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1. Introduction

Digital topology is interested in the relations among the subsets of Z", where Z is the
set of all integers. These sets are called digital images and they have some topological
properties. Topological relations (such as digital homotopy, digital homology groups, etc.)
between any two digital images allow us to deduce some information about one of the
digital images by looking at the other one. Therefore, digital topology is used in the area of
digital image processing.

At the beginning, Rosenfeld introduced digital topology [1,2]. In the following years,
Boxer defined some algebraic topological methods on digital topology such as homotopy
and fundamental groups [3-7].

The notion of homotopy theory in digital spaces has been continuously expanded
upon into the current day [8-10]. Arslan et al. [11] defined digital homology groups. Karaca
and Ege expanded on digital homology theory [12]. Karaca and Vergili [13] introduced the
digital fiber bundle, which is another algebraic topological topic [14]. Homology groups in
algebraic topology are used to classify topological spaces up to homeomorphism. Fiber
bundles that are used to compute homology groups are significant tools in topology. Thus,
Ege [15] introduced the concept of digital fibration, which is a generalization of the digital
fiber bundle. This work deals with some of the properties that hold in algebraic topology
but do not necessarily exist in digital topology. Some of the differences arose because
only integers are used in digital topology. Therefore, it is necessary to understand digital
topology in order to understand the relationships between digital images. (For recent
studies on digital images, see [16-19].)

In algebraic topology, fiber homotopy is a homotopy that preserves fibers [20]. Since fi-
brations are not invariant under fiber homotopic equivalence, a map that is fiber homotopic
to a fibration does not have to be a fibration. Thus, the homotopy lifting property (hlp) was
changed and the weak homotopy lifting property was introduced by Dold [21]. By using
the notion of the weak homotopy lifting property, Tajik et al. [22] introduced h-fibration
and presented the relations between fibrations and h-fibrations.

These developments in algebraic topology have led us to investigate whether they are
also valid in digital topology. In this work, we interpret fiber homotopy in terms of digital
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topology. This interpretation allows us to define digital h-fibrations. Moreover, some of the
categorical properties of digital fibrations are presented.

The structure of this paper is organized as follows: In the next section, we provide the
background information regarding digital topology such as adjacency relations, continuity,
homotopy, fiber bundles, and fibrations. In the third section, we present the definitions and
properties about digital fiber homotopy and give some new results on digital fibrations. In
the final section, we introduce digital h-fibrations and prove its properties. We also provide
a relation between digital h-fibrations and digital fibrations.

2. Preliminaries

Some basic definitions related to digital topology will be explained in this section.

Definition 1 ([3]). Let n € Z* and 7" be a set that equals the n-times product of Z. Supposing
a=(ay,ay,...,ay)and b = (by,by,...,by), then € Z" and u € Z with 1 < u < n. If there
exist at most u indices i, such that a; and b; are consecutive integers and are otherwise equal, then
we say a and b are cy-adjacent.

In general, adjacency c, is denoted by g € Z, where q is the number of points that are
adjacent to a given point in Z". As an example, ¢; = 2 in Z. Moreover in Z?, ¢; and c; are
4 and 8, respectively (see Figure 1) [6].
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Figure 1. In Z?, we have 4-adjacency and 8-adjacency, respectively.

Consider a set X in Z" with an adjacency relation « on itself. Then, the pair (X, «) is
called a digital image.

Definition 2 ([23]). Let x;,y; € (Xj,x;). In Xo x X, given the two points (xo, x1) and (Yo, y1)
are adjacent if and only if any of the statements below holds:

(1) xo = yo, then x1 and y, are xq-adjacent; or

(2)  x1 =13, then xo and yq are ky-adjacent; or

(3)  xo and yg are xy-adjacent, and xq and yq are x1-adjacent.

Often, the adjacency of the Cartesian product of digital images is denoted by «..

Definition 3 ([24]). Let (A, A1), (B, Ay) be digital images and the map(A, B) be a digital map
space that includes digital maps from A to B. For f,g € map(A, B), we say that f and g are
adjacent if f(x1) and g(xy) are Ay-adjacent whenever x1 and x, are Aj-adjacent.

For m,n € Z, the set [m,n]z = {z € Z|m < z < n} is said to be a digital interval [3].

Consider an adjacency relation A on Z". Then, we say a digital image X, which is a
subset of Z", is A-connected if and only if for every distinct points m,n € X, there exists a
set {mg, mq,...,m,} C X such that my = m, m, = n and m; and m; ., are A-adjacent where
iel0,r—1]z[4]

Definition 4 ([4]). Let (A, Ag) and (B, A1) be digital images. For a map p : A — B, if for all
Ao-connected U C A, p(U) C B is a Ay-connected, then p is called to be (Ag, A1)-continuous.
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Definition 5 ([25]). Let (A, A) be a digital image. w : [0, 1]z, — A is called a digital (2, x)-path if
it is (2, A)-continuous.

Consider that (A,Ag) and (B, A;) are digital images. A function p : A — B is
called (Ao, A1)-isomorphism—and is denoted by A =, ) B—if p is one to one and

onto (Ag, A)-continuous, and p~! is (A1, Ag)-continuous [7].

Definition 6 ([4]). Let (A, Ag), (B, A1) be digital images. Two (Ao, A1)-continuous map p,q :

A — Bare called to be digitally (A, A1)-homotopic in B if there is n € Z™" and there exists a map

K: A x [0,n]z — B that satisfies each of the statements below:

(1) Foralla € A, K(a,0) = p(a)and K(a,n) = gq(a);

(2) Foralla € Aandeveryt € [0,n]z, K, : [0,n]z — B is defined by K, (t) = K(a, t), which is
(2, A)-continuous;

(3) Foralla € Aandeveryt € [0,n]y, K¢ : A — B is defined by K¢(a) = K(a,t), which is
(Ao, A1)-continuous.

Also, K is called a digital (Ao, A1)-homotopy between p and q.

Definition 7 ([13]). Let (E, A1) and (B, ;) be digital images where B is a Ay-connected space.
Then, we say (E, p, B) is a digital bundle if the map p : E — B is a (A1, Ay)-continuous surjection.
B, E and p are called the base set, total set and the digital projection of the bundle, respectively. In
addition, the digital fiber bundle of the bundle over t is defined by p~(t) for every t € B.

Definition 8 ([13]). Let (E, A1), (B, Ap) and (F, A3) be digital images, where B is a connected

space with Ay-adjacency. Consider a surjection and a (A1, Ay)-continuous map p : E — B. Fora

digital fiber set F, if there is a set U C B that is Ap-connected and p satisfies the statements below,

then ¢ = (E, p, B, F) is a digital fiber bundle.

(1) Foreacht € B, p~'(t) — Fisa (A1, A3)-isomorphism

(2) Forallt € B, there is a (A1, A*)-isomorphism ¢ : p~'(U) — U x F that makes triangles
below commutes:

projection
B —

In the following definition, the digital homotopy lifting property is given to define the
digital fibration.

Definition 9 ([15]). Let i be an inclusion map and n € Z™ for any digital homotopy T : X X
[0,n]z — B and any digital map § : X — E with po § = T oi, where (E, A1), (B,Ay) and
(X, A3) are digital images. Then, we say p : E — B has the digital hlp with respect to (X, A3) if
there is a digital (A*, A1)-continuous map T making the following triangles below commute:

|

O,I’I]Z ?— B

E

7

g
T
B p

X X

—

Definition 10 ([15]). For a digital map p : (E, A1) — (B, A2), p is called a digital fibration if it
has the digital hlp with respect to each space (X, A3). Fort € B, p~1(t), it is called digital fiber.
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3. Digital Fiber Homotopy

Fiber homotopy is an important topic in algebraic topology. In this section, we define
digital fiber homotopy and its properties are proven. In addition, some new results about
digital fibrations are given.

Definition 11. For a digital map q : (A, x) — (B, A), if a1 and wy are two digital paths in A such
that goaq = qoway and aq1(0) = wp(0) implies that a1 = ay, then q has a digital unique path
lifting property (upl).

Definition 12. Let f,g: (A, A3) — (E, A1) and g : (E, A1) — (B, Ay) be three digital maps.
Then, we say that f and g are digital fiber homotopic with respect to q, which is represented by
f =4 & if there exists a digital homotopy K : f ~ g such that

qoK(a t) =qof(a)=qog(a)
for every a € A and every t € [0, n]y. Here, K is called digital fiber homotopic between f and g.

Example 1. Let g : E — B be a digital map, and let f, g : (X,x3) — (E, x1) be two digital maps
that are digital homotopic to each other. If B is a singleton, then f ~; g.

Example 2. Consider X = {1,2,3} C Z, E = {(0,0),(0,1),(1,0)} C Z? and
B={0,1} C Z. Let f,g: (X,x3) — (E, k1) be defined by

f(1) =(0,0), f(2) =(1,0), f3)=1(01),
8(1) = (0,0), 8(2) = (0,1), 8(3) = (1,0).
Suppose that T : X x [0,2]7 — E satisfies the conditions below. Clearly, T is a digital homotopy.
T(m,0) = f(m), T(m,2) = g(m),
T(1,1) = (0,0), T(2,1) =(1,0), T(3,1) =(0,1).
Let q : (E, k1) — (B, k) be defined by q(e1,e2) = eq + ep. Therefore, we obtain
qoT(m,t) =qo f(m)=qog(m)

forevery m € X and t € [0,2]y. As a result, we obtain f and g, which are fiber homotopic with
respect to q.

Definition 13. Let q1 : (A1,x1) — (B,x) and g, : (Aa,k2) — (B, x) be digital maps. If
g1 =qaop, thenp: (A1, x1) = (A, k) is called the digital fiber preserving map.

A1L>B

BN

Aj

Definition 14. Let g1 : (A1,%1) — (B,x) and qy : (Ap, k2) — (B, x) be digital maps. If there are
two digital maps p : (A1, k1) — (Ag, i) and p' : (Ay,k3) — (As, K1) that are fiber preserving
such that p/ op 2y ida, and po p’ ~g, id a,, then we say q1 and q; are digital fiber homotopic
equivalent to each other. In addition, p and p/ are said to be digital fiber homotopic equivalent.
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A1L>B

N

Ay

Proposition 1. Let py : (A,x1) — (B, xy) be a digital map. If p, : (A/,Kll) — (A,x1) and

5,5+ (Y,x) = (A',x1) are two digital maps such that s ~p, s, then s ~piopy S -

Proof. Lets ~), 5. By assumption, for every y € Y and every t € [0,m]z, there exists a
homotopy G : s ~, s such that p, 0 G(y,t) = pp 0s(y) = p2 o5 (y). Therefore,

(p1op2) oGy, t) = pro(p2oG(y,t)) = pro(p2os(y)) = (p1op2) os(y) (1)
(Prop2) oGy, t) = pro(p2oG(y,t)) = pro(pros (y) = (prop)os (). ()

!

Asaresult, G :s ~pop, 5. [
Proposition 2. Digital fiber homotopy is an equivalence relation.

Proof. Consider the class K = {f|f : (Y,x1) — (E, x2)}.

e Ifwechoose G:Y x [0,m]z — E such that G(a,t) = f(a), we have f ~; f.

*  Thus, the symmetry property is clear.

e Letf ~; gand g ~,; h. From the hypothesis, for all t € [0, 1]z, there are two digital
homotopies G and H satisfying the following;:

qoG(a,t) =qof(a) =qog(a),

qoH(a,t) =qog(a) =qoh(a).
By taking one of G and H as a homotopy, we have f ~; h. [

Proposition 3. Let s : (A, k1) — (B, xy) be a digital map. If f1,f> : (Z,A) — (A,xq) and
h:(X,v) = (Z,A) are digital maps such that fi ~ fo, then fyoh ~ fy oh.

Proof. Asan assumption, there is a digital fiber homotopy K : f; >~ f,. Hence, we obtained
soK(z,t) =so fi(z) =so fo(2).
Let K : X x [0,m] — E be defined by K'(a,t) = K(h(a), t). Via the following equations,
K'(a,0) = K(h(a),0) = f, o h(a)
K (a,m) = K(h(a), m) = o0 h(a),
we have K’ : fj oh ~ f, o h. Thus, we obtain
s oK/(a,t) =soK(h(a),t) =so fi(h(a)) =so(f1oh)(a)

soK (a,t) =soK(h(a),t) =so fo(h(a)) =so (f, o h)(a).
Asaresult, foh~ frpoh. O
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Proposition 4. Let q1 : (E, k1) — (B, x2) be a digital map. The existing digital maps p1, pa :
(A A) — (E/,Kll) and gy : (E,,K/l) — (E, k1) are such that py ~g g, p implies that g2 o p1 ~g,
92 © p2-

Proof. Let T : p1 ~,o4, p2- Hence,
qroq20T(at) = q1042(p1(a)) = g1 0 g2(p2(a))-
Let T : A x [0,m]z — E be defined by T (a,t) = g2 o T(a, t). As such, we have
10T (a,t) = q10g20T(a,t) = g1 0q2(p1(a)) = g1 © (420 p1)(a)

qoT (a,t) =q10020Ta,t) =410 02(p2(a)) = q1.0 (420 p2) (@),
This shows that T’ is digital fiber homotopic with respect to ;. O

Proposition 5. Let s1 : (E, k1) — (B,x2) and s : (E,,K/l) — (BI,K,Z) be digital maps. If
f1,81: (X,A) = (E,xq) and f,2 : (X,A) — (E/,Kll) are digital maps such that fi ~s, g1 and
f2 =5, 82, then (fu, f2) 25, xs, (1,82).

Proof. Let H : f; ~, g1 and K : f, ~, g». Then, we have the following:
S10 H(X,t) =81 ofl(x) =81 Ogl(X)

spoK(x,t) =sp0 fa(x) =sp0g(x).
We define T : X x [0,m,]7 — E x E' as

T(x.t) = {(H(x,t),K(x,t)), t € [0,m]z
' (H(x,m),K(x,1)), t € [m,mz.

Itis evident that T is a digital homotopy from (f1, f2) to (g1, 2). Using the digital fiber
homotopy for H and K, we have the following equations. For t € [0, 1]z,

(s1 X 82) o T(x,t) = (810 H(x,t),s2 0 K(x,t))

= (s10 fi(x),820 f2(x)) 3)
= (51 x 82) o (f1, f2) (%)

(s1 X sp) o T(x,t) = (s10 H(x,t),s2 0 K(x, 1))
= (s1081(x),82 0 g2(x)) (4)

= (s1 X 52) © (81,82) (%)

Fort € [ml, mz]Z,

(s1 X 8p) o T(x,t)

(s10 H(x,mq),s2 0 K(x,1))

= (s10 fi(x),520 fo(x)) (5)
= (81 X 52) © (f1, f2) (%)

(s1 X sp) o T(x,t) = (s1 0 H(x,mq),s2 0 K(x,t))
= (s1081(x),52082(x)) (6)

= (51 x 52) © (g1,82) (%)
As aresult, we have (f1, f2) ™, xs, (81,82). U
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Definition 15. Let m € Z and (Y, A) be a digital image. A digital path space is defined as a
set of digital paths that are from [0, m]z to Y and are denoted by YOz In addition, for a given
digital map f : (X,x) — (Y, A), Pr = {(x,a)|f(x) = a(0)} C X x Y01z is said to be a digital
mapping path space.

Let pg : (YIO"lz, 1*) — (Y, A" be a digital fibration defined by po(a) = a(0), and let
f:(X,A) = (Y,A') be a digital map. Suppose that p : Py — X is a digital fibration. Then,
p is called a digital mapping path fibration of f, if it is induced from pg by f. There exists a
section map from X to Py that is defined by s(x) = (x,af(y)). Here, af(,) is a constant path
inY at f(x). Consider a digital map p; : Py — Y that is defined by p1(x,a) = a(m).

Proposition 6. Let f : (X,x) — (Y, « ) be a digital map. Let py and s be defined as before. Then,
there exists a commutative diagram satisfying the following:

N

Y

i. 1pf ~psop,
ii. py is a digital fibration.

Proof. i. Consider T : Py x [0,m]z — Py to be defined by T((x,a),t) = (x,a;), where

~Ja(o), s=0
#(5) = {zx(s), s #0.

Since (x,a) € Py, f(x) = a(0), then—via the definition of at, a(0) = a;(0)—we have
(x,at) € Pr. Moreover, we also have
* poT((xva)t)=pxa)=x,
* polp(xa)=p(xa)=x
+ posop(xa) = pos(x) = p(x,asu) = x.
As a result, 1pf ~psop.
ii. Letg: A — Prand G : A x [0,m]z — Y be maps such that G(a, t) = p; o g(«) for
« € A. That is to say that the diagram below is commutative.

8

i

A X [O,M]Z?Y

There are two digital maps g, A — Xand g” : A — YOz such that

" !

g (2)(0) = fog (a) and g(a) = (g (x),g (a)).

Now, we define a lifting function G : A x [0,n]7 — Py by G(a, t) = (¢ (v),3(a,1)), where
g(a,t) € Y101z is defined by

!

o @), felomly
gla, t)(t) = { e |
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Fort € [0,m]7,

proGlat) = pi(g (0),5(w, 1) =(w,t)(m) = g () (m) = p1og(a) = G(a, ).
Fort € [m, )z,
p1oG(a,t) = G(a,t).

Thus, we have p; o G = G.
For fiber homotopy, if t e [0, ]z, then

Goi(a)

G(a,t)
= (g (0),5(a, 1)) 7)
g(a).

If t' € [m,n]z, then

Hence, G oi = g, and we thus conclude that p; is a digital fibration. [J

Definition 16. Let f : (B',A') — (B,A) and p : (E,x) — (B, A) be digital maps. The digital
fiber product of B’ and E is known as E', and it is defined by

E ={(b,e)|f(t)) = ple)} C B xE.

It should be noted there exist two digital maps f : (E',x*) — (E,x)and p’ : (E,x*) — (B,A")
that are defined by f (b',e) = eand p' (b',e) = b, respectively.

In category theory, E', f and p’ are characterized as the digital product of f and p. Here,
continuous maps with a range B are objects of category, and they are also morphisms of the below
category commute triangle:

X; - X,

A

B
As such, we have the following properties.

Proposition 7. Consider the above definition.
i.  If p is injective (or surjective), then p’ is injective (or surjective).

ii.  Then, a digital trivial fibration from B' x Fto B and p/ :E — Bare digital fiber homotopic
equivalent to each other, if p : B x F — B is a digital trivial fibration.
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iii. If p is a digital fibration (wupl), then so is p’.
iv.  Suppose p is a digital fibration, then p/ has a section if and only if f can be lifted to E.

Proof. i. Let X; = E and X, = B'. Suppose that p is injective. Let (b;,¢;), (b, e2) € E'. By
the definition of E’,f(b’l) = p(el),f(blz) =p(ep). If pl(bll,el) = p/(b;, ep), then b,1 = b’z.
Therefore, we have p(e;) = f (b;) =f (b’z) = p(ez). From the fact that p is injective,
we obtain e; = e;. As a result, p/ is injective. Assume that p is surjective, then we have
h ’

E——B
P\\lf
B

From f oh = p, we can conclude that f is surjective. For all b € B, there exists (b, ¢) €
B x E such that f(b') = b = p(e). Therefore,

E'={(b,e)lf(t) =b=p(e)} CB xE

and E' =B xE. Then,

! !

p(E)=p (B xE)=B
p/ is surjective.

ii. Let f: B — Band p : B x F — B be defined by p(b, n) = b. In this case, we have
E ={(,b,n)|f(t)) =p(b,n)=b} C B xBxF

and p'(b',b,n) = b'. Letsand s be digital maps defined by s(b',b,n) = (b,n) and
s'(b',n) = (b, f(b'),n). Our aim is then to show that the following diagram is commutative:

U

p

E-—".p

\ Tq) : trivial
S/

B/XF

sos (b,n)=sb,f(b),n)=(b,n),
s os(b,b,n)=s(b,n)=(b,f(b),n) = (b,bn),
po s(b/,b,n) = go(b/,n) =b = p,(b/,b,n),
pos(b,n)=pb,flb)mn)=pl.,bn)=b=geb,n).
As aresult, p’ and ¢ are fiber homotopic equivalent.

iii. Let p be a digital fibration with a unique path lifting property. For the given
digital paths a, &’ : [0,m]; — E, poa = poa’ and a(0) = a'(0), it implies that « = «’. Let
B:10,m)y — E and B’ : [0,m]z — E be defined by B(t) = (b',a(t)) and B (t) = (b, a' (1)),
where b’ € B is chosen arbitrarily.

Letp' o p=p op and B(0) = B'(0), then we have

/! / !/

B(0) = B'(0) = (b, w(0)) = (b,a'(0)) = a(0) =a'(0) = & = a’.

Thus, p = 6.
iv. Assume that f can be lifted to E, then we have po f = f.
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E

~ 4
2
/A B

B ——
f

If (b',e) € E, then f(b') = p(e). Since f is lifting, po f(b') = p(e). Consider the
digital map s : B — E’, which is defined by s(b') = (b, f(b')). For (b, f(b')) € E', we
have S ) L o

sop (b, f(b)=s(b)=(b,f(b))=1p (b, f(b))
Conversely, assume that s : B' — E'isasectionof p' : E' — B'. Let f : B — E be defined
by f(b') = f os(b'). Forallb' € B, we have

!

pofB) =p(f (s(6)) = pof (b,e) = ple) = f(V).
Therefore, we can conclude that f can be lifted. O

4. h-Fibrations

It is known that the homotopy lifting property is not an invariant under a fiber
homotopic equivalence. Even if a digital map is digital fiber homotopic to a digital fibration,
it does not have to be a digital fibration. Hence, we defined digital i-fibrations and provide
its relation to fiber homotopic equivalence.

Definition 17. Let n € Z" and i be an inclusion map for every digital map § : X — E and digital
homotopy T : X x [0,n]z — Bwith po § = T oi, where (E, A1), (B,A2) and (X, A3) are digital
images. Then, we say p : E — B has a digital weak hlp with respect to (X, A3) if there is a digital
(A*, A1)-continuous map T that satisfies po T = Tand T oi ~, .

g

X E
i P
: B

0, n]Z

)

X X

—

)

Definition 18. If p has a weak hlp with respect to every space (X, «3), then it is called a digital
h-fibration.

Example 3. Let B be a singleton digital image. For any digital map p : E — B, we would like to
show that there exists a digital continuous map T that satisfies the definition of an h-fibration.

X— 3% LF
i P

) B

)

X X

—

)

O, H]Z

If we choose T(a,t) = §(a), then we obtain p o T = T as follows:

poT(a,t) =pog(a) =Toi(a)=T(a,t).
By using Example 1, we have T o i ~, §. Thus, p is a digital h-fibration.

Proposition 8. Let p and q be two digital h-fibrations. Then, q o p is a digital h-fibration.
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Proof. Via the assumption, for every digital homotopy K : A x [0, m1]z — B and every
digital map k : A — E, there exists a digital homotopy K : A x [0,m]7 — E such that

poRK=KandKoi~,k

Similarly, for every digital homotopy H : A x [0,my]z — B' and every digital map
h: A — B, there is a digital homotopy H : A x [0,m,]z — B such that

qoH=Hand Hoi~,h.

We take K = H. Thus, we have m; = my and the following diagram.

A%E

7
il L lqorf

Ax [0,m]z —— B’
Now, we define T(a, t) = K(a, t). Via Proposition 1, we have K o i 24, k. Moreover,
gopoT(at)=gopoK(at)=qgoK(a,t)=qgoH(at)=Ha,t).
Therefore, we obtaingopo T =H. O
Proposition 9. Let p1 and p; be two digital h-fibrations. Then, p1 X py is a digital h-fibration.

Proof. For the given assumption, the following hold.

f

A—1 L F

| T

A X [0, ml]Z ? Bl

proF=Fand Foirxy, f

A—2 L F

A X [O,mZ]Z ?> Bz

p20G =G and Goiney, g.

Consider the digital continuous map

Ria,f) = {<F<a ), ;?( H), teloml

G(at)), t€ [my,mz

E

Let m = max{mq, my}. Thus, we obtain a commutative diagram.

A 4>(f,g) E1 X E2

_ 7
. K ..
1J/ et lplXPZ

A X [O, m]Z K=(F, G)Bl X By
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For t € [0, m1], we obtain

(p1 % pa) oR(a,t) = (p1 x p2) o (F(a,t),G(a,t))
= (p1oF,ppoG)(at) ©)
(F,G)(a,t)
= K(a, t)
For t € [my,m,], we conclude that
(p1 x p2) o K(a,t) = (p1 x p2) o (F(a,my),G(a,t))
= (p1oF,p20G)(at)
— (F,G)(at) (10
= K(a, t)

Therefore, we have (p; X p2) o K = K. From Proposition 5, we know

Koi :P1><P2 (frg)‘

Thus, p; X py is a digital h-fibration. [

Theorem 1. Let p be a digital map. Then, the following are equivalent.

i.  Adigital fibration and p are fiber homotopic equivalent.
ii.  pis a digital h-fibration.

Proof. Let p : (A,x) — (B,A),andletp’ : (A',x') — (B,A) be a digital fibration. From
the assumption, there exists ¢ : A — A" and q)/ : A" — A such that Qo qo, =~ 1, and

(PIO(p:p 1A,aswellasp/0(p:pandpo¢/ :PI.

p

A——B
x T ’
, P
¢ A’
Consider a digital map ¢ : (Z, 1) — (A,«). Since p’ is digital fibration, there is a
digital map F : Z x [0,n] — A’ suchthat p o F = Fand Foi = g o ¢.

Z— 77 A
7
il . p/

O,TI]Z ?— B

pop

Z X

If we choose ¢ and F such that p o ¢ = F o1, then we have p/ opo¢=Foi.
We took G = ¢ o F. Thus,

poG:pO(p/oF:p/oF:F,
GOi:q)/ol:"oi:q),ogooq):plxoq):gb,

A

Z
I
il - lp
| B

0,z ——

}ﬁ

Z X
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As a consequence, p is a digital h-fibration.
Conversely, let p be a digital h-fibration. Via Proposition 6, we know p; : P, — Bisa
digital fibration that is defined by p;(a, B) = B(n), where

Py = {(a,B) € A x B2 |p(a) = p(0)}.

Let g : P, — A be a projection map and 7 : P, x [0, 1]z — B be defined by y(a, 8,t) = B(t).
Then,
poq(a p)=p(a) = p(0) =1(a,p,0) =yoi.

P, x [0,n]; — B

Via the hypothesis, p is a digital h-fibration, then po§ = 7 and 4 oi ~;, q. Note that
T:%9oi=~pq. Considertwomapsq: P, — Aand h : A — Py, which are defined by
q(a, B) = ¥(a, B,n) and h(a) = (a,C,(,)). Therefore,

proh(a) = pi(a,C(p(a))) = p(a) and pog(a,p) =poy(a pn)="(apn)=pn).

By the fact that p1(a, ) = B(n), we find p o g(a, B) = p1(a, B). Thus, the following diagram

commutes.
AL . B
N
q
P P

We want tosee goh~,1pandhoq =~ 1p.Forqoh~, 14, letK: A x[0,n]z— A
be defined by K(a,t) = 4(a, C(,), t). Since Ko = K,

° pe K(a, t) =Pe° ¥(a, Cp(a)rt) = 7(‘1/ Cp(u)/t> = Cp(u)<t) = p(a),
*  poKo(x) =poKy(a) = p(a),
* Kn(a) = K(a'n) = '7(“/ Cp(a)rn) = q(ar Cp(a)) =4qo h(a)'

Then, we obtain p o (g o h) = p. Thus,

poK(at) = p(a) = poKo(a) =po(goh)(a).

From the definition of digital fiber homotopy, Ky >~ g o h.

Define T' : A x [0,n]z — A such that T (a,t) = T(a, Cpa) t)-

T'(,0) = T(a,Cp(a),0) = ¥ 0i(a, Cpa)) = 7(a,Cp(a), 0) = K(a,0) = Ko(a),

T (a,n) =T(a,Cpa),n) = p(a,Cy)) =a=1a(a).
Hence, T : Ky >~ 14. In addition, we have

po T/ (ﬂ, t) =pe T(IZ, Cp(a)/ t) =poyo i(a/ Cp(a)) =po ’7’(5[/ Cp(a)/o) =pe Ko({l),

poT (a,t) =poT(a,Cppt)=poq(a Cpa) = p1(a,Cpay) = p(a) = pola(a).

The above equalities imply that Ky >~ 14. Since Ko ~, goh and Ky ~} 14, we have
qo h =p 1A-



Axioms 2024, 13, 180

14 of 15

Now, it is enough to see hoq =, 1p,. Let H : P, x [0,n]z — Py be a digital homotopy
defined by H(a, B,s) = (9(a, B,s), Bs), where for every s, t € [0,n]z, we have

— .B(S)/ t=0

pa() = {ﬁ(t), t #0.

Hp >~ H, because H is a digital homotopy. Furthermore,
proH(a,p,s) = p1(7(a,B,s), Bs) = ps(n) = B(n),

p1 o Ho(a,B) = p1oH(a,B,0) = p1(¥(a,B,0), fo) =
p1oHo(a, ) = p1oH(a,B,0) = p1(¥(a, B,n), Bn) = Pn(n) = B(n).
Therefore, Hy >, Hy. On the other hand,

hogq(a,B) = h(y(a,B,n))
= (7(a,B,1),Cyapn))
= (¥(a, B,n), Cp(my)
= (7(a,B,1), Bu)
=H(a,p,n)
= Hy(a, B).

Thus, we have Hy ~, h o q. Finally, we can consider that T : P, x [0,n]z — Py is defined

by T”(a, B,s) = (T(a,B,s),B). Since poT(a,B,s) =poq(a,B) =p(a) = B(0), we obtained
(T(a,B,s),B) € Pp. Additionally, we obtained the following:

T"(a,B,0) = (T(a, B,0), B) = (7(a,B,0), B) = Ho(a, B),
T"(a,B,n) = (T(a,B,n),B) = (q(a, B), p) = (a,B) = 1p,(a, p),

proT (a,B,5) = p1(T(a,B,5), ) = B(n),
p1 o Ho(a, B) = p1(H(a, B,0)) = p1((a,B,0), ) = B(n),
p1o1p,(a,B) = pi(a, ) = B(n).

By the above equations, we found that Hy ~, 1 P,- Since Hy ~p, hogand Hy ~, 1 P,y We
obtained 1o g ~p, 1p,.
As aresult, p is digital fiber homotopic equivalent to a digital fibration. [

5. Conclusions

The goal of this study was to introduce digital h-fibrations using the notion of fiber
homotopy, as well as to expand the concept of digital fibrations. In this work, it was shown
that if a digital map is digital fiber homotopic to a digital fibration, then it need not be a
digital fibration but it certainly must be a digital h-fibration. In the future, new relations
between digital fibrations and digital h-fibrations will be obtained. Moreover, some of the
new results of digital h-fibrations and digital homology groups could also be investigated.
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