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Abstract: The goal of this paper is to investigate the existence and uniqueness of pseudo S-asymptotically
periodic mild solutions for a class of neutral fractional evolution equations with finite delay. We
essentially use the fractional powers of closed linear operators, the semigroup theory and some
classical fixed point theorems. Furthermore, we provide an example to illustrate the applications of
our abstract results.

Keywords: pseudo S-asymptotically periodic function; neutral fractional evolution equation; mild
solution; fractional power

MSC: 26D15; 26 A33; 60E15

1. Introduction

In this research article, we analyze the existence and uniqueness of pseudo-S-asymptotically
periodic mild solutions for the following abstract fractional Cauchy problem
D] (u(t) — G(t,ur)) + Au(t) = F(t,us), t>0,
u(t) = o(t),

where the fractional derivative °D{ , g € (0,1) is taken in the sense of Caputo approach
and (A, D(A)) is a closed linear operator in a Banach space (X, ||-||). We assume that — A
generates an exponentially stable analytic semigroup (T(#));-q. Here,

1
_rétSO/ ()

F,G:R"XE—=X,r>0,

are two continuous functions, where R* = [0,00) and E = C([—, 0], X). By u;, we denote
the classical history function defined by

ur(s) :==u(t+s) for —r<s<Qo,
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while the data u(-) belongs to the space E. Let us recall that a bounded continuous function
f:RT — X is said to be pseudo S-asymptotically periodic if there exists w > 0 such that

h
dim O/ 1F(t+w) — F(1)]|dt =o. @)

The class of pseudo S-asymptotically periodic functions was introduced in [1]. In that
paper, the authors have considered the classical version of (1) with ¢ = 1 and established sev-
eral interesting results concerning the existence and uniqueness of pseudo S-asymptotically
periodic mild solutions for such problems. The class of pseudo S-asymptotically periodic
functions is a natural generalization of the class of S-asymptotically periodic functions;
see [2]. Consequently, our study can be viewed as an extension and continuation of
the research study in [3], where the solvability of problem (1) was discussed and op-
timal results about the existence and uniqueness of S-asymptotically periodic mild so-
lutions were successfully established. The investigation of existence and uniqueness
of pseudo S-asymptotically periodic mild solutions for various classes of the abstract
fractional Cauchy problems is an attractive field and was the principal subject of many
works. For example, in [4] the authors have examined the existence and uniqueness of
pseudo S-asymptotically periodic solutions of the second-order abstract Cauchy problems.
Another interesting class of the abstract fractional equations was analyzed in [5], where the
authors have considered the following fractional integro-differential neutral equations

dt
Up = @,

d ¢
—D(t,ur) = [ gu—1(t —)AD(s,us)ds + f(t,us), t >0,
0

with1l < a < 2, (A, D(A)) being a sectorial densely defined operator in the sense of [6] and

D(t, ¢) = ¢(0) +g(t, ¢),

with f, ¢ and ¢ being suitable vector-valued functions. Here,
ga(t) := t*"1/T(a),

a > 0,t > 0, where I'(«) is the Euler Gamma function. For more details, we refer the reader
to the recent research monographs [7,8] and the references cited therein. We would like to
point out that this work is the first phase of another project, the aim of which is to study our
main problem (1) set on non-regular domains. This study is motivated by the fact that these
types of domains are often encountered in several concrete situations. Thus, the theory of
such problems is interesting in itself. Moreover, the knowledge of the structure of solutions
is useful in numerical analysis; see [9-12]. The organization of this paper can be briefly
described as follows. In the Section 2, we collect some necessary definitions and results
needed to justify our main results. In the Section 3, we furnish some sufficient conditions
for the existence of a pseudo S-asymptotically periodic mild solution for the problem (1).
In the Section 5, we provide an example to demonstrate the abstract results obtained in this
work.

2. Preliminaries

We use the standard notation throughout this paper. Unless stated otherwise, we will
always assume that X denotes a complex Banach space equipped with the norm ||-||, and
A is a closed linear operator with 0 € p(A), where p(A) denotes the resolvent set of A. In
this work, we need to use the notion of fractional power of closed linear operators. Then,
we know that, for every a > 0, the operator A™* is well defined and has the following
explicit representation:
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A L /t“—lT(t)dt,

I'(a) ,

for more details about fractional powers of closed linear operators, we refer the reader to
the research monograph [6]. For « € (0,1), we set

X, := D(AY).

In the particular situation & = 0, we consider that A? := I and X, := X. The fractional
power space X, is a Banach space when it is endowed with its natural norm

[-lle = 1A%]]-
Furthermore, for 0 < a < 8 <1, one has
Xﬁ — Xa,

and the embedding Xz < X, is compact whenever the resolvent operator of A is compact.
In the sequel, we consider the Banach space

By := C([—r, 0], sz),
of all continuous vector-valued functions from [—7, 0] into X, equipped with the norm

lollp, == max [[¢(s)]],-
se[—r,0]

Among the effective tools used in our work we cite the well known semigroup’s theory.
For the the reader’s convenience, we refer him or her to the research monograph [13]. In
this work, our basic assumption is that —A generates an exponentially stable analytic
semigroup in X. We need also to recall the following results (see, e.g., [13]):

Theorem 1. Assume that — A is the infinitesimal generator of an analytic semigroup (T(t))>¢
and let | T(t)|| < Me™%, t > 0 for some & > 0. If0 € p(A), then one has

(i)  A™%is a bounded linear operator for 0 < a < 1.
(i) T(t): X — D(A*) forevery t > 0and a > 0.
(iii) Foreveryt > 0and x € D(A"), we have
T(t)A%x = A"T(t)x.
(vi) For every t > 0, the operator A*T (t) is bounded and
[|AXT(t)]| < Myt %%, 3)
(v) If0<a<landx € D(A%), then
IT(5)x — x|| < Cat®[|A%x]|.

Now, let us define

u() ::/g( )T(#17) dt and V(¢ q/Té‘q T(#17) dt, t >0, @)
0 0
where . r )
(1) = o L (-0 i), T e R - (0),
n>1 :
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is a probability density function defined on R™ — {0}. Let us recall that (see, e.g., [14])

Zq(1) >0, T>0and /Ooo T¢y(T)dTr =1

and -
/ T”g’fq('f) dt = m, 0<v<1. (5)
0

The main properties of these families are summarized in the following lemma (see [14]):

Lemma 1. Let (T(t)), be a Co-semigroup. Then, the operator families (U(t)),~q and (V(t)),~

defined by (4) have the following properties:

(i) (U(t));>q and (V(t)),~q are strongly continuous.

(ii) If (T(t))_t>0 is uniformly bounded, then U(t) and V (t) are linear bounded operators for any
fixed t > 0.

(iii) If (T(t));~q is compact, then U(t) and V (t) are compact operators for any t > 0.

(i) IfxeX, ;c, B € (0,1)andt > 0, then

AV(Hx = APV (1) APx

and
M, qT'(1—«a)

(6)
(v) Ift>0and x € X,, then
[ut)xll, < Mllx|l,

and

_1
V() < Mgt

For I C R, we denote by C,(I, X) the Banach space consisting of all bounded and
continuous functions from I into X, equipped with the norm

[ullc,(1,x) = supllu(t)].
tel

In order to develop our results, we need to introduce the following spaces PSAP,, (X)
and PSAP,,,(X). The space PSAP,(X) consists of all bounded and continuous functions
from R* to X satisfying (2), while the space PSAP,, ,(X) is defined as follows:

Definition 1. Let p > 0and u € PSAP,,(X). Then, we say that u(-) is pseudo-S-asymptotically
w-periodic of class p (u € PSAP, ,(X), equivalently) if

h
1
lim L[ sup [If(t+w)— F)]ldg =o0.
hotteo ,,/ tele-pa]

More information about this class of functions can be founded in [1,5,15], from which
we find the following:

Proposition 1. Let p > 0. Then,

(i) PSAP,,(X) C PSAP,(X).

(ii)  PSAPy,,(X) is a closed subspace of Cp(R™, X).

(iii) Assume that f € Cp(R™, X). Then, f € PSAPy,,(X) if and only if, for every e > 0, we have
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1
Jm e (Mye(f) =0,

where u(-) denotes the classical Lebesgue measure and
Mie(f) = {f €lphl: sup [If(t+w)—f(H)] = €}~
te[e—p.

At this level, for Banach space (Z, ||| ;) and (W, ||-||;y) we define another functional
framework which will be used henceforth.

Definition 2. We say that a function f € C,(RT x Z,W) is uniformly (Z, W) pseudo-S-
asymptotically w-periodic of class p if

h
lim ;/( sup < sup ||f(t—|—w,x)—f(t,x)||w>>d§:0,
P

hreo tefe—pel \lxlz<L
forany L > 0.

The notation PSAP,, ,(R* x Z, W) is adopted to denote the set formed by functions
of this type. From the previous cited references, we also know the following:

Lemma 2. Let u € Cy([—r,00), X) and
ulg: € PSAP, »(X).
Then, the function t — u; belongs to PSAP,, ,(E).

Lemma 3. Let f € PSAP, ,(R" x E, X) and
(1) there exists Ly € Cy([0;00); R™) such that for all (t,¢;) € [0;00) x E:

[1f(t 1) — F(E @)l < Le()[ld1 — ¢2llc, ((-r.00,%)-

(2) u € Cy([—r,0),X),
(3)  ulg: € PSAP, ,(X).

Then, the function t — f(t,u;) belongs to PSAP,, »(X).
The following result can be regarded as a generalization of Lemma 3.

Lemma4. Letwa, B € [0,1]and f € PSAP&,,,,(R+ X Bg, Xﬁ). We assume that
(1) there exists Ly € Cy([0;00); R) such that for all (t,¢;) € [0;00) X By:

If(tp1) = f(t,¢2)llp < Le(E)|1¢1 — ¢2llB,,

2) u€ Cy([~r,00),Xy),
(3) M|R+ € PSAPw,p(er)'

Then, the function t — f(t, ut) belongs to PSAPy,,(Xp).

Proof. First, according to Lemma 2, we can see that t — u; € PSAPw,p(B,X). Now, for
h > 0, one has
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h
/ ( sup IIf(t+w,ut+w)—f(t,ut)ll,;>dé
p \E[E—pd]

h
</ ( sup [[f(t+ @, ) = F(t Ut ||ﬁ>d§+ / ( sup IIf(t/utw)—f(t,ut)ll,g>d§
o \rli—p] telg—p.g]

which implies that

( sup ||ft+wut+w>—f<t,uf>||ﬁ>dc
tel—p,]

( sup ( sup ||f(t+wr¢)—f(t/¢)||5))d§
telg-pg) \ ¢l <L

h
+HLchb(R+,R+) p/ (te?ﬁ,g]”un - ”t|Ba>dC-

<

/
/

As a result, we obtain

h
lim ;/( sup ||f(t+w, ut+w)f(t,ut)||ﬁ>d§:0.
P

h— o0 te(e—p.g)

The proof is complete. [

In our study, we will use the following types of solutions:

Definition 3. A function u € C([—r, +0c0), Xy) is said to be an a-mild solution for problem (1) if
u satisfies problem (1) and

u(t) = o(t),
for ¢ € By and t € [—r,0]. In this case, u is defined explicitly as follows:

u(t) = U(t)(p(0) — G(0, ¢) + G(t, us)

((t—s)q 1AV(t—s)G(s,us)) ds

+ ((l‘ — )11V (t —5)F(s, us)) ds, t>0.

o _ O\H_

Moreover, if u|g, € PSAPuy,p(Xy), then u(-) is called pseudo S-asymptotically w-periodic
a-mild solution of class p for problem (1).

In this study, our strategy is based on the use of two versions of the well known fixed
point theorems; that is,

Theorem 2. (Banach Contraction Principle). Let (E,d) be a complete metric space and f :
E — E be contractive. Then, f has a unique fixed point u, and f"(y) — u for eachy € E.

Theorem 3. (Krasnoselskii’s Fixed Point Theorem). Let (2 be a closed convex nonempty subset
of a Banach space (X, ||-||). Suppose that Ay and Ay map (2 into X such that
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o Aix+ Ayy € Q for every pair x,y € (;
e Ay is continuous and Ay (Q) is contained in a compact set;
e A, isa contraction.

Then, there exists y € Q with A1y + Ayy = y.

For more details, we refer the reader to [16,17].

3. Main Results

In this section, we discuss some questions related to the existence and uniqueness
of pseudo S-asymptotically w-periodic a-mild solutions of class p to problem (1). Our
standing hypotheses are

(A1) F € PSAP,,,(R* x By, X) and G € PSAP, ,(R* x By, X1).
(A2) There exists a function Lg(-) € Cp(R™,R™") such that

IAG(t, ¢1) — AG(E, ¢2)|| < L (8)ll¢1 — P2ll,,

forall (t,¢;) € RT x B,.
(A3) There exists a function Lr(-) € C,(R™,R™") such that

[E(t ¢1) — F(t, ¢1)|| < Le(t)l1 — ¢2l 5,
forall (t,¢;) € RT x B,.

(A4) Setting Lg = sup Lg(t) and Lr = sup Lr(t), we assume also that
teRT teRT

M,T(1—
<CMLG + (Lo + LF)"‘("‘)) 1,

|og| 1=

with
Coct = []A<.

Theorem 4. Let (A1)-(A4) hold and let — A be the generator of an exponentially stable analytic
semigroup T(t)>q). For a € [0,1), we assume that ¢ € By, F : RY x By — X and G :
R* x By — Xy are continuous functions. Then, problem (1) has a unique pseudo S-asymptotic
w-periodic a-mild solution of class p.
Proof. We consider the Banach space

Cho(Xe) = {x t[r,400) = Xyt x|, = Oand x|ps € cb(w,x,x)},

endowed with the norm
1xllc,, = l1x0llp, +supllx(t)ll, = sup|[x(£)]4-
’ >0 >0
According to Proposition 1, we define the closed subspace of Cj,o(Xx) as follows:
PSAP,, 0(Xs) i= {x [—7,400) = Xyt x|, = 0and x|p. € PSAPw,p(X,x)}.

Throughout the proof, y denotes the function defined by

f e 0, t>0,
y(t) '_{ o(t), te[-r0).
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Letx € PSAP,,p0(Xz). Duetothe continuity of F : R* x By — Xand G : R* x By — X
and by taking into account assumptions (A1)-(A3) and Lemma 4, we can conclude that

h
. 1
lim h/( sup [JAG(t+ w, Xt4+w + Yi+w) — AG(E, x¢ +yt)||>d§ =0 (7)
hteo telz—p.g]

and

lim h/< sup ||F t—|—w Xitw +yt+w)—F(t,xt+yt)||>d§—0,
heo te[g—p.]

which means that F € PSAP,, ,(X) and G € PSAP,, ,(X1). Further, there exist My > 0 and
Mg > 0 such that

[|F(t,xt +yi)|| < Mp and ||AG(t, x¢t +y¢)|| < Mg forall t > 0. 8)
Now, we need to introduce the following operator

N PSAPyp0(Xe) — PSAPyp0(Xa)

X — Nx

7

where

Nx(t) = U(t)((0) = G(0,9)) + G(t, xt + i)

((t —8)T YAV (t —5)G(s, x5 + ys)>ds

+ ((t —5)17 1V (t — 5)F(s, xs +ys))ds,

c:'\‘_~~ o\_’_

with t € RT. In what follows, we show that the operator A has a unique fixed point in
PSAPy, p0(Xy). Firstly, we check that N is well defined. From Fubini’s theorem and the
definition of the operator V given by (4), it follows from (3), (5) and (8) that

t
/((t_s)‘?—lnA"‘V(t —38)||IE(s, x5 +ys)|\)ds
0

t (e}
< quMa/( " [ (21 ng (el s)qr)’h)d
0 0
. MeMT( )
|UO|170¢
< +oo.
Similarly,
t
(=) 1av (= )1 AG, . +yo)l ) s
0
t [ee]
< qMGM,X/< (=101 [ (T1ag (eIl S)M)‘”)d
( 0

0
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MoMT(1 - &)
|vo|" ™"

< oo,

for every x € PSAP,,,0(Xy). Consequently, we can see that t — A 'x(t) is a bounded
function. Then, it remains to show that

lim h/( sup |Nx(t+w)— x(t)||a>d§—0.

h—+o00 tE é pé

A direct computation allows us to obtain

Nx(t+w) = Nx(t) = Y (1),

where
Ji(t) = (U(t+ w) = U(#))(9(0) — G(0, 9)),
Ja(t) = G(t + w, Xt yw + Yirw) — Gt Xt + 1),
/ t—|—aJ—s TV (t+w —s)AG(s, xs +ys))d
0
t
/ t—s 1= 1V (t—=8)(AG(s + w, Xs1w + Ys+w) — AG(S, Xs +]/S)>>ds
0
— /((t +w— S)qu(t +w —s)F(s, x5 +ys))ds
0
t
Jo(t) = /((t — )TV (t —8)(F(s + w, Xstw + Ystw) — F(5,Xs +ys)))d5
0
This implies that

h 6 h
/ ( sup ||Nx<t+w>—Nx<t>||a>dcsg(/ sup IIL‘(f)IIadC)-
P =

telg—p.l p tElE=pd]

Keeping in mind the exponential stability of semigroup (T(t));q and the definition
of the operator U given by (4), we deduce that for all ¢ > 0, there exists t, > 0, such that

|u(t)]| < , forall t > ;.

First, let us start with the estimation of the quantity J;. We have

@], < (UE+ @) [ +[[U@[De0) = GO, @), ,

SO

Sl

h
/ ( sup IIh(t)I,x>dC
p \IE[E—pd]
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h

= h/( P |Ut+“’)||+|u()||)||§0(0)—G(0,q))|“>d§
p te[g—p.]

< l¢(0) - G(0,9), (21‘;’*8 +£<1_ (P;&)))l

which implies that

h
1
tim L[ sup IR0 )d@—o.
’H+°°hp/ (te[cm ’

From (7) and taking into account that X; — X,, we obtain

==

h
/( sup [|G(t + w, Xtrw + Yitw) — G(t/xt+yt)||a>d€
p \t€lg-pdl

h
C,_
< v;l ! /( sup ||AG(t+ w, Xt4w + Yi+w) AG(t,xtert)!I)dé;
4 tE[l:*p,g]
hence,
. h
lim h/( sup ||G(t+ W, Xt4w + Yitw) — G(t,xt+yt)||a>d§ =0
hote 0 \tele—p)
and

t— G(t,xt +yi) € PSAPyp(Xy).

At this level, let us show that

lim h/( sup ||, )d;—o i=3,4,5,6.

h—roo tele—p.)

Taking into account that

t
t+w—szﬂ(w—s)
w

and the estimates (6) and (8), we deduce that

h
/( sup |Ja(t ||,x>d5
telg—p]

p

h
wl'(1—a) 1 (1—a)—1
MGM“r(q(l —a)+1) (h .p/(te[sgulj,g](t )t ) d‘:)
h

o I CRA|

IN

IN

which implies that

h
1
lim - [ sup ||]3(t)||,x>d6 =0,
ot B p/ <te[5—m]
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and
1 h
lim /( sup [J5(t)] )dé—o
h~>+oohp ele—pa a

In fact, it suffices to see that

h
/ ( sup ||Js(t ||a> g
p \E[E—pd]

r(1 1 !
wl'(1—a)

MMy —m———— f/ sup (t+w g(1-a)=1 1 g

F “r(q(l—a +1) (hp <te[€€§ ) ¢

h

wl'(1—a) 1

- (l a)—1

MFM“F(q(l—tx (h/é‘ p+w)l dC)
P

IA
| =

IN

It remains to show that

im 2 sup o)) )d@—o =46
’H*‘”h/ (te[r‘: Pl ‘

We examine the term I;. To make the notation less cluttered, we define the function

Qg as follows
Qc(t) = AG(t+ w, Xt+w + Yriw) — AG(t, Xt +y1), t > 0.

Thanks to (7), we can deduce that, for every € > 0, there exists h, > 0 such that

h/ sup ||Qc(t)]de <e, forall h > h. )
telg—p.]

< sup |[|Ja(t) )dc
telc—p,]

( sup t—s)q Hary (t—s>|||Qc<s>||)ds)dc
telc—pil

Consequently,

<

‘“\: ‘“\:

h
+[| sup ((t—s)q ATV (=) Qa(s)])ds |dg
P

Taking into account the definition of the operator V given in (4) and the estimates (3),
we obtain

Ji(h)
h &—p o
< M, / sup (t—s)q(l_"‘)_l< / Tl_“é‘q(r)e_VO'(t_s)quT)||QG(S)||dst
telc—pdl { 0
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IN

M, /h /p@—p—sw(l““(/o ey (e PSP | Qg(s) | dsdg
p 0

ho¢
— Mo [ [ ot ([T gy (e ) [ Qs p) s
pr

Using the classical Fubini’s theorem, we obtain

Ji(t)

< M /h||QG(s—p>|(]<c—s>q<l“>1(/0 g ()l >"Tdr>dc)ds
< oM. [ ||QG(S—P)|( ) ““(/0 waq(r)elw@)‘fwT)dg)ds.
r

0

Similarly, as before, we obtain

h
I'l—«a
10 < M flag(s - pas
ol 5
it follows from (9) and Proposition 1 that

lim ]4( ) =

h—+oo h

Assume that i > 2p; then, we obtain

2p
B = [| sup / (£ =yt arv(e = )1 Qa(s) )ds | de

P telg— Pég p

h t

w1 sup [ (=9 ATVE=9)1Qc(s)])ds | g

2p te[@‘l”rﬂg,p

t
Ir(1-—a) 1—a)—1
]Z’l(t) < 2MgMy———~ sup (t— )1 ds | d¢
Fg1-a)) ,,/ rele-pdl,?, ( )
ri-o  f
7“ o
= MMy [ gy (=4 p)1®) g
’ “r(lﬂ’(l_"‘))',,/(te[c%él( ) ‘
ri-« 1
—
< 2 e pa(1-e) g
MM g =) p/p 4
and hence,



Axioms 2023, 12, 800 13 of 25

Concerning the term J, 2’2 (t), we have

h t

ql (1 “) (1-a)-1
My——% su t—s)1 Qg(s)||ds | dE
F(Q(l a))l e I‘;lé]g p( ) ” G( )”

h(p
Maq(ll;gl_a%)/</(s)q(l—a)—l sup ||Qc(ts)||ds) de,

2p \0 telc—p.g]

T3 (1)

for h > h¢, and the use of Fubini theorem implies

1
a0
Ti-w) p h
—DC
< sup || Qg(t—s)|dS | ds
M=) 0/ ( /te[é—m )
r( ; i
*0(
< sup Qo ()] g | ds
M Tg=a) 0/ ( /te[ém )
1 P
< eM,X 1__0; /5‘7 =1 gs
0

— 0, ase — 0.

Combining all the previous estimates, we conclude that

h
1
im [ (oo |I4(f)||a> ag = 0.

Similarly,

h
1
tim L[ sup |16<t>||a> iz —o.
h**“hp/ <t€[€p,§]

Summing up, one can deduce that
N(PSAPw,p,O(Xa)) - PSAPw,p,O(th)‘ (10)

Next, we will show that AV is a contraction mapping. Let x,z € PSAP,, , o(X,); taking
into account the assumptions (A2) and (A3), we obtain

IV x(£) = Nz(8)l,

< Co1l|AG(t xe +y) — AG(t ze +y) |
+/((f—s)q*1||A"CV(t—s)|||\AG(s,xs +¥5) = AG(s, 25 +ys)]|)ds
t
+ [ =9 1AV (=915, x5 +y:) = (s, 2+ )] ) ds
0
< Cua1Lgllxe — 2z,

t

(Lo +Lp) [ ((E=)T AV (E=9)] s = 2], ) s
0
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MIT(1—w
< (CulLG‘i‘(LG‘i‘LF)avo(|1_a>)||x_ZHCb,o‘

As a result, we confirm that

MoT(1 - &)
|V x —NZHC,,,O < <Ca_1LG +(Lg + LF)TUOP_“) I[x —zl|c, -

Hence, taking into account assumption (A4), we conclude that the mapping
N :PSAPy,,0(Xa) — PSAPy,,0(Xa)

is a contraction. Then, it follows from the Banach contraction principle that A/ has a unique
fixed point x € PSAPy,0(Xy). Set u(t) = x(t) + y(t) for t € [~r,400); we can con-
firm that u is a unique pseudo S-asymptotic w-periodic a-mild solution of class p of the
problem (1). O

In the remainder of this section, we prove the existence of the pseudo S-asymptotic w-
periodic a-mild solution of class p for problem (1) without assuming the Lipschitz property
of the function F. Our strategy is based on the use of the Krasnoselskii’s fixed point theorem.
In order to accomplish that, we will need the following conditions:

(A5) Let ¢; : RT — RT,i = 1,2 be non-negative functions that satisfy the following
estimate:

lim 7/ sup  y;(t >d§—0, i=1,.
h-teo (teépé Z

and assume that, for every t € R* and ¢ € B,, there exists w > 0 such that

IF(t+w,¢) = F(t,9)|| < 1(t), and [AG(t +w,¢) — AG(t, ¢)[| < 2 ().
(A6) There exists a function k : R — R* and a constant § > 0 such that for all ¢ € By,
[|F(t,¢)|| < k(t), forallt >0, (11)

and k satisfies the following estimate:

h—4o00 se [Olé]

h
lim 1115/<(g— p)10-0) sup k(s))dé — 0. (12)

(A7) There exists a positive constant L such that

IAG(t, ¢1) = AG(E, ¢2)|| < Lellg1 — ¢2llp, ,

forall (t,¢;) € RT x B,.
(A8) Assume that

M,T(1—
<Ca_1LG+LG”|‘(1_a“)> <1
Yo

and one has the following interesting result:

Theorem 5. Assume that (A5)—-(A8) hold and —A generates a compact, exponentially stable
analytic semigroup (T(t)),~, on X. For a € [0,1), we assume that ¢ € By, F : RT X By, — X,
is a bounded continuous function and G : R* x B, — Xy is a continuous function that satisfies
G(t,0) = 0 for t > 0. Then, the problem (1) has at least one pseudo S-asymptotic w-periodic
a-mild solution of class p.
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Proof. For the sake of convenience, we will conserve the notation adopted in the proof of
the Theorem 4. In the sequel, our aim is to show that

N(PSAPw,p,O(sz)) - PSAPw,p,O(Xoc),
which means that for any x € PSAPy, 0(Xa),

Nx : te= U)(@(0) —G(0,9) + G(t,xi + i)

~

((t — )T LAV (£ — 5)G(s, xs —l—ys))ds

¢
—|—/ t—sq 1V1‘—s)1—“(s,xs—|—ys)>ds, teRT,
0

belongs to the space PSAP,, ,(Xa). Since the function F is bounded and G is continuous
and satisfies the conditions (A5) and (A7), then by the embedding X, < X and Lemma (4),
there exist two positive constants M} and M, such that

[|F(t,xt +y1)|| < Mp and ||AG(t,xt +y:)|| < M forall t > 0. (13)

for any x € PSAP,, p0(Xy). Furthermore, one has

t > G(t, xt +yi) € PSAPyp(X1). (14)
Note that (13) guarantees the boundedness of the function N'x. Now, we look to
prove that
lim /( sup [[Nx(t+w)— x(t)||lx>d§ =0,
h— 400 h tE (: pg
ie.,

;Ei&h/( sup ||11 )||a>d§_0,i_{1,2,...,6}.

te[g—p,C]

From Theorem 4, it is immediate that
lim f/ sup [1(0)] )d@:o.
hortoo B (fe E-pal ’
Exploiting (14) and the fact that X; — X, , we obtain
lim / sup [I12(t)] )da=o. (15)
hovtoo B <te e-pal ’
Taking into account (13) and Theorem 4, we confirm that

lim / sup |[Ji(t)| )dg_o, i=3,5.
oo I <t€§pél s



Axioms 2023, 12, 800

16 of 25

Our objective now is to show that
1 h
lim — ( sup ||]i(t)||a>d§ =0, i=46.
e 1\ efe-pag
First of all, for t > 0, we set

Qrp(t) = F(t + w, Xt4w + Yt+w) — F(t, Xttw + Yttw)-

According to (A5), it is evident to say that the function QF satisfies the following estimate:

lim 7/ sup | Qr(t)| dé = 0. (16)
hoteo B ) ez pg

On other side, we observe that

h ) h
l/( sup |Js(t |u>dc X;/( sup ||Ja() )da
) p \f€[E—pd]

telc—p,] i=1

where

t
() = [((t=9)TV(E=5)Qp(t) )ds
0

and
t

Jo(t) = /((t — )TV (t —8)(F(s, Xs+w + Ys+w) — F(5, x5 +ys)))ds

0
Due to (13), (15) and (16) with Theorem 4,

hg&h/< prh)M)%

telg—p,l

0,

h
1
lim /< sup |[J2(¢t )d{f—O.
h~>+oohp §p€H

It remains to show that
)dC =0.

lim = / sup ||J2(t
koo I (tE[C pd] |

Taking into account the exponential stability of the semigroup (T(t));>o and the
definition of the operator V as presented in (4), we can deduce that for every ¢ > 0,
there exists

1
MgT'(1 - B) ) P
C g >0
= (1ot e
such that ||V (t)|| < ¢ forall t > t, and B € (0,1). In actual fact, it suffices to take into
account the estimate (6) which allows us to write

Vsl < |4 [aPvra] < ac-ptes sl
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forany B € (0,1) and x € X. Then, we can write

h
| sup Jt)de
4 tG[éfp,g]
t+p t
- / sup [ ((£= )TV (=) (F(5, Xorao + Yorw) — F(5, % + ) ) dsd
14 te[é’*plg]o
h t
[ s [TV = ) (Fs Ko+ o) = Fs, %5+ 35) ) dsde.

Htp te[c—p.g] 0

Thanks to (13) and the estimate (6), we conclude that

ti+p t
. / ( sup [ ((t=5)T AV (E =) || (F(s, ¥t + Ysrw) = Fs, %5 +ys>>|)ds) dz
S

14 [gfp'g]o
ti+p
2MEM,T(1 - a) 1/ 20-a)
- d¢| — 0, ash — +oo.
ai-w) (k)&

Keeping in mind that the function
s g(s) = (s+(E—p))T =+,

is decreasing for s > 0, we obtain g(0) > ¢(p) i.e., &7 — (& — p)7 < pf. Hence,

h t=(¢-p)
1
s s [ (=T V= S IIATFG X + o) — ATF(s, %+ ) | )ds | de
Htp telc-p.il 0
h

2Mre [ 1 2M’e
< FE 2 1 _(F—p)i < B :
< ol @G| < T 50 asen 0

At this level, the use of (11) justify the fact that
[[E(E x5 +ys)[| < k(H).
Therefore, by (12), one can find

h t
1 3
o[ oswe [ (=T ANV (= ) IFGs X+ o) = Fls X+ )| ) dsdE
te[gipfg]t_(g_p)

t+p
h t
ZM,xl—'(l — a) 1 o
> m E / sup / ((t_s)‘ﬂl ) 1k(5))ds d(:f

te [é*p,é]t_ (=p)

ti+p

h
M=) (1] (e
T(3(1—a)) ht// <<‘3 p)f Se[oﬁ]k(5)>dé,

€

then
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t

h
. 1 _
lim | - / sup / ((t = )T AV (t = 8) [ [1F(5, Xs o + Ysrao) = F(5, x5 + )| ) dsdg
e Mk 8y

=0.

Thus,

Jﬂh/( sup |[|Jo(t )|a>d€—o

telg—p.]
Summing up, the above results for J;, i € {1,2,...,6}, we conclude that
Nx € PSAPy,(Xa);
which justifies the following inclusion, that is,
N(PSAPy,p,0(Xu)) € PSAPy po(Xa).

We are now in a position to show that the operator N has at least one fixed point
x € PSAP,p0(Xy). For R > 0, we define the closed ball of PSAP,, ;0(Xs) with center 0
and radius R by

O = {x € PSAP,p0(Xa) : [Ix]lc,, < R}
Set N = N7 + N, with

Nix(t) == U(t)p(0) + [((t—s)T IV (t —s)F(s, xs + ys))ds

o

—~

Nox(t) == U(t)(G(0,9)) + G(t, xt +yi) — [((t—5)T LAV (t — 5)G(s, x5 +ys) ) ds
0

We first prove that there exists a positive constant R such that Njx + Nz € O R, for
every pair x,z € Q)g,. For this purpose, we assume that for any R > 0, there exist x,z € (g
and t > 0 such that

=
AN

IN1x(8) + Noz ()],

A

< lu®lleo)], + / (=) AV (= )I1IIF(s, x5 + sl ) ds

HIUDINGO, @)l + 1G(E 25 +ys) +/ s)7H|| A"V (f—S)IIIIAG(S/Zs+ys)||)ds

Hence, we have

t

R < Mgl +Mp [((t=s)1 4"V (t—s5)]))ds
0
t

+MC_aLgllgl, + CurLallzs +yslls, + Lallzs +wsllg, [ (=97 114V (¢ = 5)] )ds
0

which implies
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11—«
R < M||¢|BA+MFM¢YW
0

M,T'(1—a)
+MC_iLg| @llg, + CerLe (R+ ligll5, ) +Lo(R+ ||¢||BK)TV|1_,,¢.
0

Dividing both sides by R and taking the limit as R approaches infinity, we obtain

M,T(1 - «)

1< Cy1Lg+ Lg -
[vo

Combining all the above arguments, we can deduce that there exists a positive constant
Ro, such that for any pair of x,z € Qg,, one has N1x + N5z € Qg,.

Now, let us show that the function A is compact and the function N; is contraction.
To accomplish that, we should perform several steps as follows:
Step 1. We show that the function N is continuous on Qg, . In fact, due the continuity of
the function F, for any sequence (x") € Qg such that x” — x on Qg , one can see

I|F(s,x! +vys) — F(s,xs +ys)|| =0, asn — +oo.

Then, by the dominate convergence theorem, we can conclude that

t
NG () = Nix(Ol, < [ (=T ATV (=) IF(s 52 +e) = E(s, x5+ ) s
0
— 0, asn — 4o0.

Step 2. Following [3], for t > 0, we define

NEx(t) := U(t)p(0) + q/ ((t — )71 /(qu(T)T(th)F(s, Xs +y5))d‘c) ds.
0 5

The compactness of the operator T(t) and Lemma 1 implies that the set ./\/'18"5 (Qr,) (1)
is relatively compact in X,,. Moreover, it follows from (3) and (13) that

HN1x< - NP
¢ 5
< Q/((t_s )" 1/ 76q(T)[[A*T(#77) [ | F (s, xs+ys)||)d7)d5
0 0
+q / ((t—s)ql ]O(Tﬁq(T)HA“T(”T)H||F(ers+ys)||)df>d5
t—e 0
< qM.Mp {/00 (Tl“éq(r)oj((t—s)q(l“)le|"0(t5)“)ds)dr
+/<(t—s)‘7(1*"‘)*1>d5 /Ooo(rl“éq(r)>d1']
< | q(lzﬂ,

MMy |U = [/ (DT +
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in other words,
: _ ASES _
timy i) 430 =
Consequently, the set 7 (Qg, ) (t) is relatively compact in X,.
Step 3. Lett; > t, > 0 and x € Qg,. Observe that, from Lemma 2.9 in [14], we deduce that

|A*V (t; —s) — A"V (tp —s)|| = 0, as ty —

and
|U(t1) — U(tr)]] — 0, ast; — fo.

On other side, one has

5]

/((tz - S)Zt_:—s()gq S)q_1>ds

0
)
= /((tz - S)q(lfa)fl —(h — S)q(lfa)fl (tl_s)“q>d5
5 t2 — S
)
< /((fz — )10 (1 S)q(lﬂ)*l)ds
0

— 0, ast] — tp.
This gives
INMx(t1) = Mix(t2)

< Uh) - U)|lA%p(0) - A*G(0,9)|
(=9 1AVt = 5) = AVt = )| (s, + )] ) s
0
1)
([t =971 = (01 =911 ATV (k2 = ) IF(s, %+ yo) ) ds
0
fq
+ [ (=AY (1 = ) F(s, %+ o) s
1)
< uh) — U)II(1A%9(0)] + Co11AG(0, 9))
ty
+ M /((tl — )1 AV (t —5) — A"V (1, — s)||)ds
0
TR e /
+M"‘O/< e )d”M“tZ/((fl‘S)"“ ) ds
Then,

lim [|[Nix(t) — NMix(t2)]l, =0,
t—ty
which means that AV; (Qg,) is equicontinuous. Combining the above steps, the Arzela-

Ascoli theorem guarantees that V] is a compact operator on Qg .
Step 4. What is left is to show that \/; is a contraction. Let x,z € Qg,, for t > 0; one has

IN2x(t) = Noz(B) ],
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< NGt xe+ye) — Gt ze +yr) |,

t
(=971 AV (=) | AG(s x5 +v:) = AG(s, 2+ )| ) ds
0

then
M, T(1—«
[N2x(t) = Naz(t)]], < (CalLG + Lcaﬂm)) lx—zllc,, -

Vo

it follows from (A8) that N, is contraction. Finally, by applying Theorem 3, we conclude
that the operator V' has at least one fixed point x € Qg C PSAP,, ;0(Xy). Hence, we can
affirm that u = x + y is the pseudo S-asymptotically w-periodic a-mild solution of class p
for problem (1). O

4. Applications

In this section, we present a concrete example to apply of our abstract theoretical
results. Of concern is the following delayed partial differential: equation

32 f e
- (u(t, &) = ka(t) [ (J;als = Dyulsm) dn)ds) 52 (0)

=ki(t) [/, bi(s — tu(s,&)ds, & €[0,71], t € R, (17)
u(t,0) =u(t,m) =0, t e RT,

u(t,¢) = ¢(1)(¢), T€[-0,¢€[07],

where 8% / otz is a Caputo fractional partial derivative of order 1/2, * > 0 is a constant,
¢ € C([-r,0],L*([0, 7])) and by (+), ba(+) € C([—r,0], R) and k; (.), k»(.) are suitable functions.
Let X := L2([0, r]) and A : D(A) C X — X is the operator defined by

Au u’”,

D(A) ={ue X|-u" € X, u(0) =u(m) =0}
Remark 1. Most of the useful spectral properties of this operator can be founded in Section 5 in [18]
and Example 5.1 in [19]. For the reader’s convenience, we recall that

* A has a discrete spectrum with eigenvalues n2, n € N. Furthermore,
* A generates an exponentially stable analytic semigroup (T(t)) >0y defined by

T(Hu:= Y e " (u,en)en and |T(1)||<e™,

1
where {ey | n € N} is an orthonormal basis of X and e, (&) = (2)? sin(n¢) are the associated

normalized eigenvectors .

o The operator A'/? is well defined and can be characterized as follows

N—

A)2u=Y 7 n(u,en)ey,

(
(A)i%u = Zn 17 ! <u en>en/
D(AY?):={ue X Yo n(u,eq)e, € X}

e Foruc D(Al/z):”uH% = ||/
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Let us introduce the following functions F : Rt x B } 7 Xand G: R™ x B 12X
as follows

F(t,¢)(&) = ki (t) [°, b1(s)9(s,2) ds,

and
G(t,¢)(8) = ka(t f fg by(s)¢(s, i) dn ds.

According to Theorem 4, we have the following result

Proposition 2. Suppose that the functions ki, ko belong to PSAPy, ,(R) and

0 5 0 >
) ([ v(6) ) el + ([ (o)) Ml oy <

Then, the problem (17) has a unique pseudo S-asymptotic w-periodic a-mild solution of class p.

Nl—=

(18)

Proof. Note that, fort > 0and ¢ € B Y one has

2
FCA@F < 1@P( [l ols)

< Ikt \/\m |ds/ 9(s,2) ds.
Using the Fubini theorem, we have
2 2 [° 2. (° 2
IEEOI> < VP [ ns)Pds [ 1965, Fxomds

O [ 1(5)Pds sup 1605, 0,

se[—r,0]

IN

Furthermore,

IEG o < a0l s |ds) 19115,

and
; / sup - sup [[F(t+.g) ~ Flt, )48
te[¢—p,g] H¢HB
1 h
1 2, \2([1
< Lr 2( |b1(s)] ds> ﬁ/ sup |ki(t+w) —ki(2)|dE |,
p tElE—pil
which implies that
lim E/ sup sup ||[F(t+w,p)—F(t,¢)||dE =0
hoteo 1S tele—pa) Iglls, <L
3
and

F € PSAPyp(RY x By, X). (19)
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Moreover, we can easily see that
0 3
1
I 0) = Fl < ksl e ([ 16)Pds) o= oalls,, @0)
- 2
for any ¢, ¢ € B 1. Similarly, one has
az 2 ) 0 az z 2
0L P@) = k) ﬁ(s@ [ ots.manas
2
< Jk(n)? bz<>a€4>< 5,8)ds
2 2 d 2
<l [ )R [ S0ts,0
J—r —r
This yields
e = Ao ([ )’ s 19l
= i) ([ ea(o) ds) 91,
Therefore,
2
L an o |Ectoe Soualle
" telg—pal Iol, <t o2
oy
< L%( |b2()|2ds> E/ sup |ka(t+ w) —ko(2)|dE |,
4 tG[‘:*Pré]
which means that
2
lim f/ G(t+w,¢) — t¢Hd§_0
SR g wug loe
and consequently,
G € PSAP, »(R" x B%,Xl). (21)
On other side, we have
2
Ha%zc(f,%) aéz G(t, 4’2)”
(22)

1
1 0 2 2
< Pkl e e (S 10205)Pds) g = gallp,
2

forany ¢1, ¢ € B 1- Observe that, from (19)—(22), we can deduce that the condition (A1),
(A2) and (A3) from Section 3 hold. It is immediate that (18) implies that the condition (A4)
holds with [|A~1/2|| =1, M% =T(1/2) = \/rand vy = —1. By Theorem 4, we conclude
that the problem (17) has a unique pseudo S-asymptotical w-periodic a#-mild solution of

classp. O
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5. Conclusions
In this paper, we furnish some sufficient conditions for the existence of pseudo S-
asymptotically periodic mild solutions for the following abstract fractional Cauchy problem:
DI (u(t) — G(t,us)) + Au(t) = F(t,ur), t>0,
u(t) = o(t), —r<t<0,
where the fractional derivative D] , g € (0,1) is taken in the sense of Caputo approach and
(A,D(A)) is a closed linear operator in a Banach space (X, ||-||). An important example
is given to demonstrate the abstract results obtained in our work. We hope that our

new results will have important applications in nonlinear analysis, mathematical physics,
mechanics, biology and related fields in the future.
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