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Results Achieved for Fractional 1. Introduction

Differential Equations with Differential equations having fractional-order derivatives can be used as models of
Riemann-Liouville Derivatives of processes that generally possess boundless memory, which finds an advantage over integer-
Nonlinear Variable Order. Axions order differential equations. Indeed, it is known that the heredity properties of processes
2023,12,895. https://dot.org/ and materials are better represented by fractional-order derivatives. In addition, fractional-
10.3390/axioms12090895 order derivatives and integrals provide more degrees of freedom to the model represented.
Academic Editor: Trushit Patel As such, differential equations in terms of fractional derivatives have been extensively

investigated during the last several decades as a technique for precisely describing real
systems investigated in numerous fields of science, engineering and medicine [1-7].

Note that, historically, the first introduced derivatives and integrals in noninteger
order were those of the Riemann-Liouville type [8,9]. It is also known that although a
Caputo-type derivative of zero is zero, this is not true for the Riemann-Liouville-type

fractional derivatives. The last fact leads to some complications in the investigation of frac-
tional differential equations in terms of Riemann-Liouville-type derivatives. However, the
excellent suggestions of the physical meaning of initial conditions for Riemann-Liouville
fractional differential equations (see, for example, [10]) put these equations into a preferred
This article is an open access article ~ Modeling tool in various fields of science [2,5,11-13].
distributed under the terms and As an extension of the classical fractional differential systems, the type of differential
conditions of the Creative Commons ~ Systems with variable order of fractional derivatives has been also studied by numerous
Attribution (CC BY) license (https:// ~ researchers using a variety of analytical and numerical methodologies. The fundamental
creativecommons.org/licenses/by/ idea that led to such an extension is to replace the constant by a function B(-). The basic
40/). notion of variable order derivatives has been first proposed by Samko and Ross in [14].
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Since then, the investigations of variable order fractional operators in different forms and
their applications have attracted more and more attention. For some excellent contributions
to the theory of fractional differentiable systems with variable order derivatives we will
refer to [15-18] and the corresponding references. The fractional variable order general-
ization makes the fractional differential systems in terms of variable order derivatives a
more flexible apparatus in modeling various processes and natural phenomena. Hence,
there has been an increasing research activity in the theory of such equations [19-24], in-
cluding recently studied applications [25-29] which demonstrated the flexibility of this
modeling approach. In fact, fractional differential equations in terms of variable order
fractional derivatives have proven to be suitable in modeling numerous phenomena such as
anomalous diffusion [28,30], tumor modeling [29], petroleum engineering [31], viscoelastic
mechanics [32] and many others [17,25-27]. In addition, it has been shown [33] that vari-
able order fractional calculus is a potential candidate to provide an accurate mathematical
framework for efficient characterization of complex physical processes and systems.

Even though the substitution of a constant fractional order with a variable fractional
order in the fractional derivatives seems simple, there are numerous difficulties in the
mathematical investigations of differential systems in terms of variable order fractional
derivatives. One of them is related to the absence of the semigroup property [19]. Another
mathematical characterization of fractional variable order calculus which is problematic is
the circumstance that a fractional derivative of variable order is not necessarily a left-inverse
of the corresponding integral [21]. All these complications are reasons for an incomplete
evolution of the theory of variable-order fractional differential systems.

Recently, Souid et al. have intensively contributed to this field [34-42]. A series of
papers is concerned with the questions of the existence and uniqueness of solutions of dif-
ferent classes of differential systems with fractional derivatives of variable order [34,36—42].
Some of our research papers are devoted to the qualitative analysis of such problems. See,
for example, ref. [35] and some of the references therein. In our studies, we apply different
techniques such as fixed point theorem, a measure of noncompactness, upper—lower so-
lution methods, piecewise constant functions and some others. The variety of problems
investigated includes fractional differential systems with variable order derivatives of
Caputo type, Hadamard type and Riemann-Liouville type as well as multiterm fractional
boundary value problems of variable order.

In this paper, motivated by the above related works in this regard, we investigate the
the following initial value problem (IVP) for fractional differential equations (FDE) with
nonlinear variable order (NVO) derivatives of Riemann-Liouville type, defined as follows:

DEY )y (1) = (t,y(t)), t€ A= (0,M], 0 < M < oo, (A)
(IVPFDENVO)

y(0) =0, (B)

where Dgy'y ) stands for the Riemann-Liouville fractional derivative of the variable order
B(t,y(t)), ¢ is a given function and B satisfies 0 < B, < B(t, y(t)) < p* < 1.

Note that, although differential equations with nonlinear variable-order fractional
derivatives are already applied as models of numerous problems investigated in science
and engineering, the results related to such equations are limited. Hence, the development
of the area requires the establishment of new existence and stability results.

The main contributions of our paper are stated as follows:

(1) an IVPFDENVO is defined, which extends some existing problems for fractional-
order systems with Riemann-Liouville fractional derivatives of variable order investigated
in the literature;

(2) new inequalities are proved for fractional integrals and derivatives of nonlinear
variable order;

(3) new criteria for the existence and uniqueness of the solutions to the introduced
problem are proposed;
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(3) we consider two different Banach spaces of functions to which we apply the
inequalities technique and fixed points theorems;

(4) novel uniform stability results are established via an inequalities technique.

The body of the manuscript is organized in the following manner. In Section 2 we
present notations, definitions and lemmas that will be necessary to carry out our study.
Section 3 is devoted to new existence results for solutions of the IVPFDENVO. A Banach-
type fixed point theorem is applied to two different spaces of functions. In Section 4,
uniform stability criteria are derived. Section 5 represents numerical applications and
simulations. Finally, conclusion remarks are presented in Section 6.

2. Preliminaries

Some preliminary results will be presented in this section together with the related
notations and definitions.

We consider the Banach space of all real-valued continuous functions x : A — R,
R = (—00, ), with the norm

[xlleo = sup{|x(£)] : € A}

which we will denoted by C(A, R).
The Banach space of all functions x : A — R such that

0<vy<1and t"x(t) € C(A,R)

with the norm
x|l = sup{t?|x(t)| : t € A}
will be denoted by the symbol C, (A, R).

The symbol L7 (A, R) represents the Banach space of all functions x : A — R which
are Lebesgue measurable such that

M
p>1 and / |x(s)|Pds < oo
0

with the norm .

Jall = ([ Ixto)ras) .

Remark 1. The following observations are made to make our study easy in the sequel:
(1) if0 < M <1 then MPY()-1 < MPe—1,
) if1l < M then MPGY()-1 <1,
Set
A* = max{1, MP+"1}. (1)

(3)  The function T(B(t, f(t))) is continuous as a composition of two continuous functions, hence
we can set:

My )

1
:tgl[(%'l’(ﬁ(t,f(t))"

Let us consider two continuous functions : A x R — (0, "] and a : A x R — (0,a*].
Let f(t) € C(AR).

Definition 1 ([14,16,18]). The left Riemann—Liouville type integral of fractional variable order j,
B =Bt f(1)) for f(t) is

; t(f—g)Bls.f(s)-1
Ifj( /f(t))f(t) = /a1 Ol“(ﬁ()s,f(s)))f(s)ds’ t>aq, 3)
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where T'(-) denotes the Gamma function and a; € A.
If B(t,y(t)) is a constant B, then (3) will be reduced to the standard Riemann—Liouville
fractional integral of a constant fractional order given by [2,3,5]

Iﬁrf(t) b /i(t —5)P1f(s)ds, t > aj. 4)

Definition 2 ([14,16,18]). The left Riemann—Liouville type derivative of fractional variable order
a, o = a(t, f(t)) for a function f(t) is given by

Wb f0) oy — D aealf@) oy _ 4 [t (E—5) SO
Do O =Gl O = G | Ta s fep S e O
Ifa(t,y(t)) is a constant «, then (5) will become
o _ i 1—w _ i t(t_s)ia
D”Tf(t) = dtlaf (t) = i ), Ta— ) f(s)ds, t>ua, (6)

which represents the Riemann—Liouville derivative of a constant fractional order « [2,3,5].

For more characteristics of the integrals and derivatives of fractional constant orders
we refer to [2,3,5], and about the integrals and derivatives of fractional variable orders,
see [14,16,19].

Remark 2. It is observed that the semigroup property is not always fulfilled for general functions
B(t,y(t)), a(t,y(t)); i.e., it is possible

[T LA gy 2 [BFOD LD )

For more details, see [23,38,43].

We will present some specifications of the fractional integrals of the Riemann-Liouville
type of constant orders which will be used in the coming lemmas.

Lemma 1 ([3]). If ¥ € R, then the Riemann-Liouville type integral of fractional constant order is
bounded in C,, (A, R) and we have for f € C,(A,R)

M*T(1—7)

g+ flly < Tlta—7) Iflly, >0 (7)

Lemma 2 ([3]). If v € R, then the Riemann—Liouville type fractional integral is bounded in
LP(A,R) and we have for f € LF(A,R)
MDC

g+ fllp < m”f”w a > 0. (8)

On the base of Lemmas 1 and 2, we will prove similar inequalities for fractional
integrals of nonlinear variable order of Riemann-Liouville type.

Lemma 3. If B : A x R — (0,1] is a continuous function, such that 0 < B, < B(t,f(t)) <
B* <1, then Igf’y(t))f(t) € Cy(AR) for f € C, (A, R). Moreover, we have:

(i)
B(Lf(1)) MT (1 - 9)T(B:)MpA*
1" flly < =15, =)

11l )
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(ii) For f, g € Cy(A,R), we have

4MBT(B+)A*T(1 — 1)

g f = 1 gl < =i I gl (10)

where B = max{Mf, Mg}, A* is defined by Equation (1) and My and Mg are defined by
Equation (2).

Proof. (i) Let f € C,(A,R). From Equation (3) we have

IO f0] < My [ (=P )las

y e\ BEf)-1
ng/O MBS 1< - ) £ (5)]ds

(11)
MeA* gt
f _ \Be—1
< S ) (=P lds
T(Be)MfA* g,
< WI T
The above estimate implies
I )M .
10Ty < RO i g
We apply (7) to obtain
MI(1 — )T (B ) MpA”
15l < — g =y Il
(ii) For f, g € C,(A,R), we have
(£ (1) Bles) o p| | [f (E=8)PESET (t—5)PCsCD T
I I ny = et f(s)ds — ~———————g(s)ds
O T O ) AL e R
Lt —s\PEEN1 t g\ Plsgls))—1
ngA/O(<M) +(M>
(12)
x| f(s) — &(s)|ds
4BA* t _
< oot ) (=951 17(0) — gl 1as
4BT .
< SBPIR 1 £9) - 5(6),
which, after the application of (7), implies
4MBT A*T(1
70— s, < TEPIETET gy,
O
Lemma 4. If f : A xR — (0,1] is a continuous function, such that 0 < B, < B(t, f(t)) <

B* <1, then Iéi(tft f(t) € LP(A,R) for f € LP(A,R). Moreover, we have:
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(i) M
1B g, < MMl (13)

(ii) For f,g € LP(A,R) we have

4MBA*
1B ) _ By, < If — gllp- (14)

Proof. (i) Using (9), we obtain

I(p:)M

B(t.f(t)
([ 1o+ flly < w

W* A1l

Now, we apply Equation (8) to obtain

M
[ D g, < MM 1

(if) We combine Equation (12) with the Holder’s inequality to obtain

14
B0 - S gor < | BP0 - 5]
(15)

< [T (11700 - st601)

Integrating both sides of (15) on [0, M| and take %—root on both sides, we obtain

4MBA*
|\Ig£t’f(t))f _ Igit’g(t))

8llp < 1f = &llp-

The proof of (12) is completed. [

The following lemma will also be useful.

Lemma 5 ([44]). Let ® be a nonempty, bounded Banach space and F : ® — © be a mapping
such that for some n € N, F" is a contraction, where F" = Fo Fo...o F n times. Then F has a
unique fixed point in ©.

3. Achieved Existence Results

Definition 3. A functiony € C,(A,R)ory € LP(A,R) is said to be a solution for (IVPFDENVO)
if and only if it verifies (IVPFDENVO(A)) and (IVPFDENVO(B)), simultaneously.

In order to present our new existence results in the Banach spaces C,(A,R) and
LP(A,R), we will analyze an equivalent integral form of the [IVPFDENVO(A).

Lemma 6. Let y be an element of C,(A,R) or LP(A,R). Then, equation (IVPFDENVO(A)) is
equivalent to

(t— ﬁ(sy(S)) :
[LAesO), / i s) )))y(s)ds:/o P(s,y(s))ds,t €A (16)
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Proof. Lety € C,(A,R) ory € LP(A,R). Then, for equation (IVPFDENVO(A)) we have
the following representation

— ﬁ(sy(S))
DRy = 5 [ e agayyy s = (), (17)

Then, both sides of (17) can be integrated from [0, t], to obtain

—S 5,y(s)) '
/ rt )))J/<S)d5 = Co+/0 P(s,y(s))ds. (18)

Evaluating (18) at t = 0 gives us ¢y = 0.
Conversely, differentiating both sides of (16) to reach

t—s ﬁ(sy(s))
dt/ (1 )))y(s)dszlﬁ(f/y(f))f (19)

from which we obtain (IVPFDENVO(A)).
The proof is concluded. [

The following assumptions will be essential in our analysis.

(A1) The function B : A x R — (0, *] is continuous on its domain.
(A2) The function ¢ : A x R — R is a continuous function with respect to its first variable
and satisfies:

[(s, x1) — ¢(s, x2)| <klx1 —x2l, V x,x2 €R
fort € Aand k > 0.

3.1. Existence Result in C (A, R)
The first obtained result is based on Lemma 5.

Theorem 1. Assume that (A1) and (A2) are satisfied. Then the (IVPFDENVO) has a unique
solution in Cy_g: (A, R).

Proof. Let us consider ¥ = 1 — f* and the set of elements ® in the space C, (A, R) such
that y(0) = 0. Define the following operator

II1:0— 0,

where ,

(1) (6) = y() + Py () = [Cpis,y(s))as. 0)
First, for two x,y : A — R using (A2), we have
<k ly

/Ot[lp(s,x(s)) — (s, y(s))]ds

Then, from (18) we can obtain the following estimation
1— 1
(TTx) (8) — (TIy) ()] < |y(£) — x(8)] + [Ty P D) — 1Py )]

| [ 1006 x(6)) — 96,y

(21)

<ty = xlly 4+ oy P () — 2Py (1)) ke y — x|
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We multiply both sides of Equation (21) with 7 and take the sup of both sides to obtain

1-B(¢, 1-B(ty(t
1T — Ty, < |y — x|l + 1o P D% = POy 14k = x)].

Using Equation (10) we obtain

4MBT (B*)?A*
ITx —IT < — x|y + ———=—||ly — x| + k|| — x|]+.
| ylly < |ly Iy T(28%) ly Iy |y IEY

AMBT(B*)2A*
r(26%)

[TTx = y[ly < Elly — x[l-

If weset{ = (1 + + k) , then we have

By induction, it is trivial to prove that

é’i’l
[T = Iy < 2ofly =«

where I[T" =IToIlo...oITn times.
Since %, is the general term of the convergent exponential series ¢, it approaches zero
as n approaches infinity, and so for n sufficiently large we have

n

<L
n!
Lemma 5 asserts that the operator I1 has a unique fixed point in ©.
This implies that
[l
Pttt / Plsy(s 22)
with y(0) =0

Finally, from Lemma 6, we obtain

DR Dy (1) = p(t, y(1)) with y(0) = 0. (23)
This concludes our proof. [

3.2. Existence Result in LP (A, R)

Theorem 2. Under the assumptions (A1) and (A2), the (IVPFDENVO) has a unique solution in
the Banach space LV (A, R).

Proof. We consider the set ® as an element in L7 (A, R) such that y(0) = 0, and the operator
I1:0—-0,

where ,

(1y)(©) = (&) + 1Py = [ pis,u(s))ds

0
Then, we have from (A2) that for x,y : A — R,

[ 05, 5)) = (s, )| < K Plly =
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and

(1) (1) = @) (B < 27 (Jy() = x(O1F + 1P () — POy ey
)

<27 (Jy(t) = x (O + 15, e — 1 Py )

+ ‘/Ot ¥(s,x(s)) — ¢(s,y(s))ds

(24)

+kP My — x|[}).
Integrating Equation (24) on [0, M], we obtain
1-p(t, 1-B(ty(t
(111 = 11y < 27 (Ily = 21} + 1115 e = g7 POy 4 k2 y — x115).

Using Equation (14) from Lemma 4, we obtain

AMBA*1?
[ITTx — Ty [ SZ”(IIy—xH?*[l—ﬁ*} ly = x[lp + K" M2[y — x|[})
*1P
§2P<1+ {41]\4_32 } +k”M2)lly—xll,’S-

1
If we denote { = 2 (1 + [411\/1_%/}* b +kPM? )", then the assertion of the theorem can be
proved analogously to the final part of the proof of Theorem 1.

This concludes our proof. [

Remark 3. Since the operators involved in the description of fractional differential equations of
variable nonlinear fractional order have complex properties, the research results in this direction are
still limited [23,34,36—43]. With the proposed new criteria in Theorems 1 and 2, we complement
and extend the existence of theoretical results for such initial value problems. The delivered results
are obtained by using fixed point theory and are presented in two different Banach spaces.

Remark 4. The criteria presented in this section are also extensions and generalizations of some
announced results that are considered initial value problems for fractional constant-order differential
equations to the variable order case [45—48]. In fact, the consideration of nonlinear variable orders
leads to the definition of more complex and generalized problems that can be used in the applications.

Remark 5. Different from the existing results for differential systems with fractional derivatives
of variable order, in this study, we consider fractional derivatives of Riemann—Liouville types of
order B : A xR — (0,1]. Instead of the approaches introduced in [23,43], such as piecewise
continuous functions and the Picard scheme, we apply the operator approach and a Banach-type
fixed point theorem, which we consider as more appropriate for the considered problem from the
applied perspective. The proposed strategy can be applied to similar problems considering delays and
impulsive factors, which can motivate future research.

4. Uniform Stability

In this Section, the newly achieved existence and uniqueness results will be applied to
derive uniform stability criteria for the solution of the (IVPFDENVO).

Consider a solution x(t) of the equation [IVPFDENVO(A) corresponding to an initial
condition y(0) = xp. Let %(t) be another solution of equation IVPFDENVO(A) correspond-
ing to an initial condition ¥(0) = .
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Definition 4 ([49]). The solution x(t) of the [VPFDENVO(A) is uniformly stable if for any € > 0,
there exists v(e) > 0 such that |xg — %o| < v(e) implies

v Fo < e.

Note that we will apply Definition 4 for the (IVPFDENVO), i.e., we will consider the
unique solution y(t) which satisfies the zero initial condition [VPFDENVO(B). Also, in the
proof, we will use functions from the class C;_g, (A, R).

Theorem 3. Assume that (A1)—(A2) are satisfied and, in addition,

*\2 Ak
(4M’§§g; A +k> <1 (25)

Then, the unique solution of [VPFDENV O is uniformly stable.

Proof. Theorem 1 guarantees that the [VPFDENVO has a unique solution y(t). Consider a
solution j(t) of the [IVPFDENVO(A) which corresponds to an initial condition §(0) = 7.
For the solution y(t), we have from Lemma 6,

ot
Py = [l y(e)ds, te s, (26)

Similarly, for §(t), from (16) we obtain

Py t
PO = o+ [ (s 90s))ds, t e A, 27)

Hence,

V0 =301 < gl + 12y~ 1P Og] | [t p(e) — pls 79

(28)
< ‘370| + ‘Ié:ﬁ(t'y(t))y _ Ié:ﬂ(f/?(t))

g +kt Ny =gl

Using Equation (10) for v = 1 — B*, we obtain

) g+, . AMBT(B*)?A* _ _
— gl < MYF |+ AP T gl Ky — .
|y — 714 |70l T2 ly = 7lly +klly — 7l

Thus .

*\2 Ak -
Iy =gl < M (1= SEEETE k) ol

Therefore, if |7o| = |y(0) — 70| < v(e), then ||y — 7| < €, which completes the proof
of the theorem. [

Remark 6. Theorem 3 presents criteria for uniform stability of in C1_g, (A, R). A similar uniform
stability result can be proved using the norm in L (A, R).

Remark 7. Stability results for fractional differential systems with derivatives of variable order
have been considered in the existent literature [20,35,38,40]. Hence, the proposed new stability
criteria are a contribution to the development of the stability theory of such equations. Different from
all existing studies which mainly considered Ulam—Hyers stability, we establish a uniform stability
result. Also, the obtained qualitative result shows the applicability of the derived fundamental results
in the previous section.
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5. Approximate Numerical Applications
Example 1. Let us consider the following fractional initial value problem

{ DRy (1) = p(t,y(t), teA:=1[0,1], (A) (IVPNFDEVO)
y(0) =0, ®)
with
1 1
Blty) = Vit K1+ 259)
and

I Sarol
V) = e Ty

We have that B is a continuous function on A x Rand 0 < B(t,s) < 1.
Also,

et

|lp(t/x) - lp(t/]/” < (4+€2t)

*x Y
1+x 14y

ety
T (d+e) 14+ x)(1+y)

et

< mh‘ﬂ
1
< g|x—y|,

It is easy to check that for the given choice of nonlinear functions B and { Assumptions
(A1) and (A2) are satisfied. Therefore, by Theorems 1 and 2, the problem (IVPNFDEVO) has a
unique solution.

Example 2. Let us consider the following fractional initial value problem

{ Dgf'y(my(f) =y(ty(t), teA:=[01], (A) (IVPNFDEVO)
y(0) =0, (B)
with s )
t t
ﬁ(tr]/):§+§+m
and

Y(t,y(t) = |y$) | +%+\/E, teA.

We have that B is a continuous function on A x Rand 0 < B(t,y) < 1.

Also,
1 1
v vl <| g vi- (Bl g vi)]
EIERAl|
—| 4 4

1
< le—y\, x,y €R.

Hence, for the given choice of nonlinear functions B and  Assumptions (A1) and (A2) are
satisfied. Therefore, by Theorems 1 and 2, the problem (IVPNFDEVO) has a unique solution.
In the remaining part, some numerical applications are demonstrated.
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3

The approximate solution y(t) for B(t,y) = % + % + 3(y21+1) with t € [0,1] is represented
in Figure 1.
On the other hand, Figures 2 and 3 present the graphs of the functions B(t,y) and P (t,y).

In Table 1, we present our B(t,y) and y(t) with different value of t € [0,1].

18 T T
16 *
14 —
12 *
10 | A
=
8 - -
6 - -
4 - -
2 - -
0 1 1 Il Il
0 0.2 0.4 0.6 0.8 1
t
. . . . . 8 t 1
Figure 1. The approximate solution y(t) in [0, 1] with B(t,y) = 5 + 5 + ST
m
i
i
)
0 i
i
-
e
o
Figure 2. The function B(¢,y) for t € [0,1] and y € [0,20].
Table 1. Some values of y(t) and B(t,y) for t € [0,1].
t 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
y(t) 023 072 1.6 31 515 77 105 1332 159 18

B(t,y(t)) 035 03 020 02 022 03 035 044 054 07
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Figure 3. The function ¢(t,y) for t € [0,1] and y € [0,20].

6. Conclusions

In this study, we introduce an initial value problem for a class of nonlinear differential
equations with fractional Riemann-Liouville-type derivative of variable nonlinear order.
The existence and uniqueness of the solution are investigated in two different Banach
spaces and new criteria are achieved. A Banach-type fixed point theorem is applied as a
proof technique. In addition, a uniform stability result is established for the solution of
the investigated problem which shows the efficiency of the existence criteria. The newly
achieved outcomes complement results for different classes of variable-order fractional
differential equations and provide an extension of the theory of such problems. Numerical
applications are also elaborated. The introduced problem and the achieved results can be
developed. Some directions of the future expansion of the topic include considering delay
terms, reaction-diffusion terms and impulsive effects.
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