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Abstract: A review of the results on the fractional Fejér-type inequalities, associated with different
families of convexities and different kinds of fractional integrals, is presented. In the numerous
families of convexities, it includes classical convex functions, s-convex functions, quasi-convex
functions, strongly convex functions, harmonically convex functions, harmonically quasi-convex
functions, quasi-geometrically convex functions, p-convex functions, convexity with respect to strictly
monotone function, co-ordinated-convex functions, (8, h — m) — p-convex functions, and h-preinvex
functions. Included in the fractional integral operators are Riemann-Liouville fractional integral,
(k — p)-Riemann-Liouville, k-Riemann-Liouville fractional integral, Riemann-Liouville fractional
integrals with respect to another function, the weighted fractional integrals of a function with respect
to another function, fractional integral operators with the exponential kernel, Hadamard fractional
integral, Raina fractional integral operator, conformable integrals, non-conformable fractional integral,
and Katugampola fractional integral. Finally, Fejér-type fractional integral inequalities for invex
functions and (p, q)-calculus are also included.

Keywords: Fejér inequality; Hadamard fractional integral;, conformable and non-conformable

fractional integral; Katugampola fractional integral; Riemann-Liouville fractional integral;

(p, q)-calculus
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1. Introduction

The literature about convexity had been investigated and discussed by many intellec-
tual mathematicians before the 1960s, first of all by Fenchel and Minkowski. The efforts
of Moreau and Rockafellar, who started a systematic examination of this new subject,
considerably expanded and initiated the literature on convex theory at the beginning of
the 1960s. Convexity and its assumptions have grown into an intriguing discipline of
applied and pure mathematics over the past century. A lot of researchers have offered
and contributed their expertise and insights into this area by offering updated versions
of certain inequalities involving convex functions. The use of the concept of convexity in
applications, of which convex optimization [1] is the primary one, is widespread. This con-
cept has a lot of applications in applied sciences, such as finance [2], signal processing [3],
control systems [4], computer science [5], mathematical optimization for modeling [6,7],
engineering [8], and statistics [9]. In the subject of economics [10], this concept performs a
fundamental influence on duality theory and equilibrium.

The study of integral inequalities along with convex analysis offers a fascinating
and stimulating area of study in the realm of mathematical perception. Due to its impor-
tance, the literature of these concepts has recently become an amazing topic of research in
both historical and contemporary times. The H-H (Hermite-Hadamard)-type and Fejér-
type inequalities are the most frequently employed among all inequalities. These convex

Axioms 2023,12,719. https:/ /doi.org/10.3390/axioms12070719

https:/ /www.mdpi.com/journal/axioms


https://doi.org/10.3390/axioms12070719
https://doi.org/10.3390/axioms12070719
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/axioms
https://www.mdpi.com
https://orcid.org/0000-0001-8372-2532
https://orcid.org/0000-0002-7695-2118
https://orcid.org/0000-0002-3084-922X
https://doi.org/10.3390/axioms12070719
https://www.mdpi.com/journal/axioms
https://www.mdpi.com/article/10.3390/axioms12070719?type=check_update&version=3

Axioms 2023, 12,719

2 of 58

function-based inequalities are crucial and basic in practical mathematics. Thus, convexity
and inequalities have been recommended as an engrossing area for researchers due to their
vital role and fruitful importance. Integral inequalities have remarkable uses in integral
operator theory, stochastic processes, probability, numerical integration, statistics, optimiza-
tion theory and information technology. For the applications, see the references [11-15].
Many scholars are currently intrigued by the topic of convex functions, notably one
famous inequality involving convexity known as the H-H inequality, which is stated as:

o("57) < = [ Qs < Q) (1>

2 T wp —wy Jwy 2

The above inequality (1) was first time developed by C. Hermite [16] and explored by J.
Hadamard [17] in 1893.

Fejér [18] was the first to introduce the following Fejér inequality (weighted version of
H-H inequality), which is given by:

Theorem 1 ([18]). Assume that Q : [wy,wy] — R is a convex function. Then, the inequality

Q(W1 erW2> /wwzg(x)dx < /WTZ Q(x)g(x)dx < w /wzg(x)dx @)

1 w1

holds, where g : [a,b] — R is non-negative, integrable and symmetric to wl—é-iwz

Fractional calculus has captivated and motivated several researchers and mathemati-
cians across a wide spectrum of practical and scientific disciplines. Fractional integrals
and derivatives, which can interpolate between operators of integer order, have a long
track record and are often employed in real-world applications, as can be seen in the
references [19-22]. This calculus has enlarged to be a prominent field of investigation due
to its utilization in the nonlinear systems (nonlocal) and modeling. Convex functions in the
frame of the fractional integral operator have many real-world applications in modeling,
circuit design, optimization, controller design, etc. This idea has attracted so much attention
that it evolved into a fruitful subject for investigation and inspiration.

The intention and aim of this review manuscript are to offer an extensive and accurate
overview of Fejér-type inequalities via multiple sorts of convexities pertaining to fractional
calculus. In every part, we first set up the fundamental descriptions of fractional integral
operators and different sorts of convexities, and then we present the results for Fejér-type
fractional integral inequalities. We contend that compiling almost all current fractional
Fejér-type inequalities in a single document will enable fresh scholars in the discipline
to learn about previous work on the problem before creating new conclusions. We give
outcomes without evidence but provide a comprehensive explanation for each outcome
explored in this review for the reader’s advantage.

Very recently, the authors in [23] provide an amazing review of H-H type inequalities
involving convexities in the frame of fractional integral operators. The paper [23] was
complimented with [24] by an up-to-date review of H-H-type inequalities pertaining to
quantum calculus.

The construction of this review paper is as follows. In Section 2, we introduce the
reader to the basic concepts of Riemann-Liouville fractional integrals. In Sections 2.2-2.11,
we summarize Fejér-type fractional integral inequalities for various classes of convexities,
including classical convex functions, s-convex functions, harmonically s-convex functions,
quasi-convex functions, strongly convex functions, harmonically convex functions, har-
monically quasi-convex functions, quasi-geometrically convex functions, p-convex func-
tions, convexity with respect to strictly monotone function, co-ordinated-convex functions,
(0, h — m) — p-convex functions, and h-preinvex function. In Section 3, we present Fejér-type
fractional integral inequalities using the (k — p)-Riemann-Liouville fractional integrals; in
Section 4, we present Fejér-type fractional integral inequalities via k-Riemann-Liouville
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fractional integral; in Section 5, we present Fejér-type fractional integral inequalities of
fractional integrals with respect to another function; and in Section 6, we present Fejér-
type fractional integral inequalities for exponential kernel. Fejér-type fractional integral
inequalities via the Hadamard fractional integral are presented in Section 7; Fejér-type
fractional integral inequalities via Raina integrals are presented in Section 8; Fejér-type frac-
tional integral inequalities via conformable integrals are presented in Section 9; Fejér-type
fractional integral inequalities are explored via non-conformable integrals in Section 10;
Fejér-type fractional integral inequalities for Katugampola integral operators are included
in Section 11; while Fejér-type fractional integral inequalities for invex functions are in-
cluded in Section 12. Finally, Fejér-type fractional integral inequalities for (p, q)-calculus
are included in the last Section 13.

It is essential to recognize that the intention here is to present a deeper and more
extensive assessment, and we opted to cover as many consequences as possible to reflect
progress on the topic. Any proofs are omitted for this matter, and the reader is referred to
the relative article accordingly.

2. Fejér-Type Fractional Integral Inequalities via Riemann-Liouville Fractional Integral
First, we add the definitions of Riemann-Liouville fractional integrals in the left and

right aspects.

Definition 1 ([25]). Assume that Q € L[wy,wy]. Then, Riemann—Liouville integrals in the left
and right sense Jg | Qand Jg, _Q, a > 0,w; > 0 are stated by

Q) = o [ (=0, x>

w1+ - F(Do v ’ w1,

sl

and 1
Jo- Q) = oy [ - x <,

respectively. Here, T'(«) represents the Euler Gamma function and J) ,Q(x) = J§,_Q(x) =
Q(x).
2.1. Fejér-Type Fractional Integral Inequalities for Convex Functions

In this subsection, we summarize Fejér-type fractional integral inequalities concerning
convex functions.

Theorem 2 ([26]). Let Q : I — R be a differentiable function on the interior I° of I, such that
Q' € Llwy, wy] for wy,wy € I° withwy < wyand g : [wy,wy] — R be a continuous function. If |Q’|
is convex on [wy,wy), then, for any a > 0 and x € [wy,wy), the fractional inequality is given as:

T() |Q(x) (Ji4.8(m2) + J5-g(m) ) — (J(Qg) (w2) + & (Qg) (1) )|

(x = w1)* 18l

< ety eI+ Q)]
Wo — X a+1
e )i W)+ Q)]

Theorem 3 ([26]). Let Q : I — R be a differentiable function on the interior 1° such that
Q' € Llwy,wy] for wy,wy € I° with wy < wy and g : [wy,wp] — R be a continuous function.

If |Q'|7 is convex on [wy,wy| for some fixed q > 1 with ;17 + ; = 1, then, for any « > 0 and

x € [wy,wy] the fractional inequality is given as:

T() | Q) (T8 (w2) + J-g(n) ) — (Ji4(Qg) (w2) + J5_(Qg) (1) ) |
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181, 2 ((x - Wl)““) ( Q' ()7 + Q/(Wl)lq)%

r(l)é-i-l) (1+L¥P)% 2
18 [pews) ¢ (w2 = )1 |Q/(x)|7 + Q' (w2) 7
+r(zx+1)( (12+ap);, ) )"

Theorem 4 ([26]). Let Q : I — R be a differentiable function on the interior I° such that
Q' € Llwy,wp| for wy,wy € I° withwy < wpy and g : [w1,w2] — R be a continuous function. If
|Q'|7 is convex on [wy,wy] for some fixed g > 1, then, for any o > 0 and x € [wy,wy], the fractional
inequality is given as:

F(@)[Q(x) (i, 8(m2) + JE_g()) — (Ji4(Q8)(w2) + J&-(Qg) () )|
181 iy, 2] (= y 1 ( (0 +1)]Q" (x)]7 4 Q' (wy) | )%

<

- T(a+1) 2
11811 5] et (@ FD]Q ()7 + Q' (w)]7\ 7
T+ 1) "2~ %) H( 2 : ) '

Theorem 5 ([27]). Let Q : [wy,wp] — R be a differentiable mapping on (wy,wy) and Q' € [wy,wy)

with wy < wy. If |Q'| is convex on [wy,wy] and g : [wy,wp] — R is continuous and symmetric to

w1 +wo
2

, the fractional inequality is given as:

‘Q(Wl T2 [Fa g 2) + Ty g ()| =[5, (Qg) () + iy - (Qg) (s1)] l

1 " 1
a+1) a+1

18l @
< W(Wz —wp)* (2“(

%) [1Q ()| + Q' (w2)|], «>0,
where ||g|lc = sup{|g(t)|;t € [w1,wo]}.

Theorem 6 ([27]). Suppose that all the conditions of Theorem 5 hold. Then, the fractional inequality
is given as:

|Q(‘” 5 ) [ ston) + -gton)] = [1(Q8) () + Iy g(Q8) () |

< %(Wz_wl)aﬁ-pol(wlﬂ;|Q/(W2)|:|, a> 0.

Theorem 7 ([27]). Suppose that all the conditions of Theorem 5 hold. Additionally, we assume that
|Q'|,q > 1is convex on [wy,wy]. Then, the fractional inequality is given as:

‘Q(wl 32 ) [ glom) o) = [ (08 (2) + - (08 )] ’

< ||g|oo("’2Zl)“+1(pil);[(3|Q’(W1)|‘7IIQ’(W2)|‘7)5+(IQ’(wl)W23|Q/(wz)|q)},],

wherel—O—l:l.
P 4

Theorem 8 ([28]). Let Q : I° € R — R be a differentiable mapping on I°, wy,wpy € I° with
wy < wp, and let ¢ : [wy,wy| — R be continuous on [wy,wy]. If |Q’| is convex on [wy,wy|, then the
fractional inequality is given as:
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‘( [ stundn)” (@) + Q] — [ ([ stun)” gttr(eya

o [ ([ stwan)" g0(ar

1

wy — wyp)dt1
< D8l =) ) 40 )l

Theorem 9 ([28]). Let Q : I° C R — R be a differentiable mapping on 1°, wy,wp € I° with
wi < wpand let g : [wy,wp] — R be continuous on [wy,wy]. If |Q'|7 is convex on [w1,wz], g > 1,
then the fractional inequality is given as:

" (/t g(u)du)ailg(t)Q(t)dt

w1

|( [ gtudu) [Qem) + Q)] o |

1 w1

—u /wwz (/th g(u)du)ailg(t)Q(t)dt

1

Wo — W a+1 (w1 )9 ! (wr ) 4 1
< 2||8Hffo( 2 1) T (|Q( 1>| ;|Q( 2)| )q/
(ap+1)7

wherea>0and1+1:1.
p q

Theorem 10 ([29]). Let Q : [wy,w2] — R be a convex function with wy < wy and Q € L[wy,wy].
If g : [w1,wp] — R is non-negative, integrable, and symmetric to @, then inequality in the
frame of fractional operator is given as:

(™1 2) [Ja, e gm2) + o8] < [+ (Q8)(2) + i, (Q8) ()]

_ Q) +Q(m)
- 2

V8, 80m) + Ji, g(on) |, >0,

Theorem 11 ([29]). Let Q : I C R — R be a differentiable mapping on I° and Q' € L[wy,wy]

with wy < wy. If |Q'| is a convex function on [wy,wp| and g : [w,wz] — R is continuous and

i1+ W2 , then inequality in the frame of the fractional operator is given as:

symmetric to

'(W) 8, g m2) + T2, g (o) = I8, (Qg) (w2) + &, (Qg) (1) ‘

(2= )" glhe 1\, :
Theorem 12 ([30]). Assume that wi,wy € R withwy < wp and Q : I — R is a differentiable
function on I° such that Q" € Llwy,wp] and g : [wy,wy] — R is continuous. If |Q'| is a convex
function on I, then an inequality in the frame of the fractional operator is given as:

‘Q(Wl 2 iy 800 + T 802)]

B {f%@)_(Qg)(wl) + ]?@)Jr(Qg)(Wz)} ‘

Wy — )41 o , ,
ol (10 o) + Q)
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where [[g]leo = sup{lg(t)] ¢ € [y, w]}.

Theorem 13 ([30]). Assume that Q is as in Theorem 12 and g : [wy,wy] — R is continuous. If
|Q'|7, q > 1is a convex function on I, then an inequality in the frame of the fractional operator is
given as:

’Q(“l;‘”) i) 861 + ) ()]

2

[y Q)1 + s, (Q8)(52)

(w2 —w1)" 8|0
2
TG (ap + 1)VPT (0 + 1)

< [(BIQ 0l +1Q ) + (I @)l +31QGl) ],

wherel+1:1.
p 9

2.2. Fejér-Type Fractional Integral Inequalities for s-Convex Functions

Definition 2 ([31]). A function Q : [0,00) — R is said to be s-convex in the second sense if
QAx+(1-A)y) <A°Q(x) + (1 -2)°Q(y)

forall x,y € [0,00), A € [0,1] and for some fixed s € (0,1].

In the next theorems, Fejér-type fractional integral inequalities for s-convex functions
are presented.

Theorem 14 ([32]). Let Q : I° C R — R be a differentiable mapping on 1°, wy,wy € I° with
wy < wp and let g : [wy,wp] — R be continuous on [wy,wy]. If |Q’| is s-convex in the second sense
on [wy,wy], then the fractional inequality is given as:

‘ (/:2 8(u)du)a[Q(w1) + Q(w)] —a /:2 (/t g(u)du)a_lg(t)Q(t)dt

Ca /:2 (/thg(u)du)ailg(t)Q(ﬂdt

< lIglleo (w2 = w1)* A, s)[1Q (1) + Q' (w2) ]

where

1 1
Aa,s) = a+s+1(1_ 2“*5) +Byp(s+1,a4+1) =By p(a+1,5+1),

and By is the incomplete beta function defined as follows

X
By(m,n) = /0 P11 — ) ldt, mn > 0,0 < x < 1.

Theorem 15 ([32]). Let Q : I° C R — R be a differentiable mapping on 1°, wy,wp € I° with
wi < wpand let ¢ : [wy,wp] — R be continuous on [wy,wy]. If | Q|7 is s-convex in the second sense
on [w1,wa], g > 1, then the fractional inequality be given as:

1 w1 w1

| (/WWZ g(u)du)a[Q(m) +Q(w)] — & /WZ (/t g(u)du)ailng(t)dt
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o [ ([ o) ghQeear

1 t
o =) 1N QI+ Q)T
< ||g”°°W(1_2w) )

whereac>0and1+1:1.
p q

Theorem 16 ([33]). Let Q: I C [0,00) — R be a differentiable function on I° and Q' € Lwy,wy)
where wy < wy and g : [wy,wp| — R is continuous and symmetric to @ If |Q'| is s-convex

in the second sense on [wq,wy| for some fixed s € (0, 1], then the fractional inequality is given as:

‘W (18, 82) + o) = [ 15,4 (Q) () + I, (Qg) ()] |

(w2 — 1) g]loo
(a+s+1)I(a+1)

< (1Q/ )] +1Q (w)1)-

[(1 - (oc+s+1)(B1/2(s+1,zx+1) —Bm(a+1,s+1))}

Theorem 17 ([33]). Let Q : I C [0,00) — R be differentiable function on I° and Q' € L[wy, wy)

where wy < wy and g : [wy,wy] — R be continuous and symmetric to M IfIQ')1, g > 1is

s-convex in the second sense on [wy,wy] for some fixed s € (0,1], then the fractional inequality is
given as:

|Q(“1>§Q(“2> (78, g 02) + 7%, go)] = [18,(Qg) (w2) + 5, (Qg) ()] ‘

< 20w~ Hgle (y_ LYo (1Q )T+ IQ ()l
T @) iats+1)Tary s 2 2

x[l—(a+s+1)(B1/2(s+1,oc+1)—Bl/z(ac—l—l,s—i—l))r.

Theorem 18 ([33]). Assume that the conditions of Theorem 17 hold true. Then:
(i)  For a > 0, we have:

|Q<‘”)§Q“’2> (1 ) + Ty o) — [+ (Q8) (2) + Ty (Qg) )] ‘

1

27 (wp — )" Mg |0 (1 3 1)%<\Q’(Wl)\q + IQ’(Wz)Iq>%
T .
(ap+1)7T(a+1) 2 s+1

. 1 1

(ii) For0 < a < 1and ? + ﬁ =1, we have:

‘Q“’l);‘g(“’z) [T, 802) + Ty g (o) | = 15,1 (Q9) (2) + I, (Q8) (1) ‘

(w2 — 1) 1| |eo (\Q’(Wl)\q + |Q/(W2)|q)%'
(ap+1)7T(a +1) s+l
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Theorem 19 ([34]). Let Q : I C [0,00) — R be a differentiable function on I° and Q' € L[wy,w2),
where wy < wy and g : [wy,wy] — R are continuous. If |Q'| is s-convex in the second sense on
[w1, wp] for some fixed s € (0,1], then the fractional inequality is given as:

‘Q(Wl 32 ) [feagmy Q) + Q)]

- []’Z@)JF(QQ(WZ) + ]D(Cw)_(ngwl)] |

1
205t (w45 +1)

(w2 — 1) Iglloo
- F(a+1)

| (196l +1Q' (w2)1).

|:Bl/2(06+1,5+1) —+

Theorem 20 ([34]). Let Q : I C [0,00) — R be differentiable function on 1° and Q' € Llwy,wy)
where wy < wy and g : [wy,wy] — R be continuous. If |Q'|7,q > 1 is s-convex in the second sense
on [wy,wy] for some fixed s € (0,1], then the fractional inequality is given as:

|Q(‘” 7 ) g ) Q)+ Tfarsmy Q)]

- []zw)jL(Qg)(WZ) +I(EW)*(Qg)(W1)} ’
(w2 —w1)* g oo
2 (0 1) (a+5+1)1T(a + 1)
X [(2”‘*2(11 +1)(a+s+1)Byo(a+1,5+1)]Q (wy) |+ 215 (a + 1)|Q/(w2)|q)%

IN

+(21 7 (@ 1)[Q ()1 + 22 (@ + 1) (w + 54+ DBy + 1,5 +1)[Q () [1)7].

Theorem 21 ([34]). Let Q : [ C [0,00) — R be differentiable function on 1° and Q' € Llwy,wy)
where wy < wy and g : [wy,wy] — R be continuous. If |Q'|7,q > 1 is s-convex in the second sense
on [wy,wy] for some fixed s € (0,1], then the fractional inequality is given as:

‘Q(‘”;“’Z) [Tsagi) , Q2) + Ty Q)]

- {]zw)+(Qg)(W2) +]0(‘w)7(Qg)(W1)} ‘

(w2 —w1)* I8 lloo
1 1 1
MM (ap+1)P(s+1)1T(a + 1)

X [(@ = 1)IQ ()l + 1Q (w2) 17 + (1Q ()| + (271 = 1)|Q'(3) 1) 1]

Theorem 22 ([35]). Let Q : I C [0,00) — R be a differentiable function on 1° such that
Q' € Llwy, wa], where wy,wy € Twithwy < wy. If |Q'| is s-convex in the second sense on [w1,ws],
then inequality in the frame of the fractional operator is given as:

‘Q(“’1 -2) gy 800 + gy 802)]

[Ty Q91 + iy (Q2)(52)

1
205t (w45 +1)

(w2 —w1)" "1 [1gloo
- I'(a+1)

{Bia(a+15+1)+ HIQ ()| +1Q (2) )
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Theorem 23 ([35]). Let Q : I C [0,00) — R be a differentiable function on 1° such that
Q' € Llwy,wyp], where wi,wp, € Twithwy < wyand g : [wy,wp] — R is continuous. If |Q’|7 is

s-convex in the second sense on [wy,wy), then an inequality in the frame of fractional operator is
given as:

‘Q(“l;“’z) sy _80) + T 8002)]

2 2

2

_[V(Cw)i(Qg)(Wl) +]0(Cw)+(Qg)(W2)} |

(w2 — w1)* g0

2"‘+1+%(o¢+1)(0¢+2)%(¢x+s+q)% F'(a+1)

IN

<{ (s +1)(@+3)|Q ()l + 27 (@ + 1) +2)| Q' (w)|)
+(27 @+ 1) (@ +2)[Q )l + (a5 + 1) +3)[Q (m)[7) " }.

2.3. Fejér-Type Fractional Integral Inequalities for Harmonically s-Convex Functions

In this subsection, some Fejér-type integral inequalities for harmonically s-convex
functions are presented.

Definition 3 ([36]). Assume that I C R\ {0} is a real interval. A function Q : I — R is
harmonically s-convex if

Q(ﬁ) <£Qy) +(1-1)°Q(x)
forallx,y €1,t € [0,1] and s € (0,1].

Theorem 24 ([37]). Let Q : I C (0,00) — R be a differentiable function on I°, the interior of
I, such that Q' € L[wy,wy], where wi,wp € I and wy < wy. If |Q'| is harmonically s-convex on

. , . o 2
[w1,w2], g : [w1,wa] — R is continuous and harmonically symmetric with respect to Wiwz , th
w1 w2

the fractional inequality is given as:

‘W [I%/wz—o—(goh)(l/wl) + ]{‘/wl_(goh)(l/wﬁ}

- [H‘/wﬁ(QS oh)(1/w1) + Ji ju,— (Qg 0 h)(l/wz)} ‘

g lloow1wa (g — w1) fwp —wy\® / /
< C C ,
< D (o) [Q@IQ )]+ Cw)lQ ()
where
-2
W
= —=—>HF(21; 2;1— —
Cy(a) “+S+1z 1( w45+ wz)
1, 1
_W+—ZSH2F1(2,0¢+1,‘&+5+2;1—E)
W2 w2
Bla+1,5+1) Wy — W
—5 2F1(2, 1; 2, ——
2572(w1+w2)22 120+ La+s+ w2+wl)
Co(a) = wzzFl(er—ks—klzx—i-s—i-Zl—)
x+s+1 Wy
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1 1
_'37(54_ ’2“+ )2F1(2,S+1,‘DC+S+2/'1—E>
w5 w2
1B(s+1,a+41) . N W1
?W—% 2F1(2,5+1/_“+S+Zr§<1—;2)),

with0 < a < land h(x) = %,x € {l,i}
W2 W1

Theorem 25 ([37]). Let Q: I C (0,00) — R be a differentiable function on I°, the interior of I,
such that Q' € Llwy,wy|, where wy,wy € I and wy < wy. If|Q'|,q > 1 is harmonically s-convex
. . . . 21wy
on [wy,wy), § ¢ [wy,wa] = Ris continuous and harmonically symmetric with respect to p——
w1 w2
then the fractional inequality is given as:

QLR [t o1/ (o)1)

[y (Qg o W)U /51) + T, (Qg 0 1)(1/w2)] ‘

[gllcow1wa(wp —w1) (wp —wp\&f 1-7 / ' i
< q q
< D G 16 T @) Cu@)Q ()l + Csw) Q) 1]
1_% / / %
+C5 (@) [Cr(@)]Q' (1) |7 + Co() Q' () 7] T}
where
2(W1+W2) -2 W1
C = ——HF|(2 1; 3;
3(a) a+1 21( at et 1+w2)
(Wl +W2)_2 2 — W
C = Fi (2, 1; 3; ,
a(w) 2571(a+1)(a+2)21( wtLast w1+w2)
—2
_ W2 ) . 1"
Cs(a) = s +12P1(2,1,DC+S+1,DC+S+2,1 wz)
1 1
_platlstl) )2P1(2,5+1,-a+s+2;1—ﬂ)
Wz w2
1 Bla+1s+1) ' 1 w1
g (2t lats+25(1-0)),
-2
W
Colw) = 25 2F1(211x+21—w—2)
2
F(2,a+La+21— L
—2o) (2,04 Lat >+C3()
-2
W
wﬁl@a—i—l tx+s+21——)+C4()
w3
1,541
Cs(a) = W+—2’SH2F1(2,5+1;1J¢+3+2;17E)
Wz w2
w—2
m2P1(2“+5+1 06+S+2 1**)+C5()

with0<a§1andh(x):%,x6 {—,— .
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Theorem 26 ([37]). Let Q: I C (0,00) — R be a differentiable function on I°, the interior of I,
such that Q' € Llwy,wy|, where wy,wy € I and wy < wy. If|Q'|,q > 1 is harmonically s-convex

. . . o 2
on [wy,wy), § ¢ [wy,wa] — Ris continuous and harmonically symmetric with respect to %,
w1 w2
then the fractional inequality is given as:

|Q”§Q” [y (8 W (1/0) + (0 1)(1/5)]

- []{C/w2+(ngh)(1/W1) + ]{‘/wl_(ng h)(l/wz)}

Iglleervaon = wa) (2 = w1y g T1Q I + (2= )IQ/ G 110

- I(a+1) W1Wp 25t (s +1)
e
where
Cola) = (= ;WZ)_ZPZ(K;H)ZH (2p,ap+ Lap+2 zj;:l)
Cio(w) = wzzp%xplmzpl <2p,ap +Lap+2; % (1 - %))
with) < a < land h(x) = %,x € {le,wll]

2.4. Fejér-Type Fractional Integral Inequalities for Quasi-Convex Functions

Definition 4 ([38]). A function Q : [wy,w2] — R is said to be quasi-convex on [w1,wy] if
Q(Ax + (1 = A)y) < sup{Q(x), Qy)},
forall x,y € [wy,wp] and A € [0,1].

In the following, we present theorems including Fejér-type fractional integral inequali-
ties for quasi-convex functions.

Theorem 27 ([39]). Let Q : I — R be a differentiable mapping on I° and Q' € L[wy,wy] with
wi < wpand g : [wy,wp] — R be continuous. If |Q'|7 is quasi convex on [w1,wy|, q > 1, then the
fractional inequality is given as:

‘Q(“l;"z) [eagm) _80) + T 8002)]

- []D(Cw)i(Qg)(wl) + ]D(Cw)+(Qg>(w2)] ’

==

wy —wp )% 0 , ,
< a8l (oo Q)

where a > 0.

Theorem 28 ([39]). Suppose that all the conditions of Theorem 27 hold. Then, the fractional
inequality is given as:

|Q(‘”§W2) gy 861 + ) (2]

2
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- [I?W)*(Qg)(m) + ]‘ZW)JF(Q@(WZ)] ‘

< (w2 — Wl)ojlng”w (sup{\Q/(Wﬂ‘q/ |Q’(w2)|‘1}) 7
2¢(ap +1)PT(a + 1)

wherevc>0,1mdl+1 =1.
P q

Theorem 29 ([39]). Let Q : I — R be a differentiable mapping on I° and Q' € L[wy,w,] with
wi < wpand g : [wy,wp] — R is continuous and symmetric to % If |Q'| is quasi convex on

[w1,wy], then the fractional inequality is given as:

Q(w1) + Q(wa)

g lwa) + I, ()| — [T (Q8) (w2) + 12, (Qg) ()| ‘

20w — )18l
(a+1)T(a+1)

1
(1- 55) sup{IQ )L IQ' ()11,
where & > 0.

Theorem 30 ([39]). Let Q : I — R be a differentiable mapping on I° and Q' € L[wy,wy] with
wy < wpand g : [wy,wa] — R be continuous and symmetric to w If |Q'|7 is quasi convex on

[w1,wy], then the fractional inequality is given as:

Q(w1) + Q(w2)
2

2(wy — )" Mgl
= T+ Dr(a+1)

[Iffl—g(wz) + ]32—8("’2)} - {]E;ﬁ-(Qg)(WZ) + ]32—(Q8)(W1)} ‘

(1= %) (suplQ w07, [Q )},
where « > 0.

Theorem 31 ([39]). Suppose that all the conditions of Theorem 30 hold. Then, the fractional
inequality is given as:

(i)
|Q<‘”>§Q<"2> (18, go) + 18, g()] — 14,1 (Q8) (w2) + - (Qg) ()] |
27 (w2 = w)* gl (L \F (e 1o/ ()
ST — (1= 55)" (sup{IQ G)I7, 1Q (w2)I7})
where & > 0.
(ii)

|Q<wl> +Q(w)
2

V8- (02) + &g ()] = [, (Qg) (w2) + J&, - (Qg) ()] ‘

< (WZ — Wl)lﬂt-l-ngHoo (sup{|Q,(W1)|qr |Q/(W2)|q}> ﬁ,
(ap+1)PT (a4 1)

wherea>0,andl+1:1.
P q
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2.5. Fejér-Type Fractional Integral Inequalities for Harmonically Convex Functions

Definition 5 ([40]). Assume that T C R\ {0} is a real interval. A function Q : I — R is
harmonically convex, if

Qrra—ny) < 1w+ -n0W)

forall x,y € Land t € [0,1].

Definition 6 ([40]). A function g : [w1,wp] C R\ {0} is said to be harmonically symmetric with
2w Wy if

respect to
w1 + wWo

holds for all x € [wy,wy].

Fejér-type fractional integral inequalities for harmonically convex functions are pre-
sented now.

Theorem 32 ([41]). Let Q : I C (0,00) — R be a differentiable function on I°, the interior of I,
such that Q' € L[wy,wp|, where wy,wy € I and wy < wy. If |Q'| is harmonically convex on [wy,w],

2
it , then the
w1 + Wy

g : [w1,w2] = R is continuous and harmonically symmetric with respect to

fractional inequality is given as:

‘Q( Y [y (QoM)(1/50) + iy (Q0H)(1/w2)]

w1 + w2 2w wy 2uqwy

_[ %1+W2+(ngh)(1/wl) +I%]+w2_(QgOh)(1/w2)} ‘

2W1W2 Zwlwz
|8l cowiwa (o —wy) /wp —wyp\® / /
< C C ,
< B G ) [G@IQ )]+ (@) Q)]
where
G = F(2a+Lat+31- )
L ) Rk A,
(w1 +w) 2 W) — Wy
- HSF(2,a+1,a+3,1— ,
(a+1)(a+2) 2 1( W2+w1>
-2
_ M . M
C(a) = “+22Fl<2,oc+2,zx+3,1 Wz>
2(wy +wp) 2 W) — W
- LSF(2 1; 2:1—
P 21<,1X+ S+ 2; W2+W1)
(w1 + Wz)iz Wy — W
T R (2 a4 La+31— )
(a+1)(a+2)2 1< W2+w1>
with0 < o < 1and h(x) = l,xe {i,l}
X W2 W1

Theorem 33 ([41]). Assume that the function g is as in Theorem 32. Let Q : I C (0,00) — R
be a differentiable function on I°, the interior of I, such that Q' € L[wy,wy], where wy,wy € I
and wy < wy. If |Q'|7,q > 1 is harmonically convex on [wy,wy)|, then the fractional inequality is
given as:
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‘Q(‘”);Q("Z) (1%, (gom)a/m) + 15 _(Qoh)(1/5)]
- [I%(ng h)(1/w1) + ]%,(ngh)(l/Wz)] |

- ”g|°°f~’2§2ff>_ ) (22 —) "y ) [Cala) Q)7+ C(w)|Q () 7]

4y ) [CrIQ )l + oI Q7]

where
(w1 +wp) 2 Wy — W
C = —> _»F(2]1, 2;
3(0() 2”‘*1(0(4—1) 2 1( at W2+w1)
(w1 +wp) 2 Wy — W
= S1TR_ (21 ;
Cala) 2%(n+2) * 1( ' ’a+3IW2+W1)
Cs(a) = GCa(a) — Cyla)
-2
_ W . A owm
C6(DC) = 72“+1(a+1)2F1(2,DC+1,0€+1,2<1 Wz))/
)
_ W . AW
G = st 2F1(2,zx+1,¢x+2,2(1 w2))
w2

2F1(2,0c+2;1x+3;%<1— E))}

w2

aEresy
Colw) = Cola) —Crla),

with0 < o < 1and h(x) = %,x S {l,l}

Theorem 34 ([41]). Assume that the function g is as in Theorem 32. Let Q : I C (0,00) — R
be a differentiable function on I°, the interior of I, such that Q' € L[wy,wy], where wy,wy € I
and wy < wy. If |Q'|9,q > 1 is harmonically convex on [wy,w], then the fractional inequality is
given as:

1
2 Wt w1

|Q<W1>+Q<wz>{]a (gom)(1/w) + 4 (Qoh)(1/w)]

~[18 (Qgom@/m) + 11 (@gom)1/m)]

8 llowrwa (w2 —w1) wa —wiyey 5 r]Q ()] +3|Q (w2) |77 4
< ey (o ) (S [
+C1%0(“)[3‘Q/(W1)‘q;|Q/(W2)|q}§,

where

(w1 +w2) "2 _ _
Co(a) = 22 (ap 1 1) 2F (2;9, Lap+2;

Wy

207+ (ap + 1)

WZ*W1>
W) + W

2F1(2,Dcp+l,'zxp+2;%<l - Wl))

Cio(a) -

withw > 1and h(x) = %,xe [wl'wl} andl—l—;:l.
2 W
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Theorem 35 ([42]). Let Q: I C (0,00) — R be differentiable mapping I°, where wy,wy € I with

wy < wy. Assume also that g : [wy,wp] — [0,00) is a continuous positive mapping symmetric to
%. If the mapping |Q'| is harmonically-convex on [wy,wy|, then the fractional inequality is
w1 w2
given as:

‘Qwﬂigw”Mmﬁxwumn+ﬁmrwmﬂmﬂ

[ ey (Qg 0 1) (1/301) + i, (Qg 0 ) (1/w)] |

(w2 — w1)* g0
= 20 (g ) T (a + 1)

[CL@)1Q' ()] + Co(@) Q' (H) | + Ca()|Q (w2)] ],
with h(x) = %,x € [l l},

1(1 =) [(1+8)% = (1 —t)*](L())%dt,

J
Gl = [ 0+t~ A= 0 + U,
)

G = [ A=A+~ - Uy
and
wiH woH 2w w
MO = = 1O T E G TR =

Theorem 36 ([42]). Let g be as in Theorem 35. Let Q : I C (0, 00) — R be differentiable mapping
I°, where wy,wy € [ withwy < wy and |Q'|1 is harmonically convex on [wy,wy), then the fractional
inequality is given as:

’W {]ik/wz-l-goh(l/wl) _i_]i"/wl_goh(l/Wz)}

- {H‘/WZJF(QgO h)(1/w1) + 1y, — (Qg 0 h)(UWz)] |

(w2 —w1)" g loo (22(2“—1)>1—%
= 20 ()T (w + 1) a+1

=

X |Cr(a, )| Q ()17 + Cala, )| Q' (F)I7 + Ca(w,9)|Q (w2) 1),

with h(x) = %,x € {W%, Wl—J
Ci(a,q) = ./(;1(1 — ) [(1+ )% — (1= t)*]H(L(t))dt,

Co(a,q) = /01 [(1+6)% = (1= 1)*] (1 = O[(L(E)* + (U(t))*)dt,
Cs(a,q) = /01(1 —H[Q+H)% = (1 —H)*]e(U(t))*dt,

and L, U, H are given in Theorem 35.
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Theorem 37 ([43]). Assume that wy,wy € Twithwy < wpand Q : [wy,wp] — R is a harmonically

convex function and Q € Llwy,wy]. If g : [w1, wp] — R is harmonically symmetric with respect to

2uwy . . ; iy )
el L integrable and non-negative then the fractional inequalities are given as:
w2

w1
Q(”’“’Z)[“ <goh>(1)+1“ “(gon(5)]

W1+ w2
< 1 sem () + 1 gem ()]
< —Q(Wl);Q(WZ) [] (goh)( )+I"‘ (goh)(wlz)]
with o > 0 and h(x) = %,xe [wlz'le

Theorem 38 ([43]). Assume that Q is as in Theorem 37. If |Q'| is harmonically convex on [wy,wy|
2W1W2

and continuous, then an
Wi+ Wy

and g : [wy,wp] — R is harmonically symmetric with respect to

inequality in the frame of the fractional operator is given as:

|Q(“l)§Q“’2)[1 gon (1) gom ()]

[y @eom(L) 41y tasen ()]

- ”g”"";’};’ﬁ"ff v1) (2 1;:1)“ (E1(@)|Q ()] + E2(a) Q' (2)] |,
where
Ei(a) — ;j 2R (210431~ wz) - Mf)imza(z,wl;a%n— %)
-2
Ey(a) = W_f)z(im 2F (2,2;oc+3;1 - %) - :_2‘_22 2F (2106+2}"‘+3?1 - %)

-2 1 _
+(w1+w2) 2F1<2,0Hr1;oc+2;w2 Wl)

2 a+1 w1+ wWo
2(W1+W2)_2 W1
ok (2, a+ 1,0+ 3, ——
(oc+1)(04+2)21( 1+w2)

with0 < a < 1and h(x) = %,x € [l,i}

2.6. Fejér-Type Fractional Integral Inequalities for Harmonically Quasi-Convex Functions

Definition 7 ([44]). A function Q : I C (0,00) — [0, 00) is said to be harmonically quasi-convex, if
xy
— 2 )<
Q(tx a1 t)y) < max{Q(x), Q(y)},

forallx,y € Land t € [0,1].

Theorem 39 ([45]). Assume that Q : I C (0,00) — R is a differentiable function on 1° such that
Q' € L[wy,wa], where wy,wy € Land wy < wy. If |Q'| is harmonically quasi-convex function on
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2w Wy

[w1,w2], g : [w1,w2] — R is continuous and harmonically symmetric with respect to , then

w1+ wWo
the fractional inequality is given as:

w2

|W[,§z+(goh)(;l) 15 (gon)(2)

_[ 1+(ngh)(wll) +]%_(Qg0h) (é)H

|8l cowrw (wp —wy) (w2 —wyp\® , , Xy W
< F(21,a+21- 2
< lalmr o) 2o i), Q) [ s 2421 2)
-2 )
Xy W] 4:(W1 + Wz) Wy — W1
A2t a2 ) e SRR (2e 4 Lat 2] w1+wz)},

with0 < o < 1and h(x) = %,xe [l i]

4
w2 Wi

Theorem 40 ([45]). Assume that Q is as in Theorem 39. If |Q'|1,q > 1 is harmonically quasi-

convex function on [wy,wp], g ¢ [w1,w2] — R is continuous and harmonically symmetric with

2 , . Lo
respect to "1Y2 then the fractional inequality is given as:
w w2

‘W%@oh)@ 15 (gon) ()]

w2

[rtaren(d) o teeen (L)

. ||g||ooW1W2(W2*W1)("’2;Wl)asup{lQ’(m)l"/|Q’(W2)|q}

1
20T (a +1)
Wy +wp\ —2P 1 Wy — Wy
Fi(2 1 2,1—
A7) gy R Crerap 21 C0)
—op_ 1 ™
2 Z(rxp—i—l)zFl(zp'l'ap_'—z'Z(l wz)ﬂ’
with0<¢x§1andh(x):1,xe{l,i}andl—i—}:l.
x wp Wy P g

2.7. Fejér-Type Fractional Integral Inequalities for p-Convex Functions

Definition 8 ([46]). The function Q is strongly p-convex with modulus y if
Qtx? + (1= )y") /P < Q(y) + t0(Q(x), Qy)) — put(1 = H(y" — x")?
holds for t € [0, 1].

We include in the next theorem a Fejér-type fractional integral inequality for strongly
convex functions in a generalized sense.

Theorem 41 ([47]). Let the strongly generalized p-convex function Q : I — R with magnitude
u > 0and ®(.) be bounded above in Q(I) x Q(I) and Q € Llwy,wy]. Also, let w : [wy,wp] — R

Pl
be an integrable, non-negative and symmetric with respect to {@} P, then

IW(ZMQ[W} % [Igfﬁ" Og(wg) + Isgiw Og(wf)}
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MoT e, wo g(u) + 18y wo g(a)]
+L /w],, (2 — b — )& — 1) Lwo g(x)dx
< W [I"‘p+Qwog(w2)+I“ _Quog(e})| LT QL) T
<[y ostd) + 1y wosD] + 0 [0 -0t wo g
—u /w (i — xYwo g(x)dx.

1
Definition 9 ([48]). Let p € R\ {0}. A function Q : [wy,wp] C (0,00) — R is said to be

p-symmetric with respect to [w} i if
1
Qlx) = Q([Wi7 +wh — x| P>,
holds for all x € [wy,wy].

Theorem 42 ([48]). Assumethat Q : I C (0,00) — Risa p-convex function, p € R\ {0},a >0
and wy,wy € Lwithwy < wp. If Q € L[wy,wp] and w : [wy,wy] — R is non-negative, integrable

o Wy Wy . . . ,
and p-symmetric with respect to {172] P, then the fractional inequalities are given as:

Q([m—l—wz}%)[]a (wog) Wz _I_]oa (wog)(wf)}
< I, (Quog) () + 1y <Qwog><w1>}

< QPR e, (wog)h) 414 (wog)wl)], p>0,
with g(x) = x%, x € [w),wh], and

Q([m-l—wz}%)[]a (wog) Wl +]a (wog)(wg)]
< [y, (Quog) ) + 14 <Qwog><w2>}

< QT QER [ wog)w)+ Iy (won)h)], p<0,

with = y bt
g(x) = x¥, x € [wy,w].

2.8. Fejér-Type Fractional Integral Inequalities via Convexity with Respect to Strictly
Monotone Function

Definition 10 ([38]). Let I, | be intervals in R and Q : I — R be the convex function, also let
o : ] C I = R be strictly monotone function. Then, Q is called convex with respect to o if

Qe (tx+ (1= t)y)) < tQ(e ' (%)) + (1 =) Qe (),

forall t € [0,1], x,y € Range(c), provided Range(c) is a convex set.

We give a Fejér-type fractional integral inequality for convex function Q with respect
to a strictly monotone function ¢.
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Theorem 43 ([49]). Let I, ] be intervals in R and Q, ® : [wy,wy] C I — R be real valued functions.

Let Q be convex and g be positive and symmetric about %‘7(”) Let o : ] D [w,wp] = R
be a strictly monotone function. If Q is convex with respect to o, then the fractional inequality is

given as:
Q(a—l (w)) (]g(lecp(wz) + ]g(w),@(m))
< ]3(W1)+(Q¢)(Wz)+I§‘(WZ),(Q<I>)(W1)

< w(]g(wl)+d>(wz) I8y @),

In the next theorem, we establish another version of the Fejér-type fractional integral
inequality for a convex function with respect to a strictly monotone function.

Theorem 44 ([49]). Under the conditions of Theorem 43, the fractional inequality is given as:

Q<01(W))(r’(‘wmz>)+®(m)+}(w) o))
< Izw) (Q¢)(W2)+](W)7(Q®)(wl)

QO o gy o)

2.9. Fejér-Type Fractional Integral Inequalities for Co-Ordinated Convex Functions

This subsection includes the Fejér-type fractional integral inequalities for co-ordinated
convex functions via fractional integral.

Definition 11 ([50]). A function Q : A = [wy,wp]| X [z1,22] — R will be called co-ordinated
convex on A, forall t,s € [0,1] and (x,y), (u,w) € A, if the following inequality holds:

Qltx+ (1 —t)y,su+ (1 —s)w)
< 15Q(eu) +5(1=1)Q(y, u) + (1 —s)Q(x,w) + (1 - 1) (1 —5)Q(y, w).

Deﬁmtlon 12 ([51]) Assume that Q € Ll([wl,wz] X [21,22]). The Riemann—Liouville integrals
IW1+21+Q Ja 1+ZZ_Q Ta, wy— 21+Q and ]w2 z,— Qof order a, p > 0 with a,c > 0 are defined by

1 X
a0y = i /: (x— 0y — )P 1Q(s, Ddsdt, x >,y >z,

1 X Zy _ B
If,‘ﬁ,er(x,y) = W/ / (x =) (s —y)P1Q(s, t)dsdt, x >wp,y <z,
w1

w2

Y

IWZ_ 4+Qxy) = Yy —s)P=1Q(s, t)dsdt, x < wa,y > z1,

s —y)PLQ(s, t)dsdt, x <o,y < 2o,

T(a)lf(ﬁ)/x /z;
o, Qy) = T@T(B) / /y

respectively.

Theorem 45 ([51]). Let Q : A C R? — R be a co-ordinated convex on A = [wy,w;] X [21,22] in
R? with 0 <wy < wp, 0 <z < zpand Q € L1(A). Ifg : A — R is non-negative, integrable and

W AW z1t+2
symmetric to > and >

, then forall o, B > 0 and A,y € [0, 1], we have the inequalities:

A+ (2-Mw 122+ (2—7)z

TR () O+ (1= Az, 721 + (1= 7)22)

< ] vtz +(Q8) (w1 + A(w2 —w), 21 +7(22 — 21))
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+J" M (Qg) (w1 + Alwy — 1), 721 + (1 - 7)22)
+]w2 24+ (Q8) (Awy + (1 = A)wp, 21 + (22 — 21))
el (Qg)(Awy + (1= A)w, 21 + (1 —7)z2)

< () A+ (1= Ay + (1 y)zy) A E)F Q2 F Qo 2] + Qv 22),

Theorem 46 ([51]). Assume that the conditions of Theorem 45 are satisfied. Then, we have
the inequalities:

+(2-
]‘j';lli [22*7(22*21)]+Q (Wz’ W)g(m z2)

I Qi 2RIV oy 2y ()

Zo+(2—y)z
+I§2ﬁ— [z2—7(z2— 21)]+Q<W1'W)g(wl'zz — (22— 2z1))

z 2—v)z
+]w2 Zo— Q(WL%)g(WLZz—’Y(ZZ—Zl))

Ay + (2= A)wy
]zl+ [wa—A(wp— wl)]—i-Q(f’zz)g(Wzlzz)

Q</\w2 +(2—-Mw

5 ,Zz)g(W2 — Awy —wy),22)

B A + (2= A)wy
+]22* [w2—A(w2— Wl)]JFQ(f’Zl)g(WZ’ zl)

Ay + (2 —A)w
122 ip— (%,21)80@21)

Jsﬁ zﬁ(Qg) (w2,21 + (22 = 20)) + ol 2, (Q9) (2,22 = (22— 21)
Jan— zl+(Q8 W1121+7(22—21))+]wz 2o+ (Qg) (w1, 22 — 7(z2 — 21))
1+w1+(Qg)(W1+7\(W2—W1)122) zl+w2 (Qg)(z2, w2 — A(w2 —wy))
JER 1 (Q8) (w1 + A(wp —wi),z1) + JES . (Q8) (w2 — ALz —w1), z1)

(

*{] w2y +1Q(w2,21) + Qw2, 22)18 (w2, 21 + (22 — 21)) }

+]zl+ Wy —

IN

IN

{ Tofi 2y [Q(w2,21) + Q(w2, 22)]8 (w2, 22 — (22 — 21)) }

+5 { o 1QGn,z1) + Q(w, 20)]8 (w1, 21 + (220 — 21)) }
{ Jay- 2y [Q(w,21) + Q(w1, 22) 8 (w1, 22 — (22 — 21)) }
{ 2+ 1Q(1,22) + Q(w2,22)](Qg) (w1 + A(wz —w1), 22) }
{ 2y~ |Q(1,22) + Q(w2,22)](Qg) (w2 + A(w2 —w1), 22) }
{ ooy +1Q(w1,21) + Q(uw2,21)](Qg) (w1 + A(w —w1),21) }

+5 { 2oy~ Q1 21) + Q(w2,21)](Qg) (w2 — A(w2 —w1),21) }.

Theorem 47 ([52]). Let Q : A C R?> — R be co-ordinated convex on A = [wy,w] X [21,22] in

R? with 0 < w; < wy, 0 < z1 < zpand Q € L1(A). Ifg : A — R is non-negative, integrable, and

. w1 + wp z1 + 2o
symmetric to 5 and 5

, then for all a, B > 0, we have the inequalities:

wi+w z1+z ’
Q( ! 5 2,21 2){]]+z1+8(W2rzz)+]§]ﬁ+,zrg(wzr21)
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+]§f—,21+g(wlz ZZ) + ]g;lg_,ZZ_g(Wl, Zl)]

1 114 14
< gUea Q) z) + I L, (Q9) (w2 21)
Il 2y (QR) (01, 22) + T, (Qg) (21|
< QWw,z1) +Q(w,22) + Qw2 z1) + Q(w2, 22)

4
<ol zrgCiz2) + Il oy gz 2) + L, g 2z0) + 1, g2,

Theorem 48 ([52]). Under the conditions of Theorem 47, we have the fractional inequalities:

W +wy Zz +22 3
Q( : I : )[]w1+zl+g(w2'zz)+]§fk,zzfg(wzle)

+ff;;’5_,zl+g<wl, 22) + Jurl 2y g1, 21)]

o [Q(m 222V ()| + Ty [0
+ o, [Q (Wl = + 22
‘|‘]zl+ [ (Wl . Wz

+]zzf [ (Wl T

Zl—f—Zz

IN

)]zz 8(W2r21)]
( 21 +Zz

Jz,— gW1,Z1]

)L
(w1+w2,22)]€;2 g(w1, 2 }
(3

)]zl+g(W1,22 ] + ]wz

(2
[€
o820 + 15, [Q
[e

721 W1,21 }

=)

21) oy 8(w2,2) | + JE,
2[]w1+zl+ Qg) (w2, z2) + o 2, (Q8) (w2, 1)
Haf 2 (QR) (1, 20) + T 4, (Qg) (w1, 21)]

o [QUuzz) I 8w, 22)] + Ty [Qez 22 I, ()]

+Jay— [Q(W1121)151+8(W1f22 ] + Jo,— [Q Wy, 22 IZZ g W1,Z1)}

IN

+]£1+[Q(WLZz)]ffﬁg(Wz,Zz ] +]z1+|:Q W2,22))7,-8 W1,Z1)}

+]zr [Q(WLZl)]ﬁﬁg(Wz/Zl ] _|Q(w2,21)]z,-8 W1,Z1)}

Q(wy,21) + Q(wy, 22) + Q(wa, 21) + Q(WZ/ 22)
4

A CAE A R U VDR R { VY B o {CE |

IN

2.10. Fejér-Type Fractional Integral Inequalities for (6, h — m) — p-Convex Functions

Definition 13 ([53]). Let ] C R be an interval containing (0,1) and let h : | — R be a non-
negative function. Let I C (0, 00) be an interval and p € R\ {0}. A function Q : I — R is said to
be (6, h — m) — p-convex, if
1
Q( (1] +m(1— 1)) 7) < h(t)Qn) + mh(1 - 1) Q(w2),

1
holds, provided that (tw} +m(1 — t)wh)? € Lfort € [0,1] and (6, m) € [0,1]%.

Theorem 49 ([53]). Let Q I — R be a positive (0,h — m) — p-convex function with
(kb +m(1 —t)(wh /m))? = I, m # 0,w] < mul. If F : I — Ris a positive function, then

Q((W)l/l’) <I‘:f+.7:o§) (mwf)
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< h<21a> <I;¥+Q]-'o§) (mwg> + my+1h<2@~2;1> (Iggcgfo g) (‘;5)
< W{ (15 ) @)+ mn( 252 ) o)

x /01 tT—lf((twf +m(l— t)wg);)h(t“)dt
+m<h<21“>Q(wz)+mh( azm 1>Q<:112>>

X /01 tTl}"((tw’f +m(1— t)wg)””)h(l — t”‘)dt},

E(t) =tP,QF o & = (Qo&)(F o).

Theorem 50 ([53]). Assume that Q is as in Theorem 49. Then, the following inequalities hold:

Q<<W>w) (I(T(wf+mw§)/z)+f°§> ()
<(30) (F oty 07 08) ()
+m”+1h<2“2; > < et ) Q]—“og) (i)

<ot (L) {(o( o ons (%5 o)
></O T 1]—"(( T+ m 2;t>w§)1/p>h<< >“>dt
+m<h(21a>Q(w2)+mh<2a 1)@(::2))
X /01 tT1]—‘<<;wf+m<22_t>w§)l/p>h<za2_ata)dt},

E(t) =tP,QF o & = (Qo &) (F o).

N —~

2.11. Fejér-Type Fractional Integral Inequalities for h-Preinvex Functions

Definition 14 ([54]). Let Q : X — Rand ® : X x X — R", where X is a non-empty closed set
in R", be continuous function. Assume that h : [0,1] — R. Then, Q is said to be h-preinvex with
respect to @, if

Qw1 + p®(wa, 1)) < k(1 - 0)Q(w1) +h(p)Q(w2),
forall wy,wy € X and € [0,1], where Q(-) > 0

Theorem 51 ([55]). Let Q : [wy, w1 + P (wy,w1)] — R be a h-preinvex function, condition C for
® holds, and ®(wy,w1) > 0, h(3) > 0and F : A — [0,00) be differentiable and symmetric to

wy + 3D (w,w1), then we have
I'(«)
2-1(1) - @

I'@) [ «
S By, )" {I wn @y n)n (1) Q1) 4 L F (w1 + Pz, 1)) Qo + q’(Wz,Wl))]

1
— Q<w1 + 5 P(wr, Wl)) |:I?w1+<l>(w2,w1))]:(wl) 1 Flwn + ¢(W2,W1))]
2, W1
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< [Q) + Q)] [ (o) +h(1 ~ )F (i -+ (s )

Theorem 52 ([55]). Let A C R be an open invex subset with respect to ® : A x A — Rand
wi,wp € A with ®(wp,w1) > 0. Suppose that Q : A — R is a differentiable mapping on A and

F 1 A — [0,00) is differentiable and symmetric to wy + 3®(wp,w1). If |Q'| is h-preinvex on A,
we have

‘ T(a+1) [

B (g, wp e 1 Lo F (1 4 @ (w2, 1)) Qw1 + P(wz,w1)) + I F(w)Q(w)

(w1 +P(wow1)) ™

—Iz}rl]:/(wl + P (wr,w1))Q(wy + D(wa,w1)) + I?é;:1+¢(w2,w1))]:/<W1)Q<Wl)]
[ + (g, 1)) F (w1 + Dz w1)) + Qo1 ) Fy)
D(wp, wp)

< Q)| + Q)] [ 9 F (o + 1)) () + (1~ ).

Theorem 53 ([55]). Let A C R be an open invex subset with respect to ® : A x A — Rand
wi,wp € A with ®(wp,w1) > 0. Suppose that Q : A — R is a differentiable mapping on A and

F 1 A — [0,00) is differentiable and symmetric to wy + 3@ (wa,w1). If |Q'| is h-preinvex on A and
q > 1, we have

F(a+1) [

|q>(wzwl)a+1 L T (1 4 (g, 1)) Qw1 + P (w2, w)) + 1 F(w1)Q(wr)

(w1 +P(wo,w1))

_Iz;'lf’(wl + (I)(wz, Wl))Q(Wl + (D(Wz, Wl)) + I?;ti@(wz,wl))'F,(Wl)Q(Wl)]

— ey QU + Blon ) F (o + Do) + Qo) o)
w2/w1)

< (1) (e

< [ 1+ (om0 () + (1= )] )

Theorem 54 ([55]). Let A C R be an open invex subset with respect to ® : A x A — Rand
wi,wp € A with ®(wp,w1) > 0. Suppose that Q : A — R is a differentiable mapping on A and
F 1 A — [0,00) is differentiable and symmetric to w; + 3®(wa,w1). If |Q'| is h-preinvex on A and

1 + — =1, we have
P 9
I'(a+1)
‘Q)(WLWW [I?]T.F(Wl + (w2, w1)) Qw1 + P (w2, w1)) + 1y oy ))-F (1) Q(w1)
_12;3:1_7:/(\',]1 + (I)(wz,wl))Q(wl + @(WZ,W1)) + IIZLW1+‘I’(W2,W1))FI<W1)Q<W1):|
1

— ———[Q(wy + P(wa,w1)) F (w1 + P(wa,w1)) + Q(wy) F (wy)]
q)(wz,wl)

1
2

(Jr1)1<[|Q/(W1)|q + |Q/(W2)|q] : /01[}_(“’1 + pcb(wz,wl))]"h(p)dp> !
®p v

IN
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3. Fejér-Type Fractional Integral Inequalities Using (k — p)-Riemann-Liouville
Fractional Integrals

In this section, we present Fejér-type fractional integral inequalities using
(k — p)-Riemann-Liouville fractional integrals.

Definition 15 ([56]). The left- and right-sided (k — p)-Riemann—Liouville fractional integral
operator for a real-valued function Q is defined by

-2 .
0,200 = Ll st - i tro(i,

and

- .
(1, _Q)(x) = % [P -t

Theorem 55 ([57]). Let g : [wy,wp] — R be a convex function with wy < wy and g € Llwy,wy].
Then, G(x) = g(x) + g(wy +wp — x) is also convex and G € Llwy,wp|. If Q : [wy,wa] — Ris
non-negative and integrable, then the following inequalities holds true

(M) 1 Q) + ], Qn)|

< LT (QG) )+, (Q6) ()
< S EOM) e gy P )],

Theorem 56 ([57]). Let g : [wy,wp] — R be a differentiable mapping on (wy,wy) with wy < wp and
¢ € L[wy,wp]. Then, G(x) = g(x) + g(wy + wo — x) is also differentiable and G’ € L[wy,wy]. If ¢’
is convex on [wy,wp] and Q : [w1,wp] — R is continuous, then the fractional inequality is given as:

LT ClE) [0y Q)+, Qo)

2 QG (e2) + 17, (QG) ()]
WQlete2 =) 1) 4 g/ )] [ IMacoat

< T
rkaly(a)

where o > 0 and
M(t) = ([1 — )y + Twa]? — W) — (b — [(1 — T)wy + Twa]P)E.

4. Fejér-Type Fractional Integral Inequalities via k-Riemann-Liouville
Fractional Integral

Definition 16 ([58]). Let Q € L[wy,wp], a > 0, and k > 0. The k-Riemann—Liouville fractional
integrals IT . Q and IT, | Q of order a > 0 for a real-valued function 11 are defined by

o 1 f a_1
I Q) = m/‘h(t—s)k Q(s)ds, t > wj,

and
1

1,400 = g [ G- 0TQs, ¢ <,

e}

k
respectively, where Ty is the k-Gamma function Gammay(t) = / st T ds.

0

In the following theorems, we give Fejér-type inequalities for quasi-convex functions
via k-Riemann-Liouville fractional integrals.
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Theorem 57 ([59]). Assume that Q : I — R be a differentiable mapping on 1° and Q' € Llwy, wy)
withwy < wpy and g : [wy,wy] — Ris continuous. If |Q'|7 is quasi-convex on [wy,wy|, g > 1, then
the fractional inequality is given as:

|Q(°” 7o) Teagm) 860+ g 362

- U‘Ew),,k@g)(m + ]Ew)+,k(Q3)(W2)} ‘

= =

—wq )kt
< Lo gle [ o, i )M,
2f %+1>Tk(“+k)

«
here — > 0.
werek>

Theorem 58 ([59]). Assume that Q is as in Theorem 57. Then, an inequality in the frame of the
k-fractional operator is given as:

Q) 2O [0 tun) + I xlo)] — 1 4(Q8) (1) + I3 4(Q8) ()] |

2(w2 — w1) kT Ig oo
(5+1)Ti(a+k)

(1= 5 ) max{|Q ()7 |2/ (w217},

o
here — .
werek>0

5. Fejér-Type Fractional Integral Inequalities of Fractional Integrals with Respect to
Another Function

Now, we recall the definition of fractional integrals of real-valued function concerning
to another function.

Definition 17 ([25]). Let ¢ : [w1,wp] — R be an increasing and positive function on (wy,wy],
having a continuous derivative ' on (wy,wy). The left- and right-sided Riemann—Liouville fractional
integrals of Q with respect to the function P on [wy,wy] of order & > 0 are defined, respectively, by

Q) = s [ 90 — 9@y (0)Q(0)do, x>,

) Ju

and
Q) = 7 [ 0~ 901 @Q), x <

provided that the integrals exists.

In the following, we state Fejér-type fractional integral inequalities of fractional inte-
grals with respect to another function.

Theorem 59 ([60]). Let « > 0. Let ¢ : [wy,wp] — R be an increasing and positive monotone
function on (wy,wo], having a continuous derivative ' (x) on (wy,wp) and let g : [wy,wy] — R be
non-negative, integrable. If Q is a convex function on [wy,wy] — R], then the fractional inequalities
are given as:

QML) [ty + g o0)] < 3 [Fin (86 () + 1oy (5G) (1)
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< w []31+;¢g(w2) + ]32—;¢g(wl)},

where G(x) = g(x) + g(w +wy — x).
Theorem 60 ([61]). Let « > 0and ¢ : [wy,wa] — R be an increasing and positive function on

(w1, wy|, having a continuous derivative ' on (wy,wp). Let Q : [wy,wp] — R be non-negative,
integrable, and g be a convex function on [wy,wy], the fractional inequalities are given as:

G(Wl erwz) []’E@)_HIPQ(WZ) —”?@)— Q(Wl)}

W

< [I%W)Jﬁw(QG)(WZ) +I%@)ﬁ¢(QG)(W1)}
G(w1) +G(w2) [, )

where G(x) = g(x) + g(wy +wy — x),x € [wy, wp].

Theorem 61 ([61]). Let ¢ : [wy,wa] — R be as in Theorem 60. Let g : I — R be a differentiable
function on I° and §' € L[wy,wp] and Q : [w1,wy] — R is continuous function. If |¢'| is s-convex
in the second sense on [wy,wy| for some fixed s € (0, 1], then the fractional inequality is given as:

G(Wl %z-wz) []ﬂ(“w)ﬁq]@(wz) + ]zw)ﬂ#@(wl)}

[Py 1y (QO) ) + Ty (QG) ()]

w1tw

Qoo (18" (w1] + Ig(w2l) : .
= (wz—wl)slr(aﬂ)z [(/wl [¥(0) — (]

"Wy

F fuprg [902) = 9@ ) (32 =0 + (0 = w1)° ) o],

where G(x) = g(x) 4+ g(wy +wy — x),x € [wy, wp].

Theorem 62 ([61]). Let 1, Q, g be as in Theorem 60. If |¢'|1 is s-convex in the second sense on
[w1, wp] for some fixed s € (0,1] and q > 1, then the fractional inequality is given as:

g(W1 szwz) []‘EW)JWQ(W) +I‘E@)ﬁth(wl)}

e (@02 + Ty (QD))

w1tw

Q1 w
(WZ_Wl);r(DC-f-l)[(/m [$(0) — p(n))*do)

w1 +wy
2

(L7 9@ = (= o)ls )1+ (o - )Pl (o)) o)’

IN
- -

+( forg 90 —pio100)

2

-

1o [9052) = 9@ (52 = 01 )9+ (0 = w07l (2)|7) o).

Theorem 63 ([61]). Let 1, Q, g be as in Theorem 60. If |g'|7 is s-convex in the second sense on
[w1, wp] for some fixed s € (0,1] and q > 1, then the fractional inequality is given as:
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IN

IN

IN

Wi + W)

1Ql[eo (w2 —w1)

Mg Q) + Ty, Q)

(i1g2) 1y Q92+ ) (QR) (1)

w1 +wp

[
S

511 1
1T (s+1)1T(a+1)

e [plwz) - lp(vﬂpadz’)li% (|8/(W1>|q + (2571 - 1)\8/(W2)\q) ﬁ].

[(/Wl 7 [lp(v)_lp(wl)]padv)%((25+1—1)\g’(w1)\q+|g/(w2)|q>

1

Fejér-Type Fractional Integral Inequalities for Weighted Fractional Integrals of a Function with
Respect to Another Function

Fejér-type fractional integral inequalities are presented in this subsection concerning
the weighted fractional integrals of a function with respect to another function.

Definition 18 ([62]). Let (wy,w2) C R and ¢ be an increasing positive monotonic function on
the interval (wy,wy| with a continuous derivative ' (x) on the interval (wy,wy) with p(0) = 0,
0 € [wy,wp). Then, the left-side and right-side of the weighted fractional integrals of a function Q
with respect to another function P(x) on [wy,wp| are defined by

w 1 X
5P Q) = 5 M0 0) - pis) Qs

and
w(x)

(- B Q) = S [T () ~ plx)* QUe)uo(e)ds

where « > 0and w1 (x) = ﬁ,w(x) # 0.

Theorem 64 ([63]). Let Q : I C (0,00) — R be an integrable convex function with
0 <w <wpw,wy € [and g : [wy,wp] — R be an integrable, positive, and weighted sym-

W1W2

metric function with respect to e If ¢ an increasing and positive function on [wy,wy) and ¢’
w1+ w2

is continuous on (wy,wy), then, we have for a > 0:

s I oo (0 () + (07 ) teomem) (7 ()
Y0y @enen (07 (50))) +5(5) (5 @enew (v ()

w1

AT ) enen (v () + 10 y weren (97 ()]

w1 w2

1

where h(x) = %,x € [—,— .

Theorem 65 ([63]). Let Q : I C (0,00) — R be an integrable convex function with Q" € L[wy, wp)
for 0 < wy < wp,wy,wp € I° and g [wl,wz] — R be an integrable, positive, and weighted

symmetric function with respect to If|(Q o h) is harmonically convex on [wy,wy], P an

increasing and positive function on [wl, wz) and Y is continuous on (wy,wy), then we have for o > 0:
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ST ) eeren (G ) oren (7))

G0 oy @emen (v () +5(G) 07 ) @emen (v ()]

Avtans] (@ o0) (1) e (@) ()]

llgohople
[(a+1)
where h(x) = =,x € [lf*] and
Wy Wy
p (&) w2 ()
. _ 2 Wl(IIJ(t)_wZ)
Ay (o, w1, w2) /lpl(wlz) P(t)(wp —wy)

(&) (&)
— 7 wp(w — (b))
By(a,mw2) = /tﬁl(wlz) lpz(t)%wzf;l)
(o =90) = (50 (r(5) +97(5) - v)) Ty
v (o) wa (w2 — (1))

Theorem 66 ([63]). Let Q : I C (0,00) — R be an integrable convex function with Q' € Llwy,wy]
for 0 < wy < wy,wy,wp € I°and g : [wy,wp] — R be an integrable, positive and weighted

. o 2 . .
symmetric function with respect to % If |Q'| is harmonically convex on [wy,wy] for g > 1,
Wi+ w2

Y an increasing and positive function on [wy,wy) and P is continuous on (wy,wy), then, we have
fora > 0:

Qe | onen (v () 1 Ly Geron (57(3)]
p

s 03 o @eren (v () () (3% 1y @eren (v ()]

< lgohoyle [Cl,,(zx,wl,wz)}li% [AIP(“/WLWZ)‘ (Q/°h>( )’ + By (2w, W2)’<Q Oh) (wi)

y

F'(a+1) w1
where h(x) = %,x € [w% wll} Ay (a,wy,wp), By(a,wy,wp) are defined in Theorem 65 and
2 /1 1hefl 1 L) () et
Cowmm) = (5 -5) (Gl 2 ) ]
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IN

IN

IN

IN

Theorem 67 ([64]). Assume that Q : [w1,wp] C [0,00) — R isaconvex function with0 < wy < wp
and w : [wy,wp] — R be an integrable, positive and weighted symmetric function with respect to

W)+ W . . , o . , .
172 If ¢ is an increasing and positive function on [wy,wy) and ' (x) is continuous on (wy,wy),
then, we have for a > 0:

(2 2) [(yrges T o)) @ 2) + (yoaay ¥ (w0 9)) (97 1))

< () (g1 Sty (Qo9) ) (71 (02)) + (1) (1 Sty (Q0 9) ) (7 (1))
Q(wy) + Q(w " - " _
< QEEQEII( o)) 7 ) + (e S @) (p )]
Theorem 68 ([65]). Let Q : [wy,w2] — R be an integrable harmonically convex function with
0 <wy <wp,wy,wy € land g : [wy,wy] — Ris an integrable, positive and weighted symmetric
function with respect to Q If is an increasing and positive function on [wy,wy) and ¢’ is
continuous on (w1, wy), then, we have for a > 0:
2u1wy J 1 iy 11
L) ey 500 9) (01 () # (3 gy 50 07 ()

1

()02 oy (om0 (97 (1)) () 027 gy (@on(671( L))

W)
SR, gy om0 (07 () gy oren ()]

w2 w2

1 1 1
here h(x) = — —,—.
where h(x) Y€ [wz'wl}
Theorem 69 ([65]). Let Q : [wy,wa] — R with 0 < wy < wy be continuous with a derivative
Q' € Llwy,wp| such that Q(t) = (m) + f Q'(s)ds and |Q'| is harmonically convex on
[w1,wp] and let g : [w1,wp] — R be an integrable, positive non-negative and weighted symmetric
2uyw)

function with respect to . If ¥ an increasing and positive function on [wy,wy) and ' is

continuous on (w1, wy), then, we have for o > 0:

) 1 ey 55000) (5 () (7 gy o) (57(2)

LG 08 oy @enen (07 (20))) + () (77 (@0 (lPl(S)))H

(w1 —w2)al (a)

(wy —w)al (a)

lgll [ 1 W1+Wz]

2wy

Wy 7 2wy

= [, w2)(Q 0 1) (1) | + Ao (i, w2)|(Q 0 1) ()
1]l (552, 1] eo

2uquy “wy ]’

Ag(wy, w2)[(Q" o 1) (w1)| + Ay (w1, w2) |(Q 0 k) (w2) |}

(W1 — Wz)lxr(ﬂé

HgH[l 1]

w1 ’w

{(81(m1,w2) + Ag(s1,12))[(Q 0 1) (wn)|



Axioms 2023,12,719 30 of 58

+(Aa (i, w2) + (1, w))[(Q 0 1) (w2)]| }

where
1r._ _ 2w
Al(wlrWZ) = &[2 “(W1W2)1 “(W] -l-Wz)IX 2F1(—06, —06}1—06,' VHTle>}
[
274wy —wp) (wl - l) -1
1w 1\
+ -~ Py — Qwy (w—z) cse(Qu),
1 o _
Ap(wy,w) = m[z L (yywy) "‘(a(Z“H(zx+1)Qw2w‘i‘+2csc(th)+(w2—w1)"‘+1)
2w
B 2 a e —po1 — - 1
2(a + 1)wiwp(wy + wp) 2F1( x,—o;1 —a; W1+W2)],
_ 1 a1 1 1\ ] W2 — W
Az(wy,wp) = m[z (w2 W1)(W*1 W72) (Wlwz 2F1(1/06+1,06+2, s ) 1)},
. l —a—1 1 l o 2 X .Wz_W1
i) = by [ (1) e e ) )

with h(x) = %,x € [l l]

7
w2 Wi

Theorem 70 ([65]). Assume that all the conditions of Theorem 69 hold and |Q’|7 is harmonically
convex on [wy,wy] with g > 1. Then, we have:

‘Q(f]“’f’jz) 1 sy (800 9) (w‘l(wil)) (18 (g8 How) (v(:))

[ 03 ey om0 (07 (G))) + () (057 (e @emon(v7 ()]

Y Carligll 1 )
((Zwl(wf)aﬂi([;r 1))1 ' lm (A1(W1,W2)|(Q’Oh)(wl)|q+A2(W1,W2)|(Q’°h)(wz)|q)

==

18]l (52,1 ] oo

2uqwy 1wy

o ey (A )l (Q o M) )l + Ao, w2)|(Q oh)(wzw)q]

Y 1 il 1 1] & 1
((zwl(:;;ﬂl)(; 1+ 1>)1 q ((WJ;Jﬂi]M) {((Aa(wn,w2) + a2 (Q 0 WE)IT)

R

+ (A1, w2) + Ag(,2))(Q 0 h) () )

where Aq (w1, w2), Ap(wy,wp), Az (wy,wp), and Ay (wy,wp) are defined in Theorem 69

Theorem 71 ([65]). Assume that all the conditions of Theorem 69 hold and |Q'|7 are harmonically
convex on [wy,wy] with q > 1. Then, we have:

L) [ . m0) (17 () (27 gy om0 ()

2uqw

[sG 03 gy @emon (v (3)) +(5)) (fi’l’i<%><90h°¢>(¢l(é)))}|

2wy 2

(W2 _ Wl) r iy 7 2wpn

= ((2w1w1)w+1pzx(pa +1) (wp —w2)T(a)

« 1 ”gH 1wt
pa+1 [ [ ] (Bl(wl'“’Z?lP(k))\(Q’oh)(w1>|q
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= =

+Bs (w1, w23 ()| (Q 0 1) (2)]7)

I8l gy o

T f"’iZ)'r“(L';o (Ba (o1, w2 p(k)I(Q" 0 1) ()7 + By, w2 p (K] (Q 0 1) (2) )

N

w1’ w)

W — we ) Patl 1H8||;L/00 1
((vagl)zl’“*l;f(;a +1) ) ' ((w1 f[ wz)l“](tx) ) { ((Bl(wl'wz;lp(k)) + B (v, w2 9 ())I(Q 0 h)(w1)|‘7> q

IN

1

+((Bz(wwz¢(k)) + By (w1, w; (k) [(Q 0 h)(w2)|‘7) i }

where
By (w1, w2; (k) = %(:—;fl>+w1w2<ln<%)fln(w%)),
Ba (w23 p(K)) = %(:—ifzmw(ln(%)—ln(w%))—1),
By (w, wp; (k) = %(%—1)+W1w2(—ln(%)+ln(%)—I—an),
By (w1, w; (k) — %(:—i—ZWWZ(—In(W;;rz)—lnw1+ln2)—1).

6. Fejér-Type Fractional Integral Inequalities for Exponential Kernel
In the following, we give the definition of a fractional integral with an exponential

kernel and present Fejér-type fractional integral inequalities for this new fractional integral.

Definition 19 ([66]). Let Q € L(wy,wy). The left and right fractional integrals of order « € (0,1)
are, respectively, defined by

I, Q(x) = %/wx exp (— 1= a(x - s))Q(s)ds, x> Wy,

1 o

and
1—a

I,Q(x) = %/jz exp (— (s— x))Q(s)ds, x < wy.

Theorem 72 ([66]). Let Q : [w1,wy] — R be a convex and integrable function with wy < wy.
w1 + wp

If g : [wy,wa] — R is non-negative, integrable and symmetric with respect to , then the
fractional inequality is given as:
w1+ w
Q(H 2 ) [Hg(w) + Iig(n)| < I (Q)(w2) + I (fQ) ()
_|_
< QOO o) + 12,50)].

Theorem 73 ([67]). Let Q : [wy,w2] — R be convex function with w; < wp and Q € L[wy,wp].
w1 + wp

If g : [w1,wp] is non-negative, integrable and symmetric to , then Ag is convex and

monotonically increasing on [0, 1], and the fractional inequality is given as:

Q12 [Jo48(m2) + Jiy-glin)] = Ag(0) < Aglt) < Ag(1)

= 124 (Q) ) + 5 (Q8) ()],
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with « > 0 and Ag defined by

Ag(t) = r(lw) /wwz Qr+ (1 - 182 [(wp — 1) o (x — w)* ().

1

Theorem 74 ([67]). Let Q : [wy,wy] — R be convex function with w; < wp and Q € L[wy,wp].

If g @ [wy,wy] is non-negative, integrable and symmetric to 1t

, then Bg is convex and

monotonically increasing on [0,1], and the fractional inequality is given as:
(154 (Q9) () + 15, (Q9)(w1)] = Bg(0) < By(1) < B (1)

= Q2RI e gen) + Jt,-g1)]

with o > 0 and Bg defined by

B0 = gy, Qg ) (BT () s

bar (e ) () (Y g (2

Theorem 75 ([67]). Let Q : [wy,wa] — R be a positive convex function with w; < wp and
2, then Cg is
convex and monotonically increasing on [0,1], and the fractional inequality is given as:

Q € Llwy,wp|. If g : [wy,wp| is non-negative, integrable and symmetric to dt

Q(Wl 42—W2) [I$1+g(wz) +If,‘2_g(w1)} = Cy(0) < Cy(t) < Cg(1)
= 1 (Q9)(w2) + I (Q2) (),

with « > 0 and

W

2Q(t‘x—l— (1 —if)w1 ;WZ) {exp(— 1;“(W2 —x)) +exp(— (x—wl))}g(x)dx.

Theorem 76 ([67]). Let Q : [wy,wy] — R be a positive convex function with w; < wp and
vt wz, then Dg is

convex and monotonically increasing on [0,1], and the fractional inequality is given as:

Q € Llwy,wy. If g : [wy,wp] is non-negative, integrable and symmetric to

{1€'§1+(Qg)(W2) +1€'§2_(Qg)(W1)} = Dg(0) < Dg(t) < Dy(1)

oo ) ]

with & > 0 and Dy defined by
Dg(t) = ;C/VVTZQ(l—ZFtwl—Flth)g(Wl;x)
<low (- () rew (- ()
o, 05 ()

Jow (=122 row (-1 ()
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t

w1 + wo

Now, we prove both the first and second kind Fejér-type inequalities in a
different approach.

Theorem 77 ([68]). Let g : [wy,wp] € R\ {0} — R with w; < wp be a convex function. If

Q : [w,wa] € R\ {0} — R isa convex symmetric and integrable function with respect to
1+ W , then for « > 0, then the fractional inequality is given as:

Wt w2
(P50 ) (Lo Q) + By Q)] < [y (3Q)) + Iy (3Q)(02)].
Theorem 78 ([68]). Let g : [wy,w2] C R\ {0} — R with w; < wp be a convex function. If

Q : [w,wa] € R\ {0} — R isa convex symmetric and integrable function with respect to
W]+ W

2 then for & > 0, then the fractional inequality is given as:

s (GQ0) + Iy, Q)] < B 1y Q) + 1, Q)]

Theorem 79 ([68]). Let g : [wy,wa] € R\ {0} — R with w; < wy be a convex function. Then for
« > 0, the fractional inequality is given as:

1—na

g(w2)

2

) <

(1—exp(_7(W2_W1)> {I@_Q(Wl)—I-I@JFQ(WZ)} < %

In the next we present Hadamard-Fejér type inequalities of both first and second kind
for harmonically convex functions. Let us begin with the Hadamard-Fejér type inequality
of the first kind.

Theorem 80 ([68]). Let ¢ : [wy,wp] € R\ {0} — R with wy < wy be a harmonically convex
function. If Q : [wy,wa] € R\ {0} — R is a harmonically symmetric and integrable function with

, then for « > 0, the fractional inequality is given as:

(o) B 0on() +itn 0on()]

2uvy 2wy

= {I%ﬁwz gQOh< 2)+I€§1+w2 gQOh(m)]'

2wy 2uqwy

W1 W
respect to 172
w1

where h(x) = %,x € [l, l}

Theorem 81 ([68]). Let g : [wy,wp] € R\ {0} — R with wy < wy be a harmonically convex
function. Then, for & > 0, we have:

{Iwﬁ"’z ngh( ) 1+W2 ngh< 1)}

2uvy 2uvy

M[ g1+w27QOh<w ) +I"1+"2+Q0h(wl1)}

2 2wy wy 2uqwy

Theorem 82 ([68]). Let g : [wy,wp] € R\ {0} — R with wy < wy be a harmonically convex
function. If Q : [wy,wp] € R\ {0} — R is a harmonically symmetric and integrable function with

2 . . Lo
respect to Wj_wz , then for « > 0, the fractional inequality is given as:
W w2

(wzlwiwviz) < i expl(—lawz w1))[1’;;$22 goh( >+I"§,ﬁ§ goh(wllﬂ

W1W2
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g(m) +g(w2)
- 2

The Fejeér-Hadamard-Mercer-type inequality for harmonically convex function is
presented in the next result.

Theorem 83 ([69]). Let Q : I C (0,00) — R be a harmonically convex function for wy,wy € 1
withwy < wy. If Q € L[wy,wp] and w : [wy,wp] — R is non-negative, integrable, and harmonically

symmetric with respect to Wlwiwéz , then

Q<(1/w1) n (11/w2) - J;yy) |:I€Ll/w1)+(1/w2)_(1/X) (woh) (% + W% - ]1)
I )+ 1) - 1) (W0 1) (w% + wlz -]

= [1?1/w1)+(1/wz)_(1/x)(Qw oh) (le + wlz - ]1/>
0 )+ (1) -1y (R 0 1) (% + wlz - %)}

= ;[Q((l/w1)+(1}wz)—(1/x))+Q<(1/w1)+(1}m)—(1/y>ﬂ
X {Ifﬁ/wl)m/wz)—u/x) (woh) (le + le - ;)
I+ () -1y (@O 1) (wll + le - %)}

forall x,y € [wy,wy], « > 0and h(x) = %,x € {—, l}

7. Fejér-Type Fractional Integral Inequalities via Hadamard Fractional Integral

In this section, Fejér-type fractional integral inequalities concerning the Hadamard
fractional integral are presented.

Definition 20 ([25]). The left-sided and right-sided Hadamard fractional integrals of order & € R
of function Q are defined by

X a—1
()4, +Q)(x) = r(luo /w1 <ln§) Q(t)?, 0<w <x<wo,

and

ity Q) = [ (m8) a0, 0 <m <<

X

Definition 21 ([70]). A function Q : I C (0,00) — R is said to be geometric—arithmetically
convex (GA-convex) on 1, if

Q(x'y' ™) < HQ(x) + (1= HQ(),
forany x,y € Land t € [0,1].

Theorem 84 ([71]). Assume that Q : I C (0,00) — R is a GA-convex function such that
Q € Ly[wy,wp|, where wy,wy € Twithw; < wyand a > 0.1f g : [w1,wp| — R is non-negative, in-
tegrable and geometrically symmetric with respect to | /wiwy, then the fractional integral inequalities
are given as:

Q) [y +8(w2) + iy —g) | < [, (Qg)(02) + bifé () (1)
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< Q(w1) + Q(w2)

< S [ g () + S, g(w)].

Theorem 85 ([71]). Assume that Q and g are defined as in Theorem 84. If |Q'| is G A-convex on
[w1,wy], then fractional integral inequality is given as:

‘ (L) QY e o) + sftysg(on)] — [sy (@) () + sl (Q8) ()] ‘
Iglloo I+t - 1/2
< a7 1)( ) {|Q’<w1>| | = = 10— a1 + ]
+|Q'(w2)| / [(1—u)® — u][ua' "4 + (1 — u)a"wy “]du.
Theorem 86 ([71]). Assume that Q and g are defined as in the Theorem 84. If |Q'|7,q > 1is
G A-convex on [wy,wy], then fractional integral inequality is given as:
| (L) QUYL e g + sty ston)] — [y (@) () + sl (@) )] ‘
)
N giT(a+1) ‘eptll 2
x [ g in 22— ) [Q ()7 (u] + g in 72— ) 1Q' () "],
if a > Oand;—i— ; =1,and
‘ (L) QUYL e o) + sty g(on)] — [+ (Q8) () + sl (@) ()] '
_ lelem® (),
- pr + 1}

qsl"(vd-l)

1
x [ g In 22— ) [Q ()1 (w] 4+ g In 72— ) 1Q' () "],
ifO<oc§1and1+1=l.
P 9

Definition 22 ([72]). The function Q : 1 C RT — R™ is said to be GA-s-convex (geometric-
arithmetically convex) on 1, if, for every x,y € Land t € [0, 1], we have

Qx'y'™) < £Q(x) + (1-1)°Q(y).
We will use the notations
L(t) =G, U(t) =whG'™!, G = G(uy, ) = /wiws.

Theorem 87 ([73]). Let Q : I C (0,00) — R be a differentiable mapping on I° and |Q'| is GA-
convex on [wy,wp| withwy < wy. If g : [wy,wp] — [0, 00) is a continuous positive mapping and geo-
metrically symmetric with respect to \/urwy (i.e., §(*22) = g(x) holds for all x € [w1,wy]), then

‘Q“’”;Q(WZ [, 02) + 1l-g)] — [ 184 (Q8)(w2) + sl (Q8) ()] ’
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(11’1 Wy — In Wl)lx—"_l

Il [ 21 (0)]Q' ()] + Za(@) Q' (G) | + Z5(2)|Q (w2)] .

= 20T (a+1)
where
1
Zi(a) = /O (14 0% — (1— )"t G at,
Zo(n) = /01(1 —H[A+8)* = (1 - )Yt G +whGdt,
Z3(a) = /01[(1+t)“—(1—t)“]tw§G1—fdt.

Theorem 88 ([73]). Let Q : I C (0,00) — R be a differentiable mapping on I° and |Q'| is
GA-convex on [wy,wp| with wy < wy and q > 1. If g is as in Theorem 87, then the following
inequality holds:

‘Q“’“;Q(“’z [ (o) + sl ()] — [l 4 (Q8)(2) + afty (QE)(a) |

(anZ_anl)’XJrl ” H (21x+2_22)1—l
= 20HIT(a+1) “\ a+t1

x| Z1 (@, 9)|Q' (#1) 17 + Za(a, )| Q' (G + Za (w, )| Q' (w2)|7] 7,

where & > 0 and

1
Zwg) = [ 10+0" = 1= er-a,
! « ayr. 4t ~q(1—t) t o ~g(1—t)
Zo(n,q) = /()(1—t)[(1+t) (1 HYEIGIND 4 uhgGI0ar,
1
Zowq) = [ 10+07 = (1= 1)ed G0
0

Theorem 89 ([74]). Let Q : I C (0,00) — R be a differentiable function on 1°, the interior of
I, such that Q" € L[wy,wp], where wi,wy € I and wy < wy. If |Q'| is GA-s-convex on [wy,wy],
g : [wi,w2] — R is continuous and geometrically symmetric with respect to \/wywy, then the
following inequality for fractional integrals holds:

|QUt2) [ 1] g 8) + 1y 802) | = [ 1] g (Q) (1) + 1] (Q) (2) |

Igllo(m %)™

T(a+1) [Hy (a)|Q'(w1)] + Ha(a)Q'(w2)]], a >0,

where

Hy(a) = /1/2 (1 — ) (wl " ”du—i—/ ) (wl et ) du
1 0 2 7

1/2
B = [l ) du+/ (1 — ) (),

Theorem 90 ([74]). Let Q : I C (0,00) — R be a differentiable function on 1°, the interior of
I, such that Q' € L[wy,wy], where wy,wy € I and wy < wy. If |Q'|7 is GA-s-convex on [wy,wy],
g : [wi,w2] — R is continuous and geometrically symmetric with respect to \/wywy, then the
fractional inequalities are given as:

|QUvr2) [ s 8 01) + 1 8(92) | = [T (Q2) (1) + 1) g (Q2) (w2)] |
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gl In** (32)
r

@) (1-3) (4 4 1)1 “%ngw+mwwmwy
2 7 (41

}, a >0,

(a+1)

ey

+[Hs (0)1Q' ()17 + Ho()|Q' (w2) 7]

where
"1/2 1/2
Hy(a) = / Wt (1 — u) () du,  Hy(a) = / U (1
0 JO
1 1
Hs(w) = /1/2(1—u)“+5(w%*“wg)@du, H6(a):A/Z(l—u)ﬂuS(wngwu.

Theorem 91 ([74]). Let Q and g be as in Theorem 90. If |Q'|7,q > 1 is GA-s-convex on [wy,wz],
then the fractional inequality is given as:

‘Q(\/W) {H]:X/W_g(wl) + H]’f/WJrg(Wz)} - [H]'f/m_ (Qg)(w1) + HIT/WAQg)(Wz)] ‘

1
gl In™ 17 (2)
— ap+1

277 (ap+ 1)%q%F(¢x +1)

= =

{ |H7|Q ()] + Hs|Q'(w2) 7]

b

withtx>0and;+;—1and

=

+ [ HolQ' (w1) 17 + Hip| Q' (s2)|7]

1/2 1/2
Hy = / (1—u)*(w™"ul)9du, Hg = / (w0l
0 0
1 1
Hy = / 1—u)’(wi *)9du, H :/ (v eI du.
9 1/2( )*(wy~"w3) 0=/, (wy w3

An important generalization of Hadamard fractional integrals is the Hadamard
k-fractional integral operators.

Definition 23 ([75]). Let Q € Lq[wy,wy]. The left-sided and right-sided Hadamard k-fractional
integrals of order « € R and k,w; € R™ of function Q are defined by

X\ F- dt

1 X 71
g% Q) (x) = KT, (@) /w] (ln ?> Q(t)Tf 0<w <x<w,

and

W2 £-1
(I;J]ngQ)(x) = %/)c (ll‘lz) ¢ Q(t)?, 0<w <x<wo,

k() X
[eS) ok
where Ty () is the k-Gamma function defined by Ty (a) = / s* e~ T ds.
0
Theorem 92 ([76]). Assume that Q : T C (0,c0) — R is a differentiable function on I° such that
Q' € Ly[wy, w2, where wy,wp € Twithwy < wyand a > 0.If g : [wy,wa] — R is a continuous,

positive function, geometrically symmetric with respect to | /wiwy, and Qn, q > 11is GA-s-convex
on [wy,wy], then the fractional inequality is given as:

Qv/mma | (51 e Q) + (5] i (Qw2)) |
— [ % (Q2) (1)) + (B (Q2) (2)
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(lnwz—lnw1)1+% m(%+1)+w1 1_%
2T (a 4 6) Iglle{ | (1) (£ +2) ]

< (Bi(k,2,)|Q(#0)[7 + Balk,2,)|Q ()]

+[\/"’17W2<z+1)+W2

(k+1)(k+2)

=

}17% (B3(k, a,8)[Q"(w1)]7 + Ba(k, w,S)\Q/(WZ)@ % }'

where

A/ W1W2 — W o o 1 w1 o o 1
B (k = ~——— HF(—-s-+2,-+3= —F(—-s5+-+1+-4+2,-),
1 (K, 5) 17 oRi(—s L +2L+ 2)+%+121( s THLT+25)

V/W1wp — W1 Wy
Balkes) = 2w 532 '

kTS 25<%—|—s+1)

V/W1W2 — W2 L)
Balbas) = o572 ’

kTS 25<%—|—s+1)

\/W1W2 — W2 o o 1 W) o o 1
By(ka,s) = Yo R (—s,-42%=+3;=)+—=2F(—5-+1=-+2=).
4k, 5) 52 2R st 2y z>+%+1“( STl ;)

Theorem 93 ([76]). Assume that Q : T C (0,00) — R is a differentiable function on I° such that
Q' € Ly[wy,wa], where wy,wp € Twithwy < wyand a > 0.If g : [wy,wa] — R is a continuous,
positive function, geometrically symmetric with respect to /wiwy, and Q'1,q 1 is G A-s-convex on
[w1, wp), then the following k-Hadamard fractional integral inequality with k, > 0 holds:

Qv/mwz [ (5% (QUn)) + (5] (Qw2)) |
[ (Q2) (1) + (s (Q2) (2)|

Q=

(Inwy — Inwy)

< D) D e () { [ i+ Catg Q]
T 9IQ )+ Cala I )],
where
Cykas) = %(W%wf—wl)m( s,z;s;;)+szﬁ( —2%)
il o
Clbws) = 5y T ReTNETY)
il o
Cokas) = s T T2
Calkas) = ;(w%wzgwg)2F1(s,2;3;;)+szzgl (1- 5).

Fejér-Type Fractional Integral Inequalities for Quasi-Geometrically Convex Functions

Definition 24 ([77]). A function Q : I C (0,00) — R is said to be quasi-geometrically convex
on I if

Q(x'y'™") < sup{Q(x), Qy)}
forall x,y € Tand t € [0,1].
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We give some Fejér-type fractional integral inequalities for quasi-geometrically
convex functions.

Theorem 94 ([78]). Let Q : I C (0,00) — R be a differentiable function on I°, the interior of I,
such that Q' € L[wy,wy], where wy,wy € I and wy < wy. If |Q'| is quasi-geometrically convex on

[w1,w2], g : [w1,w2] — R is continuous and geometrically symmetric with respect to | /wiwy, then
the fractional inequality is given as:

’%Q(WZ) mﬁg(wz) + ]52—8(W1)} B []31+(Q8) (w2) + Ja, - (Q8) (wl)] ’

[1gleo In**1 (3%) / / V2o e e
Ry P {IQ )] 1Q )} 11— ) — o}~ e,

where & > 0.

Theorem 95 ([78]). Let Q : I C (0,00) — R be a differentiable function on 1°, the interior of
I, such that Q' € L[wy,wy], where wi,wy € I and wy < wp. If |Q'|7,q > 1 is quasi-geometrically
convex on [wy,wp|, § : [wy,wp] — R is continuous and geometrically symmetric with respect to
\/wiwz, then the fractional inequality is given as:

| Q) FQG2) [ o) + 15, g(o)] — [15,4 (Q@)(w2) + I, (Q5) 1)

na+1 w2 _1 i
. ||g||o;(1a+1)(wl) [(1- 1) (2] [swptie e @]

X (['/01/2((1 — u)"‘ _ ua)[(w%—uwg)q + (W%Wé_u)q]du}, x> 0.

Theorem 96 ([78]). Under the assumptions of Theorem 95, where |Q'|7,q > 1 s quasi-geometrically
convex on [wy,w|, the fractional inequality is given as:

\w e 8(2)  Jopg )| = 1,4 (Q8) (32) + Koy (Qg) () |

gl 0 (2) 11}
qér(a+1)m [“Hl(l_zTP)]p

<] = )7 [sup{1Q/ () 1,1Q ()|} )", @ >0

=

and

’w mﬁg(wz) + ]32—8(W1)} B [Igﬁ(Qg) (w2) + Js, - (Q8) (wl)]

atl-1 7y
Ig]loo In q(wf)[ 1
q%l"(vH—l) ap+1

1 1 1
| = w1 [sup{1Q (a1, Q' ()17} ",
with0<a§1and;+1:1.

Theorem 97 ([79]). Let Q : I C (0,00) — R be a differentiable function on I°, the interior of I,
such that Q' € L[wy,wy], where wy,wy € I and wy < wy. If |Q'| is quasi-geometrically convex on

[w1,w2], ¢ : [w1,w2] — R is continuous and geometrically symmetric with respect to \/wyiwy, then
the fractional inequality is given as:

|QUT) [P 8(1) + s 8(2) | — [P (Q) () + g (Q2) (2) |
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Il (1n2)""

1
< / ! / wr. 1—u_u u._l—u .
S gD SeHQELIQ )} [t + e, a0

Theorem 98 ([79]). Let Q : I C (0,00) — R be a differentiable function on I°, the interior of I,
such that Q" € L[wy,wy], where wy,wy € [ and wy < wy. If |Q'|7 is quasi-geometrically convex on
[w1,w2], g & [w1,w2] — R is continuous and geometrically symmetric with respect to \/wywy, then
the fractional inequality is given as:

|QUT2) [P (1) + g 8(2) | — [P (Q) (1) + T (Q2) (2) |

1_
lglles (041 2 ) (a4 1)77"

w1

/W q, / W q
2(a+1)(1—%)r(a+1) sup{[Q"(w1)[7,|Q"(w2)|7}
1 1 )

X ([/01/2 uzx(w%—uwg)qdu} [ [/1/2(1 B u)a(w%_uwsl)qdu} a)l 00

Theorem 99 ([79]). Let Q and g be as in Theorem 98. If |Q'|9, q > 1 is quasi-geometrically convex
on [wy,wy], then the fractional inequality is given as:

|QUVT2) [P a8 1) + g 8(2) | — [P (Q) () + T (Q2) (2) |
Iglleonn® 7 (2) |

2$ (ap + 1)%{1 F'(a+1)

<G -0+ G -G

withzx>0and1+1:1.
p q

==

sup{|Q’(w) 1%, |Q'(w2) |7}

Q=

8. Fejér-Type Fractional Integral Inequalities via Raina Integral
In [80], Raina introduced a class of functions formally defined by

v 0(k)

o2 (%) = ,§0 T(ok+ A)

Xk 0,A>0, |x| < oo,

where the coefficients o (k) (k € N = NU {0}) are a bounded sequence of real positive
numbers. In [81], the following left-sided and right-sided fractional integral operators are
defined, respectively, as:

Uepm o) () = [ (= V1R [ = 0 g(t)at, x> w1 >0,

w1

w2

Ui s (x) = [

X

(t= )T F [w(t — x)PJgp(t)dt, 0 < x < wy.
Now, we present Fejér-type fractional integral inequalities via the Raina integral.

Theorem 100 ([82]). Let Q : I — R be a differentiable mapping on I° and Q' € L[wy,wy]
withwy < wp and g : [wy,wp] — R continuous. If |Q'| is convex on [wy,wy], then the fractional
inequality is given as:

W1+ W2\ [ -
‘ Q ( 2 ) []P,?\,@Jr,wg(wz) + ]P,)\,wf,wg(wl)}

_ [%,w Q)+ 7w (Qg) ()]

< (w2 =) Mgl Pk gy llwl (w2 — )P (1Q (1) | + Q' (w2)]),
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1

where A > 0and o0y (k) = U(k)2/\+pk+1</\ k1)

Theorem 101 ([82]). Let Q and g be as in Theorem 100. If |Q’|7 is convex on [wy,wy|, g > 1, then
the fractional inequality is given as:

’Q(Wﬁ“z)[f;Aw+,wg< D)+ i 8(0)]

—,w

(@) T (Qg)(wa}‘

S|

< gl (2 — w0 (02— wWlfgaﬂnwm—wnp])l*

TN

{ (72 allol 2 = s Q ()7 4+ 5 ]2 = ) Q )17

+[F ]2 = )P IQ o) 14+ 3 o] (22 — 50| Q1 <wz>|ﬂq}

where A > 0, 0y is defined in Theorem 100 and

A+ pk+3
k) = k
o2(k) d )(A+pk+1)(A+pk+2)2A+Pk+2’
1
osk) = (k) (A + pk + 2)2APk+2”

Theorem 102 ([82]). Let Q and g be as in Theorem 100. If |Q’|7 is convex on [wy,wy|, g > 1, then
the fractional inequality is given as:

‘Q(“ﬁ"z)[f;Aw%wg( D), v, 800)]

_[]Z,A,ww(Qg)( SR

—,w

(Q8) ()] ‘

e o 1
( 2 1)§ ||g|| (]:pAJAle(wZ_wl)p])P
24

o {B1Q ()17 + 1Q (2) 117 + [1Q ()9 + 31 ()17},

1 1 1
where A > 0, o4(k) = o (k) and = + p =1

1
2/\+‘okJr P(Ap+pkp+1)7

Theorem 103 ([83]). Let Q : I — R be a differentiable mapping on I° and Q' € Llwy,wy]

. . . W W
with wy < wy and g : [wy,wy] — R continuous and symmetric to LW

. If |Q'| is convex on
[w1,wp], then the fractional inequality is given as:

‘Q(Wl)—;Q(WZ)[ pAw1+wg(w2) + ]p//\,wzf,wg(wl)}

1 0(Q8)(52) a8 )] ‘

< (w2 =) glleoFh [feo] (w2 —w1)P (1Q" (1) | + Q" (w2) ),
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1 1
where A > 0 and oy (k) = o (k) (A+pk)()\+pk+1)(172“9k)'

Theorem 104 ([83]). Let Q and g be as in Theorem 103. If |Q']9,q > 1 is convex on [wy,wp|, then
the fractional inequality is given as:

|Q(W1HZ'Q(W2) [ oAy 408 (W2) + ]g,)\,wz—,wg(m)}

I8 p ey 1,0(Q8) (52) + J5 0y o(Q8) 1)

2 o~ _ A+1 - /W q ,W g\l
o Agleln = gy (G IQGI

1
(wp —wp)7 2

1 1 1 1
whereA>0,5+a—1ﬂnd01(k) _U(k)(/\—I—pk)()L-i—pk-i-l) (1_2/\+pk>'

Theorem 105 ([83]). Under the assumptions of Theorem 103, the fractional inequality is given as:

| w []g,)\,wl +,wg(W2) + ]I(JT/\/WZ_/wg(Wl)}

[T 01 5.0(Q8) (52) + Ty (QR) (1) ’

Q" (w1) |7 + |Q/(W2)|q)%,

< lIglles (w2 — ) 1, 0] (w2 — )P .

11 B 1 2 N
wheTE/\>0,;+ﬁ—1and0'1(k)—U(k))\_i_pk[()t_i_Pk)p_i_l(li2/\+pk)} ’

9. Fejér-Type Fractional Integral Inequalities via Conformable Integrals

Definition 25 ([84]). The left and right fractional conformable integrals of order p € C, R(B) > 0,
are defined by

@ _ b emw)t = (E—w)" A Q)
ﬁ]mQ(x) - F(ﬁ) /";1 < ! o . ) (t_wl)lfadt’

« 1 f2(m—x)"—(m—t)"\F  Q(t)
.B]wzQ(x> = l"(ﬁ) /x ( 2 . 2 ) (Wz — t)]—Dé dt.

Definition 26 ([85]). We say that the function Q : [wi,wy] — R is symmetrized convex on
the interval [wy,wy] if the symmetrical transform L[Q(t) + Q(wy + 1w — )], t € [wy, ] is
convex on [wy,wy).

Definition 27 ([86]). Let I be a non-empty interval on R. Then, a function Q : I — R is called
Wright-quasi-convex on I if

2l + (1= Hy + Q1 — x4 )] < max{Q(x), ()}
forall x,y € Tand t € [0,1].

Definition 28 ([86]). Let I and | be intervals on R with (0,1) C J. Also, let Q : [ — [0,00) be a
function and h : ] — (0,00) a function with h % 0. Then, Q is called h-convex on I if

Qtx+ (1 —t)y < h()Q(x) +h(1 - £)Q(y)
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forallx,y € Iand t € [0,1].

Definition 29 ([86]). Let h be the function in Definition 28. A function Q : [wy,wy] — Ris called h-
symmetrized convex on the interval [wy,wy) if the symmetrical transform 3[Q(t) + Q(wy + w2 — £)],
t € [wy,wy] is h-convex on [wy,wy].

We present certain Fejér-type fractional integral inequalities involving the above
defined fractional integral operators.

Theorem 106 ([86]). Let B € C, R(B) > 0. Also, let [w1,wp], wi < wy be an interval on R,
Q:[w,wp] - Ca symmetrized convex and integrable function and g : [w1,wp] — R be integrable

and symmetric to —; "2 Then,

Q(w1J2rwz) < 5 T(B+1)aP [ ]mQ(x) —|—5]€§2Q(W1 +wy — x)}, (v < x <wy);

X— wl)aﬁ‘lg”mm

I(B+1)aP
2(x—w1)*|¢llo

W ) 06/3
Q4% ) < B — [P QGn +w — ) +FJ8,Q(x)], (n < x < w);

w2— x)"‘ﬁ“g”mm

[1,Q(x) + P18, Qo + 1w — x)| < L) () <y < ),

+1) ab Q(w O(w
Z(WZ(ﬂxW[ ]le(W1+W2_x)+ﬁI€;2Q( )] < (1)+ (2) (Wl <x <W2).

Theorem 107 ([86]). Assume that the conditions of Theorem 106 hold. Then

w1+ w B
Q(™52) < s e [ + Ph 2 Q)] (1 < ¥ <)

2 x = w1)*]|8 [l min
LB+ DR g0, 1 b Q) +Q(w) |
Z(x _ Wl)“ﬁHgHoo { ]xQ(Wl) + ]w1+w27xQ(W2)} < 5 , (Wl <x< WZ)/

Q(wl +w2) < 3 I'(B+1)ab {ﬁ]{';lerer(Wl) +5]§‘Q(w2)}, (n < x <w);

2 w2 — X)*P|g|min
AR, e Q) + Q(wz)
2(wy — X)""Sllglloo [ ]w1+w2—xQ(W1) + ]xQ(WZ)} < 5 , (w1 < x <wp).

Theorem 108 ([86]). Let B € C, R(B) > 0. Also, let [w1,wp], w1 < wy be an interval on R,
Q : [wy,wp] — C be an integrable function. Also, Q : [w1,wp] — R is Wright-quasi-convex and

integrable on [wy,wp|, and g : [w1,wp| — R is integrable and symmetric to leﬁ Then,

1"(,84—1)04/3
2(x —w1)*F|Igllo

T(B+1)ab o « ,
2072 — 1) |[g ][ [ﬁfwl(Qg) (w2) + ﬁ]wzQ(m)} < max{Q(w1),Q(w2) };

o (@ (1 5) R0 ("1 52) man{ e o).

(12, () (x) + P12, (Qg) (i1 +2 — x)] < max{Q(m), Q) };

Theorem 109 ([86]). Assume that the conditions of Theorem 108 hold. Then

T(B+1)aP « " , ,
2(X — W1)“/5Hg||oo [ﬁ]x(Qg) (Wl) + 'B]wl—&-wz—x(Qg)(WZ)} < maX{Q(Wl)r Q(WZ)}r wp < x < wy;

T(B+1)aP2%b~1 g wn) 4 B ) | max{ O .
oz Tl L et 200) Tz Q) max{ Qo) Qo)
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Theorem 110 ([86]). Assume that the function Q : [wy,wy] — [0, 00) is h-symmetrized convex
on the interval [w,w| with h being integrable on [0, 1] and Q is integrable on [wy,wy] and g :

[w1,w2] — R be integrable and symmetric to w Then, we have

h(%)r(ﬁ +1)af
(x = w1)®|g]lmin

o) <

T(B)ab1
2(x —wp)*F|g]leo

< M/{)l(l—s”‘)ﬁqsl*“{h(l— Gl S>+h<x_W1 S)]ds-

2 Wy — W1 W2 — W1

(P12, (Q9)(x) + P8, Qi + w2 — 1),

[P12,Q(x) + P12, Qs + 1502 = x)|

In the sequence, we give some more Fejér-Type fractional integral inequalities via the
fractional conformable integral operators for p-convex functions.

Definition 30 ([87]). A function Q : I C (0, 0) — R is said to be p-convex, if
Q([e? + (1= Hy’]7) < 1Q(x) + (1 - HQ),
forall x,y € Land t € [0,1].
Theorem 111 ([88]). Assume that Q : I C (0,00) — R is a p-convex function, p € R\ {0}, a >

0 and wy,wp € Twithwy < wp. If Q € L[wy,wp] and g : [wy,wa] — R is non-negative, integrable

P, Po1
W1+W2]

and p-symmetric with respect to { 7 then, the fractional inequalities are given as:

Q([FE2) ) [Pty (g o)+ 1% _(g00) (&)

< [P, (Qgom ) +F1%_(Qgom) ()]
< QIO g, (gon)h) +18_(gomG], p>0,

; b pop
with h(x) = x?, x € [wy,w,], and

Q([FE2) ) [Py (g o) + 1% (g00) (&)

< [Py, (Qgom ) +P1y_(Qgom) ()]
< QEFRED (5 (gonyw) +5%_(somh)], p <0,

; — PP
with h(x) = x?, x € [wy,wy].

Definition 31 ([89]). Let a € (n,n + 1]. Then, the left- and right-sided conformable fractional
integrals of order & > 0 are given by

8,00 = o[-0 Qw0
Q) = %xwz(x—t)ﬂ(wz—x)ﬁle(x)dx.

Now, we give Fejér-type fractional integral inequalities for convex functions via the
conformable fractional integral defined above.
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Theorem 112 ([90]). Assume that Q : [wy,wp] — R is a convex function, with w; < wy. If
Q € Llwy,wp| and g : [wy,wp] — R is non-negative, integrable and symmetric with respect to

symmetric with respect to

i1+ W2 , then the fractional inequalities are given as:

(BT 18, 5(m) + T 8(m)] < [, (Q8) () + T3, (Q8) ()]

Q) > Q) e ¢fuy) +12, (g0 )],

IN

fora € (n,n+1].

Theorem 113 ([90]). Assume that Q : I — R is a differentiable function on I°, and Q € L[wy,w]

with wy < wy. If |Q'| is convex on [wy,wy] and g : [wy,wa] — R is continuous and symmetric with
Wi w2 , . - .

respect to , then the fractional inequalities are given as:

Qo) 4 Q02) [ () + 1 )] — [I, (Q2)(w2) + T, (Q3) (1)
< (wp — W13:+1||g||oo (|Q’(w1)| + |Q’(W2)|>
x [%B(n +1,a—n)+Bpla—n+1,n+1)+Bypn+2,a— n)}’

fora € (n,n+1].

Theorem 114 ([90]). Assume that Q : I — R is a differentiable function on I°, and Q € L[wy,wy]
withwy < wy. If |Q'|1 is convex on [wy,wp] and g : [wy,wa] — R is continuous and symmetric with

respect to 1t , then the fractional inequalities are given as:
Q W + Q W o (41 0 (44
Q) + Q) 0 o) + 18, go0)] — [15,(Qe) (m2) + I, (Q8) (o)
1
o (m—w)*gllo2r (IQ’(W1)|" + |Q'(W2)|q)%
n! 2

==

7

1/2
X(/o Bt(n+1,zx—n)p—Bl,t(n—i-l,oc—n)}dt)

foruce(n,n—l—l]and;—i-;:l.

Theorem 115 ([90]). Assume that Q : I — R is a differentiable function on I°, and Q € L[wy,wy]

with wp < w. If |Q'|,9 > 1 is convex on [wy,wp| and ¢ : [wy,wy] — R is continuous and
W+ w . . . .
! ;— 2 then the fractional inequalities are given as:

Q) = Q) 10 o(uy) 413, 5m)] — [15, (Q9)(w2) + I, (Qg) ()] |

o 20w —w)*ig]le (|Q,(Wl)|q + IQ’(wz)Iq)%
- n! 2

X (/Ol (IBt(n+1,¢x—n) _Bl_t(n+1’“_”)‘)dt)l_%

-

7

x(EB(n+1,zx—n)+Bl/2(a—n+1,n+1) +B1/2(n+2,oc—n))

fortxe(n,n—l—l]and;—i-;:l.
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Theorem 116 ([91]). Assume that Q : I — R is a differentiable function on 1°, and Q' € Ll[wy,wy)
with wy < wy. If |Q'| is convex on [wy,wy] and g : [wy,wp] — R is continuous and symmetric with
respect to %, then the fractional inequalities are given as:

‘Q(Wl ‘12"W2) [H‘@g(m) + H"@g(wl)} - [H‘@(Qg)(w) + H@(Qg)(wl)} ‘

Wo — W a+1 o '(w '(w
< (w2 131! &l <|Q( 1)|2;1Q( 2)|)[B(n+1,zx—n)—B(n—I—Z,Dé—Tl)],

fora € (n,n+1,n=0,1,2,...,.

Theorem 117 ([91]). Assume that Q : I — R is a differentiable function on 1°, and Q' € Llwy,wy]

with wy < wy. If |Q'|7 is convex on [wy,wp] for ¢ > 1 and g : [w1,wp] — R is continuous and
o Wi w2
symmetric with respect to

(5 gt s - [t s 51 )

, then the fractional inequalities are given as:

< (wp — w212;!+1||g||w [( /01/2[B2t(n e n)]pdt)l/p (3|Q/(w1)|q; |Q’(wz)|q)1/‘7
+ {(/11/2[32%(71 +1,0 — n)]pdt)l/p(|Q/(w1)|ﬂ ‘;3|Q’(w2)|ﬁ)1/q}’

fora € (n,n+1,n=0,1,2,...,and 1/p+1/q =1.

Theorem 118 ([91]). Assume that Q : I — R is a differentiable function on 1°, and Q' € Llwy,wy)

with wy < wy. If |Q'|7 is convex on [wy,wp] for ¢ > 1 and g : [wy,wp] — R is continuous and
- W1+ W
symmetric with respect to

’Q<w1 —;wz) [Hp@g(wZ) + I["f,l%g(m)} — {H”@(Qg)(wz) + Hof,l% (Qg) (Wl)] ‘

(w2 — 1)+ gl

, then the fractional inequalities are given as:

1/2 1-1/q
. [(/ [th(n—i—l,oc—n)]pdt)
2% an! 0
’ 3 1
<|Q2a(fi)| [4B(H+1,0c—n)—B(n+2,06—71)+13(”+3,06—”)]

/ 1 _
+|szf§)|[3(n+1,a—n)—B(n+3,vc—n)])l/q+ (/1/232721‘(”"'1/“—”)5”)1 o
(AT 31,0 m) B+ 10— ) — 2B(n+ 30 )]

AL gt =)+ B+ 1a—m)— Bn+ 2,0 n)

1 1/q
+1B(n+3,zx—n)> ],
fora € (n,n+1,n=0,1,2,...,.

Theorem 119 ([92]). Assume that Q : [w1,wp] C (0,00) — Risa p-convex function, p € R\ {0},

a > 0and wy < wy. If Q € L{wy,wp] and g : [wy,wa] — R\ {0} is non-negative, integrable and
p_1
p-symmetric with respect to ["’172} P, then the fractional inequalities are given as:

Q([F52) ) [Pty (g o eh) 412, (g )(u])]
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< [ﬁ]lgf+(Qg o h)(wy) + P13, (Qgoh) (Wf)}
< w [ﬁﬂngr(goh)(wg) +5H3‘,§7(g0 h)(wf)}r p>0,

with h(x) = xP x € [wh,wh), and

Q([F52) ) [ty (g o) + 12 (g)(eD)]
< {/5]155+(Qg o h)(wf) + :B]Igi,_ (Qgoh) (wg)]

Q(w1) + Q(w2)

= 2 [ﬁﬂ§§+(3°h)(“’f) +PIy (80 n@h], p<o,

with h(x )—xP x € [wh,u],

Definition 32 ([93]). Let k: (0,1) — R be a given function. Then, the subset D of a real linear
space X will be called k-convex if k(t)x + k(1 —t)y € D forall x,y € Dand t € (0,1).

Let k,h : (0,1) — R be two given functions and suppose that D C X be a k-convex set. Then,
a function Q : D — Riis (k, h)-convex, if forall x,y € D and t € (0,1),

Qk(t)x + k(1 = t)y) < h(H)Q(x) + ~(1 = H)Q(y)-

Theorem 120 ([94]). Let Q : D — R be a (k, h)-convex function with h(1/2) > 0. Assume that
wi < wy such that [wy,wy] C D and let g : [wy,wp] — R be a non-negative function which is

symmetric with respect to w1+ w2

5 Then, the fractional inequalities are given as:

Q(k(lz/;()fg)HZ))[ neg(n2) + 18, _g(n)] < I8, (Qg)(w) + 15, (Qg) ()],

fora > 0.

10. Fejér-Type Fractional Integral Inequalities via Non-Conformable
Fractional Integral

Definition 33 ([95]). For each Q € L[wy,wp] and 0 < wy < wp, non-conformable fractional
integral operator is then given b y

N3]u / p d@/
for every x,u € [w1,wp] and « € R.

Definition 34 ([95]). For each function Q € Llwy,wy|, then left and right non-conformable
fractional integral operators are stated by

X

Wl Q) = [ (x—p) " Qe)e,

Wi Q) = [ o= 7" Qle)dp,

X

for every x € [wy,wp] and « € R.

Theorem 121 ([96]). Suppose Q : [w1, w1 + D(wy, wy)] — R is an h—preinvex function, condition-
C for @ holds and ®(wy,w1) > 0, h(}) > 0and F : [w,w + P(wp,w1)] = R, F > 0is
symmetric with respect to wy + 3®(wp,wy) and & < —1. Then,



Axioms 2023,12,719 48 of 58

Q<W1 + %‘D(Wz,m))

2h (%) D (wp,wp)l—a

1
< D (wg, )% [N3]$1+d>(w2,w1)*Q(Wl)}—(wl) + Ny g+ Qwn + P(wg, w1)) F (g + q’(Wz,wl))}

|:N3 51+‘1>(W2,W1)_'F(W1) + N3]31+‘F(W1 + (D(WZI Wl)):|

< [Q(w1) + Q(w2)] /01 8 [1(9) + h(1 — 8)]F (w1 + 9D (wp, w1))d8.

Theorem 122 ([96]). Let H C R be an open invex subset with respect to @ : H x H — R and
wy,wy € H with ®(wp,wy) > 0. Suppose that Q : H — R is a differentiable mapping on H and
F : H — [0,00) is differentiable and symmetric to wy + S®(wy,w). If |Q'| is h-preinvex on H
and « < —1, then

o (W2 4 @) Qo + Doz 0)) e T gy () Q1)

CD(W21 W1)_2‘X N3 w1+ 1 2, W1 1 2, W1 N3 (wy+@(wp,wp )~ 1 1

1 N .
_W (Ngff,rf'(m + ®(wp, w1)) Qw1 + P(wo, w1)) +n, ](zwﬁq,(wwl)),f’(wl)Q(a))

1

—r[f(wl)Q(Wl) — Q(uy + @ (wa,wy)) F (wy + P(wp, w1))]
Werl)

< [1Q/(o0) |+ Q)] - [ 7 (1 + 60 0)) 1(8) + (1 — B

Theorem 123 ([96]). Let H C 'R be an open invex subset with respect to ® : H x H — R and
wy,wy € H with ®(wy,wy) > 0. Suppose that Q : H — R is a differentiable mapping on H and
F : H — [0, 0) is differentiable and symmetric to wy + 3®(w, ). If |Q'|7, g > 1, is h-preinvex
on H and o« < —1, then one has:

20 _ -
‘q;(wZWl)th <N3]§§ﬁ L (w1 + @ (w, 1)) Qw1 + P(wp, 1)) +n, ](zv‘;‘qu)(wzlwl))]:(wl)Q(wl)>

1 , ) /
_W <N3]vz,?.7: (w1 + @ (w2, w1))Q(wy + P(wr,w1)) +n, ](2w1+q>(wz,w1))—]: (wl)Q(a))
1
Dy 7 Q) = Qur + @z, ) F (uy + (w2, 1))

1
q

< (12 Za)l”(UQ’(wl)ru Q"] [0+ 00,0 F0H(8) 4101 - )l

Theorem 124 ([96]). Let H C R be an open invex subset with respect to @ : H x H — R and
wi,wp € H with ®(wy,wy) > 0. Suppose that H : H — R is a differentiable mapping on H and
F : H — [0, 00) is differentiable and symmetric to w; + 1@ (wp,w1). If|Q'|7,q > 1, is h-preinvex
onHand a < —1, then

2 -~ -
‘W <N3]y,2]§(> l]:(wl + @(WZ,W]))Q(Wl + ¢(w2/wl)) +N3 ](251+1<I>(w2,w1))]:(Wl)Q(Wl)>

1 N .
T D (wg, g ) <N3]V2,1+]:,(W1 + ®(wp,w1))Q(wy + P(wo, wp)) +n, ](2w1+q>(wz,w1))—f’(wl)Q(Wl))

_q)(wilm)[f(m)Q(m) — Q(wy 4 D (w,w1))F (w1 + ‘D(Wzlm))]’

# (wy) | ") |7] - ' W Wo, W %
< (1_2@);([@( DI Q)] - 170 + 00w o1a0)

wherel+1:1,
p 9
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The next theorems include Fejér-type integral inequalities via a non-conformable
fractional integral operator for generalized (m, h)-preinvex functions.

Definition 35 ([97]). Assume that ® : X x X x (0,1] > R, X CRand h : [0,1] — R. Then,
Q is said to be generalized (m, h)-preinvex function if

Q(mwy + p®(wz, w1, m)) < h(p)Q(w2) + mh(l —p)Q(w1), ®)
for all wy,wp, € Xand p € [0,1].
Theorem 125 ([98]). Suppose Q : [mwy, mwy + P (wy, w1, m)] — Risan (m, h)-preinvex function,

Condition C for ® holds, ®(wp,wy,m) >0, h(3) > 0, and F : [mwy, mwy + P(wp, w1, m)] — R,
F > 0is symmetric with respect to mwy + 3P (wp, wy, m). Then

Q <mw1 + %@(wz,wl, m))

2h (%) D (wp, wy, m)l—

Na L+ sy )~ (191) F Ny S+ T (110501 + D (w2, w1, M))]

B W [N3 fc”"’l'*‘q)(wz,wl,m)*Q(mwl)}-(MWl)
+ N3IS1W1+Q(mW1 + (D(WZI w1, m))f(mwl + (I)(Wz, Wl,m))
1
= [Qlmn) +Qlw2) /0 o “[h(p) + h(1 — p)]F (mw + P (wp, w1, m))dp.

Theorem 126 ([98]). Assume that ® : X x X — Rand X C R, such that X is an open m-
invex subset with respect to ® and wy,wy € X with ®(wy,wy,m) > 0. Suppose that Q : X —
R is a differentiable mapping on X and F : X — [0,00) is differentiable and symmetric to
mwy + 3@ (wy,wy, m). If |Q'| is generalized (m, h)-preinvex on X, then

‘ 2

20—1
W (ijw;. F(mwy + P (wy,wy, m))Q(mwy + ®(wp,wy, m))

+N3](21:é1w11+<1>(w2,w1,m))F(mw1>Q(mwl)>

1 2, /
Y TR ( i+ (1,0 Qs+ (1, m)

Ny ] <253W1+<1><wZ,m,m))—Jr /(mwl)Q(le)>

1

—(I)(i[f(mwl)Q(mm) — Q(mwy + D(wp, wy, m))F (muy + D(wp, wy,m))]
W, W1, 1)

< [lQ )]+ 1Q )] - [ o2 F i + (s 0,m) () + h(1— )]

Theorem 127 ([98]). Assume that X and F are defined as in Theorem 122. If |Q'|7—where
q > 1—is generalized (h, m)-preinvex on X, then one has
2 E g + (g, e, m)) Qi + Dz, 1, m))
D(wp, wy, m) Ny 1

+N3](251w11+q>(wz,wl,m))—Hmwl)Q(mwl))

1

2 !
" Dy m) <N3]m0€’1+f (mwy 4 @ (wp, wy, m))Q(mwy + ®(wy, wy, m))
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s P oty (1) Q) )

1
- q)(W2, W1, m)

<(2)" (e + o]

[ F s+ (g, m) () + (1)) "

[F (mwy)Q(mwy) — Q(mwy + ®(wy,wy, m))F (mwy + ®(wp,wy,m))]

[

Theorem 128 ([98]). Assume that X and F are defined as in Theorem 122. If |Q'|7—where
q > 1—is generalized (h, m)-preinvex on H, then

2
CD(Wz, w1, m)*z‘x

( ]ii&l}—(mwl + ®(wa, wy, m)) Q(mwy + P(wp, w1, m))
N3

T, oy () Q) )

1

2 /
_ W <N3]m0;1+]: (mwy + @ (wo, w1, m))Q(mwy + P (wo,wy,m))

s P oty 1) Q) )

_W[}'(mwl)Q(mm) — Q(mwy + ®(wp,wy, m))F (mwy + <I>(wz,W1,m))]’
# ' (w q !(w q| . 1 - W W %
< 2} ({m‘Q( V| +]Q'(w)]| } /0 [F (mwy + p®(wy, 1,m))]‘7h(p)d@> ,

1 1
where — + — = 1.
p 9

11. Fejér-Type Fractional Integral Inequalities via Katugampola Fractional Integral

Definition 36 ([99]). Let [wy,wy| C R be a finite interval. Then, the left- and right-side Katugam-
pola fractional integrals of order & > 0 of Q € XV (wy,wy) are defined by

N _ pl—zx x =1 N _ pl—ac Wy =1
Q) = o [ e QU and #1500 = o [T o

withwy < x < wand p > 0, if the integrals exist. Here, x? (w,w2), c € R, 1 < p < oo denote the
space of those complex-valued Lebesque measurable functions Q on [wy, wo] for which || Q|| x» < oo, where

W2 |4c pdt 1/p c
IQllxy = (2 11EQUOIP%) ™ < cofor1 < p < coand |Qllyp = es55upy, 1y, 1] Q(E),
if p=co.

Fejér-type fractional integral inequalities via Katugampola fractional integral are given
in the next theorems.

Theorem 129 ([100]). Let f : [wy, wa] — R be convex function with w; < wp and f € L[wy,w).
Then, Q(x) is also convex and Q € Llwy,wy]. If F : [wy, wp] — R is non-negative and integrable
function, then

Q(w) [plffﬁF(wz) +PI$27F(W1)} = [Plﬁﬁ(QF)(WZ) +FI, - (QF) (wl)}

Q(en) + Qw2 1y

< 5 ¢ F(w) +PI:;2,F(W1)},
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witha > 0and p > 0.

Theorem 130 ([100]). Let f : [wy,wa] — R be differentiable function on (wy,wy) and f' € L[wy, ws]
with wy < wy. Then Q(x) is also differentiable and Q' € L[wy,wy]. If Q(x) is convex and
F: [w1,wp] — Ris a continuous function, then

Qwy) + Qw2

Q)20 fogy  Flun) 4012, Fs0)] — [P18 4 (QF)(om) 415 (QF)Go)]
< (w2 =w)[[Flleo

< BB 10 ) + () [ K (e

witha > 0and p > 0, where ||F||e = SUPp;¢|
—[sz — ((1 — t)w1 + sz)p]a.

| [F(x)[and K(t) = [((1 = t)w +wat)f —wif]*

wi,W2

In the following, we present a Fejér-type fractional integral inequality for (k, h)-convex
functions via a Katugampola fractional integral.

Theorem 131 ([101]). Let Q : D — R be a (k, h)-convex function with h(1/2) > 0. Assume

that 0 < wy < wy such that [wy,wy] C D and Q € Llwy,wp]. If Q : [wy, wp] — R is a non-negative
w1+ W

function which is symmetric with respect to and g : [wy,wp] — R is non-negative and

integrable, then

QELEO w2 o1 gton) +018, go0)] < P14 (Q)02) 408, (Q)50)],

fora > 0andp > 0.

12. Fejér-Type Fractional Integral Inequalities for Invex Functions
Fejér-Type Fractional Integral Inequalities for (P, ®,)-Convex Functions
Definition 37 ([102]). A set I C R is invex with respect to a real bifunction ® : I x I — R, if

xyel, Ae[0,1] =y+AdD(x,y) €L

Definition 38 ([102]). Let I C R be an invex set with respect to &1 : I x I — R. Consider
Q:1— Rand ®,: Q(I) x Q(I) — R. The function Q is said to be (®1, Dy )-convex if

Qx + APy (y,x)) < Q(x) +A®2(Q(y), Q(x)),
forall x,y € Tand A € [0,1].

Fejér-type fractional integral inequalities for (®1, ®;)-convex functions are presented
in the following theorems.

Theorem 132 ([102]). Let I C R be an invex set with respect to &1 such that
Dy (x2 + taP1(x1, x2), X2 + 11 P1(x1, x2)) = (f2 — t1)DP1(x1, x2),

forall x1,xp € Land ty,t; € [0,1]. Also, let Q : I — R be an (P, P,)-convex function, where
D, is an integrable bifunction on Q(I) x Q(I). For any wy,wy € I with ®1(wp,w1) > 0, suppose
that Q € Lq[wy, w1 + D1 (wo,wy)] and the function g : [wy, w1 + Pq(wp,w1)] — R are integrable
and symmetric to wy + (1/2)®1(wp, wy1). Then,

2up + D (v,
Q) s+ ) Fy 5
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/W1+¢1 W, Wy ) a1

x — )"+ (wy + Py (wo, ) — x)afl}

06) w)
><<D2 (Q(x), Q(2wy + D1 (wp,w1) — x))g(x)dx

< [ () + @12, 1)) + T oy ) (Q2) (1))

Theorem 133 ([102]). Let I C R be an invex set with respect to ®q let Q : I — R be an (Pq, D;)-
convex function, where ®, is an integrable bifunction on Q(I) x Q(I). For any wi,w, € I with
Dy (wy,w1) > 0, suppose that ¢ : [wy,wy + ®1(wp,w1)] — RT is integrable and symmetric to
w1 + (1/2)®1(wp,w1) and Q € Li[wy,wy + Pq1(wp,w1)]. Then

61 (Q8) (51 + 1 (02, 0)) + Ty, oy (apy) (Q2) (1)

<2Q(W1) + q’Z(ZQ(Wz)/ Q(‘h))) [

< T8 (01 + @1 (w2,51)) + Iy, oy pr)) &) |

Definition 39 ([103]). Let K C R" be an invex set with respect to @ : K x K — R". A function
Q : K — Ris said to be (s, m)-preinvex with respect to ® for every x,y € K, t € [0,1] and
m e (0,1], if

w
Qw1 + 1wy, 1)) < m(1 - £°Q( ) + £ Q(wa).
Theorem 134 ([103]). Let K C R" be an open invex subset with respect to @ : K x K — R and
wy,wy € Kwithwy < wy + ®(wy, wy) where ®(wy,w1) # 0. Suppose Q : K — R is a differentiable

mapping on K° such that Q" € Ly[wy, w1 + @(wp,w1)]. If w : [wy, w1 + P (wp,wy)] — [0,00) isa
continuous mapping and symmetric to wy + %qb(wz, w), and Q' is (s, m)-preinvex on K, then

1 W1+©(w2,w1) 1 1 W+ D (wp,7)
i@(Wle)/w Q(x)w(x)dx — mQ(m - ECD(WQ,Wl)) /w1 w(x)dx

Gy MG+ (- )

Theorem 135 ([103]). Assume that Q is as in Theorem 134 and |Q'|1,q > 1is (s, m)-preinvex
on K, then fractional integral inequality is given as:

’cp (wi, o / R () — S (w; o Qw + %@(wz,wl)) /w :’ﬁ@(”"”) w(x)dx
< @(WZ,w1)<(q>(wz],m))2 /w‘jl-‘rz@(wz 1) [ (Wé, x_wl }wp )%
s e 1
X{@4Q(Z)V%é;:4isim*ﬁQ(w 2H25+2)q

242 53

+(m () ‘qzs+2(15+2) Q) G +2)ﬂ'

wherel+1:1.
p 9

13. Fejér-Type Fractional Integral Inequalities via (p, q)-Calculus

We first give the basic concepts of (p,q)-calculus which will be used in our work.
Throughout this section, we let I = [wy,wy] C R, I° = (wj,w),and 0 < g < p < 1
be constants.
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Definition 40 ([104,105]). Let Q : I — R be a continuous function. The (p, q)-derivative of the
function Q on [w,wp| at x is defined by

Q(px+ (1 —p)w) — Qgx + (1 —q)w)

=G —w) X

w1 DP,QQ('X') =
Since Q is continuous function, we have 4, Dp ,Q(w1) = lim 4 Dy 2Q(x).
X—W1

We say that Q is (p, q)-differentiable on I provided that 4, D, ,Q(x) exists for all x € I.
In Definition 40, if a = 0, then (D} 4Q = D, f, where D, f is defined by:

Q(px) — Q(gx)

(p—q)x ' *#0.

D r.q Q ( X ) =
Furthermore, if p = 1, then , D ,Q = , D;Q which is the g-derivative of the function Q.

Definition 41 ([104,105]). If Q : I — R is a continuous function, then the (p, q)-integral of the
function Q for x € I is defined by

X o n n n
/ Q(t)wmdpqt = (p—q)(x —wy) Z Z+1 Q( Zﬂx+ (1 Z+1>W1)‘
W n=0 P p p

Moreover, if c € (w1, x), then the (p, q)-integral is defined by

/Cx Q(t)uydpqt = /XQ(t)wlth— /C Q()ey gt

w1 w1

We say that Q is (p, q)-integrable on I provided that f;cl Q(t)w, dp,qt exists for all x € I.
Note that, if wy = 0 and p = 1, then Definition 41 reduces to the g-integral of function Q.

Next, we give some Fejér-type fractional integral inequalities by using the (p, q)-
integral.

Theorem 136 ([106]). If Q : I — R is a twice (p, q)-differentiable function such that there exist
real constants m and M so that m < Q" < M, then

2 2 ] .
nra (W2 _W1) < 1 pu+(1—p)wy
+ _ Ot e )
(p+a) (P> +pg+q?) — [Q(w1) + Q(w2)] (s — 1) /w1 [Q(x) + Qw1 + Wy — X)] wydpgx
Mpq?(wy — wy)?
“(p+) (P +pg+q9?)
and
m(wy —w)? {1 A }
! p+q pPPrpitq
1 pua+(1—p)wy -
- m/‘”l [Q(x) + Qw1 + w2 — )] WldP/‘ix_zQ( 2 >

_ 2 2
< M(Wz W]) |:1 4p + . 4p 2:|.
4 p+q p-tpitq

Theorem 137 ([106]). Let Q : I — R be a twice (p, q)-differentiable function such that there exist
real constants m and M so that m < Q" < M. If ¢ : I — R is non-negative, (p, q)-integrable on
I, and symmetric about x = (wy +wy)/2, then

pua+(1—p)uy
m (x —wy) (w2 — x)g(x) wdpgqx

J W1
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wy+(1—p)wy

< [Q(w1) + Q(w2)] /wp ’ 8(x) wydpqx
pw2+(1—p)wy

- [Q(x) + Qw1 + w2 — x)]g(x) wdpgx

w1

pwa+(1-p)
< M/ (x —w) (w2 — x)g(x) wydpqX,
Wy

and

W+ (1—p)w
o 1<zx—a—b>2g<x> g
pua+(1
</ () + QU1 + w2 = 1)]3(x) wdpgx

W+ (1—p)w
_2Q<w1 +w2> /P 2 p lg(x) iy

1

M pruat+(=p)wn
< T (2x —a —b)%g(x) wndpgX.
w1

Theorem 138 ([106]). If Q : I — R is a twice (p, q)-differentiable function with 4, D;%,qQ (p,q)-
integrable on I and m < y, D%WQ < M, then

mp>q*(wy —w)? Q(
(p+a) (P> +pg+q2) ~p
Mp3q2(Wz —w)®

~(ptra)(p*+pa+q?)

wy — w1)Qpg (w2, w) + (w2 —w1)Q(wq)
) PW2+(1 Pl

7 (xr Wl) Wldpflix

and
m(p* +2p%q + pg®) (w2 —w1)?
(p+a)(p*+pq+4°)

2
< (wp —w)? (m Dy 3Qp (w2, w1) — Dp,qQ(Wl)) - ?Z(Wz —w1)Qq (w2, wp)

+ pw2+(1—p)wy
(WZWl)Q(W1)+2<pp3q> /w qu(xlwl) wldp,qx

1

2
p
M(p* +2p°q + pg®) (w2 — 1)
(p+a)(p*+pa+q>)

Theorem 139 ([106]). If Q : I — R is a twice (p, q)-differentiable function with , D ,Q (p,q)-
integrable on I and m < , Drz,,qQ < M, then

1 + pua+(1-pwy
‘ (Ijz(w2 —w1)Qpq (w2, w1) + ;(Wz —w1)Q(w1) — (ppgq) -/m Q2 (x,w1) wldp,qx>
pa* (w2 — w1)? (wy Dp,gQp (w2, 1) — w, Dp,gQ(w1)) < Pl —w1)®
- M —m).
(p+)(p*+ pa + %) =T WM

Theorem 140 ([106] ). If Q : I — R is a twice (p,q)-differentiable function with 4, Dp qQ
(p,q)-integrable on I and m < p’qQ < M, then

mp5q(w2 —wp)3 < pw2 —wp)(gQp (w2, wi) + pQ(wr)) B /PW2+(1—P)W1

= Qq(x,w1) wydpqx
(p+49)*(p*> +pq+49°) p+q g (%, w1) wdpg

1
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< Mpq(n —w)®
~ (p+q)2(p? +pg +4*)

14. Conclusions

Fractional calculus has significant importance and several uses in applied mathematics.
Researchers and mathematicians in the theory of inequalities have employed fractional
calculus operators to investigate and explore specific estimations and developments. Frac-
tional integral operators are remarkable and meaningful applicable tools for generalizing
classical integral inequalities. Due to its many applications and uses, fractional calculus
has captured the attention and excitement of many mathematicians. Considering its utility
in the mathematical modeling of various complicated and non-local nonlinear systems,
fractional calculus has developed to be a crucial field of investigation. It is critical while
exploring optimization problems since it has a variety of advantageous inequalities.

The main intention and aim of this review paper were to deliver an in-depth and
current assessment of Fejér-type integral inequalities. We offered numerous results of
fractional Fejér-type integral inequality via convexity.

We anticipate that this study will inspire as well as offer a forum for scholars pursuing
Fejér-type inequalities to acquire information about prior research on the topic before
drawing fresh conclusions. This review paper’s future research is promising and might
motivate numerous additional studies.
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