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Abstract: This study addresses the issue of estimating the shape parameter of the inverted exponenti-
ated Rayleigh distribution, along with the assessment of reliability and failure rate, by utilizing Type-I
progressive hybrid censored data. The study explores the estimators based on maximum likelihood,
Bayes, and empirical Bayes methodologies. Additionally, the study focuses on the development of
Bayes and empirical Bayes estimators with balanced loss functions. A concrete example based on
actual data from the field of medicine is used to illustrate the theoretical insights provided in this
study. Monte Carlo simulations are employed to conduct numerical comparisons and evaluate the
performance and accuracy of the estimation methods.
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1. Introduction

In problems involving the modeling of failure processes and the analysis of experi-
mental data, various statistical distributions are employed. Ghitany et al. [1] introduced
the inverted exponentiated Rayleigh distribution (IER) distribution, a specific member
of a larger class of inverse exponentiated distributions. The two-parameter IER(η, λ)
distribution has the probability density function (PDF)

f (x) = 2ηλx−3e−λ/x2
(1− e−λ/x2

)η−1, x > 0, (η, λ > 0), (1)

and the cumulative distribution function (CDF)

F(x) = 1− (1− e−λ/x2
)η , x > 0, (η, λ > 0), (2)

where λ and η are scale and shape parameters. The failure rate function of this distribution
shows nonmonotone behavior for various parameter values. It can be used to simulate the
life cycle of mechanical and electrical components, as well as patient treatment patterns.
The IER distribution’s failure rate exhibits behavior that is similar to some well-known
statistical distributions, including the lognormal, inverse Weibull, and generalized inverted
exponential distribution.s As a result, the IER distribution has been applied widely. In this
light, IER distribution can be considered as a valuable alternative model to several other
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well-known lifetime distributions. The reliability, S(x), and failure rate, h(x), functions for
the IER distribution are given by

S(x) = (1− e−λ/x2
)η , x > 0, (3)

h(x) = 2ηλx−3e−λ/x2
(1− e−λ/x2

)−1, x > 0. (4)

PDF (1), CDF (2), reliability function (3), and failure rate function (4) are plotted in
Figure 1 for different values of λ and η. It can be noticed that PDF (1) and failure rate
function (4) are always nonmonotonic behaviors for various values of λ and η. As a result,
the IER distribution presents a valuable alternative to several other lifetime distributions,
including the Weibull distribution. Its applicability extends across multiple fields, partic-
ularly finding effective use in various domains such as electrical and mechanical device
experiments, patient treatments, and more.

The IER distribution has received some attention from researchers in recent years,
and interesting results have come out of it. For example, Rastogi and Tripathi [2] have
considered parameter, reliability, and hazard estimations for IER distribution based on Type-
II progressive censored samples. Kohansal [3] investigated the estimation of R = P(X < Y)
when X and Y come from two independent IER distributions with the same scale parameter
but having different shape parameters. Kayal et al. [4] studied maximum likelihood (ML)
and Bayesian estimations of the IER distribution based on a hybrid censoring scheme
(HCS). Maurya et al. [5] considered the problem of prediction and estimation for the
IER distribution using progressively first failure censored data. Rao and Mbwambo [6]
described different methods of parametric estimations of IER distribution. The estimation
of stress–strength reliability when two independent IER distributions with different shape
parameters and a common scale parameter was proposed by Rao et al. [7]. Gao et al. [8]
considered the pivotal inference methods for estimating the unknown parameters of the
IER distribution using progressively censored data. Panahi and Moradi [9] discussed ML
and Bayesian estimations of the IER distribution parameters under adaptive progressively
hybrid censored. Fan and Gui [10] conducted a study on the statistical inference of IER
distribution, utilizing joint progressively type-II censoring. More papers have discussed
IER distribution, such as [11,12].

The HCS was first proposed by Epstein [13], and it has become very common in
life-testing and reliability studies. Live units in HCS can only be eliminated at the end
of the experiment. However, it is not unusual in some practical applications to remove
live units for experiments at points other than the end termination, which is especially
handy when the units being experimented are quite expensive. As a result, Kundu and
Joarder [14] suggested a hybrid censoring scheme called Type-I progressive HCS (Type-I
PHCS), which combines elements of progressive Type-II and conventional Type-I schemes.
Under Type-I PHCS, life tests terminate either after a predetermined number of failures or
when the specified duration of the experiment has elapsed. For further information and
recent references on progressive hybrid censoring, please refer to [15–21].

Under Type-I PHCS, n identical units are placed on a life test, and the number of oc-
curred failures, m(< n), is fixed before starting the experiment. Assume that R1, R2, . . . , Rm,
is the prescribed censoring scheme (CS) following the assumption n−m = R1 + R2 + . . . +
Rm. The pre-chosen time point, T, is also fixed. When the first failure, X1:m:n, occurs, the R1
of the remaining units are eliminated from the experiment at random. In the same way, for
the second failure, X2:m:n, R2 of the remaining units are eliminated from the experiment at
random, and so on. The Type-I PHCS involves the termination of the life-test at the time
T∗ =min(Xm:m:n, T). If the mth failure occurs before T, then the experiment is finished at
the time point Xm:m:n and all remaining Rm = n− R1 − R2 − . . .− Rm−1 − m surviving
units are eliminated, see Figure 2. Otherwise, the experiment finishes at time T, satisfying
Xk:m:n < T < Xk+1:m:n, and all the remaining R∗k = n− R1 − . . .− Rk − k surviving units
are eliminated, see Figure 3. Here, k denotes the number of failures observing up to the
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time point T. Two scenarios are summarized in the following two cases:
Case 1: X1:m:n < X2:m:n < ... < Xm:m:n, if Xm:m:n < T.
Case 2: X1:m:n < X2:m:n < ... < Xk:m:n, if Xk:m:n < T < Xk+1:m:n.
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Figure 1. Plots of PDF, CDF, reliability function, and failure rate function of IER distribution for
different parameter values.

Figure 2. The procedure for creating order statistics for Type-I PHCS when Xm:m:n < T.

To the best of our knowledge, the empirical Bayes estimation of IER distribution
has not yet been investigated using Type-I PHCS. This essay’s primary goals are dual.
Therefore, we suggest developing such an estimation approach to estimate the parameter,
reliability, and failure rate functions, under Type-I PHCS. The aim of the current piece of
work is to design empirical Bayes estimators with informative prior for the unknown IER’s
shape parameter using Type-I PHCS under various loss functions. In addition, the Bayes
and empirical estimators are obtained based on two different balanced loss functions, viz.,
balanced squared error (symmetric) and balanced LINEX (asymmetric) loss functions. To
illustrate the theoretical insights presented in this study, a specific real-world example from
the field of medicine is employed, utilizing actual data.
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Figure 3. The procedure for creating order statistics for Type-I PHCS when Xk:m:n < T < Xk+1:m:n.

The organization of this paper is as follows: the ML estimators (MLEs) of the parame-
ters η, S(x), and h(x) are derived in Section 2. Bayes estimators of the parameters η, S(x),
and h(x) under balanced loss function are derived in Section 3. Estimate of the hyper -
parameter in addition to empirical Bayes estimators of the parameters η, S(x), and h(x)
under balanced loss function are given in Section 4. An application to a real dataset is
presented in Section 5. To investigate the accuracy of the estimation methods, a Monte
Carlo simulation followed by a discussion is presented in Section 6. Finally, the current
study is concluded in Section 7.

2. Maximum Likelihood Estimation

In this section, we obtain MLEs of the unknown parameter η, S(x), and h(x) at time x
based on Type-I PHCS. The scale parameter, λ, is assumed to be known. The joint density
function based on Type-I PHCS is as follows:

fX(x) = Ω
D

∏
i=1

f (xi:D:n; η)[1− F(xi:D:n; η)]Ri [1− F(T; η)]R
∗
D , (5)

where Ω = n(n− R1 − 1) . . . (n− R1 − R2 − · · · − RD−1 − D + 1),

D =

{
k, xk:m:n < T < xm:m:n,
m, xm:m:n < T,

and R∗D represents the count of units that remain in operation until time, T, before being
eliminated, and is given by

R∗D =

{
n− k−∑k

j=1 Rj, xk:m:n < T < xm:m:n,
0, xm:m:n < T.

By substituting (1) and (2) into (5), the likelihood function of η based on Type-I PHCS
can be written as

l(η|x) = Ω ηDW(λ|x)eηV(λ|x), (6)

where x = (x1, . . . , xD), xi ≡ xi:D:n to simplify the notation and

W(λ|x) = (2λ)De−[3 ∑D
i=1 ln xi+λ ∑D

i=1 x−2
i +∑D

i=1 ln(1−e−λx−2
i )],

V(λ|x) =
D

∑
i=1

(Ri + 1) ln(1− e−λx−2
i ) + R∗D ln(1− e−λT−2

).

 (7)



Axioms 2023, 12, 872 5 of 17

By applying the natural logarithm to the likelihood function (6), we obtain the log-
likelihood function as

ln l(η|x) = ln Ω + D ln η + ln W(λ|x) + ηV(λ|x). (8)

To obtain the MLE of η, we maximize the expression (8) with respect to η. Given
that ln l(η|x) is unimodal (see Appendix A), we can find the MLE, denoted as η̂, by
differentiating (8) with respect to η, setting it equal to zero, and solving for η. Thus, the
estimator for η is obtained as follows:

η̂ =
−D

V(λ|x) , (9)

where V(λ|x) is given by (7). The corresponding MLEs of S(x) and h(x) at time x(x > 0)
can be computed from the following

Ŝ(x) = (1− e−λ/x2
)η̂ , (10)

ĥ(x) = 2η̂λx−3e−λ/x2
(1− e−λ/x2

)−1. (11)

3. Bayes Estimation

In this section, we show how to obtain the Bayes estimator of the unknown parameter
η, S(x), and h(x). We explore Bayesian estimation techniques assuming an exponential
prior distribution for the random variable H (with realizations η). This prior distribution
can be represented as follows:

π(η) = ae−aη , η > 0, (a > 0). (12)

Berger [22] employs Bayesian theory extensively. It should be noted that the expo-
nential family prior has additionally been applied by Wang et al. [23], Zimmer et al. [24],
Nassar and Eissa [25], and Kim et al. [26] because it is flexible and simple enough to cover
a wide range of the experimenter’s prior beliefs.

Using likelihood function (6) and prior density (12), we can express the posterior
density of η as follows:

π∗(η|x) = QηDe−[a−V(λ|x)]η , (13)

where

Q =
[a−V(λ|x)]D+1

Γ(D + 1)
.

In Bayesian analysis, the choice of the loss function is essential. For a thorough
comparison of Bayes estimates, two different types of loss functions—namely, the squared
error (SE) and LINEX loss functions—are considered. The squared error and LINEX loss
functions for the model parameter θ are defined as:

LSE(θ, θ̂) = (θ− θ̂)2,

LLINEX(θ, θ̂) = ec(θ̂−θ) − c(θ̂− θ)− 1, c 6= 0.

where the magnitude of c indicates the degree of asymmetry. For c > 0, the LINEX
loss function around 0 is quite asymmetric, with overestimation being more serious than
underestimation. For c < 0, the opposite is true. If c is close to zero, the estimates obtained
by LINEX loss function are nearly identical to the estimates obtained by SE loss function.
As a result, LINEX loss function is more applicable in lifetime modeling; for example, an
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overestimation of the survival function and failure rate function is usually more serious
than an underestimation; for more details, see [27,28].

It is well known that the Bayes estimate of a function of the model parameter H = H(θ)
based on squared error (SE) and LINEX loss functions are given by

ĤSE = E(H(θ)|x) =
∫

θ
H(θ)π∗(θ|x)dθ,

ĤLINEX = −1
c

ln[E(exp[−cH(θ)]|x)] = −1
c

ln
[∫

θ
exp[−cH(θ)]π∗(θ|x)dθ

]
.

In the Bayesian approach, a loss function must be specified in order to choose a
single value that represents the best estimate of an unknown parameter. To describe
different types of loss structures, a wide range of loss functions have been developed in the
literature. This study suggests using a balanced loss function, which was first introduced by
Zellner [29]. This function generates a balance between classical and Bayesian approaches.
Ahmadi et al. [30] and Jafari et al. [31] recommended using the alleged balanced loss
function, which has the following form:

L∗(θ, v) = ∆ρ(vo, v) + (1− ∆)ρ(θ, v),

where ρ(θ, v) represents an arbitrary loss function, vo is a selected estimate of v, and the
weight 0 ≤ ∆ ≤ 1. If we choose ρ(θ, v) = (v − θ)2, the balanced loss function can be
simplified to the balanced squared error (BSE) loss function, given by:

L∗(θ, v) = ∆(v−vo)
2 + (1− ∆)(v− θ)2.

The Bayes estimator of the function H can be determined as follows:

ĤBSE = ∆Ĥ + (1− ∆)E(H(θ)|x),

where Ĥ represents the maximum likelihood estimate (MLE) of H. Additionally, if we
select ρ(θ, v) = exp[c(v − θ)]− c(v − θ)− 1, we obtain the balanced LINEX (BLINEX)
loss function, given by:

L∗(θ, v) = ∆(exp[c(v−vo)]− c(v−vo)− 1) + (1− ∆)(exp[c(v− θ)]− c(v− θ)− 1).

In this particular case, the Bayes estimator can be represented in the following manner:

ĤBLINEX = −1
c

ln[∆ exp[−c(vo)] + (1− ∆)E(exp[−cH(θ)]|x)],

where c 6= 0 denotes the shape parameter of the BLINEX loss function. For further papers
discussing the balanced loss function, see [32–35].

The Bayes estimators of the unknown parameter η, S(x), and h(x) at time x under
BSE loss function are given by

η̂BSE =
−D∆

V(λ|x) + (1− ∆)
D + 1

a−V(λ|x) , (14)

Ŝ(x)BSE = ∆(1− e−λ/x2
)η̂ + (1− ∆)

(
1− ln(1− e−λ/x2

)

a−V(λ|x)

)−(D+1)

, (15)

ĥ(x)BSE = ∆

(
2η̂λx−3e−λ/x2

1− e−λ/x2

)
+ (1− ∆)

[(
2λx−3e−λ/x2

1− e−λ/x2

)(
D + 1

a−V(λ|x)

)]
. (16)
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The Bayes estimators of the unknown parameter η, S(x), and h(x) under BLINEX loss
function are

η̂BLINEX = −1
c

ln

[
−D∆

V(λ|x) + (1− ∆)
(

1 +
c

a−V(λ|x)

)−(D+1)
]

, (17)

Ŝ(x)BLINEX = −1
c

ln

∆(1− e−λ/x2
)η̂ + (1− ∆)

∞

∑
r=0

(−c)r

Γ(r)

(
1− r ln(1− e−λ/x2

)

a−V(λ|x)

)−(D+1)
, (18)

ĥ(x)BLINEX = −1
c

ln

[
∆

(
2η̂λx−3e−λ/x2

1− e−λ/x2

)

+(1− ∆)

(
1 +

2cλx−3e−λ/x2

(a−V(λ|x))(1− e−λ/x2)

)−(D+1)
. (19)

4. Empirical Bayes Estimation

Previous studies conducted by Yan and Gendai [36] and Shi et al. [37] employed the
MLE method to estimate the hyper-parameter of the prior distribution. This estimation
was utilized to analyze the Bayesian reliability quantitative indexes of the cold standby
system, for more details see [38]. In (14) and (17), the hyper-parameter a is an unknown
constant, which renders direct utilization of η impossible. Consequently, we employ the
MLE technique to estimate the value of a.

By utilizing (1) and (12), we compute the marginal PDF and CDF for x, represented by
the density function:

f (x) =
∫ ∞

0
f (x; η, λ)π(η)dη =

2ax−3λe−λx−2

(1− e−λx−2)(a− ln(1− e−λx−2))2
, (20)

F(x) = 1− a
a− ln(1− e−λx−2)

. (21)

Therefore, we can represent (6) as follows:

l(a|x) = Ω
D

∏
i=1

f (xi:D:n)[1− F(xi:D:n)]
Ri [1− F(T)]R

∗
D . (22)

Substituting (20) and (21) into (22), we obtain

l(a|x) = AW(λ|x)a(n+R∗D)e−∑D
i=1(Ri+2) ln(a−ln(1−e−λ/x2

))e−R∗D ln(a−ln(1−e−λ/T2
)). (23)

We can express the log-likelihood function as follows:

ln l(a|x) = ln Ω + (n + R∗D) ln a−
D

∑
i=1

(Ri + 2) ln(a− ln(1− e−λ/x2
))

− R∗D ln(a− ln(1− e−λ/T2
)). (24)

The derivative of (24) with respect to a is given as follows:

d ln l(a|x)
da

=
(n + R∗D)

a
− ∑D

i=1(Ri + 2)
a− ln(1− e−λ/x2)

−
R∗D

a− ln(1− e−λ/T2)
. (25)

It is evident that solving (25), after equating it to zero, explicitly is not feasible, necessi-
tating the application of a suitable numerical method to obtain the estimate â.
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The empirical Bayesian estimator of parameter η based on BSE loss function is given by

η̂BSE =
−D∆

V(λ|x) + (1− ∆)
D + 1

â−V(λ|x) , (26)

where a is replaced by â in (14). Substituting â in (15) and (16), the empirical Bayes estimator
of S(x) and h(x) are given, respectively, by

Ŝ(x)BSE = ∆(1− e−λ/x2
)η̂ + (1− ∆)

(
1− ln(1− e−λ/x2

)

â−V(λ|x)

)−(D+1)

, (27)

ĥ(x)BSE = ∆

(
2η̂λx−3e−λ/x2

1− e−λ/x2

)
+ (1− ∆)

[(
2λx−3e−λ/x2

1− e−λ/x2

)(
D + 1

â−V(λ|x)

)]
. (28)

Similarly, the empirical Bayesian estimators of the parameters η, S(x), and h(x) based
on BLINEX loss function are given, respectively, by

η̂BLINEX = −1
c

ln

[
−D∆

V(λ|x) + (1− ∆)
(

1 +
c

â−V(λ|x)

)−(D+1)
]

, (29)

Ŝ(x)BLINEX = −1
c

ln

∆(1− e−λ/x2
)η̂ + (1− ∆)

∞

∑
r=0

(−c)r

Γ(r)

(
1− r ln(1− e−λ/x2

)

â−V(λ|x)

)−(D+1)
, (30)

ĥ(x)BLINEX = −1
c

ln

[
∆

(
2η̂λx−3e−λ/x2

1− e−λ/x2

)

+(1− ∆)

(
1 +

2cλx−3e−λ/x2

(â−V(λ|x))(1− e−λ/x2)

)−(D+1)
. (31)

5. Application of IER Distribution to Real Data

Here, we illustrate the theoretical results obtained in the above sections using a real
dataset from the medicine field. The dataset consists of the recorded relief times for a group
of 20 patients who were administered an analgesic. It is taken from Gross and Clark [39] as
follows: 1.1, 1.4, 1.3, 1.7, 1.9, 1.8, 1.6, 2.2, 1.7, 2.7, 4.1, 1.8, 1.5, 1.2, 1.4, 3.0, 1.7, 2.3, 1.6, 2.0.

To determine if the IER distribution with CDF (2) is suitable for fitting the given data,
we perform a Kolmogorov–Smirnov (K–S) test and calculate its associated p-value. The
estimates for the shape and scale parameters η̂ = 3.60983 and λ̂ = 5.45534, are obtained by
maximizing the likelihood function of η and λ based on the data and CDF (2). The K–S test
statistic is found to be 0.09547, with a corresponding p-value of 0.9932. The provided real
dataset appears to be well-matched by the IER distribution with CDF (2), as evidenced by
the calculated p-value exceeding 0.050. This is also supported by Figure 4, which displays
the histogram and empirical CDF of the dataset, as well as the PDF (1) and CDF (2). These
plots visually demonstrate a good agreement between the empirical data and the fitted IER
distribution. The prior parameter value has been determined to be a = 0.2769 to produce
population parameter value η = 3.60983 using (12).
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Type-I PHCS is applied to the above real dataset to obtain samples subjecting to
Type-I PHCS. The Type-I PHCS is considered with n = 20, m = 16, T = 1.75, 2.75, and
three various CSs presented in Table 1. Based on the samples presented in Table 2, the
MLEs, Bayes, and empirical Bayes estimates based on BSE and BLINEX (with ∆ = 0.4 and
c = −0.3, 3.0) loss functions of η, S(x), and h(x) (at x = 1.35) are calculated and presented
in Tables 3 and 4.

Table 1. Three different CSs.

I II III

R1 = n−m, Rm = n−m, R1 = · · · = Rn−m = 1,
R2 = · · · = Rm = 0 R1 = · · · = Rm−1 = 0 Rn−m+1 = · · · = Rm = 0
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Figure 4. Histogram and Empirical CDF (Red color) against PDF and CDF (Blue color) of IER
distribution for the above dataset.

Table 2. The dataset under Type-I PHCS.

n m T CS Censored Data

20 16 1.75 I 1.1, 1.5, 1.6, 1.6, 1.7, 1.7, 1.7

II 1.1, 1.2, 1.3, 1.4, 1.4, 1.5, 1.6, 1.6, 1.7, 1.7, 1.7

III 1.1, 1.3, 1.4, 1.6, 1.7, 1.7, 1.7

2.75 I 1.1, 1.5, 1.6, 1.6, 1.7, 1.7, 1.7, 1.8, 1.8, 1.9, 2., 2.2, 2.3, 2.7

II 1.1, 1.2, 1.3, 1.4, 1.4, 1.5, 1.6, 1.6, 1.7, 1.7, 1.7, 1.8, 1.8, 1.9, 2., 2.2

III 1.1, 1.3, 1.4, 1.6, 1.7, 1.7, 1.7, 1.8, 1.8, 1.9, 2., 2.2, 2.3, 2.7

Table 3. Based on the data given in Table 2, MLEs and Bayes estimates of η, S(x), and h(x) (at time
x = 1.35).

Bayes Estimate

BLINEX

MLE BSE c = −0.3 c = 3.0

n m T CS η̂ Ŝ(x) ĥ(x) η̂ Ŝ(x) ĥ(x) η̂ Ŝ(x) ĥ(x) η̂ Ŝ(x) ĥ(x)

20 16 1.75 I 2.7417 0.8685 0.6415 2.7927 0.8669 0.6535 2.8917 0.8671 0.6585 2.0788 0.8651 0.6102

II 4.0743 0.811 0.9533 4.0484 0.8129 0.9473 4.1803 0.8131 0.9541 2.9538 0.8108 0.8855

III 2.6557 0.8724 0.6214 2.7102 0.8706 0.6342 2.8035 0.8707 0.6389 2.0368 0.8689 0.5933

2.75 I 3.0085 0.8567 0.704 3.0288 0.8562 0.7087 3.0873 0.8563 0.7118 2.5149 0.8551 0.6804

II 4.0476 0.8121 0.9471 4.0304 0.8134 0.9431 4.1208 0.8136 0.9478 3.1973 0.8119 0.8988

III 2.956 0.859 0.6917 2.9777 0.8584 0.6968 3.0343 0.8585 0.6997 2.4816 0.8574 0.6694
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The above tables are a comprehensive snapshot of the η, S(x), and h(x) (at x = 1.35)
estimates under various CSs, providing insights into the performance of different estimation
approaches. The results demonstrate the applicability and effectiveness of the proposed
methodology, allowing for a thorough understanding of the IER distribution within the
context of progressive hybrid CSs.

From Tables 3 and 4, we can see that the Bayes and empirical Bayes estimates under
BSE and BLINEX (with c = −0.3) are very close to the MLEs.

Table 4. Based on the data given in Table 2, empirical Bayes estimates of η, S(x), and h(x) (at time
x = 1.35).

Empirical Bayes Estimate

BLINEX

BSE c = −0.3 c = 3.0

n m T CS η̂ Ŝ(x) ĥ(x) η̂ Ŝ(x) ĥ(x) η̂ Ŝ(x) ĥ(x)

20 16 1.75 I 2.807 0.8819 0.6568 2.9111 0.9207 0.7037 2.0477 0.8612 1.6901

II 4.0769 0.8022 0.9539 4.2253 0.7776 0.9378 3.0151 0.8112 2.3031

III 2.7315 0.8877 0.6391 2.8332 0.9323 0.6927 2.0056 0.8641 1.6541

2.75 I 2.9914 0.8416 0.6999 3.045 0.8005 0.6595 2.5354 0.8601 1.8589

II 3.968 0.7864 0.9285 4.084 0.7087 0.86 3.2721 0.8196 2.3308

III 2.9392 0.8435 0.6877 2.9898 0.8015 0.6459 2.5015 0.8625 1.8363

6. Simulation

A Monte Carlo simulation is introduced to show the theoretical results. Based on
Type-I PHCS, the Bayes and empirical Bayes estimates (under balanced loss function) of
the unknown parameter η, S(x), and h(x) (at time x) are calculated and compared with the
MLE. The next steps are applied:

1. For a given value of the prior parameter, a(= 0.5), generate the shape parameter
η(= 2.0) from (12).

2. Choose the values of n(= 50, 100), m(= 25, 40, 50, 80), T(= 1.5, 3.0), and three different
CSs, (R1, . . . , Rm), presented in Table 1.

3. Generate a Type-I PHCS sample from IER(η = 2.0, λ = 1.5) distribution with CDF (2),
considering the algorithm shown in [13].

4. The MLEs and Bayes estimates based on BSE and BLINEX (with ∆ = 0.4 and
c = −0.3, 3.0) loss functions of η, S(x), and h(x) (at x = 1.2) are calculated as shown
in Sections 2 and 3.

5. The MLE of the prior parameter a is calculated and then the empirical Bayes estimates
based on BSE and BLINEX (with ∆ = 0.4 and c = −0.3, 3.0) loss functions of the η,
S(x), and h(x) (at time x = 1.2) are calculated as shown in Section 4.

6. Steps 3 to 5 are repeated M = 10,000 times and the average of estimates
(ρ̂ = 1

M ∑Mi=1 ρ̂i), mean squared error (MSE(ρ̂) = 1
M ∑Mi=1(ρ̂i − ρ)2), and relative

absolute bias (RAB(ρ̂) = 1
M ∑Mi=1

|ρ̂i−ρ|
ρ ) are calculated where ρ̂ is an estimate of

ρ (= η, S(x), and h(x) (at x = 1.2)).
7. The computational results of the ML, Bayes, and empirical Bayes estimates are pre-

sented in Tables A1 and A2; see Appendix B.

Discussion

The numerical results obtained from simulation studies, presented in Tables A1 and A2,
indicate the following:

1. The MSEs and RABs of the three methods of estimation decrease by increasing m for
fixed T and n.
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2. The MSEs and RABs of the three methods of estimation decrease by increasing n for
fixed T and m.

3. The MSEs and RABs of the three methods of estimation decrease by increasing T for
fixed n and m.

4. The Bayes estimates of η, S(x), and h(x) (at time x = 1.2) are better than the ML and
empirical Bayes estimates by means of the MSEs and RABs.

5. The empirical Bayes estimates of η, S(x), and h(x) (at time x = 1.2) are better than the
MLEs by means of the MSEs and RABs.

6. The Bayes (empirical Bayes) estimates based on BLINEX (with c = 3.0) loss function
of η, S(x), and h(x) (at time x = 1.2) are better than the Bayes (empirical Bayes)
estimates based on BSE loss function by means of the MSEs and RABs.

Except for a few unique states, the above results are correct; this could be due to data
volatility. Based on the above observations, we recommend using the Bayes approach
to estimate the parameters, reliability, and failure rate functions included in the used
progressive hybrid censoring cases.

7. Concluding Remarks

The maximum likelihood, Bayes, and empirical Bayes estimations of reliability perfor-
mances for inverted exponentiated Rayleigh distribution have been investigated. Based on
Type-I PHCS, the MLE, Bayes, and empirical Bayes (under BSE and BLINEX loss functions)
estimates of the unknown parameter η, reliability S(x), and failure rate h(x) functions have
been derived. The theoretical insights given in this paper have been illustrated using a
real dataset from the medicine field. Finally, a Monte Carlo simulation study has been
performed to test the performance and accuracy of the estimation methods. Based on
the numerical outcomes, we recommend employing the Bayes approach for estimating
the parameters, reliability, and failure rate functions within the contexts of the employed
censoring scenarios.
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Appendix A

The second derivative of ln l(η|x) is given by

d2 ln l(η|x)
dη2 =

−D
η2

Now observe that η > 0. Hence d2 ln l(η|x)
dη2 < 0; this means that ln l(η|x) is unimodal.
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Appendix B

Table A1. MLEs and Bayes estimates of η, S(x), and h(x) (at time x = 1.2) with their MSEs and RABs.

Bayes Estimate

BLINEX

MLE BSE c = −0.3 c = 3.0

η̂ Ŝ(x) ĥ(x) η̂ Ŝ(x) ĥ(x) η̂ Ŝ(x) ĥ(x) η̂ Ŝ(x) ĥ(x)
MSE MSE MSE MSE MSE MSE MSE MSE MSE MSE MSE MSE

n m T CS RAB RAB RAB RAB RAB RAB RAB RAB RAB RAB RAB RAB

50 25 1.5 I 1.977050 0.429075 1.871590 1.976570 0.433322 1.871140 1.994750 0.433887 1.887400 1.805450 0.427747 1.718180
0.152675 0.005345 0.136822 0.143822 0.005071 0.128888 0.147255 0.005089 0.131779 0.143169 0.004918 0.126959
0.158370 0.139925 0.158370 0.153716 0.135749 0.153716 0.155389 0.135938 0.155290 0.153725 0.134238 0.152880

II 2.053630 0.414787 1.944080 2.050720 0.418692 1.941330 2.066000 0.419134 1.955010 1.903300 0.414335 1.809640
0.151215 0.004597 0.135513 0.143380 0.004280 0.128491 0.149333 0.004277 0.133523 0.110752 0.004321 0.099826
0.156124 0.132388 0.156124 0.152255 0.127740 0.152255 0.154842 0.127697 0.154697 0.137237 0.128351 0.137559

III 2.025980 0.419955 1.917910 2.023880 0.423842 1.915920 2.039530 0.424308 1.929930 1.873620 0.419251 1.781670
0.152622 0.004831 0.136774 0.144647 0.004539 0.129627 0.149686 0.004542 0.133884 0.121450 0.004521 0.108915
0.157028 0.134920 0.157028 0.153041 0.130625 0.153041 0.155232 0.130661 0.155107 0.143021 0.130511 0.143011

3.0 I 2.004100 0.423050 1.897200 2.002700 0.426715 1.895870 2.017500 0.427165 1.909130 1.860620 0.422271 1.768910
0.128141 0.004183 0.114835 0.121832 0.003959 0.109182 0.125548 0.003964 0.112319 0.108912 0.003923 0.097280
0.143928 0.124885 0.143928 0.140460 0.121305 0.140460 0.142201 0.121366 0.142101 0.135117 0.120924 0.134821

II 2.055290 0.414485 1.945660 2.052350 0.418400 1.942870 2.067640 0.418842 1.956570 1.904690 0.414042 1.810970
0.151250 0.004599 0.135545 0.143408 0.004279 0.128517 0.149410 0.004276 0.133590 0.110381 0.004323 0.099510
0.155656 0.131949 0.155656 0.151795 0.127270 0.151795 0.154406 0.127222 0.154259 0.136486 0.127934 0.136826

III 2.038000 0.417241 1.929290 2.035580 0.421056 1.927000 2.050610 0.421498 1.940460 1.890710 0.416697 1.797580
0.140065 0.004334 0.125521 0.132927 0.004053 0.119124 0.138094 0.004053 0.123490 0.107059 0.004073 0.096216
0.149735 0.127824 0.149735 0.146074 0.123535 0.146074 0.148425 0.123518 0.148292 0.134168 0.123925 0.134239

40 1.5 I 2.000340 0.423111 1.893640 1.999790 0.425992 1.893110 2.011500 0.426359 1.903610 1.886360 0.422357 1.791760
0.111063 0.003724 0.099530 0.106826 0.003582 0.095733 0.108861 0.003588 0.097451 0.100772 0.003531 0.090041
0.134640 0.117433 0.134640 0.132068 0.114918 0.132068 0.133161 0.114993 0.133098 0.129239 0.114357 0.129013

II 2.007770 0.421330 1.900680 2.007150 0.423735 1.900090 2.016770 0.424036 1.908700 1.913330 0.420757 1.816240
0.100979 0.003310 0.090494 0.097717 0.003194 0.087571 0.099502 0.003197 0.089079 0.089680 0.003168 0.080385
0.127933 0.110975 0.127933 0.125903 0.108915 0.125903 0.126838 0.108962 0.126786 0.122031 0.108589 0.121994

III 1.997610 0.423665 1.891050 1.997080 0.426512 1.890550 2.008680 0.426876 1.900940 1.884800 0.422910 1.790210
0.112349 0.003783 0.100683 0.108106 0.003641 0.096880 0.110106 0.003648 0.098569 0.102132 0.003588 0.091266
0.135467 0.118320 0.135467 0.132905 0.115873 0.132905 0.133933 0.115955 0.133874 0.130031 0.115234 0.129841

3.0 I 2.007740 0.420786 1.900650 2.007050 0.423150 1.899990 2.016360 0.423440 1.908330 1.91607 0.420275 1.818680
0.087140 0.002837 0.078091 0.084424 0.002733 0.075658 0.086130 0.002735 0.077099 0.07683 0.002723 0.068861
0.118321 0.102508 0.118321 0.116513 0.100575 0.116513 0.117455 0.100604 0.117401 0.11273 0.100422 0.112671

II 2.026000 0.417566 1.917930 2.024970 0.419959 1.916960 2.034260 0.420243 1.925270 1.934050 0.417145 1.835700
0.090797 0.002865 0.081368 0.087935 0.002744 0.078804 0.090087 0.002743 0.080624 0.075998 0.002755 0.068332
0.120531 0.103441 0.120531 0.118691 0.101279 0.118691 0.119834 0.101279 0.119770 0.112821 0.101414 0.112894

III 2.013390 0.419833 1.905990 2.012600 0.422217 1.905240 2.021960 0.422507 1.913620 1.921140 0.419344 1.823510
0.089442 0.002880 0.080155 0.086625 0.002769 0.077630 0.088483 0.002771 0.079201 0.077621 0.002764 0.069637
0.119775 0.103457 0.119775 0.117935 0.101397 0.117935 0.118965 0.101412 0.118907 0.113161 0.101369 0.113146
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Table A1. Cont.

Bayes Estimate

BLINEX

MLE BSE c = −0.3 c = 3.0

η̂ Ŝ(x) ĥ(x) η̂ Ŝ(x) ĥ(x) η̂ Ŝ(x) ĥ(x) η̂ Ŝ(x) ĥ(x)
MSE MSE MSE MSE MSE MSE MSE MSE MSE MSE MSE MSE

n m T CS RAB RAB RAB RAB RAB RAB RAB RAB RAB RAB RAB RAB

100 50 1.5 I 2.005890 0.421389 1.898890 2.005420 0.423743 1.898450 2.014830 0.424039 1.906880 1.913570 0.420802 1.816360
0.093472 0.003087 0.083766 0.090583 0.002987 0.081177 0.092077 0.002991 0.082439 0.084919 0.002958 0.076017
0.122868 0.106780 0.122868 0.120976 0.104866 0.120976 0.121850 0.104913 0.121799 0.118039 0.104535 0.117925

II 2.040250 0.414756 1.931420 2.039280 0.416727 1.930500 2.046830 0.416957 1.937260 1.964950 0.414450 1.864060
0.086360 0.002627 0.077393 0.084086 0.002525 0.075355 0.085972 0.002523 0.076951 0.071526 0.002546 0.064485
0.115452 0.098160 0.115452 0.114006 0.096388 0.114006 0.114966 0.096376 0.114913 0.108126 0.096608 0.108308

III 2.025150 0.417510 1.917130 2.024410 0.419527 1.916420 2.032240 0.419770 1.923440 1.947390 0.417122 1.847580
0.085481 0.002689 0.076605 0.083199 0.002595 0.074560 0.084821 0.002595 0.075932 0.073654 0.002599 0.066225
0.115726 0.099310 0.115726 0.114230 0.097581 0.114230 0.115121 0.097586 0.115070 0.109475 0.097638 0.109552

3.0 I 2.008910 0.420059 1.901750 2.008400 0.421970 1.901270 2.015870 0.422204 1.907960 1.935070 0.419643 1.835710
0.074111 0.002395 0.066415 0.072244 0.002322 0.064742 0.073451 0.002323 0.065763 0.066236 0.002317 0.059421
0.108838 0.094142 0.108838 0.107497 0.092722 0.107497 0.108193 0.092746 0.108154 0.104660 0.092590 0.104632

II 2.036370 0.415353 1.927740 2.035460 0.417313 1.926880 2.042970 0.417542 1.933610 1.961470 0.415036 1.860750
0.083229 0.002552 0.074587 0.081056 0.002455 0.072639 0.082836 0.002454 0.074145 0.069497 0.002473 0.062619
0.113293 0.096552 0.113293 0.111882 0.094808 0.111882 0.112836 0.094794 0.112783 0.106206 0.095033 0.106354

III 2.029630 0.416493 1.921360 2.028820 0.418433 1.920600 2.036280 0.418662 1.927280 1.95534 0.416155 1.854910
0.080508 0.002506 0.072149 0.078438 0.002415 0.070293 0.080072 0.002414 0.071676 0.06825 0.002428 0.061435
0.112363 0.096154 0.112363 0.110976 0.094466 0.110976 0.111886 0.094457 0.111835 0.10561 0.094640 0.105746

80 1.5 I 2.008290 0.419757 1.901170 2.008040 0.421271 1.900930 2.013970 0.421460 1.906240 1.949640 0.419389 1.848700
0.063250 0.002067 0.056682 0.062005 0.002021 0.055567 0.062702 0.002023 0.056156 0.058751 0.002012 0.052666
0.100523 0.087109 0.100523 0.099541 0.086130 0.099541 0.099975 0.086157 0.099951 0.098002 0.085934 0.097958

II 2.014560 0.418259 1.907100 2.014310 0.419501 1.906860 2.019120 0.419654 1.911170 1.966790 0.417977 1.864350
0.054446 0.001752 0.048793 0.053558 0.001716 0.047997 0.054141 0.001717 0.048490 0.050204 0.001715 0.045060
0.092964 0.080253 0.092964 0.092222 0.079429 0.092222 0.092619 0.079438 0.092596 0.090293 0.079390 0.090311

III 2.011240 0.419161 1.903950 2.010960 0.420669 1.903700 2.016840 0.420857 1.908960 1.952970 0.418806 1.851830
0.061850 0.002012 0.055428 0.060640 0.001966 0.054343 0.061359 0.001967 0.054952 0.057118 0.001959 0.051217
0.099054 0.085737 0.099054 0.098094 0.084719 0.098094 0.098567 0.084737 0.098540 0.096190 0.084603 0.096170

3.0 I 2.016080 0.417773 1.908540 2.015790 0.418997 1.908260 2.020480 0.419146 1.912470 1.969350 0.417515 1.866720
0.049171 0.001576 0.044065 0.048389 0.001540 0.043364 0.048989 0.001540 0.043872 0.044788 0.001544 0.040222
0.088458 0.076284 0.088458 0.087770 0.075457 0.087770 0.088198 0.075457 0.088174 0.085473 0.075504 0.085513

II 2.021400 0.416910 1.913580 2.021050 0.418120 1.913250 2.025670 0.418266 1.917380 1.975300 0.416672 1.872320
0.052228 0.001645 0.046804 0.051396 0.001606 0.046059 0.052083 0.001605 0.046640 0.046877 0.001613 0.042142
0.089795 0.077108 0.089795 0.089104 0.076259 0.089104 0.089552 0.076256 0.089527 0.086606 0.076340 0.086652

III 2.012830 0.418386 1.905460 2.012560 0.419603 1.905200 2.017240 0.419751 1.909400 1.966270 0.418122 1.863800
0.049647 0.001594 0.044492 0.048858 0.001559 0.043785 0.049433 0.001559 0.044271 0.045489 0.001561 0.040839
0.088777 0.076631 0.088777 0.088088 0.075839 0.088088 0.088484 0.075844 0.088462 0.086083 0.075840 0.086101
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Table A2. Empirical Bayes estimates of η, S(x), and h(x) (at time x = 1.2) with their MSEs and RABs.

Empirical Bayes Estimate

BLINEX

BSE c = −0.3 c = 3.0

η̂ Ŝ(x) ĥ(x) η̂ Ŝ(x) ĥ(x) η̂ Ŝ(x) ĥ(x)
MSE MSE MSE MSE MSE MSE MSE MSE MSE

n m T CS RAB RAB RAB RAB RAB RAB RAB RAB RAB

50 25 1.5 I 1.945050 0.420809 1.841300 1.932720 0.349998 1.824340 1.834250 0.432910 1.745690
0.148182 0.005897 0.132795 0.151826 0.021981 0.136390 0.144394 0.004954 0.128605
0.155780 0.144480 0.155780 0.160234 0.291955 0.160752 0.153521 0.136140 0.153096

II 2.049740 0.413219 1.940410 2.053720 0.390717 1.941960 1.920290 0.414891 1.825760
0.162071 0.004511 0.145242 0.169236 0.006833 0.151926 0.114708 0.004641 0.103605
0.158790 0.130590 0.158790 0.162230 0.163743 0.162341 0.139314 0.132548 0.139770

III 2.013250 0.416318 1.905860 2.011740 0.379299 1.901320 1.893610 0.421276 1.800690
0.159461 0.004925 0.142903 0.165017 0.010804 0.148156 0.124839 0.004753 0.112253
0.157956 0.135153 0.157956 0.161362 0.203428 0.161569 0.144523 0.133767 0.144703

3.0 I 1.942470 0.407031 1.838860 1.900590 0.289687 1.791260 1.894680 0.432888 1.801660
0.136838 0.004068 0.122629 0.162728 0.029203 0.148680 0.106873 0.004487 0.095823
0.149141 0.123577 0.149141 0.165343 0.348686 0.167277 0.133133 0.129918 0.133102

II 2.051190 0.412902 1.941780 2.055160 0.390135 1.943310 1.921800 0.414615 1.827200
0.161975 0.004535 0.145156 0.168870 0.007063 0.151576 0.114427 0.004633 0.103374
0.158156 0.130330 0.158156 0.161499 0.165360 0.161603 0.138630 0.131975 0.139109

III 2.018860 0.411926 1.911170 2.011360 0.364995 1.900390 1.912060 0.419837 1.817940
0.148538 0.004245 0.133115 0.158030 0.010572 0.142238 0.109445 0.004396 0.098626
0.151835 0.126563 0.151835 0.157404 0.205068 0.157834 0.135154 0.128330 0.135446

40 1.5 I 1.948080 0.410970 1.844170 1.917920 0.317866 1.809340 1.912030 0.430903 1.816450
0.106463 0.003999 0.095408 0.114252 0.020614 0.103203 0.101958 0.003594 0.091374
0.132250 0.121824 0.132250 0.139596 0.299050 0.140504 0.129534 0.115952 0.129508

II 1.951440 0.408380 1.847350 1.916530 0.311434 1.807900 1.937010 0.430089 1.839100
0.099383 0.003474 0.089063 0.109623 0.019699 0.099375 0.090662 0.003305 0.081447
0.127471 0.114151 0.127471 0.136625 0.296695 0.137800 0.122276 0.111448 0.122376

III 1.952030 0.413119 1.847910 1.926830 0.330837 1.818430 1.908340 0.430331 1.812850
0.108002 0.004059 0.096788 0.113875 0.018180 0.102637 0.103609 0.003629 0.092842
0.133132 0.122187 0.133132 0.138902 0.277586 0.139568 0.130642 0.116646 0.130627

3.0 I 1.921950 0.400770 1.819430 1.862270 0.255898 1.753630 1.946970 0.434895 1.848630
0.092571 0.002959 0.082958 0.119059 0.034949 0.109993 0.075773 0.003170 0.068102
0.123789 0.106173 0.123789 0.143270 0.400192 0.145845 0.111513 0.109046 0.111600

II 1.961720 0.402672 1.857070 1.919750 0.293153 1.810190 1.959490 0.427888 1.860300
0.092356 0.002926 0.082766 0.107848 0.021643 0.098337 0.076462 0.003015 0.068911
0.122769 0.105208 0.122769 0.135281 0.314475 0.136793 0.112563 0.106685 0.112746

III 1.936870 0.401986 1.833550 1.884670 0.272109 1.775740 1.949760 0.432315 1.851220
0.093625 0.002973 0.083903 0.115659 0.029572 0.106317 0.077106 0.003141 0.069353
0.123707 0.106245 0.123707 0.140078 0.364342 0.142210 0.112363 0.108430 0.112510
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Table A2. Cont.

Empirical Bayes Estimate

BLINEX

BSE c = −0.3 c = 3.0

η̂ Ŝ(x) ĥ(x) η̂ Ŝ(x) ĥ(x) η̂ Ŝ(x) ĥ(x)
MSE MSE MSE MSE MSE MSE MSE MSE MSE

n m T CS RAB RAB RAB RAB RAB RAB RAB RAB RAB

100 50 1.5 I 1.949950 0.408753 1.84594 1.916090 0.313411 1.807590 1.936600 0.430001 1.838590
0.089794 0.003310 0.08047 0.098121 0.019307 0.088864 0.085949 0.003028 0.077128
0.120880 0.111438 0.12088 0.128682 0.292066 0.129686 0.118405 0.106057 0.118455

II 2.020040 0.410110 1.912290 2.009490 0.371991 1.899580 1.976530 0.417777 1.875190
0.089742 0.002564 0.080424 0.093812 0.005076 0.084386 0.072814 0.002682 0.065684
0.116747 0.097045 0.116747 0.120207 0.149887 0.120534 0.108724 0.099020 0.108925

III 1.995590 0.410856 1.889140 1.979220 0.358340 1.870030 1.961540 0.421963 1.861210
0.086057 0.002713 0.077121 0.090261 0.007886 0.081230 0.074918 0.002691 0.067435
0.115549 0.100044 0.115549 0.119522 0.184521 0.119941 0.110066 0.099321 0.110211

3.0 I 1.920320 0.399955 1.817890 1.858790 0.254445 1.750400 1.963210 0.434703 1.863090
0.078849 0.002585 0.070662 0.103482 0.034019 0.095900 0.065675 0.002705 0.059056
0.114500 0.099010 0.114500 0.134261 0.399018 0.136937 0.103654 0.100855 0.103738

II 2.015610 0.410621 1.908090 2.004810 0.371826 1.895100 1.973060 0.418446 1.871900
0.086057 0.002500 0.077121 0.089923 0.005104 0.080877 0.070700 0.002598 0.063743
0.114315 0.095707 0.114315 0.117674 0.150510 0.117994 0.106749 0.097245 0.106935

III 1.994250 0.408469 1.887870 1.973090 0.347123 1.863710 1.970540 0.422008 1.869600
0.082005 0.002494 0.073490 0.088284 0.008996 0.079699 0.069194 0.002563 0.062350
0.113145 0.096223 0.113145 0.118652 0.197952 0.119272 0.106020 0.097243 0.106203

80 1.5 I 1.940600 0.405031 1.837080 1.896840 0.296741 1.788770 1.969970 0.430635 1.868500
0.061065 0.002300 0.054724 0.071052 0.019984 0.064955 0.059369 0.002094 0.053326
0.100366 0.092444 0.100366 0.110652 0.305950 0.112101 0.098091 0.088377 0.098141

II 1.944150 0.403079 1.840440 1.897840 0.292191 1.789620 1.985970 0.429717 1.883110
0.053441 0.001982 0.047892 0.064108 0.019849 0.058849 0.050778 0.001815 0.045659
0.093563 0.086209 0.093563 0.105010 0.309314 0.106631 0.090462 0.082179 0.090554

III 1.951450 0.406182 1.847360 1.913440 0.310227 1.805240 1.971420 0.428703 1.869790
0.059517 0.002207 0.053337 0.067355 0.016471 0.061333 0.057786 0.002018 0.051912
0.098184 0.090446 0.098184 0.106501 0.275523 0.107666 0.096425 0.086231 0.096483

3.0 I 1.914540 0.395729 1.812420 1.844000 0.235823 1.735680 1.995160 0.434726 1.892020
0.053750 0.001983 0.048169 0.078187 0.037936 0.073462 0.044912 0.001863 0.040437
0.094968 0.086851 0.094968 0.117158 0.437717 0.120360 0.085111 0.083738 0.085243

II 1.944870 0.400265 1.841130 1.893170 0.279579 1.784600 1.995650 0.429536 1.892230
0.053861 0.001850 0.048268 0.068330 0.022407 0.063117 0.047182 0.001803 0.042488
0.093806 0.082546 0.093806 0.108367 0.334236 0.110379 0.086234 0.081991 0.086343

III 1.922590 0.398700 1.820040 1.860250 0.256237 1.752120 1.989640 0.433403 1.886700
0.053524 0.001883 0.047966 0.073927 0.030694 0.069028 0.045466 0.001843 0.040903
0.094728 0.084164 0.094728 0.113737 0.389377 0.116441 0.085619 0.083385 0.085720
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