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1. Introduction

Let X C P" be an integral and nondegenerate variety defined over an algebraically
closed field K with characteristic zero. For any positive integer x, let S (Xreg, x) denote the
set of all S C Xyeg such that #S = x. For any p € Xieg, let 2p denote the closed subscheme
of X with (Z,)? as its ideal sheaf. For each S € S(Xreg, x), set 25 := Upes2p. We have
deg(2S) = x(dim X + 1). By the Terracini lemma ([1] Cor. 1.10), the zero-dimensional
scheme 28 is a key player for the study of the secant varieties of X.

Let 7 (X, x) denote the set of all S € S(Xreg, x) such that (25) # P" and dim(2S) <
deg(2S) —2 = x(dim X + 1) — 2, where ( ) denotes the linear span. The set 7 (X, x)
is called a Terracini set of the embedding X C IP" or the x-Terracini locus of X. These
Terracini loci are the sets at which a certain morphism connected to the x-secant variety
ramifies (see Section 6 for motivations). The integer x(dim X + 1) — dim(2S) + 1 is the
dimension of the kernel of the differential of this map at a point associated with S ([1]
Cor. 1.10). Knowing that S ¢ 7 (X, x) guarantees that S is an isolated solution for the
X-rank problem of a sufficiently general p € (S) (Section 6). In previous works, it was
clear that these sets 7 (X, x) (which are algebraic subsets for the Zariski topology) have a
rich geometry ([2]). Sometimes 7 (X, x) = @ for all x > 0, e.g., if X is a rational normal
curve ([2] Th. 1.1(i)). Assuming 7 (X, x) # @ for some x, the minimal integer x, (X, min),
such that 7 (X, x) # @ is certainly important (see Remark 1 for an easy lower bound on it).

But not all Terracini sets are “equally interesting”. Take S € T (X, x). Quite often,
there are integers y > x and Sy € S(Xreg, ¥ — x) such that SNS; = @and SUS; € T(X,y).
Indeed, the condition “dim(2(SUS7)) < deg(2(SUS1)) —2 = y(dim X + 1) — 2” is true
by the corresponding inequality for 25 and we only need (2(SU S1)) # P'. This is true
forall p € Xpeg \ S if dim(2S) < r — dim X — 2, and this inequality is very often satisfied
in interesting ranges of integers x. In many cases, from a single S € 7 (X, x), we obtain
larger sets that give 7 (X,y) # @ for all y > x ([2] Th. 1.1(iii)). Take S € 7 (X, x). We say
that S is minimal if dim(2S’) = deg(2S’') — 1 forall S’ C S, i.e., if no proper subset of S is
Terracini. Let 7 (X, x)" denote the set of all minimal S € 7 (X, x). It is easy to check that
T(X,x) = @ for all x > 0 (Remark 4). Thus, minimal Terracini sets are more important.
Of course, elements of 7 (X, ¢(X, min)) are minimal.
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Now assume that X is the image v;(IP"), n > 1, of the d-Veronese embedding v, :
P =P r= (”’;d) — 1 of P". We take finite sets in P" instead of v;(IP"). For any positive
integer x, let 71 (n,d; x) denote the set of all S € S(P", x) such that v;(S) € T (X, x). Fix
aline L C P" and take S C L such that #S5 = 1+ [d/2]. Since h°(Opi(d)) = d + 1,
dim(2v4(S)) < deg(2S) —2. Sincen > landd > 2, (1+ [d/2])(n+1) < ("}). Thus,
S € Ti(n,d;1+ [d/2]). This set S is not very interesting; it lies in a tiny part of P”, and
this (many points in a tiny part) is the only reason to be an element of 73 (n,d;x). Let
T (n,d;x) denote the set of S € T1(n,d;x) such that (S) = P", i.e., P" is the minimal
projective space containing S. A similar notation and assumption is available for Segre
embeddings of multiprojective spaces. Take S € T (n,d; x). We say that S is minimally
Terracini and write S € T (n,d; x)" if dim(v(S")) = (n +1)#S —1forall S’ C S ([2]) . Note
that vy (7 (n,d;x)") = T(X, x)' Nvg(T (n,d; x)).

In Section 5, we consider the following set: 7'(71, d;x). Let '7'(11, d; x) be the set of all
S € T (n,d;x) such that h'(Z,4(d)) = 0 for all A C S such that (A) = P". We say that
T (n,d; x) is the primitive Terracini loci of the Veronese variety v;(P"). Obviously,

T(n,d;x) CT(nd;x)CT(ndx).

In our opinion, the minimal Terracini locus is the most important one, and in [2] it
was shown how different 7 (n,d; x)" and T (n,d; x) are. In the second part of this paper
(Section 5), we show how different the primitive Terracini locus is with respect to the other
ones. By the semicontinuity theorem for cohomology, the sets 7 (n,d; x)’, T (n,d; x) and
T (n,d; x) are locally closed subsets of the set S(P", x) of all subsets of P" of cardinality x.
In particular, it makes sense to speak about their dimension.

We prove the following result:

Theorem 1. Fix positive integers d, x such that x <2d. If x <2d — 1, assumed > 17. If x = 2d,
assume d > 19. Then, T (4,d;x) = Q.

We have T (4,d;2d +1)" # @ and we classify all S € T (4,d;2d + 1) contained in a
(reducible) rational normal curve (Remark 8 and Proposition 2).

Remark 1. Take an integral and nondegenerate variety X C P". Recall the positive integer
t(X, min), which is a key invariant of the embedding X C P", and that every S € T (X, min) is
minimal. Now assume X = vy(P"), n > 2,d > 4. With this general definition (as discussed
in [2]), we would obtain t(X, min) = [(d +2)/2] for all n > 1. Obviously, this is not interesting,
since in the applications, to see the difficulty of a problem, it is better to consider only multivariate
polynomials which are “concise”, i.e., such that there is no linear change in coordinates making
the polynomials depending on a smaller number of variables. With this restriction, Theorem 1,
Remark 8 and Proposition 2 solve the minimal x-problem for n = 4. For n = 2,3, the problem was
solved in [2]. The case n = 2 was easy, while the proof of the case n = 3 was longer. In our opinion,
the proof of Theorem 1 is as short as possible with our technology. We stress that these tools are
useful for other problems (see the discussion of Question 5 at the end of Section 2).

A similar restriction should be added in the study of other important (for the applications)
embedded varieties, e.g., the multiprojective spaces (which are associated with tensors and partially
symmetric tensors) and Grassmannians (which are associated with antisymmetric tensors). For
tensors and partially symmetric tensors, it is equivalent to study exactly the concise tensors.

We recall the following conjecture ([2] Conjecture 1.2):

Conjecture 1: we have 7 (n,d;x) = @ forallx < [(nd +1)/2].

Question 1: Assume d large. Are all S € T (4,d;2d + 1) contained in a (reducible)
rational normal curve?

We know that 7 (4,d; [5d/2])" # @ (Remark 9).

Question 2: Assume d large. Is 7 (4,d;x)) = @ forall2d + 1 < x < [5d/2]?

Question 3: Assume d large. Is 7 (4,d;1 + [5d/2])" = @?
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Question 4: Fix a positive integer e. Is there an integer d(e) such that 7 (4,d;x)' = @
foralld > d(e) and all [5d/2] < x < e+ [5d/2]?

Conjecture 2: For all n, there is an integer dy(n) thathas 7 (n,d;2+ [(nd +1)/2]) =
@ foralld > dy(n).

In Section 2, we give the key definition (critical scheme) used in [2] and give several
results (and a question) on the Hilbert function of a zero-dimensional scheme Z C P".

Section 3 is devoted to the proof of Theorem 1. An outline of the proof is presented at
the beginning of the section.

In Section 4, we consider the range x > 24d: the range of the last four questions.

In Section 5, we consider ’T(n, d; x). We give conditions on 7, d and x in order to have
T (n,d; x) # @ and other conditions implying 7 (1, d; x) = @. We classify the sets T (1,d; x)
if x < 3d/2 (Theorem 3). The main difference between 7 (n,d; x) and 7T (n,d; x) is that
T (n,d;x) = @ for x > 0 (Theorem 2).

In Section 6, we give the main motivations for the study of the Terracini loci. Several
tools used here and in [2] (in particular zero-dimensional schemes, not just finite sets) are
useful for other topics, e.g., the description of evaluation codes and the computation of
their minimum distance and higher Hamming weights ([3,4]).

The author thanks the referees for several helpful suggestions.

2. Preliminary Results

For any sequence {w;}, i > 1 of non-negative integers, we say that {w;} is weakly
decreasing if w; > w;q foralli > 1.

A rational normal curve C C P is an integral and nondegenerate curve of degree
deg(C) = r. All rational normal curves of P" are smooth and rational and they are the
nondegenerate curves of P" of minimal degree.

For any projective scheme M, any effective Cartier divisor D of M and any zero-
dimensional scheme Z C M of the residual scheme Resp(Z) of Z with respect to D is
the zero-dimensional subscheme of M with Zz 5 : Zp p as its ideal sheaf. We have
Resp(Z) C Z and deg(Z) = deg(D N Z) + deg(Resp(Z)). For any line bundle £ on M,
we have an exact sequence

O_>IResD(Z)®‘C(_D) —>IZ®£—>IZOD,D®‘C|D —0 @)

Often, we will say that (1) is the residual exact sequence of D without mentioning Z and
L. Let Z,q4 denote the reduction in Z, i.e., the set of all p € M such that {p} C Z. The
set Zeq is finite, and #S < deg(Z) and Z,.q and Z have the same number of connected
components.

A key definition used in [2] is the notion of a critical scheme.

Definition 1. Tuke a finite set S C P" such that h' (Zps(d)) > 0. A zero-dimensional scheme
Z C P" such that Zyq C S, each connected component of Z has degree < 2, h'(Zz(d)) > 0 and
W(Zz(d)) = 0forall Z' C Z is called a critical scheme of S.

Remark 2. Tuke a finite set S C P" such that W' (I,s(d)) > 0. There is a critical scheme of S ([5,6]
and [2] Lemma 2.8 and Definition 2.9). If S € T (n,d; #S)’, then Z,oq = S ([2] Lemma 2.11). Let
D C P" be a hypersurface. Set t := deg(D). Assume Z ¢ D, i.e., assume Z N\ D # Z. Since Z is
critical, W' (Zpnz(d)) = 0. Hence, h'(D, Zyp,p(d)) = 0. The residual exact sequence of D gives
K (IResD(Z)(d - t)) > 0.

Using Remark 2, we obtain the following lower bound for the integer (X, min):

Lemma 1. Let X C P be an integral and nondegenerate variety. Let y(X) be the minimal
degree of a zero-dimensional scheme Z C Xreg such that dim(Z) < deg(Z) —2and (Z) # I,
with the convention v(X) = oo if there is no such Z (e.g., for a rational normal curve). Then,
H(X, min) > [y(X)/2] if y(X) is finite while T (X, x) = @ for all x if y(X) = oo.
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Remark 3. Often, it is easy to compute y(X). For instance, if X C P" is the image of the d-Veronese
embedding of P", d > 3, then v(X) = d + 2.

Remark 4. Let X C P’ be an integral and nondegenerate variety. Set n := dim X. By the
Terracini lemma ([1] Cor. 1.10), we have T (X, x)" = @ forall x > [(r+1)/(n+1)] (see [2]
Prop. 3.5) for the case of the Veronese varieties. Now assume that X is secant-defective and let k
be the first integer such that the k-secant variety has dimensions of at most k(n + 1) — 2. In this
case, T (X, k)" contains a general S € S(X, k) by the Terracini lemma ([1] Cor. 1.10 (b)). Thus, in
this case, k is the maximal integer y such that T (X,y)" # @. By the semicontinuity theorem for
cohomology, we have T (X, k) = S(Xreg, k).

Remark 5. Fix positive integers d, z and a zero-dimensional scheme Z C P? such that deg(Z) = z
and h'(Zz(d)) > 0.
(a) Assume z < 3d. Then, Z is in one of the following cases ([7] Rem. (i) at. p. 116):
(i)  Thereis a line L such that deg(LNZ) > d +2;
(ii) There is a conic D such that deg(D N Z) > 2d + 2;
(iii) z = 3d and Z is the complete intersection of a plane curve of degree three and a plane curve of
degree d.

(b) Assume z < 4d — 4 and z > 16. Then, either Z is as in one of the cases (i), (ii) or (iii) of
part (a) or there is a plane cubic C such that deg(ZNC) > 3d +1orz = 4d — 4 and Z is the
complete intersection of a plane curve of degree four and a plane curve of degree d — 1 (case s = 4
of [7] Cor. 2).

(c) Assume z > 25 and z < 5d — 11. Then, either Z is as in case (b) or there is W C Z such
that 4d — 4 < deg(W) < 4d +2, h' (T (d)) > 0 and W is contained in a plane curve of degree
four (case s = 5 of [7] Cor. 2).

(d) Assume z > 36 and z < 6d — 19. Then, either Z is as in case (c) or there is W C Z such
that 4d — 4 < deg(W) < 4d +2, h' (Zy(d)) > 0 and W is contained in a plane curve of degree
four or there is E C Z such that 5d — 10 < deg(E) < 5d, h'(Zg(d)) > 0 and E is contained in a
plane curve of degree five (case s = 6 of [7] Cor. 2).

The following result is well-known for finite sets, but we need it for certain very mild
zero-dimensional schemes:

Proposition 1. Assume d > 12. Let Z C P® be a zero-dimensional scheme such that (Z) = P®,
its connected components have degree < 2, z := deg(Z) < 3d + 3 and no line contains at least
[(d+2)/2] + 1 points of Zyeq. Assume h'(Zz(d)) > 0. Then, one of the following cases occurs:

(i)  Thereisaline L C P3 such that deg(LNZ) >d +2;

(ii)  There is a conic D such that deg(DNZ) > 2d +2;

(iii) There is a plane cubic T such that deg(T N Z) = 3d and T N Z is the complete intersection of
T and a degree d plane curve;

(iv) There is a plane cubic T' such that deg(T' NZ) > 3d + 1;

(v)  There is a (reducible) rational normal curve C C P3 such that deg(C N Z) > 3d + 2.

Proof. If z < 3d + 1, then Proposition 1 is just [2] Proposition 6.1. Assume 3d +2 < z <
3d + 3. Since dim |Op3(2)| = 10, any zero-dimensional scheme of degree < 9 is contained
in a quadric.

Take a plane H; such that z; := deg(Z N Hy) is maximal. If k' (Zy,nz(d)) > 0, then
we use Remark 5. Thus, we may assume h'(Zy,nz(d)) = 0. The residual exact sequence of
H; gives h! (IRQSH1 (z)(d—=1)) > 0.

(a) Assume z; > 5. Thus, deg(Resy, (Z)) =z —z; <3(d —1) + 1. If (Resy, (Z)) = P?,
we use [2] Proposition 6.1 for the integer d — 1. If dim(Resy, (Z)) < 2, we use Remark 5
for the integer d — 1. In both cases, we are in one of the cases (i), (ii) or (iii) of Proposition 1
for the integer d — 1, and all cases are contained in a plane. Hence, in this case, we have
deg(Resy, (Z)) < z—z1 < z/2. Thus, thereis a line L such that deg(Resy, (Z) L) > d +1.
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If deg(LNZ) > d + 2, then we are in case (i) for the integer d. Thus, we may assume
deg(ZNL) =d+1. Take a plane M D L such that z’ := deg(M N Z) is maximal. Note
thatz > d+2and hence z — 2/ < 2d+1 < 3(d — 1) + 1. If K (Zpnz(d)) > 0, then we
conclude using Remark 5 (more precisely, d is odd and the conic is singular). Thus, we may
assume h!(Zynz(d)) = 0. The residual exact sequence of M gives hl(IResM(Z) (d-1)) >
0. As above, we obtain the existence of a line R such that deg(ZNR) = d+ 1 and
ZNR =Respy(Z)NR. If RNL # @ (we allow the case R = L, but it does not occur by
the assumption on Z,.4), then we are in case (ii) with a singular conic because L C M
and deg(R NResp(Z)) = d + 1. Thus, we may assume RNL = @. Take a general
Q € |Zrur(2)|. Since Zgyr(2) is globally generated, ZNQ = ZN (RU L) and hence
h'(Zgnz(d)) = 0. The residual exact sequence of Q gives hl(IReSQ(Z) (d —2)) > 0. Since
deg(Resp(Z)) < d +1, there is a line | such that deg(] NResp(Z)) > d. Assume for
the moment that |, R and L are pairwise disjoint. Let Q" be the only quadric containing
JULUR. The quadric Q is smooth and ], L and R are in the same ruling of Q’, say the ruling
|0 (1,0)]. Since deg(Resqy (Z)) < 2, the residual exact of Q' gives 1! (Q, Zzng o/ (d)) > 0.
Since H' (O (d — 3,d)) = 0 by the Kiinneth formula, the restriction map H’(Oq (d)) —
HO(OLU]UR (d)) is surjective. Hence, ' (Zz(d)) = 0, unless one of the lines L, | or R is as in
case (i). Now assume ] N (LUR) # @, say ] N L # @. Taking the plane (L U J), we obtain a
contradiction, unless | U R U L is a reducible rational normal curve.

(b) By step (a), we are allowed to assume z; < 4. Hence, Z is contained in no reducible
quadric.

Take any quadric Q such that deg(Z N Q) > 8.

(b1) Assume ' (Zpeg (z)(d —2)) > 0. Since deg(Resg(Z)) < 3d +3 —8 = 3(d —2) +
1, we may apply either Remark 5 or ([2] Proposition 6.1). We obtain z; > d, contradicting
one of our assumptions.

(b2) Assume h'(Zzng(d)) > 0. If deg(Z N Q) < 3d + 1, then we may apply either
Remark 5 or [2] Proposition 6.1 to the scheme Z N Q. Thus, we may assume deg(Z N Q) €
{3d +2,3d + 3}. Taking Z N Q instead of Z, we may assume Z C Q. We may also assume
that Z is contained in every quadric containing at least a degree eight subscheme of Z.
Thus, Z is contained in ool quadrics. Since z; < 4, Z is not contained in a reducible quadric.
Thus, Z is contained in the complete intersection T of two quadric surfaces. Note that
the restriction map H%(Ops(d)) — H°(Or(d)) is surjective. Thus, h'(T,Z; r(d)) > 0.
Looking at the connected components of T, we reduce to the case T connected. If T is
irreducible, it is sufficient to use that deg(Z) — #Z,oq = 1 and deg(Z) < 4d ([2] Remark
3.1). If T is reducible, it is sufficient to perform all possible decompositions of T and use
the assumption on Z,.4 (this is performed in [2] Lemma 6.4 for all z < 44, with minor
additional assumptions). [

Remark 6. We take the assumptions on d and z as in Proposition 1, except that now we assume
Z C P*and (Z) = P*. The thesis of Proposition 1 is true and it is easy to prove it by using
Proposition 1 and starting with a hyperplane Hy such that deg(Z N Hy) is maximal.

Remark 7. Fix integers n, d and z such that n > 2,d > 4and z < 3d. Let Z C P" bea
zero-dimensional scheme such that deg(Z) = z, each connected component of Z has degree < 2 and
h'(Zz(d)) > 0. By Remark 5, we may assume n > 2 and use induction on n. As in the argument
of Remark 6, by using hyperplanes instead of planes, we obtain that either there is a line L C P3
such that deg(Z N L) > d + 2 or there is a conic D such that deg(D N Z) > 2d + 2.

Question 5: Take a large integer d. Are Proposition 1 or Remarks 6 and 7 still true
for any degree z zero-dimensional scheme? Are they true at least for curvilinear zero-
dimensional schemes, i.e., for the zero-dimensional schemes whose connected components
may be embedded in a smooth curve?

Solving the last question would be a key step for the study of the cactus rank of
homogeneous polynomials ([8-10]) and would also have nice consequences for computing
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the higher Hamming weights of certain evaluation codes ([3,4] and several papers quoting
them). When the evaluation code comes from a smooth curve, it would be sufficient to
study Question 5 for curvilinear schemes because all zero-dimensional subschemes of a
smooth curve are curvilinear.

3. Proof of Theorem 1

This section is devoted to the proof of Theorem 1. We outline its proof. Assume, by
contradiction, that 7 (4,d;x) # @ and fix S € T (4,d;x)’. Let Z be a critical scheme of S
(Definition 1). The proof is divided into two parts.

In step (a), we consider the case x < 2d — 1. We prove this case by taking a general
linear projection Z from a general point of P4 into P® and applying several results of [2] to
the image of Z. A key ingredient of step (a) is the definition of the set VV of allowable points
of projection.

In step (b), we consider the case x = 2d. We take Q € |Zz(2)| containing at least
five connected components of Z. If Z ¢ Q, we reduce to step (a) for the integer d — 2. If
Z C Q, we use several residual exact sequences with respect to hyperplanes of P* and use
Proposition 1 for the intersection of Z with these hyperplanes.

Proof of Theorem 1: Set z := deg(Z). Since each connected component of Z has a degree
at most of two, z < 2x.

(a) Assume x < 2d — 1. For any o € P4, let ¢, : P*\ {0} — P3 denote the linear
projection from o. Since each connected component of Z has degree < 2, there is a nonempty
open subset U of P*\ S such that for all 0 € U, the morphism l,|z is an embedding. By
the semicontinuity theorem for cohomology restricting if necessary U, we may assume
that all degree z schemes ¢,(Z), o € U, have the same Hilbert function. Fix o € U/ and
set Z' := £,(Z) and S’ := £,(S). Since (S) = P, we have (S’) = P3. Take homogeneous
coordinates xg, x1, X2, x3, x4 of P4 such thato = [0:0:0:0:1]. Forany p = [po : p1: p2 :
p3 : pa) # o,wehave £o(p) = [po : p1 : p2 : p3]. For any constant t # 0, define h; € Aut(P4)
by the formula h:([po : p1: p2 : p3 : pal) = [po : p1: p2 & p3 : tpa]. We see that £,(Z)
is a flat limit of the family /;(Z) of projectively equivalent schemes. The semicontinuity
theorem for cohomology gives ho(]Pﬁ,Iéo(Z) (d)) > 0. We have hO(P3, Ops(d)) = (d§3).
Since 4x < (d;rg), hO(P3,Zy, (7)(d)) > 0. Thus, S’ € T (3,d;x). Our assumptions on d and
x are the ones made in [2] Theorem 1.4. Thus, S’ ¢ T (3,d, x)’. Since the critical scheme
Z of S has only finitely many subschemes, there is a nonempty open subset V of I such
that dim(¢,(Z")) = min{3,dim(Z")} for all 0 € V. From now on, we assume 0 € V.
Since S € T (4,d;3)’, we obtain that there is scheme A C Z such that dim(¢,(A)) < 2 and
h'(Zy,(4)(d)) > 0. Hence, a minimal Z” C Z' with h'(P?, I (d)) > 0 has (Z") = P3. Set
§":= 27! and G := SN¥{;1(S"). The minimality of Z" gives W ((Z"), Tzn 7m(d)) = 1
and hl(<Z//>rIZi,<Z”> (d)) = 0forevery 2 C Z".

(al) Assume that M" := (S”) has dimension < 2. We exclude the case dim M’ = 1
because the minimality of S implies that S does not contain [d/2] + 1 collinear points.
Thus, M’ is a plane. The definition of V gives that (G) is a plane and £, : G — §" isa

linear isomorphism of plane subsets. Consider the residual exact sequence of M’ in P3:
0— IS”,IP’3 (d — 1) — I(ZS”,P3),P3 (d) — I(ZS”,M’),M’ (d) —0 (2)

By assumption, /! (Zasrp9)(d)) > 0. 1f hH (M, Ziagn pry,mr (d)) > 0, we obtain the inequality
W' (Zyc(d)) > 0, and hence S is not minimal. By (2), we obtain h!(Zg/(d — 1)) > 0, and
hence h!'(Zg(d — 1)) > 0. Since #G < 2(d — 1) + 1, there is a line containing at least d + 1
points of G ([9] Lemma 34). Thus, S is not minimal.

(a2) Assume (S”) = P3. Since d > 17, 4x < (*}). Hence, h%(P®, Z,g/ s (d)) > O.
Recall that Z" is minimal and 7 (3,d;y)’ = @ for all y < 2d — 1 such thaty # [3d/2] + 1.
By [2] Theorem 1.3, there is a rational normal curve C containing Z” and deg(Z") €
{3d +2,3d + 3}. A rational normal curve C C P2 such that #(£,(Z) N C) > 3d + 2 must be
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the linear projection of a rational normal curve of a hyperplane of P4 because Z has finitely
many subschemes and we may take o outside the finitely many rational normal curves of
P* containing a subschemes of Z of degree at least 3d + 2.

First assume Z' # Z' N C. Since Z p3s(2) is globally generated and each connected
component of Z’ has degree <2, QNZ' = CNZ’ fora general Q € |Zps(2)|. Let Q1 C P*
denote the quadric cone with a vertex containing o such that ¢,(Q; \ {0}) = Q. Since
7' ¢ Q,Z ¢ Q. Since S is minimal, 1! (Zznq, (d)) = 0. The residual exact sequence of Q;
gives hl(IResQ1 (z)(d —2)) > 0. Since deg(Resq, (Z)) < 4d —2—3d —2 < d — 1, we obtain
a contradiction. Now assume Z’' = Z’' N C. Since C may depend on o, we call it C(0). The
rational normal curve C(0) is unique (for a fixed o € V) because deg(Z’) > 6. Call C, the
cone with vertex 0 and C(0) as its base. Since this is the only remaining case to consider for
x < 2d, this would occur for all 0 € V. We obtain that Z is contained in all two-dimensional
cubic cones Co, 0 € V. Fix 0,4 € V such that a # o. Since C, is cut out by quadrics, C, N C,
is strictly contained in the complete intersection of C, and a quadric, which is a degree six
scheme, counting the multiplicities of its connected components. Since deg(Z) > 16, the set
A := N,eyCy contains a curve, Tj, (maybe with multiple components) with deg(T;) < 6.
Taking u € V \ C, NV, we obtain that C,, N C, contains no line. Since ¢,(C, \ {o}) = C(o0),
we obtain that 77 has no component of degree 2 and that either it is linearly isomorphic to
C(0) (and hence it must be a linear section of C, not containing o) or it is a rational normal
curve of P* containing o. Taking a general u € V instead of 0, we exclude the latter case.

Take a general u € V and a general Q € |Z¢,(2)|. We obtain C, N Q = T; U T, with Ty,
another hyperplane section of C,. Taking a different general Q' € |Z¢, (2)|, we obtain that
Z\ Z N Ty has a degree < 6. Since (S) = P*, the residual exact sequence of (T;) gives that
S is not minimal.

(b) Assume x = 2d and d > 19. Fix A C S such that #4 = 5 and call E the union of the
connected components of Z with a point of A as their reduction. We have dim |Zg(2)| > 4.
Take a general U € |Zg(2)].

(b1) Assume Z SZ U. Since S is minimal and Z SZ U, the residual exact sequence
of U gives hl(IReSu(Z)(d —2)) > 0. Set F := Resyj(Z)yeq. Since F C S\ A, hence, #F <
2(d —2) — 1. Thus, we may apply part (a) and [2] Th. 1.3,1.4, 1.5 to F. As in step (a), we
take a general 0 € P* and set Z' := (,(Z) with deg(Z’) = z. Since h' (Zges,,(2)(d —2)) > 0,
we may apply step (a) for the integer d — 2. Thus, we obtain that one of the following
possibilities occurs:

1.  Thereis F; C F such that #F; = [d/2], L; := (F;) is a line and deg(W; NLy) > d,
where W is the union of the connected components of Z with a point of F; as their
reduction;

2. There is a conic C; containing W, C ¢,(Resy;(Z)) with deg(W,) > 2d — 2;

3. Thereis a plane cubic C3 such that W3 := C3 N ¢,(Resy;(Z)) is the complete intersec-
tion of C3 and a degree d — 2 curve of (Cz);

4. There is a plane cubic containing Wy C ¢,(Resy;(Z)) with deg(Wy) > 3(d —2) +1;

5. Thereis a rational normal curve Cs of a hyperplane of P4 containing W5 C /,(Resy;(Z))
with deg(Ws) > 3d — 4.

We recall that (as in step (a)) forany A C Z, we have dim(/,(Z)) = min{3,dim(¢,(Z))},
and hence each subscheme of Z’ contained in a plane (resp. a line) comes from a subscheme
of Z contained in a plane (resp. a line).

(b1.1) Assume the existence of Ws. Since a rational normal curve Cs of a hyperplane of
P4 is scheme-theoretically cut out by quadric hypersurfaces and each connected component
of Z has degree <2, QN Z = C5 N Z for a general Q € |Z,(2)|. If deg(ZNCs) > 3d +4,
then S is not minimal. If Z ¢ Cs, then deg(Resp(Z)) < d — 2 and hence hl(IReSQ(Z) (d—
2)) = 0, contradicting the minimality of S.

(b1.2) Assume the existence of W; with i € {3,4} and call C3 the plane cubic containing
W;. Take a general hyperplane H’ containing (C3). Since (S) = P* and S is minimal,
n! (ZRes,y (z)(d — 1)) > 0. Since deg(Resyy(Z)) < 2(d — 1) + 1, there is a line L’ such that
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deg(L' NResy/(Z)) > d + 1. Since S is minimal, deg(L' N Z) = d + 1. For a general H’
containing (C3), we have ZN H' = Z N (C3). For a general hyperplane H” > L’ we have
H'"'NZ =LNZ. Thus, Z C L’U(C3) and ZNL' N {(C3) = @. We also obtain that d
isodd, #(SNL') = (d+1)/2 and #(SN (C3)) = (3d —1)/2. Since (S) = P*, we obtain
L'N(Cs) = @. Thus, there is a hyperplane H; D (Cz) containing exactly one point of SN L;.
Since deg(Resy, (Z)) < d, the residual exact sequence of H; contradicts the minimality
of S.

(b1.3) Assume the existence of W,. Take a general hyperplane H, containing (W5).
Since deg(Resy, (Z)) < 2d +2 and h! (IRest (z)(d —=1)) > 0, either there is a conic D" such

that deg(D” NResp,(Z)) > 2d or there is a line L” such that deg(L” N Resp, (Z)) > d + 1.

(b1.3.1) Assume the existence of D”. Taking a general hyperplane Hj containing D",
we obtain that either deg(W,) > 2d or there is a line R such that deg(Resp,(Z) "R) > d + 1.
First assume deg(W,) > 2d. Since (S) = P*, h!(Zyy(d — 1)) = 0 for every scheme of degree
< d and S is minimal, we first obtain S N (W,) N (D’) = @ and then Z C D" U C, with
deg(ZND") = deg(Z N Cy) = 2d. Take a hyperplane M containing (D”) and a point of F,.
Since h! (Zresyy(z)(d — 1)) > 0, we obtain that C; is reducible with one of its components,
R’, such that deg(Z N R’) = d + 1. However, taking as M a hyperplane containing a point
of SN R/, we obtain a contradiction.

Now assume the existence of R. Since z < 4d, R must be a component of C,. Since
S is minimal, RN C" = @. Taking a general quadric Q containing R U D", we obtain a
contradiction because W, ¢ Q and deg(Resp(Z)) <d —1.

(b1.3.2) Assume the existence of L”. Since S is minimal, deg(L” N Z) = d + 1. Take a
general hyperplane U, containing L”. Since ZN (H, UUy) = ZN ((Wo) UL"), Z € Hy UU,.
Since deg(Resy, 1,(Z)) < d + 3, there is a line | such that deg(] N Resp,uy,(Z)) > d.
Take a hyperplane Uj containing L” U J. Since deg(Resy;,(Z)) < 2d — 1, either deg(W> \
Wy N Uz) > 2d (and we excluded this case in step (b1.3.1)) or there is a line J; such that
deg(Resy;;(Z) N J1) > d + 1 (it may be an irreducible component of C;). Taking a general
quadric hypersurface containing L” U J U L1, we obtain a contradiction.

(b1.4) Assume the existence of F;. Set L := (F;). Since S is minimal, d < deg(Z N
L) < d+ 1. Take a hyperplane H containing the line L; and spanned by Z N H. Note that
deg(HN Z) > d + 2. Since S is minimal, /! (ZResyy(z)(d — 1)) > 0. Assume for the moment
dim(Resy(Z)) > 3. Since deg(Resy(Z)) <34 —3 = 3(d — 1) and h! (Zresyy(z)(d —1)) >0,
either there is a line L, such that deg(L, NResy(Z)) > d + 1 or there is a conic D such that
deg(D NResy(Z)) > 2d or there is a plane cubic D’ with deg(D’ NResy(Z)) = 3d — 3.
We excluded the existence of D in step (b1.3) and the existence of D’ in step (b1.2). Thus,
L, exists. Since S is minimal, deg(L, NZ) = d + 1 and hence SNLi N Ly, = @. Take a
general hyperplane H; containing Ly U L,. Since (S) = P*, Resy, (Z) # @. Since S is
minimal, /! (Zresy, (2)(d = 1)) > 0. Since deg(Resp, (2)) < 4d —2d4 —1 =2(d - 1) +1,
there is a line L, such that deg(Resy,(Z)) = ©@. Since S is minimal, we first obtain
ZNLyNLy = @and then L, N Ly = @. Call H3 the hyperplane (L, U L3). Since S is
minimal, L1 ¢ Hj and hence deg(Resy,(Z)) > d — 1. Since deg(Resp,(Z)) < 2d —2
and hl(IResH3(Z) (d—1)) > 0, we obtain deg(ZNL;j) =d+1land ZNLiNH; = @.
Since S is minimal, we also obtain Ly N Ly = Ly N L3 = @. Thus, Z1, 1,01, (2) is globally
generated and hence ZNQ = Z N (L ULy U L3) has degree 3d + 3. Thus, Z ¢ Q and
I (Zges 0(2) (d —2)) =0, a contradiction.

Now assume dim(Resy(Z)) < 2. Since h'! (Zresyy(z)(d — 1)) > 0, either there is a line R
such that deg(R N Resy(Z)) > d + 1 or there is a conic Ry such that deg(R, NResy(Z)) >
2d or there is a plane cubic R3 such that deg(R3 N Resy(Z)) > 3d — 3 (Remark 5). We
excluded the existence of R, and Rj3 in steps (b1.2) and (b1.3). Thus, there is R. We use L;
and R as we used L and L in the first part of step (b1.4).

(b2) Assume Z C U. Since U is general in |Zg(2)|, we obtain |Zz(2)| = |Zg(2)|. By
part (bl), we have |Z7(2)| = |Zg(2)| for all A C S such that #4 = 5. Assume for the
moment that S is not in a linear general position, i.e., there is a hyperplane H containing
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at least five points of S. Take A C SN H such that #4 = 5 and take the quadric 2H.
Since Z C 2H by the assumption of step (b2), we obtain S C H, a contradiction. Thus,
S is in the linear general position and hence every hyperplane contains at most a degree
eight subscheme of Z. Set Z := Z. Let H; be a hyperplane such that z; := deg(Z N H;)
is maximal. Set Z; := Resy, (Z). Fix an integer i > 2 and assume the hyperplane H;,
the integer z; and the scheme Z; forall j = 1,...,i — 1. Take a hyperplane H; such that
z; := deg(H; N Z;_1) is maximal and set Z; := Resy,(Z;_1). The sequence {z;} is weakly
decreasing and 4d = 2x > z = Y~ 2;. Since dim |Op(1)| = 4, Z; = @ if z; < 4. Thus,
there is a minimal integer e < d such that deg(Z.) < 1. Since h'(Z,(d —e)) = 0and S
is minimal, Z C HyU---UH,. Set T := HyU---UH, 1. We have Z, 1 = Rest(Z) and
ze = deg(Z,—1) > 2. Note that z,_1 > z, and that z,_1 > z, + 3 — m if dim(Z,_1) = m.
Since S is minimal, hl(IZF1 (d—e+1)) > 0and hence z, > d — e + 3. Moreover, either
ze >3d—e+1)+1ord—e+4 <z <3d—e+1)and Z,_; is contained in a plane
orz, = d—e+ 3 and Z,_1 spans a line. Thus, in all cases z,_1 > d — e+ 5. Recall
thatz > (e—1)z,_1+ 2z, and z,_1 < z; < 8. Sincee < d and d > 19, we first obtain
ec€ {d—2,d—1,d} and then z > 5d, a contradiction. [

4. Beyond Theorem 1

We recall the definition of a reducible rational normal curve ([2] §4.1). Let T C P"
be a reduced, connected and degree n curve spanning P". If T is irreducible, then it is
a rational normal curve. Now assume that T has s > 2 irreducible components. Since
T is connected, there is an ordering Ty, . .., Ts of the irreducible components of T (called
a good ordering) such that each Ty U---UT;, 1 < i <s, is connected. Set d; := deg(T;).
For any reduced and connected curve M, let p,(M) denote its arithmetic genus, i.e., set
pa(M) := h'(On). We have p,(T; U - - UT;) = 0, the linear span of each Ty U - - - T; has
dimension dy + - - - +d; and Ty U - - - U T; is a (reducible) rational normal curve in its linear
span. Note that Sing(T) is the set of all points of T contained in at least two irreducible
components of T. An irreducible component T; of T is said to be a final component if
#(Sing(T) N T;) = 1. In any good ordering Ty, ..., Ts of T, Ty and T; are final components,
but there may be other final components (e.g., take at T the union of n general lines though
some point of P"). By [2] Proposition 4.7, there are very strong restrictions for the existence
of S € T(n,d; [(nd +2)/2]) contained in a reducible normal rational curve T:  is even, d
is odd, S C Tieg, all final components have an odd degree and #(SN T;) = (d;d +1)/2 for
all i.

Now assume n = 4. We have d; + - - - +d; = 4 and hence 2 < s < 4. Take a reducible
rational normal curve T C P*. To have some S € T (4,d;2d +1)" with S C T, we also need d
thebe odd, S C Treg and #(SN T;) = d;(d + 1) /2 for all final components T; ([2] Proposition
6.1). Thus, either s = 2 and {d;,d>} = {1,3} or 3 < s < 4 and all final components are lines.
Alls € {2,3,4} and dy,...,ds with dy + - - - + ds = 4 occur for some reducible normal curve
of P* (Remark 8 and Proposition 2). If d; = d; = 1and #(SNT;) = #(SNT;) = (d+1)/2
for some i # j, then T; N T]- = @, because no reducible conic contained in T contains d + 1
points of S. If we also prescribe that all final components of T have an odd integer as
#(SNT;) ([2] Proposition 6.1), then we obtain the following list:

Remark 8. Assume di > dy if s = 2. With this restriction, we only have the following cases:

1. SZZ,d1:3,d2:1,’

2. S:3,d1:d3=1,d2=2;

3. s=4,d =dy =d3 =dy =1, Ty and Ty are final components, T, and T3 are not final
components;

4. s=4,dy =dy =ds =dy =1, T is nodal; and Ty, T, Ty are final components, while
#HTzNT;)=1fori=1,2,4.

Take one of the four cases just listed. Take S € T (4,d;2d + 1) such that S C Tyeg and set

xi = #(SNT;). Since S C Treg, we have x1 + -+ + x4 = 2d + 1. In case (1), we have

di = Bd+1)/2and dy = (d+1)/2. In case (2), we have x1 = x3 = (d +1)/2 and xo = d.
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In case (4), we have x1 = xp = x4 = (d +1)/2 and x3 = (d — 1) /2. Now we exclude case (3).
We must have x1 = x4 = (d + 1) /2 and hence x + x3 = d. With no loss of generality, we may
assume xp > x3. Since d is odd, we have xp, > (d + 1) /2 and hence the reducible conic Ty U T,
contains at least d + 1 points of S. Thus, S is not minimal.

Proposition 2. Takean odd d, d > 5 and a reducible rational normal curve T = T{U---UTs C P4
as in case (1) or (2) or (4) of Remark 8 and take S C Treg. Set x; := #(S N T;). In case (1), assume
x1 = 3d+1)/2and xy = (d+1)/2. In case (2), assume x1 = xp = (d+1)/2 and x3 = d. In
case (4), assume x;1 = xp = x4 = (d+1)/2and x3 = (d —1)/2. Then, S € T (4,d;d +1)".

Proof. Obviously, (S) = P*. Since h°(Or(d)) = 4d + 1 and deg(2SNT) = 4d + 2,
I (Zys(d)) > 0. Thus, S € T (4,d;2d +1). Fix S’ C Ssuch that#S = 2d and set A; := S'NT;
and y; := #(A;). Note that y; = x; for s — 1 irreducible components of T and y; = x; — 1
for the other component of T. To prove that S is minimal, it is sufficient to prove that
h'(Zys/(d)) = 0. Since the restriction map H°(Ops(d)) — H°(O1(d)) is surjective, it is
sufficient to prove that h!(T,Z4 7(d)) = 0. This is performed by using s — 1 Mayer-Vietoris
exact sequences. [

Remark 9. The lowest integer x > 2d + 2 that we know such that T (4,d; x)" # @ is the integer
[5d/2]. We construct an element of T (4,d; [5d/2])" in the following way. Let C C P* be an
integral and linearly normal degree five curve such that p,(C) = 1. If d is odd, any S C Yreg such
that #S = (5d + 1) /2 is an element of T (4,d; (5d +1)/2)". If d is even, take S € |L|, where L is
a degree 5d /2 line bundle on Y such that L% = Oy (5).

5. Primitive Terracini Loci
Remark 10. Since T1(1,d; x) = @ for all d and x ([2] Lemma 3.4), T (1,d; x) = @ for all d and x.

Remark 11. Since T (n,2;x) = @ for all x ([2] Lemma 3.6), T (n,2;x) = @ for all n and x.

By Remarks 10 and 11, we may assume n > 2 and d > 3.
The following result is the main difference between 7T (1,d;x) and T (n,d;x). The
latter is nonempty for all x > 01if (n,d) # (2,3) by [2] Th. 1.1(iii).

Theorem 2. Fixintegersn >2,d > 3and x > 1+ [((”:d) +1)/(n+1)]. Then, T (n,d;x) = @

Proof. Assume 7T (n,d;x) # @ and take S € T (n,d;x). Take E C S such that (E) = P"
and #E = n+ 1. Take B C S\ E such that #B = x —n — 2 and set A := E U B. We have
#A = x — 1 and hence deg(2A) > (":d). Thus, i (Z,4(d)) > 0. Since (A) = P", S is not
primitive, a contradiction. [J

The following result shows that, often, 7 (1,d; x)" and T (n,d; x) are quite different.

Theorem 3. Fix integersn > 2 and d > 3.

(@Ifx <[d/2] +n—1,then T (n,d;x) = @.

(b) We have T (n,d; [d/2] +n) # @. Forany S € T (n,d; [d/2] + n), there is a line L
such that #(SNL) = [d/2] + 1.

(c) Assumed > 5and [d/2] +n < x < d+n—2. Wehave T (n,d;x) = .

(d) Assume d > 5. We have ’7'(n, d;d+n—1)#@. Forany S € T(n,d;d +n —1), there
is a reduced conic D such that #(SN D) = d + 1; if d is even, then D is smooth; if d is odd, then D
may be reducible with each component containing (d + 1) /2 points of S.

Proof. Take S € 7T (n,d;x) and let Z be a critical scheme of S. Set z := deg(Z). We
have z < 2x and h'(Zz(d)) = 1. Since 2x < 2d + 1, there is a line L C P" such that
deg(ZNL) >d+2([9] Lemma 34). Hence, #(SN L) > [d/2] + 1. Since (S) = P", there is
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E C S\ SNLsuchthat#E =n —1and (EUL) = P". We obtain part (a). Taking any F C L
such that #F = [d/2] 4+ 1 and taking S := E U F, we also obtain part (b).
Using Remark 7 instead of [9] Lemma 34, we obtain parts (c) and (d). O

The following observation gives another difference between 7 (1,d; x) and T (n,d; x)’
([2] Lemma 2.11).

Remark 12. Fix S € T (n,d; x) and let Z be a critical scheme of S. Part (b) of Theorem 3 shows
that sometimes Z.oq 7# S.

Lemma 2. Fix positive integers n and d. Take a finite set S C P". If h'(Zps(d)) = O, then
h(Zs(d—1)) =0.

Proof. Assume that the lemma fails for n and d and take S C P" with minimal cardi-
nality for which it fails. Note that S # @. Fix p € S and set A := S\ {p}. Since
A C S, W (Tra(d)) < h'(Zys(d)) = 0. Hence, h°(Zr5(d)) = h°(Zp4(d)) — n — 1. The
minimality assumption for S implies h'(Z4(d)) = 0. Thus, h'(Zs(d — 1)) = 1 and
|Za(d —1)| = |Zs(d — 1)|. Take a system of homogeneous coordinates xj, . .., x, of P". Fix
f € H%(Zya(d)). Take o € Aand i € {0,...,n}. Since f vanishes on 20, f; := df /9y, van-
ishes at 0. Since |Z4(d — 1)| = |Zs(d — 1)|, fi(p) = 0. Since Y1, xif; = df, f(p) = 0. Thus,
p is in the base locus of |Z,(d)|. Hence, h%(Z,5(d)) > h°(Zo4(d)) — 1, a contradiction. [

Proposition 3. If T (n — 1,d;x — 1) # @, then T (n,d; x) # @. Moreover, diim T (n,d; x) >
2n +dim T (n,d; x — 1).

Proof. Fix a hyperplane H C P" and p € P"\ H. Take A € T (n —1,d;x — 1). Identify
P! with the hyperplane H and hence see A as a subset of H. Set S := AU {p}. All
cones with a vertex at p and singular at all points of A are singular at all points of S.
Thus, h°(Zps(d)) > h°(H,Zya y(d)) > 0. Since h'(H,Zya p(d)) > 0 and (24,H) C 25,
h'(Zys(d)) > 0. Take E C S such that (E). Obviously, p € E. Set B := S\ {p}. We have
(B) = H. To prove that S € T (n,d; x) (and hence to prove both assertions of Proposition 3),
it is sufficient to prove that h!(Z,g(d)) = 0. Consider the residual exact sequence of H:

0 — Zpuop(d —1) = Lop(d) — Lo my,u(d) — 0.

Since A€ T(n—1,d;x — 1) and (B) = H, hl(H,I@H,H),H(d)) = 0. Hence, it is sufficient
to prove that i (Zpp(d — 1)) = 0. Since d > 2, the residual exact sequence of H gives
! (Zpuzp(d — 1)) < h'(H,Zp(d —1)). Lemma 2 applied to H and B gives h'(H, Zp(d —
1)) =0. O

Proposition 4. Fix integers n > 2and d > 4. If d = 4, assume n > 6. Set x := [(("197") +
1)/n] + 1. Then, T (n,d;x) # @ and diim T (n,d; x) > 2n+ (n — 1) (x — 1).

Proof. Fix a hyperplane H C P", p € P" \ H and a general A € S(H,x —1). Set S :=
AU{p}. Since x —1 > n and A is general, (S) = P". Since d > 4, the scheme 25 is
contained in the singular locus of a degree d hypersurface, the union of 2H and a degree
d — 2 hypersurface singular at p. Thus, h°(Z,5(d)) > 0. Since n(x — 1) > h%(Oy(d)),
hl(H,I(ZA’H)/H(d)) > 0. Since (2A,H) C 2S, h'(Zps(d)) > 0. Take B C S such that
(B) = P". Obviously, p € B. Set E := B\ {p}. Since n(x —2) < h°(Oy(d)) and Oy(d) is
not secant defective ([11-13]), ! (H, Z(2g,1(d)) = 0. Applying Lemma 2 as in the proof of
Proposition 3, we obtain h!(Zp(d)) = 0. Thus, S is primitive. [

Proposition 5. Fix integers d > 3, n > 2 and x > 0 such that Tn—-1,dx—-1) =0,
n(x—1) < (Y and T (n,d;x)' = @. Then, T (n,d;x) = @.



Axioms 2024, 13, 50

12 of 13

References

Proof. Assume the existence of S € T (n,d; x). Since (n +1)(x — 1) < (":d), W (e (d)) >
0 for all E C S. Let A denote the set of all A C S such that h'(Z,4(d)) > 0. Since
T(n,d;x) =@, A+# @.Since S € T (n,d;x), (A) #P" forall A € A. The set A is partially
ordered by inclusion. If A C B C Sand A € A, then B € A. Thus, there is B € A such
that #B = x — 1. Since (S) = P" and S € T (n,d;x), H := (B) has dimension n — 1. Set
{p} := S\ H. Lemma 2 and the residual exact sequence of H imply h'(H, Ziog,my,u(d)) > 0.
Since 7' (n —1,d;x —1)) = 0, there is E C B such that (E) = H and i (H, Zo 11 (d)) > 0.
Since ({p} UH) = P", the set EU {p} gives S ¢ T (n,d; x), a contradiction. [J

6. Motivations

In this section, we give the original motivation for the study of Terracini loci. Just to fix
the notation, we conduct it in the set-up of the Veronese embeddings of a projective space.

Fix the positive integers n, d and x and let v; : P" — P", r = —1+ (”Zd) denote
the Veronese embedding. Let xy, . .., x, be homogeneous coordinates. Let K[xo, ..., x,]4
denote the (”:d)—vector space of all degree d forms in n + 1 variables, i.e., K[xg,..., xu]s =
H°(Opn(d)). Thus, elements of P correspond to equivalent classes of nonzero forms.
Fix f € K[xo,...,xu]g, f # 0 and let [f] € P" denote its equivalence class. An additive
decomposition of f with exactly x addenda is an equality f = Y* ; Ef with each ¢; a linear
form. This decomposition is equivalent to the existence of S € S(P", x) such that [f] € (S)
and [f] ¢ (S') forany S’ C S. The set S([f]) of the additive decompositions of [f] is often
called the solution set of [f]. The set S([f]) C S(P", x) has a topology, the restriction to it
of the Zariski topology of S(P", x). If h'(Z,5(d)) = 0, then the Terracini lemma says that
S is the unique additive decomposition of [f] which is “near” to S, i.e., S is an isolated
point of S([f]) for the Zariski topology. Moreover, if h!(Zy5(d)) = 0, then h' (Z,4(d)) =0
for all A € S(P", x) that are near S in the Zariski topology, and we may recover in this
way (varying A) all points of P" in a Zariski neighborhood of [f]. Given S, it is possible to
quickly check the value of i!(Z,5(d)) by using software (it is a linear algebra problem). In
all cases with (n+1)x < (":;d), we have h?(Z(d)) > 0 for all E € S(P", x). Hence, only
the value of h'(Z,5(d)) matters, and usually (S) = P". If h'(Z,5(d)) > 0, it is easy to check
all S’ C S to seeif S is minimal or primitive.

7. Conclusions

Our main results are negative (certain Terracini loci are empty), but we discuss in
Section 6 how the emptiness results are used. Among the existing results, we stress the
ones with the lowest possible number of points for multivariate forms of fixed degrees in a
given number of variables.

We raised several open questions in the introduction and listed another one (on the
Hilbert function of zero-dimensional schemes) at the end of Section 2 with a discussion of
its possible applications, for instance, to evaluation codes ([3,4]).
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