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Abstract: The goal of this paper is to investigate the existence and uniqueness of pseudoS-asymptotically
periodic mild solutions for a class of neutral fractional evolution equations with finite delay. We
essentially use the fractional powers of closed linear operators, the semigroup theory and some
classical fixed point theorems. Furthermore, we provide an example to illustrate the applications of
our abstract results.
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1. Introduction

In this research article, we analyze the existence and uniqueness of pseudo-S-asymptotically
periodic mild solutions for the following abstract fractional Cauchy problem{

cDq
t
(
u(t)− G(t, ut)

)
+ Au(t) = F

(
t, ut

)
, t ≥ 0,

u(t) = ϕ(t), −r ≤ t ≤ 0,
(1)

where the fractional derivative cDq
t , q ∈ (0, 1) is taken in the sense of Caputo approach

and (A, D(A)) is a closed linear operator in a Banach space (X, ‖·‖). We assume that −A
generates an exponentially stable analytic semigroup (T(t))t≥0. Here,

F , G : R+ × E→ X, r > 0,

are two continuous functions, where R+ = [0, ∞) and E = C([−r, 0], X). By ut, we denote
the classical history function defined by

ut(s) := u(t + s) for − r ≤ s ≤ 0,
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while the data u(·) belongs to the space E. Let us recall that a bounded continuous function
f : R+ → X is said to be pseudo S-asymptotically periodic if there exists ω > 0 such that

lim
h→+∞

1
h

h∫
0

‖ f (t + ω)− f (t)‖ dt = 0. (2)

The class of pseudo S-asymptotically periodic functions was introduced in [1]. In that
paper, the authors have considered the classical version of (1) with q = 1 and established sev-
eral interesting results concerning the existence and uniqueness of pseudo S-asymptotically
periodic mild solutions for such problems. The class of pseudo S-asymptotically periodic
functions is a natural generalization of the class of S-asymptotically periodic functions;
see [2]. Consequently, our study can be viewed as an extension and continuation of
the research study in [3], where the solvability of problem (1) was discussed and op-
timal results about the existence and uniqueness of S-asymptotically periodic mild so-
lutions were successfully established. The investigation of existence and uniqueness
of pseudo S-asymptotically periodic mild solutions for various classes of the abstract
fractional Cauchy problems is an attractive field and was the principal subject of many
works. For example, in [4] the authors have examined the existence and uniqueness of
pseudo S-asymptotically periodic solutions of the second-order abstract Cauchy problems.
Another interesting class of the abstract fractional equations was analyzed in [5], where the
authors have considered the following fractional integro-differential neutral equations

d
dt

D(t, ut) =
t∫

0
gα−1(t− s)AD(s, us) ds + f (t, ut), t ≥ 0,

u0 = ϕ,

with 1 < α < 2, (A, D(A)) being a sectorial densely defined operator in the sense of [6] and

D(t, ϕ) = ϕ(0) + g(t, ϕ),

with f , g and ϕ being suitable vector-valued functions. Here,

gα(t) := tα−1/Γ(α),

α > 0, t > 0, where Γ(α) is the Euler Gamma function. For more details, we refer the reader
to the recent research monographs [7,8] and the references cited therein. We would like to
point out that this work is the first phase of another project, the aim of which is to study our
main problem (1) set on non-regular domains. This study is motivated by the fact that these
types of domains are often encountered in several concrete situations. Thus, the theory of
such problems is interesting in itself. Moreover, the knowledge of the structure of solutions
is useful in numerical analysis; see [9–12]. The organization of this paper can be briefly
described as follows. In the Section 2, we collect some necessary definitions and results
needed to justify our main results. In the Section 3, we furnish some sufficient conditions
for the existence of a pseudo S-asymptotically periodic mild solution for the problem (1).
In the Section 5, we provide an example to demonstrate the abstract results obtained in this
work.

2. Preliminaries

We use the standard notation throughout this paper. Unless stated otherwise, we will
always assume that X denotes a complex Banach space equipped with the norm ‖·‖, and
A is a closed linear operator with 0 ∈ ρ(A), where ρ(A) denotes the resolvent set of A. In
this work, we need to use the notion of fractional power of closed linear operators. Then,
we know that, for every α > 0, the operator A−α is well defined and has the following
explicit representation:
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A−α :=
1

Γ(α)

∞∫
0

tα−1T(t) dt,

for more details about fractional powers of closed linear operators, we refer the reader to
the research monograph [6]. For α ∈ (0, 1), we set

Xα := D(Aα).

In the particular situation α = 0, we consider that A0 := I and X0 := X. The fractional
power space Xα is a Banach space when it is endowed with its natural norm

‖·‖α = ‖Aα·‖.

Furthermore, for 0 ≤ α ≤ β ≤ 1, one has

Xβ ↪→ Xα,

and the embedding Xβ ↪→ Xα is compact whenever the resolvent operator of A is compact.
In the sequel, we consider the Banach space

Bα := C
(
[−r, 0], Xα

)
,

of all continuous vector-valued functions from [−r, 0] into Xα, equipped with the norm

‖ϕ‖Bα
:= max

s∈[−r,0]
‖ϕ(s)‖α.

Among the effective tools used in our work we cite the well known semigroup’s theory.
For the the reader’s convenience, we refer him or her to the research monograph [13]. In
this work, our basic assumption is that −A generates an exponentially stable analytic
semigroup in X. We need also to recall the following results (see, e.g., [13]):

Theorem 1. Assume that −A is the infinitesimal generator of an analytic semigroup (T(t))t≥0
and let ‖T(t)‖ ≤ Me−δt, t ≥ 0 for some δ > 0. If 0 ∈ ρ(A), then one has

(i) A−α is a bounded linear operator for 0 ≤ α ≤ 1.
(ii) T(t) : X → D(Aα) for every t > 0 and α ≥ 0.
(iii) For every t ≥ 0 and x ∈ D(Aα), we have

T(t)Aαx = AαT(t)x.

(vi) For every t > 0, the operator AαT(t) is bounded and

||AαT(t)|| ≤ Mαt−αe−δt. (3)

(v) If 0 < α < 1 and x ∈ D(Aα), then

||T(t)x− x|| ≤ Cαtα||Aαx||.

Now, let us define

U(t) :=
∞∫

0

ξq(τ)T
(
tqτ
)

dτ and V(t) := q
∞∫

0

τξq(τ)T
(
tqτ
)

dτ, t ≥ 0, (4)

where

ξq(τ) :=
1

πq ∑
n≥1

(−τ)n−1 Γ(nq− 1)
n!

sin(nπq), τ ∈ R+ − {0},
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is a probability density function defined on R+ − {0}. Let us recall that (see, e.g., [14])

ξq(τ) ≥ 0, τ > 0 and
∫ ∞

0
ταξq(τ) dτ = 1

and
∞∫

0

τυξq(τ) dτ =
Γ(1 + υ)

Γ(1 + qυ)
, 0 ≤ υ ≤ 1. (5)

The main properties of these families are summarized in the following lemma (see [14]):

Lemma 1. Let (T(t))t≥0 be a C0-semigroup. Then, the operator families (U(t))t≥0 and (V(t))t≥0
defined by (4) have the following properties:

(i) (U(t))t≥0 and (V(t))t≥0 are strongly continuous.
(ii) If (T(t))t≥0 is uniformly bounded, then U(t) and V(t) are linear bounded operators for any

fixed t ≥ 0.
(iii) If (T(t))t≥0 is compact, then U(t) and V(t) are compact operators for any t ≥ 0.
(vi) If x ∈ X, α, β ∈ (0, 1) and t > 0, then

AV(t)x = A1−βV(t)Aβx

and

‖AαV(t)‖ ≤ Mα

tqα

qΓ(1− α)

Γ(q(1− α))
. (6)

(v) If t ≥ 0 and x ∈ Xα, then
‖U(t)x‖α ≤ M‖x‖α

and
‖V(t)x‖α ≤ M

q
Γ(1 + q)

‖x‖α.

For I ⊆ R, we denote by Cb(I, X) the Banach space consisting of all bounded and
continuous functions from I into X, equipped with the norm

‖u‖Cb(I,X) := sup
t∈I
‖u(t)‖.

In order to develop our results, we need to introduce the following spaces PSAPω(X)
and PSAPω,p(X). The space PSAPω(X) consists of all bounded and continuous functions
from R+ to X satisfying (2), while the space PSAPω,p(X) is defined as follows:

Definition 1. Let p > 0 and u ∈ PSAPω(X). Then, we say that u(·) is pseudo-S-asymptotically
ω-periodic of class p (u ∈ PSAPω,p(X), equivalently) if

lim
h→+∞

1
h

h∫
p

sup
t∈[ξ−p,ξ]

‖ f (t + ω)− f (t)‖ dξ = 0.

More information about this class of functions can be founded in [1,5,15], from which
we find the following:

Proposition 1. Let p ≥ 0. Then,

(i) PSAPω,p(X) ⊆ PSAPω(X).
(ii) PSAPω,p(X) is a closed subspace of Cb(R+, X).
(iii) Assume that f ∈ Cb(R+, X). Then, f ∈ PSAPω,p(X) if and only if, for every ε > 0, we have
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lim
h→+∞

1
h

µ(Mh,ε( f )) = 0,

where µ(·) denotes the classical Lebesgue measure and

Mh,ε( f ) =

{
t ∈ [p, h] : sup

t∈[ξ−p,ξ]
‖ f (t + ω)− f (t)‖ ≥ ε

}
.

At this level, for Banach space (Z, ‖·‖Z) and (W, ‖·‖W) we define another functional
framework which will be used henceforth.

Definition 2. We say that a function f ∈ Cb(R+ × Z, W) is uniformly (Z, W) pseudo-S-
asymptotically ω-periodic of class p if

lim
h→∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]

(
sup
‖x‖Z≤L

‖ f (t + ω, x)− f (t, x)‖W

))
dξ = 0,

for any L > 0.

The notation PSAPω,p(R+ × Z, W) is adopted to denote the set formed by functions
of this type. From the previous cited references, we also know the following:

Lemma 2. Let u ∈ Cb([−r, ∞), X) and

u|R+ ∈ PSAPω,p(X).

Then, the function t 7→ ut belongs to PSAPω,p(E).

Lemma 3. Let f ∈ PSAPω,p(R+ × E, X) and

(1) there exists L f ∈ Cb([0; ∞);R+) such that for all (t, φi) ∈ [0; ∞) × E:

|| f (t, φ1)− f (t, φ2)|| ≤ L f (t)||φ1 − φ2||Cb([−r,0],X),

(2) u ∈ Cb([−r, ∞), X),
(3) u|R+ ∈ PSAPω,p(X).

Then, the function t 7→ f (t, ut) belongs to PSAPω,p(X).

The following result can be regarded as a generalization of Lemma 3.

Lemma 4. Let α, β ∈ [0, 1] and f ∈ PSAPω,p(R+ × Bα, Xβ). We assume that

(1) there exists L f ∈ Cb([0; ∞);R+) such that for all (t, φi) ∈ [0; ∞)× Bα:

|| f (t, φ1)− f (t, φ2)||β ≤ L f (t)||φ1 − φ2||Bα ,

(2) u ∈ Cb([−r, ∞), Xα),
(3) u|R+ ∈ PSAPω,p(Xα).

Then, the function t 7→ f (t, ut) belongs to PSAPω,p(Xβ).

Proof. First, according to Lemma 2, we can see that t 7→ ut ∈ PSAPω,p(Bα). Now, for
h > 0, one has
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h∫
p

(
sup

t∈[ξ−p,ξ]
‖ f (t + ω, ut+ω)− f (t, ut)‖β

)
dξ

≤
h∫

p

(
sup

t∈[ξ−p,ξ]
‖ f (t + ω, ut+ω)− f (t, ut+ω)‖β

)
dξ +

h∫
p

(
sup

t∈[ξ−p,ξ]
‖ f (t, ut+ω)− f (t, ut)‖β

)
dξ,

which implies that

h∫
p

(
sup

t∈[ξ−p,ξ]
‖ f (t + ω, ut+ω)− f (t, ut)‖β

)
dξ

≤
h∫

p

 sup
t∈[ξ−p,ξ]

 sup
‖φ‖Bα

≤L
‖ f (t + ω, φ)− f (t, φ)‖β

dξ

+
∥∥∥L f

∥∥∥
Cb(R+ ,R+)

h∫
p

(
sup

t∈[ξ−p,ξ]
‖ut+ω − ut‖Bα

)
dξ.

As a result, we obtain

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖ f (t + ω, ut+ω)− f (t, ut)‖β

)
dξ = 0.

The proof is complete.

In our study, we will use the following types of solutions:

Definition 3. A function u ∈ C([−r,+∞), Xα) is said to be an α-mild solution for problem (1) if
u satisfies problem (1) and

u(t) = ϕ(t),

for ϕ ∈ Bα and t ∈ [−r, 0]. In this case, u is defined explicitly as follows:

u(t) = U(t)(ϕ(0)− G(0, ϕ) + G(t, ut)

−
t∫

0

(
(t− s)q−1 AV(t− s)G(s, us)

)
ds

+

t∫
0

(
(t− s)q−1V(t− s)F(s, us)

)
ds, t ≥ 0.

Moreover, if u|R+
∈ PSAPω,p(Xα), then u(·) is called pseudo S-asymptotically ω-periodic

α-mild solution of class p for problem (1).

In this study, our strategy is based on the use of two versions of the well known fixed
point theorems; that is,

Theorem 2. (Banach Contraction Principle). Let (E, d) be a complete metric space and f :
E→ E be contractive. Then, f has a unique fixed point u, and f n(y)→ u for each y ∈ E.

Theorem 3. (Krasnoselskii’s Fixed Point Theorem). Let Ω be a closed convex nonempty subset
of a Banach space (X, ‖·‖). Suppose that A1 and A2 map Ω into X such that
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• A1x +A2y ∈ Ω for every pair x, y ∈ Ω;
• A1 is continuous and A1(Ω) is contained in a compact set;
• A2 is a contraction.

Then, there exists y ∈ Ω with A1y +A2y = y.

For more details, we refer the reader to [16,17].

3. Main Results

In this section, we discuss some questions related to the existence and uniqueness
of pseudo S-asymptotically ω-periodic α-mild solutions of class p to problem (1). Our
standing hypotheses are

(A1) F ∈ PSAPω,p(R+ × Bα, X) and G ∈ PSAPω,p(R+ × Bα, X1).
(A2) There exists a function LG(·) ∈ Cb(R+,R+) such that

‖AG(t, φ1)− AG(t, φ2)‖ ≤ LG(t)‖φ1 − φ2‖Bα
,

for all (t, φi) ∈ R+ × Bα.
(A3) There exists a function LF(·) ∈ Cb(R+,R+) such that

‖F(t, φ1)− F(t, φ1)‖ ≤ LF(t)‖φ1 − φ2‖Bα
,

for all (t, φi) ∈ R+ × Bα.
(A4) Setting LG = sup

t∈R+

LG(t) and LF = sup
t∈R+

LF(t), we assume also that

(
C

α−1 LG + (LG + LF)
MαΓ(1− α)

|v0|1−α

)
< 1,

with
Cα−1 = ||Aα−1||.

Theorem 4. Let (A1)–(A4) hold and let −A be the generator of an exponentially stable analytic
semigroup T(t)(t≥0). For α ∈ [0, 1), we assume that ϕ ∈ Bα, F : R+ × Bα → X and G :
R+ × Bα → X1 are continuous functions. Then, problem (1) has a unique pseudo S-asymptotic
ω-periodic α-mild solution of class p.

Proof. We consider the Banach space

Cb,0(Xα) :=
{

x : [−r,+∞)→ Xα : x|[−r,0] = 0 and x|R+ ∈ Cb(R+, Xα)
}

,

endowed with the norm

‖x‖Cb,0
= ‖x0‖Bα

+ sup
t≥0
‖x(t)‖α = sup

t≥0
‖x(t)‖α.

According to Proposition 1, we define the closed subspace of Cb,0(Xα) as follows:

PSAPω,p,0(Xα) :=
{

x : [−r,+∞)→ Xα : x|[−r,0] = 0 and x|R+ ∈ PSAPω,p(Xα)
}

.

Throughout the proof, y denotes the function defined by

y(t) :=

{
0, t ≥ 0,

ϕ(t), t ∈ [−r, 0].
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Let x ∈ PSAPω,p,0(Xα). Due to the continuity of F : R+× Bα → X and G : R+ × Bα → X1
and by taking into account assumptions (A1)–(A3) and Lemma 4, we can conclude that

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖AG(t + ω, xt+ω + yt+ω)− AG(t, xt + yt)‖

)
dξ = 0 (7)

and

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖F(t + ω, xt+ω + yt+ω)− F(t, xt + yt)‖

)
dξ = 0,

which means that F ∈ PSAPω,p(X) and G ∈ PSAPω,p(X1). Further, there exist MF > 0 and
MG > 0 such that

||F(t, xt + yt)|| ≤ MF and ||AG(t, xt + yt)|| ≤ MG for all t ≥ 0. (8)

Now, we need to introduce the following operator

N : PSAPω,p,0(Xα) −→ PSAPω,p,0(Xα)

x 7→ N x
,

where

N x(t) := U(t)(ϕ(0)− G(0, ϕ)) + G(t, xt + yt)

−
t∫

0

(
(t− s)q−1 AV(t− s)G(s, xs + ys)

)
ds

+

t∫
0

(
(t− s)q−1V(t− s)F(s, xs + ys)

)
ds,

with t ∈ R+. In what follows, we show that the operator N has a unique fixed point in
PSAPw,p,0(Xα). Firstly, we check that N is well defined. From Fubini’s theorem and the
definition of the operator V given by (4), it follows from (3), (5) and (8) that

t∫
0

(
(t− s)q−1‖AαV(t− s)‖‖F(s, xs + ys)‖

)
ds

≤ qMF Mα

t∫
0

(t− s)q(1−α)−1
∞∫

0

(
τ1−αξq(τ)e−|ν0|(t−s)qτ

)
dτ

ds

≤ MF MαΓ(1− α)

|ν0|1−α

< +∞.

Similarly,

t∫
0

(
(t− s)q−1‖AαV(t− s)‖‖AG(s, xs + ys)‖

)
ds

≤ qMG Mα

t∫
0

(t− s)q(1−α)−1
∞∫

0

(
τ1−αξq(τ)e−|ν0|(t−s)qτ

)
dτ

ds
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≤ MG MαΓ(1− α)

|ν0|1−α

< +∞,

for every x ∈ PSAPω,p,0(Xα). Consequently, we can see that t 7→ N x(t) is a bounded
function. Then, it remains to show that

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖N x(t + ω)−N x(t)‖α

)
dξ = 0.

A direct computation allows us to obtain

N x(t + ω)−N x(t) =
6

∑
i=1

Ji(t),

where
J1(t) = (U(t + ω)−U(t))(ϕ(0)− G(0, ϕ)),

J2(t) = G(t + ω, xt+ω + yt+ω)− G(t, xt + yt),

J3(t) =
ω∫

0

(
(t + ω− s)q−1V(t + ω− s)AG(s, xs + ys)

)
ds,

J4(t) =
t∫

0

(
(t− s)q−1V(t− s)(AG(s + ω, xs+ω + ys+ω)− AG(s, xs + ys))

)
ds,

J5(t) =
ω∫

0

(
(t + ω− s)q−1V(t + ω− s)F(s, xs + ys)

)
ds,

J6(t) =
t∫

0

(
(t− s)q−1V(t− s)(F(s + ω, xs+ω + ys+ω)− F(s, xs + ys))

)
ds.

This implies that

h∫
p

(
sup

t∈[ξ−p,ξ]
‖N x(t + ω)−N x(t)‖α

)
dξ ≤

6

∑
i=1

 h∫
p

sup
t∈[ξ−p,ξ]

‖Ji(t)‖α dξ

.

Keeping in mind the exponential stability of semigroup (T(t))t≥0 and the definition
of the operator U given by (4), we deduce that for all ε > 0, there exists tε > 0, such that

‖U(t)‖ ≤ ε

2
, for all t ≥ tε.

First, let us start with the estimation of the quantity J1. We have

‖J1(t)‖α ≤ (‖U(t + ω)‖+ ‖U(t)‖)‖ϕ(0)− G(0, ϕ)‖α ,

so

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖J1(t)‖α

)
dξ
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≤ 1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
(‖U(t + ω)‖+ ‖U(t)‖)‖ϕ(0)− G(0, ϕ)‖α

)
dξ

≤ ‖ϕ(0)− G(0, ϕ)‖α

(
2Mtε

h
+ ε

(
1− (p + tε)

h

))
,

which implies that

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖J1(t)‖α

)
dξ = 0.

From (7) and taking into account that X1 ↪→ Xα, we obtain

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖G(t + ω, xt+ω + yt+ω)− G(t, xt + yt)‖α

)
dξ

≤ Cα−1

h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖AG(t + ω, xt+ω + yt+ω)− AG(t, xt + yt)‖

)
dξ;

hence,

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖G(t + ω, xt+ω + yt+ω)− G(t, xt + yt)‖α

)
dξ = 0

and
t 7→ G(t, xt + yt) ∈ PSAPw,p(Xα).

At this level, let us show that

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖Ji(t)‖α

)
dξ = 0, i = 3, 4, 5, 6.

Taking into account that

t + ω− s ≥ t + ω

ω
(ω− s)

and the estimates (6) and (8), we deduce that

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖J3(t)‖α

)
dξ

≤ MG Mα
ωΓ(1− α)

Γ(q(1− α) + 1)

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
(t + ω)q(1−α)−1

)
dξ


≤ MG Mα

ωΓ(1− α)

Γ(q(1− α) + 1)

1
h

h∫
p

(ξ − p + ω)q(1−α)−1 dξ

,

which implies that

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖J3(t)‖α

)
dξ = 0,
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and

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖J5(t)‖α

)
dξ = 0.

In fact, it suffices to see that

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖J5(t)‖α

)
dξ

≤ MF Mα
ωΓ(1− α)

Γ(q(1− α) + 1)

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
(t + ω)q(1−α)−1

)
dξ


≤ MF Mα

ωΓ(1− α)

Γ(q(1− α) + 1)

1
h

h∫
p

(ξ − p + ω)q(1−α)−1dξ

.

It remains to show that

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖Ji(t)‖α

)
dξ = 0, i = 4, 6.

We examine the term I4. To make the notation less cluttered, we define the function
QG as follows

QG(t) = AG(t + ω, xt+ω + yt+ω)− AG(t, xt + yt), t ≥ 0.

Thanks to (7), we can deduce that, for every ε > 0, there exists hε > 0 such that

1
h

h∫
p

sup
t∈[ξ−p,ξ]

‖QG(t)‖ dξ ≤ ε, for all h ≥ hε. (9)

Consequently,

h∫
p

(
sup

t∈[ξ−p,ξ]
‖J4(t)‖α

)
dξ

≤
h∫

p

 sup
t∈[ξ−p,ξ]

ξ−p∫
0

(
(t− s)q−1‖AαV(t− s)‖‖QG(s)‖

)
ds

dξ

+

h∫
p

 sup
t∈[ξ−p,ξ]

t∫
ξ−p

(
(t− s)q−1‖AαV(t− s)‖‖QG(s)‖

)
ds

dξ

:=
2

∑
i=1

Ji
4(t).

Taking into account the definition of the operator V given in (4) and the estimates (3),
we obtain

J1
4 (t)

≤ qMα

h∫
p

sup
t∈[ξ−p,ξ]

ξ−p∫
0

(t− s)q(1−α)−1
(∫ ∞

0
τ1−αξq(τ)e−|ν0|(t−s)qτ dτ

)
‖QG(s)‖ dsdξ
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≤ qMα

h∫
p

−p∫
0

(ξ − p− s)q(1−α)−1
(∫ ∞

0
τ1−αξq(τ)e−|ν0|(ξ−p−s)qτdτ

)
‖QG(s)‖ ds dξ

= qMα

h∫
p

ξ∫
p

(ξ − s)q(1−α)−1
(∫ ∞

0
τ1−αξq(τ)e−|ν0|(ξ−s)qτdτ

)
‖QG(s− p)‖ds dξ.

Using the classical Fubini’s theorem, we obtain

J1
4 (t)

≤ qMα

h∫
p

‖QG(s− p)‖

 h∫
s

(ξ − s)q(1−α)−1
(∫ ∞

0
τ1−αξq(τ)e−|ν0|(ξ−s)qτdτ

)
dξ

ds

≤ qMα

h∫
p

‖QG(s− p)‖

 h−s∫
0

(ξ)q(1−α)−1
(∫ ∞

0
τ1−αξq(τ)e−|ν0|(ξ)qτdτ

)
dξ

ds.

Similarly, as before, we obtain

J1
4 (t) ≤ Mα

Γ(1− α)

|ν0|1−α

h∫
p

‖QG(s− p)‖ ds;

it follows from (9) and Proposition 1 that

lim
h→+∞

1
h

J1
4 (t) = 0.

Assume that h ≥ 2p; then, we obtain

J2
4 (t) =

2p∫
p

 sup
t∈[ξ−p,ξ]

t∫
ξ−p

(
(t− s)q−1‖AαV(t− s)‖‖QG(s)‖

)
ds

 dξ

+

h∫
2p

 sup
t∈[ξ−p,ξ]

t∫
ξ−p

(
(t− s)q−1‖AαV(t− s)‖‖QG(s)‖

)
ds

 dξ

:=
2

∑
i=1

J2,i
4 (t).

Thanks to (8) and the estimate (6), we obtain

J2,1
4 (t) ≤ 2MG Mα

Γ(1− α)

Γ(q(1− α))

2p∫
p

 sup
t∈[ξ−p,ξ]

t∫
ξ−p

(
(t− s)q(1−α)−1

)
ds

dξ

= 2MG Mα
Γ(1− α)

Γ(1 + q(1− α))

2p∫
p

(
sup

t∈[ξ−p,ξ]
(t− ξ + p)q(1−α)

)
dξ

≤ 2MG Mα
Γ(1− α)

Γ(1 + q(1− α))

2p∫
p

pq(1−α) dξ,

and hence,

lim
h→+∞

1
h

J2,1
4 (t) = 0.
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Concerning the term J2,2
4 (t), we have

J2,2
4 (t) ≤ Mα

qΓ(1− α)

Γ(q(1− α))

h∫
2p

 sup
t∈[ξ−p,ξ]

t∫
ξ−p

(t− s)q(1−α)−1‖QG(s)‖ ds

dξ

≤ Mα
qΓ(1− α)

Γ(q(1− α))

h∫
2p

 p∫
0

(s)q(1−α)−1 sup
t∈[ξ−p,ξ]

‖QG(t− s)‖ ds

dξ,

for h ≥ hε, and the use of Fubini theorem implies

1
h

J2,2
4 (t)

≤ Mα
Γ(1− α)

Γ(q(1− α))

p∫
0

(s)q(1−α)−1

1
h

h∫
2p

sup
t∈[ξ−p,ξ]

‖QG(t− s)‖ dξ

 ds

≤ Mα
Γ(1− α)

Γ(q(1− α))

p∫
0

(s)q(1−α)−1

1
h

h∫
p

sup
t∈[ξ−p,ξ]

‖QG(t)‖ dξ

 ds

≤ εMα
Γ(1− α)

Γ(q(1− α))

p∫
0

sq(1−α)−1 ds

→ 0, as ε→ 0.

Combining all the previous estimates, we conclude that

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖J4(t)‖α

)
dξ = 0.

Similarly,

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖J6(t)‖α

)
dξ = 0.

Summing up, one can deduce that

N (PSAPω,p,0(Xα)) ⊆ PSAPω,p,0(Xα). (10)

Next, we will show that N is a contraction mapping. Let x, z ∈ PSAPω,p,0(Xα); taking
into account the assumptions (A2) and (A3), we obtain

‖N x(t)−N z(t)‖α

≤ Cα−1‖AG(t, xt + yt)− AG(t, zt + yt)‖α

+

t∫
0

(
(t− s)q−1‖AαV(t− s)‖‖AG(s, xs + ys)− AG(s, zs + ys)‖

)
ds,

+

t∫
0

(
(t− s)q−1‖AαV(t− s)‖‖F(s, xs + ys)− F(s, zs + ys)‖

)
ds

≤ Cα−1LG‖xt − zt‖Bα

+(LG + LF)

t∫
0

(
(t− s)q−1‖AαV(t− s)‖‖xs − zs‖Bα

)
ds
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≤
(

C
α−1 LG + (LG + LF)

MαΓ(1− α)

|v0|1−α

)
||x− z||Cb,0 .

As a result, we confirm that

||N x−N z||Cb,0 ≤
(

C
α−1 LG + (LG + LF)

MαΓ(1− α)

|v0|1−α

)
||x− z||Cb,0 .

Hence, taking into account assumption (A4), we conclude that the mapping

N : PSAPw,p,0(Xα)→ PSAPw,p,0(Xα)

is a contraction. Then, it follows from the Banach contraction principle thatN has a unique
fixed point x ∈ PSAPw,p,0(Xα). Set u(t) = x(t) + y(t) for t ∈ [−r,+∞); we can con-
firm that u is a unique pseudo S-asymptotic ω-periodic α-mild solution of class p of the
problem (1).

In the remainder of this section, we prove the existence of the pseudo S-asymptotic ω-
periodic α-mild solution of class p for problem (1) without assuming the Lipschitz property
of the function F. Our strategy is based on the use of the Krasnoselskii’s fixed point theorem.
In order to accomplish that, we will need the following conditions:

(A5) Let ψi : R+ → R+, i = 1, 2 be non-negative functions that satisfy the following
estimate:

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
ψi(t)

)
dξ = 0, i = 1, 2.

and assume that, for every t ∈ R+ and φ ∈ Bα, there exists ω > 0 such that

‖F(t + ω, φ)− F(t, φ)‖ ≤ ψ1(t), and ‖AG(t + ω, φ)− AG(t, φ)‖ ≤ ψ2(t).

(A6) There exists a function k : R+ → R+ and a constant δ > 0 such that for all φ ∈ Bα,

||F(t, φ)|| ≤ k(t), for all t ≥ 0, (11)

and k satisfies the following estimate:

lim
h→+∞

1
h

h∫
δ

(
(ξ − p)q(1−α) sup

s∈[0,ξ]
k(s)

)
dξ = 0. (12)

(A7) There exists a positive constant LG such that

‖AG(t, φ1)− AG(t, φ2)‖ ≤ LG‖φ1 − φ2‖Bα
,

for all (t, φi) ∈ R+ × Bα.
(A8) Assume that (

Cα−1LG + LG
MαΓ(1− α)

|ν0|1−α

)
< 1.

and one has the following interesting result:

Theorem 5. Assume that (A5)–(A8) hold and −A generates a compact, exponentially stable
analytic semigroup (T(t))t≥0 on X. For α ∈ [0, 1), we assume that ϕ ∈ Bα, F : R+ × Bα → Xα

is a bounded continuous function and G : R+ × Bα → X1 is a continuous function that satisfies
G(t, 0) = 0 for t ≥ 0. Then, the problem (1) has at least one pseudo S-asymptotic ω-periodic
α-mild solution of class p.



Axioms 2023, 12, 800 15 of 25

Proof. For the sake of convenience, we will conserve the notation adopted in the proof of
the Theorem 4. In the sequel, our aim is to show that

N (PSAPw,p,0(Xα)) ⊆ PSAPw,p,0(Xα),

which means that for any x ∈ PSAPw,p,0(Xα),

N x : t 7→ U(t)(ϕ(0)− G(0, ϕ) + G(t, xt + yt)

−
t∫

0

(
(t− s)q−1 AV(t− s)G(s, xs + ys)

)
ds

+

t∫
0

(
(t− s)q−1V(t− s)F(s, xs + ys)

)
ds, t ∈ R+,

belongs to the space PSAPω,p(Xα). Since the function F is bounded and G is continuous
and satisfies the conditions (A5) and (A7), then by the embedding Xα ↪→ X and Lemma (4),
there exist two positive constants M′F and M′G such that

||F(t, xt + yt)|| ≤ M′F and ||AG(t, xt + yt)|| ≤ M′G for all t > 0. (13)

for any x ∈ PSAPω,p,0(Xα). Furthermore, one has

t 7→ G(t, xt + yt) ∈ PSAPw,p(X1). (14)

Note that (13) guarantees the boundedness of the function N x. Now, we look to
prove that

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖N x(t + ω)−N x(t)‖α

)
dξ = 0,

i.e.,

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖Ji(t)‖α

)
dξ = 0, i = {1, 2, ..., 6}.

From Theorem 4, it is immediate that

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖J1(t)‖α

)
dξ = 0.

Exploiting (14) and the fact that X1 ↪→ Xα , we obtain

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖J2(t)‖α

)
dξ = 0. (15)

Taking into account (13) and Theorem 4, we confirm that

lim
h→∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖Ji(t)‖α

)
dξ = 0, i = 3, 5.
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Our objective now is to show that

lim
h→∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖Ji(t)‖α

)
dξ = 0, i = 4, 6.

First of all, for t ≥ 0, we set

QF(t) = F(t + ω, xt+ω + yt+ω)− F(t, xt+ω + yt+ω).

According to (A5), it is evident to say that the functionQF satisfies the following estimate:

lim
h→+∞

1
h

h∫
p

sup
t∈[ξ−p,ξ]

‖QF(t)‖ dξ = 0. (16)

On other side, we observe that

h∫
p

(
sup

t∈[ξ−p,ξ]
‖J6(t)‖α

)
dξ ≤

2

∑
i=1

h∫
p

(
sup

t∈[ξ−p,ξ]

∥∥∥Ji
6(t)

∥∥∥
α

)
dξ,

where

J1
6 (t) =

t∫
0

(
(t− s)q−1V(t− s)QF(t)

)
ds,

and

J2
6 (t) =

t∫
0

(
(t− s)q−1V(t− s)(F(s, xs+ω + ys+ω)− F(s, xs + ys))

)
ds.

Due to (13), (15) and (16) with Theorem 4,

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖J4(t)‖α

)
dξ = 0,

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]

∥∥∥J1
6 (t)

∥∥∥
α

)
dξ = 0.

It remains to show that

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]

∥∥∥J2
6 (t)

∥∥∥
α

)
dξ = 0.

Taking into account the exponential stability of the semigroup (T(t))t≥0 and the
definition of the operator V as presented in (4), we can deduce that for every ε > 0,
there exists

t′ε =
(

qC−β

MβΓ(1− β)

Γ(q(1− β))ε

) 1
βq

> 0 ,

such that ‖V(t)‖ ≤ ε, for all t ≥ t′ε and β ∈ (0, 1). In actual fact, it suffices to take into
account the estimate (6) which allows us to write

‖V(t)x‖ ≤
∥∥∥A−β

∥∥∥∥∥∥AβV(t)x
∥∥∥ ≤ qC−β

MβΓ(1− β)

tqβΓ(q(1− β))
‖x‖,
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for any β ∈ (0, 1) and x ∈ X. Then, we can write

h∫
p

sup
t∈[ξ−p,ξ]

J2
6 (t) dξ

=

t′ε+p∫
p

sup
t∈[ξ−p,ξ]

t∫
0

(
(t− s)q−1V(t− s)(F(s, xs+ω + ys+ω)− F(s, xs + ys))

)
dsdξ

+

h∫
t′ε+p

sup
t∈[ξ−p,ξ]

t∫
0

(
(t− s)q−1V(t− s)(F(s, xs+ω + ys+ω)− F(s, xs + ys))

)
dsdξ.

Thanks to (13) and the estimate (6), we conclude that

1
h

t′ε+p∫
p

 sup
t∈[ξ−p,ξ]

t∫
0

(
(t− s)q−1‖AαV(t− s)‖‖(F(s, xs+ω + ys+ω)− F(s, xs + ys))‖

)
ds

dξ

≤
2M′F MαΓ(1− α)

Γ(q(1− α))

1
h

t′ε+p∫
p

ξq(1−α)dξ

→ 0, as h→ +∞.

Keeping in mind that the function

s 7→ g(s) = (s + (ξ − p))q − sq,

is decreasing for s ≥ 0, we obtain g(0) ≥ g(p) i. e., ξq − (ξ − p)q ≤ pq. Hence,

1
h

h∫
t′ε+p

 sup
t∈[ξ−p,ξ]

t−(ξ−p)∫
0

(
(t− s)q−1‖V(t− s)‖‖AαF(s, xs+ω + ys+ω)− AαF(s, xs + ys)‖

)
ds

dξ

≤
2M′Fε

qC−α

1
h

h∫
t′ε+p

(ξq − (ξ − p)q)dξ

 ≤ 2M′Fε

qC−α
pq → 0, as ε→ 0.

At this level, the use of (11) justify the fact that

||F(t, xs + ys)|| ≤ k(t).

Therefore, by (12), one can find

1
h

h∫
t′ε+p

sup
t∈[ξ−p,ξ]

t∫
t−(ξ−p)

(
(t− s)q−1‖AαV(t− s)‖‖F(s, xs+ω + ys+ω)− F(s, xs + ys)‖

)
dsdξ

≤ 2MαΓ(1− α)

Γ(q(1− α))

1
h

h∫
t′ε+p

 sup
t∈[ξ−p,ξ]

t∫
t−(ξ−p)

(
(t− s)q(1−α)−1k(s)

)
ds

dξ


≤ 2MαΓ(1− α)

Γ(q(1− α))

1
h

h∫
t′ε+p

(
(ξ − p)q(1−α) sup

s∈[0,ξ]
k(s)

)
dξ

,

then
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lim
h→+∞

1
h

h∫
t′ε+p

sup
t∈[ξ−p,ξ]

t∫
t−(ξ−p)

(
(t− s)q−1‖AαV(t− s)‖‖F(s, xs+ω + ys+ω)− F(s, xs + ys)‖

)
dsdξ


= 0.

Thus,

lim
h→∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖J6(t)‖α

)
dξ = 0.

Summing up, the above results for Ji, i ∈ {1, 2, . . . , 6}, we conclude that

N x ∈ PSAPω,p(Xα);

which justifies the following inclusion, that is,

N (PSAPω,p,0(Xα)) ⊆ PSAPω,p,0(Xα).

We are now in a position to show that the operator N has at least one fixed point
x ∈ PSAPω,p,0(Xα). For R > 0, we define the closed ball of PSAPω,p,0(Xα) with center 0
and radius R by

ΩR =
{

x ∈ PSAPω,p,0(Xα) : ||x||Cb,0 ≤ R
}

.

Set N = N1 +N2 with

N1x(t) := U(t)ϕ(0) +
t∫

0

(
(t− s)q−1V(t− s)F(s, xs + ys)

)
ds,

N2x(t) := U(t)(G(0, ϕ)) + G(t, xt + yt)−
t∫

0

(
(t− s)q−1 AV(t− s)G(s, xs + ys)

)
ds.

We first prove that there exists a positive constant R0 such that N1x +N2z ∈ ΩR0 , for
every pair x, z ∈ ΩR0 . For this purpose, we assume that for any R > 0, there exist x, z ∈ ΩR
and t ≥ 0 such that

R ≤ ‖N1x(t) +N2z(t)‖α

≤ ‖U(t)‖‖ϕ(0)‖α +

t∫
0

(
(t− s)q−1‖AαV(t− s)‖‖F(s, xs + ys)‖

)
ds

+‖U(t)‖‖G(0, ϕ)‖α + ‖G(t, zs + ys)‖α +

t∫
0

(
(t− s)q−1‖AαV(t− s)‖‖AG(s, zs + ys)‖

)
ds.

Hence, we have

R ≤ M‖ϕ‖Bα
+ M′F

t∫
0

(
(t− s)q−1‖AαV(t− s)‖

)
ds

+MC−αLG‖ϕ‖Bα
+ Cα−1LG‖zs + ys‖Bα

+ LG‖zs + ys‖Bα

t∫
0

(
(t− s)q−1‖AαV(t− s)‖

)
ds,

which implies
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R ≤ M‖ϕ‖Bα
+ M′F Mα

Γ(1− α)

|ν0|1−α

+MC−αLG‖ϕ‖Bα
+ Cα−1LG

(
R + ‖ϕ‖Bα

)
+ LG

(
R + ‖ϕ‖Bα

)MαΓ(1− α)

|ν0|1−α
.

Dividing both sides by R and taking the limit as R approaches infinity, we obtain

1 ≤ Cα−1LG + LG
MαΓ(1− α)

|ν0|1−α
.

Combining all the above arguments, we can deduce that there exists a positive constant
R0, such that for any pair of x, z ∈ ΩR0 , one has N1x +N2z ∈ ΩR0 .

Now, let us show that the function N1 is compact and the function N2 is contraction.
To accomplish that, we should perform several steps as follows:
Step 1. We show that the function N1 is continuous on ΩR0 . In fact, due the continuity of
the function F, for any sequence (xn) ∈ ΩR0 such that xn → x on ΩR0 , one can see

‖F(s, xn
s + ys)− F(s, xs + ys)‖ → 0, as n→ +∞.

Then, by the dominate convergence theorem, we can conclude that

‖N1xn(t)−N1x(t)‖α ≤
t∫

0

(
(t− s)q−1‖AαV(t− s)‖‖F(s, xn

s + ys)− F(s, xs + ys)‖
)

ds

→ 0, as n→ +∞.

Step 2. Following [3], for t ≥ 0, we define

N ε,δ
1 x(t) := U(t)ϕ(0) + q

t∫
0

(t− s)q−1
∞∫

δ

(
τξq(τ)T(tqτ)F(s, xs + ys)

)
dτ

ds.

The compactness of the operator T(t) and Lemma 1 implies that the set N ε,δ
1
(
ΩR0

)
(t)

is relatively compact in Xα. Moreover, it follows from (3) and (13) that∥∥∥N1x(t)−N ε,δ
1 x(t)

∥∥∥
α

≤ q
t∫

0

(t− s)q−1
δ∫

0

(
τξq(τ)‖AαT(tqτ)‖‖F(s, xs + ys)‖

)
dτ

ds

+q
t∫

t−ε

(t− s)q−1
∞∫

δ

(
τξq(τ)‖AαT(tqτ)‖‖F(s, xs + ys)‖

)
dτ

ds

≤ qMα M′F

∫ δ

0

τ1−αξq(τ)

t∫
0

(
(t− s)q(1−α)−1e−|ν0|(t−s)qτ

)
ds

dτ

+

t∫
t−ε

(
(t− s)q(1−α)−1

)
ds
∫ ∞

0

(
τ1−αξq(τ)

)
dτ


≤ Mα M′F

Γ(1− α)

|ν0|1−α

[∫ δ

0
ξq(τ)dτ +

1
q(1− α)

εq(1−α)

]
,
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in other words,
lim

ε,δ→0

∥∥∥N1x(t)−N ε,δ
1 x(t)

∥∥∥
α
= 0.

Consequently, the set N1
(
ΩR0

)
(t) is relatively compact in Xα.

Step 3. Let t1 > t2 ≥ 0 and x ∈ ΩR0 . Observe that, from Lemma 2.9 in [14], we deduce that

‖AαV(t1 − s)− AαV(t2 − s)‖ → 0, as t1 → t2

and
‖U(t1)−U(t2)‖ → 0, as t1 → t2.

On other side, one has

t2∫
0

(
(t2 − s)q−1 − (t1 − s)q−1

(t2 − s)αq

)
ds

=

t2∫
0

(
(t2 − s)q(1−α)−1 − (t1 − s)q(1−α)−1

(
t1 − s
t2 − s

)αq)
ds

≤
t2∫

0

(
(t2 − s)q(1−α)−1 − (t1 − s)q(1−α)−1

)
ds

→ 0, as t1 → t2.

This gives

‖N1x(t1)−N1x(t2)‖α

≤ ‖U(t1)−U(t2)‖‖Aα ϕ(0)− AαG(0, ϕ)‖

+

t2∫
0

(
(t1 − s)q−1‖AαV(t1 − s)− AαV(t2 − s)‖‖F(s, xs + ys)‖

)
ds

+

t2∫
0

([
(t2 − s)q−1 − (t1 − s)q−1

]
‖AαV(t2 − s)‖‖F(s, xs + ys)‖

)
ds

+

t1∫
t2

(
(t1 − s)q−1‖AαV(t1 − s)‖‖F(s, xs + ys)‖

)
ds

≤ ‖U(t1)−U(t2)‖(‖Aα ϕ(0)‖+ Cα−1‖AG(0, ϕ)‖)

+M′F

 t2∫
0

(
(t1 − s)q−1‖AαV(t1 − s)− AαV(t2 − s)‖

)
ds

+Mα

t2∫
0

(
(t2 − s)q−1 − (t1 − s)q−1

(t2 − s)αq

)
ds + Mα

t1∫
t2

(
(t1 − s)q(1−α)−1

)
ds


Then,

lim
t1→t2
‖N1x(t1)−N1x(t2)‖α = 0,

which means that N1
(
ΩR0

)
is equicontinuous. Combining the above steps, the Arzela-

Ascoli theorem guarantees that N1 is a compact operator on ΩR0 .
Step 4. What is left is to show that N2 is a contraction. Let x, z ∈ ΩR0 , for t ≥ 0; one has

‖N2x(t)−N2z(t)‖α
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≤ ‖G(t, xt + yt)− G(t, zt + yt)‖α

+

t∫
0

(
(t− s)q−1‖AαV(t− s)‖‖AG(s, xs + ys)− AG(s, zs + ys)‖

)
ds,

then

‖N2x(t)−N2z(t)‖α ≤
(

Cα−1LG + LG
MαΓ(1− α)

|ν0|1−α

)
‖x− z‖Cb,0

,

it follows from (A8) that N2 is contraction. Finally, by applying Theorem 3, we conclude
that the operator N has at least one fixed point x ∈ ΩR0 ⊂ PSAPω,p,0(Xα). Hence, we can
affirm that u = x + y is the pseudo S-asymptotically ω-periodic α-mild solution of class p
for problem (1).

4. Applications

In this section, we present a concrete example to apply of our abstract theoretical
results. Of concern is the following delayed partial differential: equation

∂
1
2

∂t
1
2

(
u(t, ξ)− k2(t)

t∫
t−r

(∫ ξ
a b2(s− t)u(s, η) dη

)
ds

)
− ∂2

∂ξ2 u(t, ξ)

= k1(t)
∫ t

t−r b1(s− t)u(s, ξ) ds, ξ ∈ [0, π], t ∈ R+,

u(t, 0) = u(t, π) = 0, t ∈ R+,

u(τ, ξ) = ϕ(τ)(ξ), τ ∈ [−r, 0], ξ ∈ [0, π],

(17)

where ∂
1
2 /∂t

1
2 is a Caputo fractional partial derivative of order 1/2, r > 0 is a constant,

ϕ ∈ C
(
[−r, 0], L2([0, π])

)
and b1(·), b2(·) ∈ C([−r, 0],R) and k1(.), k2(.) are suitable functions.

Let X := L2([0, π]) and A : D(A) ⊆ X → X is the operator defined by{
Au := −u′′,

D(A) = {u ∈ X|−u′′ ∈ X, u(0) = u(π) = 0}.

Remark 1. Most of the useful spectral properties of this operator can be founded in Section 5 in [18]
and Example 5.1 in [19]. For the reader’s convenience, we recall that

• A has a discrete spectrum with eigenvalues n2, n ∈ N. Furthermore,
• A generates an exponentially stable analytic semigroup (T(t))(t≥0) defined by

T(t)u :=
∞

∑
n=1

e−n2t〈u, en〉en and ‖T(t)‖≤e−t,

where {en | n ∈ N} is an orthonormal basis of X and en(ξ) =
( 2

π

) 1
2 sin(nξ) are the associated

normalized eigenvectors .

• The operator A1/2 is well defined and can be characterized as follows
(A)

1
2 u := ∑∞

n=1 n〈u, en〉en,

(A)−
1
2 u := ∑∞

n=1
1
n
〈u, en〉en,

D(A1/2) := {u ∈ X : ∑∞
n=1 n〈u, en〉en ∈ X}.

• For u ∈ D(A1/2):‖u‖ 1
2
= ‖u′‖.
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Let us introduce the following functions F : R+ × B 1
2
→ X and G : R+ × B 1

2
→ X1

as follows 
F(t, φ)(ξ) = k1(t)

∫ 0
−r b1(s)φ(s, ξ) ds,

and
G(t, φ)(ξ) = k2(t)

∫ 0
−r

∫ ξ
a b2(s)φ(s, η) dη ds.

According to Theorem 4, we have the following result

Proposition 2. Suppose that the functions k1, k2 belong to PSAPw,p(R) and

(1 + π)

(∫ 0

−r
|b1(s)|2ds

) 1
2

‖k1‖Cb(R) + π

(∫ 0

−r
|b2(s)|2ds

) 1
2

‖k2‖Cb(R) < r−
1
2 . (18)

Then, the problem (17) has a unique pseudo S-asymptotic ω-periodic α-mild solution of class p.

Proof. Note that, for t ≥ 0 and φ ∈ B 1
2
, one has

|F(t, φ)(ξ)|2 ≤ |k1(t)|2
(∫ 0

−r
|b1(s)||φ(s, ξ)|ds

)2

≤ |k1(t)|2
∫ 0

−r
|b1(s)|2ds

∫ 0

−r
|φ(s, ξ)|2ds.

Using the Fubini theorem, we have

‖F(t, φ)‖2 ≤ |k1(t)|2
∫ 0

−r
|b1(s)|2ds

∫ 0

−r
‖φ(s, ·)‖2

L2([0,π])ds

≤ r|k1(t)|2
∫ 0

−r
|b1(s)|2ds sup

s∈[−r,0]
‖φ(s, ·)‖2

L2([0,π]).

Furthermore,

‖F(t, φ)‖ ≤ r
1
2 |k1(t)|

(∫ 0

−r
|b1(s)|2ds

) 1
2

‖φ‖B 1
2

and

1
h

h∫
p

sup
t∈[ξ−p,ξ]

sup
‖φ‖B 1

2

≤L
‖F(t + ω, φ)− F(t, φ)‖dξ

≤ Lr
1
2

(∫ 0

−r
|b1(s)|2ds

) 1
2

1
h

h∫
p

sup
t∈[ξ−p,ξ]

|k1(t + ω)− k1(t)|dξ

,

which implies that

lim
h→+∞

1
h

h∫
p

sup
t∈[ξ−p,ξ]

sup
‖φ‖B 1

2

≤L
‖F(t + ω, φ)− F(t, φ)‖dξ = 0

and
F ∈ PSAPω,p(R+ × B 1

2
, X). (19)
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Moreover, we can easily see that

‖F(t, φ1)− F(t, φ2)‖ ≤ r
1
2 ‖k1‖Cb(R+ ,R+)

(∫ 0

−r
|b1(s)|2ds

) 1
2

‖φ1 − φ2‖B 1
2

, (20)

for any φ1, φ2 ∈ B 1
2
. Similarly, one has

∣∣∣∣ ∂2

∂ξ2 G(t, φ)(ξ)

∣∣∣∣2 = |k2(t)|2
∣∣∣∣∫ 0

−r
b2(s)

∂2

∂ξ2

∫ ξ

a
φ(s, η) dη ds

∣∣∣∣2
≤ |k2(t)|2

∣∣∣∣∫ 0

−r
b2(s)

∂

∂ξ
φ(s, ξ)ds

∣∣∣∣2
≤ |k2(t)|2

∫ 0

−r
|b2(s)|2 ds

∫ 0

−r

∣∣∣∣ ∂

∂ξ
φ(s, ξ)

∣∣∣∣2 ds.

This yields

∥∥∥∥ ∂2

∂ξ2 G(t, φ)

∥∥∥∥ ≤ r
1
2 |k2(t)|

(∫ 0

−r
|b2(s)|2ds

) 1
2

sup
s∈[−r,0]

∥∥φ′(s, ·)
∥∥

L2([0,π])

= r
1
2 |k2(t)|

(∫ 0

−r
|b2(s)|2ds

) 1
2

‖φ‖B 1
2

.

Therefore,

1
h

h∫
p

sup
t∈[ξ−p,ξ]

sup
‖φ‖B 1

2

≤L

∥∥∥∥ ∂2

∂ξ2 G(t + ω, φ)− ∂2

∂ξ2 G(t, φ)

∥∥∥∥dξ

≤ Lr
1
2

(∫ 0

−r
|b2(s)|2ds

) 1
2

1
h

h∫
p

sup
t∈[ξ−p,ξ]

|k2(t + ω)− k2(t)|dξ

,

which means that

lim
h→+∞

1
h

h∫
p

sup
t∈[ξ−p,ξ]

sup
‖φ‖B 1

2

≤L

∥∥∥∥ ∂2

∂ξ2 G(t + ω, φ)− ∂2

∂ξ2 G(t, φ)

∥∥∥∥dξ = 0

and consequently,
G ∈ PSAPω,p(R+ × B 1

2
, X1). (21)

On other side, we have∥∥∥ ∂2

∂ξ2 G(t, φ1)− ∂2

∂ξ2 G(t, φ2)
∥∥∥

≤ r
1
2 ‖k2‖Cb(R+ ,R+)

(∫ 0
−r|b2(s)|2ds

) 1
2 ‖φ1 − φ2‖B 1

2

,
(22)

for any φ1, φ2 ∈ B 1
2
. Observe that, from (19)–(22), we can deduce that the condition (A1),

(A2) and (A3) from Section 3 hold. It is immediate that (18) implies that the condition (A4)
holds with ‖A−1/2‖ = 1, M 1

2
= Γ(1/2) =

√
π and ν0 = −1. By Theorem 4, we conclude

that the problem (17) has a unique pseudo S-asymptotical ω-periodic α-mild solution of
class p.
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5. Conclusions

In this paper, we furnish some sufficient conditions for the existence of pseudo S-
asymptotically periodic mild solutions for the following abstract fractional Cauchy problem:{

cDq
t
(
u(t)− G(t, ut)

)
+ Au(t) = F

(
t, ut

)
, t ≥ 0,

u(t) = ϕ(t), −r ≤ t ≤ 0,

where the fractional derivative cDq
t , q ∈ (0, 1) is taken in the sense of Caputo approach and

(A, D(A)) is a closed linear operator in a Banach space (X, ‖·‖). An important example
is given to demonstrate the abstract results obtained in our work. We hope that our
new results will have important applications in nonlinear analysis, mathematical physics,
mechanics, biology and related fields in the future.

Author Contributions: Writing–original draft, N.C., B.C., M.K. and W.-S.D.; writing–review and
editing, N.C., B.C., M.K. and W.-S.D. All authors contributed equally to the manuscript. All authors
have read and agreed to the published version of the manuscript.
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