 0, where for a real number 4, [a] denotes the largest integer which is less than
or equal to a.
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The class of all such sequences is dented by RVs.
Observe that for a function f in (1) it follows

h?—?olip J;((A;)) = Ef()\) < 3)
and N
lim inf ff((x’;) = k(1) < o0 4)

for each A > 0. The function Ef is called the index function of f, while k is called the auxiliary
function of f. Similarly, we have the sequential analogs for (3) and (4).
In the papers [19,20] the following result was proved.

Theorem 1. For a sequence ¢ = (cy,) of positive real numbers, the following are equivalent;

(1) ¢€RVq
(2) the function f defined by f(x) = c|y), x > 1, belongs to the class RV .

This theorem is a Galambos-Bojani¢-Seneta type result for regularly varying functions
and sequences.
For the famous characterization theorem of regularly varying functions for the function
fin (1) we have
re(A) = AP )

for some p € R and each A > 0.
Also, by [15], for the sequence ¢ in Theorem 1 it holds

re(A) = AP (6)

for the same p € R and each A > 0.
In [23] (see also [24]), the index function operator K was introduced by

K: f — ry= Ef (7)
for each function f € RV,,. Evidently,

K(K(f)) = K(f), f € RVq, ®)

i.e., K(f) is a fixed point for the operator K whenever f € RV,,.
In the paper [23] the authors also considered the operator K* for sequences ¢ from RV
given by
K*:cr re = ke 9)

By (8) we have
K(K*(c)) = K*(0). (10)

In [25] the following class of sequences plays an important role in selection principles
theory and infinite topological games. (Several results in selection principles theory and
game theory related to the classical regular (and rapid) variation are significantly improved
in the context of translational regular (and rapid) variation.)

A sequence ¢ = (c;) of positive real numbers belongs to the class Tr(RVs) of transla-
tionally regularly varying sequences if for each A € R,

rE(A) == lim Pl o, (11)

n—oo

The following characterization result is from ([25] Theorem 3.6].

Theorem 2. Ifa sequence (c,) € Tr(RVs), then rI (A) = e?!N, for some p € R and each A € R.
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The number p from the previous theorem is called the index of variability of (cy).

By Tr(RVs ) we denote the family of all sequences in Tr(RVs) of index p.

In [26], the class Tr(RV, ) of translationally regularly varying functions was introduced
and studied.

A measurable function f : [a,00) — (0,00), a € R fixed, is translationally regularly
varying if the following asymptotic condition holds for each A € R:

Ty e i LA
re(A) == Y11_1)101o o) < o0. (12)
We also consider the classes Tr(R¢ ) of translationally rapidly varying functions and
Tr(Rs,e0) Of translationally rapidly varying sequences [25].
A measurable function f : [a,00) — (0,00), a > 0, is said to be translationally rapidly
varying if for each A € R
fim LAY (13)
x—eo  f(x)
A sequence ¢ = (c,) is in the class Tr(Rso) of the translationally rapidly varying
sequences if for each A > 1, the following holds:

. Cladn
Iim —— =
n—eo  Cy

(14)

The importance of translationally rapidly varying functions and sequences can be
found in the papers [27,28].

The goal of our study is to extend and generalize the known results concerning
Galambs—-Bojani¢-Seneta type theorems and to complement the existing results about
the index function. We first prove two theorems of Galambos-Bojani¢-Seneta type for
translationally regularly and rapidly varying functions and sequences. The proofs of these
theorems are quite different from the proofs of the corresponding theorems for classical
regular and rapid variations and contain new methods and ideas. Then, we consider the
index functions for the classes of translationally regularly varying functions and sequences.

2. Main Results

For translational regular variability of functions and sequences the following Galambos
Bojani¢-Seneta type result is true.

Theorem 3. For a sequence ¢ = (cy) of positive real numbers, the following are equivalent:
(1) c e Tr(RVs);
(2) the function f : [1,00) — (0, 00) defined by f(x) = cy is in the class Tr(RV ).

Proof. (1) = (2) Letc = (cu) € Tr(RVs). Then, by Theorem 2, for each A € R and some
p € Rit holds

T(A) = lim A (T(1))) = ol (15)

n—co  Cp ¢

where p = In(rl (1)) and 0 < I (1) < oo form each A € R. We consider four cases for p
and prove that in each of these cases we obtain r}(/\) =M, A € R,

(i) For p = 0, we have r[ (1) = 1 = r[(A) for each A € R.

Consider the function f : [1,00) — (0, c0) defined by f(x) = c[,]. Then for each A € R

— i A gy [ SR A ) i (ALY g (16)
X—»00 C[x] X—»00 CMHXH C[x] X—00 CMH"”
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For an arbitrary and fixed A € Rt is true
O<A+x]-A+x]]<A+x)—A+[x]-1)=x—[x]+1<x—(x—1)+1=2. (17)

Since [A + x] and [A + [x]] are integers for x > 1 and A € R, for the same A and x we have
[A+x] = [A+ [x]] or [A 4+ x] = [A + [x]] + 1. Therefore,

c
lim A

=1, (18)
X700 ClA+[x])

and thus, in this case, r}(/\) — 1 = ¢l for each A € R.

(i) If o > 0, then ] (1) = ef = a > 1. It follows that there is a sufficiently large i € N
such that the sequence c is strictly increasing beginning with ¢;. Let R* = R\ Z_, where
Z_ is the set of negative integers. Then for A € R* we have

C c AL
k}r()\) = lim infM - ]iminfﬂ
X0 Cly xX—00 Clx]
> liminf P g S o]
X—0o0 C[x] n—eo  Cy
Also, we have
- Cc c A4
k;()») = limsup # = lim sup %
xX—00 [x] X—00 [x]
< limsup o] _ gy SAOEn) _ pla+d]
X—00 CM n—00 Cn

for each § > 0.
As the function [+] is right continuous on R*, one obtains

T = Lim P9 — ool
kg (A) }I_%e ePl,

Therefore, for p > 0,7{(A) = E;(/\) = kf (A) = e/l for A € R*. (We suppose that p < co.)

(iii) For p < 0 we have rl (1) = ¢f = B, where 0 < B < 1 (we assume p > —c0). There
is j € N such that the sequence c is strictly decreasing beginning from c;. One concludes
that for A € R*

¢ Cias x.
KF(A) = liminf 2 lim inf adcnsl
X—00 C[x] X—r00 C[x]
> liminfw — lim CAtotn) _ oPA+0]
x—+oo C[x] n—oo Cn
and
T C C /\+L.
B () = timsup ) — fimup 1
X—00 C[x] =00 C[x]
¢ c
< limsup AL gy SR el
X—00 C[x] n—oo  Cy

for each 6 > 0.
Using again the fact that the integer function [-] is right continuous on R* we obtain

rT(A) =k (A) = kE(A) = e#
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for A € R*.
(iv) Let p € Z_. So, there is k € N such that A = —k. For such A and p we have
o
rf(A) = lim ] ! L
TR limee o
~1
1 . ke [x—k]
T q e i
1My — 00 e [x—K]

= (epk> 1 ke — el

From (i)—-(iv) we conclude f € Tr(RV,) which completes the proof of (1) = (2).
(2) = (1)is trivial. O

Example 1. Consider the sequence ¢ = (c,) defined by
¢y =¢€"sin(1/n), neN
By a direct calculation one obtains

. C[/\+n] T €[A+n] sm(l/[/\+n]) _ A
A, Cn _nh_r}go e sin(1/n) -

or all A € R, which means that ¢ € Tr(RVs) (of index of variability 1). By the above theorem, the
Yy Y
function f, f(x) = c[y, x > 1, belongs to the class Tr(RV ).

Similarly to the previous theorem one can prove the following result of Galambos—
Bojani¢-Seneta type for translationally rapidly varying functions and translationally rapidly
varying sequences.

Theorem 4. A sequence ¢ = (cy,) of positive real numbers belongs to the class Tr(Rs o) if and
only if the function f defined by f(x) = c|y), x > 1, belongs to the class Tr(Rgp co)-

Proof. (=) Let ¢ € Tr(Rs). Then lim, e C“C—:”] = oo for each A > 1. Therefore, for
sufficiently large n € N it is satisfied ¢, 11 > 2c, because lim; C’Zzl = oo0. Thus from
sufficiently large n, the sequence c is increasing. Also, for x > 1, x > [x]. Hence, for each

A > 1 we have

lim MZ lim M:oo,
X—>00 C[x] X—00 C[x]

ie. the function f(x) = ¢y}, x > 1, belongs to the class Tr(R¢,).
(<) Itisevident. O

Example 2. Let the sequence ¢ = (cy,) be given by

- 1, n=1,
7\ e In(in(n)), n>2
It is not hard to conclude
ClAtn] _

Iim —— = oo,
n—e  Cy

i.e., ¢ € Tr(Rsco). This implies, by Theorem 4, that the function c|,) € Tr(Rgp co)-

Now, we consider the behavior of the index function of translationally regularly
varying sequences.
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Theorem 5. If a sequence ¢ = (cy,) belongs to the class Tr(RVs), then the index function rl (1)
belongs to the class Tr(RV ) for A > a,a > 0.

Proof. By Theorem 2, r/(A) = e?*], A € R. Fora € R we have [A] + [a] < [A +4a] <
[A] + [«] + 1. Thus, for p > 0 we have

T [A+a]
Ty o te(Ad+a) e
=y T A e

which implies

i.e.,
T +1
eP[‘X] < rrz(“) < 6,0[0( ]

Similarly, for p < 0 one obtains

eP([‘X]'H) S 7’3}(“) S ep[“]_

In other words, there is some o € R such that r] («) = ¢’l*l. Therefore, r'; (x) € Tr(RV,)
holds for p € R\ {0}. Evidently, it is also true for p = 0. O

In the following theorem, we consider and prove an important property of the index
function r}()\) forA >a,a > 0.

Theorem 6. For a function f € Tr(RV,), the index function r}(/\), A >a,a > 1, belongs to the
class Tr(RV ).

Proof. Since f € Tr(RV, ) we have

Mg e
for each A € R.
For all « € R we have T( )
re(A+a
f T
— =r¢(a) (19)
T
so that
r}(/\ +a)

rrTT(zx) = lim

_ T
=l Sy = 0

because r}(/\) > 0 for A > 0. This means that the function r}f(/\), A >a,a > 0,belongs to

the class Tr(RVy). O

Remark 1. (a) Let a sequence ¢ = (c,) belong to the class Tr(RVs). By Theorem 2, rT (1) = e,
for each A € R and some p € R. Therefore, for the function f(x) = c|y), x > 1, it holds

rr(A) = xlggoc[?[ix] — JEEOCMC;"] —T(A) = eI
X n

for some p € R and each A € R. Besides, rL (A) = rI ([A]).

C
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(b) The equality r}(—)\) . r}r(/\) = 1 is satisfied for each A € R. Indeed,

. —A+x) 1 1
rI(=A) = lim il = = .
R (B S VO

(c) r}(o) =1
(d) Since r}r(/\) > 0 for each A € R, from (b) we have r}(—)t) > 0 for each A € R.
@rL(=A)-rE(A) =1,71(0) = 1and rI(A) > 0, hence rl (—A) > 0 for any ¢ € Tr(RVs).

Consider the operator K : Tr(RV,,) — Tr(RV,,) defined by
K'(f)=1f(A), A€R (21)
analogously to the operator K in (7). Then
KT(KT()(A) =rf(A), (22)

ie, r} is a fixed point for the operator K'.
Similarly, define the operator K* : Tr(RVs) — Tr(RV,,) by

KT (c)=rE(1), A eR

Then
KT'(KT(e))(A) =ri(A), A €R

which means that K*T(¢)(A) = r[ (1), A € R, is a fixed point for the operator K.

3. Conclusions

In this paper, we proved two theorems of the Galambos-Bojani¢-Seneta type which
gives a connection between translationally regularly (respectively, rapidly) varying func-
tions and sequences. Such theorems play an important role in asymptotic analysis related
to regular and rapid variation. We also introduced the index function for translationally
regularly varying functions and sequences and proved that these index functions are fixed
points for the operator KT assigning to each translationally regularly varying function its
index function. We hope that this study will be interesting for readers working in this field.
We plan to investigate some other functions similar to the index function.

Our future work should include a representation result for translationally regularly
varying functions in the spirit of the famous Karamata’s representation theorem for reg-
ularly varying functions. Further, we want to investigate the properties of the Landau-
Hurwicz sequence w(c) of a given sequence ¢ belonging to some classes of sequences
relevant to the theory of regular (and rapid) variation. For a sequence ¢ = (c,) of positive
real numbers, the sequence w(c) = (wy(c)) defined by

wy(c) =sup{|ecm —cx|:m>nk>n}, neN
is called the Landau—Hurwicz sequence of c.
Author Contributions: All authors contributed equally to this work. All authors have read and
agreed to the published version of the manuscript.
Funding: This research received no external funding.

Data Availability Statement: Data are contained within the article.

Acknowledgments: The authors are grateful to the referees for a number of useful comments and
suggestions that led to an improvement of the original manuscript.

Conflicts of Interest: The authors declare no conflicts of interest.



Axioms 2024, 13, 189 80f8

References

1. Karamata, J. Uber die Hardy-Littlewoodschen Umkehrungen des Abelschen Stetigkeitsatzes. Math. Z. 1930, 32, 319-320.
[CrossRef]

2. Karamata, J. Sur certains “Tauberian theorems” de G.H. Hardy et Littlewood. Mathematica 1930, 3, 33-48.

3. Karamata, J. Sur un mode de croissance réguliére des fonctions. Mathematica 1930, 4, 38-53.

4. Mari¢, V. Regular Variation and Differential Equations; Lecture Notes Math. 1725; Springer: Berlin/Heidelberg, Germany, 2000.

5. Rehak, P. Nonlinear Differential Equations in the Framework of Regular Variation; AMathNet: Brno, Czech Republic, 2014.

6.  Vitovec, J. Theory of rapid variation on time scales with applications to dynamic equations. Arch. Math. 2010, 46, 263-284.

7. Matucdi, S.; Rehék, P. Rapidly varying sequences and second-order difference equations. J. Differ. Eq. Appl. 2008, 14, 17-30.
[CrossRef]

8.  Matucdi, S.; Rehak, P. Rapidly varying decreasing solutions of half-linear difference equations. Math. Comput. Model. 2009, 49,
1692-1699. [CrossRef]

9. Agarwal, R.P; Manojlovi¢, J.V. On the existence and the asymptotic behavior of nonoscillatory solutions of second order
quasilinear difference equations. Funkcial. Ekvac. 2013, 56, 81-109. [CrossRef]

10. Geluk, ].H.; de Haan, L. Regular Variation, Extensions and Tauberian Theorems; CWI Tracts 40: Amsterdam, The Netherlands, 1987.

11. Korevaar, J. Tauberian Theory. A Century of Developments; Grundlehren der mathematischen Wissenschaften; Springer:
Berlin/Heidelberg, Germany, 2004; Volume 329.

12.  Feller, W. An Introduction to Probability Theory and Its Applications; Wiley: New York, NY, USA, 1966; Volume 2.

13. Jelenkovi¢, PR.; Lazar, A.A. Asymptotic results for multiplexing subexponential on-off processes. Adv. Appl. Probab. 1999, 31,
394-421. [CrossRef]

14.  Mijajlovié, Z.; Pejovi¢, N. Segan, S.; Damljanovié¢, G. On asymptotic solutions of Friedmann equations. Appl. Math. Comput. 2012,
219,1273-1286.

15. Bingham, N.H.; Goldie, C.M.; Teugels, J.L. Regular Variation; Cambridge University Press: Cambridge, UK, 1987.

16. de Haan, L. On Regular Variations and Its Applications to the Weak Convergence of Sample Extremes; Mathematical Centre Tracts 32:
Amsterdam, The Netherlands, 1970.

17.  Ko¢inac, L.D.R;; Djur¢i¢, D.; Manojlovi¢, J.V. Regular and Rapid Variations and Some Applications. In Mathematical Analysis and
Applications: Selected Topics; Ruzhansky, M., Dutta, H., Agarwal, R.P, Eds.; John Wiley & Sons, Inc.: Hoboken, NJ, USA, 2018;
pp. 414-474.

18. Seneta, E. Regularly Varying Functions; Springer: Berlin/Heidelberg, Germany, 1976.

19. Bojani¢, R.; Seneta, E. A unified theory of regularly varying sequences. Math. Z. 1973, 134, 91-106. [CrossRef]

20. Galambos, J.; Seneta, E. Regularly varying sequences. Proc. Am. Math. Soc. 1973, 41, 110-116. [CrossRef]

21. Djurci¢, D.; Koéinac, L.D.R. On Theorems of Galambos-Bojani¢-Seneta Type. In Advances in Mathematical Analysis and Its
Applications; Hazarika, B., Acharjee, S., Srivastava, H.M., Eds.; CRC Press: Boca Raton, FL, USA, 2022; pp. 95-112.

22. Weissman, I. A note on Bojanic-Seneta theory of regularly varying sequences. Math. Z. 1976, 151, 29-30. [CrossRef]

23. Djurci¢, D.; Fati¢, D.; Elez, N. The index function operator for O-regularly varying functions. Kragujevac J. Math. 2023, 47,
1041-1046. [CrossRef]

24. Fati¢, D.; Djurci¢, D. Classical Karamata theory of regular variability and the index function operator. In Analysis, Approximation,
Optimization: Computation and Applications; Stani¢, M., Albijani¢, M., Djurci¢, D., Spalevi¢, M., Eds.; Springer: Berlin/Heidelberg,
Germany, 2024; to appear.

25.  Djuréi¢, D.; Kotinac, L.D.R.; Zizovi¢, M.R. Classes of sequences of real numbers, games and selection properties. Topol. Appl. 2008,
156, 46-55. [CrossRef]

26. Taskovi¢, M. Fundamental facts on translationally O-regularly varying functions. Math. Moravica 2003, 7, 107-152. [CrossRef]

27. Dijurti¢, D.; Ko¢inac, L.D.R; Zizovi¢, M.R. A few remarks on divergent sequences: Rates of divergence. J. Math. Anal. Appl. 2009,
360, 588-598. [CrossRef]

28. Djuri¢, D.; Kotinac, L.D.R.; Zizovi¢, M.R. A few remarks on divergent sequences: Rates of divergence II. ]. Math. Anal. Appl.

2010, 367, 705-709. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://doi.org/10.1007/BF01194636
http://dx.doi.org/10.1080/10236190701466728
http://dx.doi.org/10.1016/j.mcm.2008.09.002
http://dx.doi.org/10.1619/fesi.56.81
http://dx.doi.org/10.1239/aap/1029955141
http://dx.doi.org/10.1007/BF01214468
http://dx.doi.org/10.1090/S0002-9939-1973-0323963-5
http://dx.doi.org/10.1007/BF01174722
http://dx.doi.org/10.46793/KgJMat2307.1041DJ
http://dx.doi.org/10.1016/j.topol.2008.02.013
http://dx.doi.org/10.5937/MatMor0307107T
http://dx.doi.org/10.1016/j.jmaa.2009.07.003
http://dx.doi.org/10.1016/j.jmaa.2009.12.036

	Introduction
	Main Results
	Conclusions
	References

